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TB  PREFACE. 

•R(4  


This  book  is  divided  into  three  parts:  the  first  treats  of  the 
Geometry  of  Machineiy;  the  second  of  the  Dynamics  of  Ma- 
chinery j  and  the  third  of  the  Materials,  Strength,  and  Con- 
struction of  Machinery. 

Under  the  head  of  the  Geometry  of  Machinery,  machines  are 
considered  with  reference  to  the  comparative  motions  only  of 
Uieir  moving  parts;  and  rules  are  given  for  designing  and  arrang- 
ing those  parts  so  as  to  produce  any  given  comparative  motion. 

Considering  that  the  object  of  such  iniles  is  to  adjust  the  dimen- 
sions of  the  parts  of  machines  by  processes  of  practical  geometry, 
I  have  thought  it  advisable  to  solve  every  question  by  drawing, 
rather  than  by  calculation,  except  in  a  few  special  daeB  where 
calculation  is  indispensable. 

Many  of  the  graphic  rules  thus  obtained  are  made  more  easy 
and  accurate,  and  some,  indeed,  are  made  possible  which  were  not 
so  before,  by  the  aid  of  new  methods  of  measuring  and  laying  ofif 
the  lengths  of  curved  lines. 

Two  chapters  of  the  first  part  are  devoted  to  the  detailed  con- 
sideration of  the  movements  of  single  pieces  in  machines.  The 
remainder  of  the  part  relates  to  Pure  Mechanism,  as  defined  and 
reduced  to  a  Sfystem  by  Professor  Willis.  The  order  in  which 
the  various  combinations  in  mechanism  are  treated  of  is  difierent 
from  that  adopted  by  him;  but  the  principles  are  the  same. 

Several  problems  in  mechanism  are  solved  by  methods  which, 
so  far  as  I  know,  have  not  hitherto  been  published;  and  which 
possess  advantages  in  point  of  ease  or  of  accuracy.  I  may  specify, 
in  particular,  the  drawing  of  rolling  curves,  and  of  some  kinds  of 
cams;  the  construction  of  the  figures  of  teeth  of  skew-bevel  wheels, 
and  of  threads  of  gearing  screws,  by  the  help  of  the  normal  section ; 
and  some  improvements  in  the  details  of  processes  for  designing 
intermittent  gear,  link-motions,  and  parallel  motions. 

Under  the  head  of  the  Dynamics  of  Machinery  are  consideijed 
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VI  PREFACE. 

the  forces  exerted  and  the  work  done  in  machines;  the  means  of 
measuring  those  quantities  by  indicators  and  dynamometers,  of 
determining  and  balancing  the  reactions  of  moving  masses  in 
machines,  and  of  regulating  work  and  speed;  and  the  efficiency,  or 
proportion  in  which  the  useful  work  is  less  than  the  total  work,  in 
the  different  sorts  of  moving  pieces,  and  in  their  various  combina- 
tion& 

Considering  that  a  convenient  single  word  is  wanted  to  denote 
the  proportion  in  which  the  total  work  in  a  machine  is  greater 
tban  the  useful  work,  I  have  ventured  to  propose  the  word  Coukter- 
EFUCiENCT  for  that  purpose. 

Under  the  head  of  the  Materials,  Strength,  and  Construction  of 
Machinery  are  considered,  ^r«^,  the  properties  of  various  materials, 
as  affecting  their  treatment  and  use  in  the  constiniction  of  machines ; 
secondly^  the  general  principles  of  the  strength  of  materials;  thirdly, 
the  special  application  of  those  principles  to  questions  relating  to 
the  strength  and  the  construction  of  various  parts  of  madiines; 
and  fourthly,  the  principles  of  the  action  of  cutting  tools. 

Great  care  has  been  taken  to  ascertain  the  values  of  the  factor 
of  safety  and  of  the  working  stress  in  successful  examples  of  actual 
machinery;  and  some  of  the  problems  respecting  the  strength  of 
special  parts  of  machines  have  not  been  published  previously  except 
in  scientific  journals  and  in  lectures. 

Authorities  for  facts  and  information  are  cited  where  it  is 
necessaiy  to  do  so.  The  following  works  are  so  frequently  referred 
to,  that  it  may  be  desirable  to  mention  them  here  specially : — 

Willis  On  Mechcmism,  first  edition,  1841;  second  edition,  1870. 

Fairbaibn  On  MiUvxyrh 

HoLTZAPFFEL  On  Mechanical  Manipuloibion. 

Buchanan  On  MiRwork;  edited  by  Tredgold  and  G.  Rennie, 
with  an  Essay  on  Tools  by  Nasmtth. 

W.  J.  M.  R 


ABYERTISEMENT  TO  THE  SECOND  EDITION. 

I  have  carefully  examined  this  Second  Edition,  and  the  few 
errors  which  I  have  detected  have  been  corrected. 

K  F.  B. 


Glasgow,  October,  1873. 
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]>l«e«Caffeaieata  actiag  hj  Bolllag  €«at«ct.~In  fif.  213,  the  radii  A  D 
and  B  E  of  the  two  smooth  wheels  to  be  connected  are  equal;  bat  those  radii  may.  if 
required,  be  made  unequal:  the  essential  condition  of  the  protMBr  working  of  the  combi- 
nation bemg  that  the  angle,  A  C  B^  made  at  the  centre  of  the  mtermediate  wheel  by  the 
two  lines  of  centres,  should  be  a  bttle  less  than  twice  the  complement  of  the  angle  of 
repose.    (See  page  298.) 
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A  MANUAL  OF  MACHINERY  AND  MULWORK. 


INTROBUCTION 


Art.  1.  Ifatne  udl  ITm  •€  WLmehinxrj  ta  €(«Beral.— The  use  of 
machinery  is  to  transmit  and  modify  motion  and  force.  The  parts  of 
which  it  consists  may  be  distinguished  into  two  principal  dirisions, — 
the  Mechanismy  or  moving  parts;  and  the  Frame,  being  the  structure 
whicli  supports  the  pieces  of  the  mechanism,  and  to  a  certain  extent 
determines  the  nature  of  their  motions.  In  the  action  of  a  machine 
the  following  three  things  take  place : — First,  Some  natural  source 
of  energy  communicates  motion  and  force  to  a  part  of  the  mechan- 
ism called  the  Prime  Mover;  Secondly,  The  motion  and  force  are 
transmitted  from  the  prime  mover  through  the  train  of  mechanism 
to  the  toorking  piece;  and  during  that  transmission  the  motion  and 
force  are  modified  in  amount  and  in  direction,  so  as  to  be  rendered 
saitable  for  the  purpose  to  which  they  are  to  be  applied;  and, 
Thirdly,  The  working  piece,  by  means  of  its  motion,  or  of  its  motion 
and  force  combined,  accomplishes  some  useful  purpose. 

2.  IHmimtUmm  betftccM  the  OeenMOy  aad  die  Dynamics  ^f  Ha- 
ckiaoT*— The  modification  of  motion  in  machinery  depends  on  the 
figures  and  arrangement  of  the  moving  pieces,  and  the  way  in 
which  they  are  connected  with  the  frame  and  with  each  other;  and 
almost  all  questions  respecting  it  can  be  solved  by  the  application 
of  geometrical  principles  alone.  The  modification  of  force  depends 
on  the  modification  of  motion;  and  those  two  phenomena  always 
take  place  together;  but  in  solving  questions  relating  to  the  modi- 
fication of  force,  the  principles  of  dynamics  have  to  be  applied  in 
addition  to  those  of  geometry.  Hence,  in  treating  of  the  art  of 
designing  machinery,  arises  a  division  into  two  departments, — the 
'^Geometry  of  Machinery,"  or  *^  Science  ofFwre  Mechaniem"  (to  use 
a  term  introduced  by  Professor  Willis),  which  shows  how  the  figure, 
arrangement,  and  mode  of  connection  of  the  pieces  of  a  machine 
are  to  be  adapted  to  the  modification  of  motion  which  thpy  are  to 

*^  B  gitizedbyVjiOOgle 


2  INTRODUCnOK. 

produce;  and  the  "Dyrumdcs  of  Mctddnery"  which  shows  what 
modificatioiis  of  force  accompany  given  modifications  of  motion, 
and  what  modifications  of  motion  are  required  in  order  to  produce 
given  modifications  of  force. 

3.  Stteagth  •€  BiaciiiaerT.— In  order  that  a  machine  may  be  fit 
for  use,  every  part,  both  of  the  machinery  and  of  the  framework, 
must  be  capable  of  bearing  the  utmost  straining  action  which  can 
be  exerted  upon  it  duving  the  working  of  the  machine,  without  any 
risk  of  being  broken  or  overstrained;  and  the  dimensions  requii*ed 
for  that  purpose  are  to  be  determined  by  the  proper  application  of 
the  principles  of  the  strength  of  materials. 

4.  The  Art  •£  die  c«Miraca«M  ^f  oiAchiiietT  consists  of  three  de- 
partments,— ^the  selecting  and  obtaining  of  suitable  materials  for  the 
parts  of  the  mechanism  and  framework;  the  shaping  of  those  parts 
to  the  proper  figures  and  dimensions  by  means  of  suitable  tools ; 
and  the  fitting-up  of  the  machine,  by  putting  its  parts  together. 

5.  w^imk^m  •£  Om  a«>j>Bt.  Eor  the  Masons  explained  in  the 
preceding  Articles,  the  subjeets  of  this  work  are  treated  of  under 
four  principal  heads, — Geometry  of  Machinery,  or  Pure  Mechanism ; 
Dynamics  of  Machinery;  Matmals,  Coastaniotiou,  and  Strength  of 
Maahineiy. 
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CHAPTER  L 


SianCSNTABT  UVOB-  IK  DBBGBFRIVS  OBBOHBERT. 

Bbchoh  L — €fenaral  EmpUmallicmB^-Ff^j^c^^  ofFoirOB  and  Lmes, 

6.  mtiawiyanj  Cliwhuj  is  the  mi  of  Tepreeeiitnig  solid  figures 
npen  a  plane  Bor&oe.  In  the  present  chapter  are  given  some 
genoral  elementaxy  rules  in  that  art,  whose  application  is  of 
Terj  freqnent  occnrreiice  in  designing  mechanism.  The  more 
q)ecial  and  complex  roles  will  be  given  in  the  ensuing  chapters,  in 
treating  of  the  particular  kinds  of  mechanism  to  which  tiiose  rules 
bdong.* 

7.  By  tire  it^wiiw  mt  m,  Wmhaa  upon  a  given  plane  is  meant 
tSiefoot  of  a  perpendicular 
let  fiEdl  from  the  point  on 
the  plane.  For  example, 
in  fig.  ly  X  Z  Z  X  repre- 
sents a  plane  (called  a 
plane  of  projection),  A  a 
point,  and  A  B  a  perpen- 
dicular let  fisill  from  the 
point  on  the  plane;  the 
foot,  B,  of  that  perpen- 
dicular is  the  projection 
of  the  point  A  on  tiie 
plane  HZZX. 

a  The  Wm^kOmt  mi  m 
i*iiiM  is  completely  detep- 
mined  when  its  projections  upon  two  ^anes  not  pandlel  to  each 
otiier  are  known.  In  descriptive  geometiy  a  pair  of  planes  of 
prqjectton  at  right  angles  to  each  other  are  used;  and  in  general 
one  of  these  is  vertical  and  the  other  horizontal.    Thus,  in  fig.  1, 

•  Pot  ooiii{dflie  infonnatioii  on  the  sobjeot  ct  dewriptive  geametry,  refer- 
iBoe  may  be  made  to  the  works  of  Mff"gft  and  Hachette  in  FrencH,  and  of 
Dr.  Woolley  in  Englidi.  ^..^^^  ,^  GoOglc 


Fig.  1. 
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X  Z  Z  X  is  the  vertical  plane  of  projection,  and  X  Y  Y  X  the 
horizontal  plane  of  projection;  B  is  the  vertical  projection,  and  C 
the  horizontal  projection  of  the  point  A;  and  those  two  projections 
completely  determine  the  position  of  the  point  A;  for  no  other 
point  can  have  the  same  pair  of  projections. 

9.  The  Axis  •f  Pr«jecti«ii  is  the  line  X  X,  in  which  the  two 
planes  of  projection  cut  each  other. 

10. '  RabatmcBt.— When  the  two  projections  of  an  object  are 
shown  in  one  drawing,  it  is  convenient  to  represent  to  the  mind 
that  the  following  process  has  been  performed : — Suppose  that  the 
vertical  plane  of  projection  is  hinged  to  the  horizontal  plane  at  the 
axis  X  X,  and  that  after  the  projection  of  the  object  on  the  vertical 
plane  has  been  made,  that  plane  is  tamed  about  that  axis  until  it 
lies  flat  in  the  position  X^eX,  soastobe  continuous  with  the 
horizontal  plane :  thus  bringing  down  the  projection  B  to  5.  This 
process  is  called  the  rabcUment  of  the  vertical  plane  upon  the 
horizontal  plane  (to  use  a  term  borrowed  from  the  French 
"rabaitement"  by  Dr.  WooUey).  The  two  points  C  and  5  are  in 
one  straight  line  perpendicular  to  X  X  The  process  of  rabatment 
may  be  conceived  also  to  be  performed  upon  a  plane  in  any  position 
when  a  figure  contained  in  that  plane  is  shown  in  its  true  dimen- 
sions on  one  of  the  planes  of  projection. 

11.  Prcjecti^Bs  •r  liiBM.— The  projection  of  a  line  is  a  line  con- 
taining the  projections  of  all  the  points  of  the  projected  line.  The 
projection  of  a  straight  line  perpendicular  to  the  plane  of  projection 
is  a  point;  for  example,  the  projection  on  the  vertical  plane, 
"X.  Z  ZX.  (fig.  1),  of  the  straight  line  A  B,  perpendicular  to  that 
plane,  is  the  point  B.  The  projection  of  a  straight  line  in  any 
other  position  relatively  to  the  plane  of  projection  is  a  straight 
line.  If  the  projected  line  is  parallel  to  the  plane  of  projection, 
its  projection  is  parallel  and  equal  to  the  projected  line  itself;  thus 
the  projection  on  the  horizontal  plane,  X  Y  Y  X,  of  the  horizontal 
straight  line  A  B,  is  the  parallel  and  equal  line  C  D.  If  the  pro- 
jected line  is  oblique  to  the  plane  of  projection,  the  projection 
is  shorter  than  the  original  Una 

The  projections,  on  the  same  plane,  of  parallel  ajid  equal  straight 
lines  are  parallel  and  equal.  The  projections,  on  the  same  plane, 
of  parallel  lines  bearing  given  proportions  to  each  other  are 
parallel  lines  bearing  the  same  proportions  to  each  other.  When 
the  plane  of  a  plane  curved  line  is  perpendicular  to  a  plane  of 
projection,  the  projection  of  the  curve  on  this  plane  is  a  straight 
line,  being  the  intersection  of  the  plane  of  the  curve  with  the  plane 
of  projection.  When  the  plane  of  the  projected  curve  is  parallel 
to  a  plane  of  projection,  the  projection  of  the  curve  on  this  plane 
is  similar  and  equal  to  the  original  curve.  In  all  other  cases,  it 
follows  from  the  preservation  of  the  proportions  of  a  set  of  parallel 
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ordinates  amongst  their  projections,  that  the  projections  of  a  plane 
curve  of  a  given  algebraical  order  are  curves  of  the  same  algebraical 
order.  The  projections  of  a  circle  are  ellipses;  the  projections  of  a 
parabola  of  a  given  order  are  parabolas  of  the  same  order.  The 
projections  of  a  straight  tangent  to  a  plane  curve  are  straight 
tangents  to  the  projections  of  that  curve.  The  projections  of  a 
point  of  contrary  flexure  in  a  plane  curve  are  points  of  contrary 
flexure  in  its  projections. 

12.  itomwiags  Af  a  9iachine«— A  third  plane  of  projection,  per- 
pendicular to  the  first  two,  is  ofben  employed,  not  as  being 
mathematically  necessary,  but  as  being  more  convenient  for  the 
representation  of  certain  lines.  Thus,  for  example,  the  drawings 
of  a  machine  usually  consist  of  three  projections  on  three  planes  at 
right  angles  to  each  other;  one  horizontal  (the  plan),  and  the  other 
two  vertical  (the  devcUiona).  Any  two  of  those  projections  are 
mathematically  sufficient  to  show  the  whole  dimensions  and  figure 
of  the  machine;  and  from  any  two  the  third  can  be  constructed; 
but  it  is  convenient,  for  purposes  of  measurement,  calculation,  and 
construction,  to  have  the  whole  three  projections. 

In  the  application  of  the  rules  about  to  be  stated  in  the  sequel 
of  this  Section,  the  two  planes  of  projection  may  be  held  to  repre- 
sent any  two  of  the  three  views  of  a  machine ;  and  the  agps  of 
projection  will  then  have  the  directions  stated  in  the  following 
table:— 

YiewB  Bepreaented  Ifj  the  FlaneB  off  Dirootioii  of  the  Az2b 

ProJectiozL  of  Projection. 

Longitudinal  Elevation  and  Plan, Longitudinal 

Longitudinal  and  Transverse  Elevations,.... YerticaL 
Plan  and  Transverse  Elevation^ Transversa 

Projections  of  figures  upon  planes  oblique  to  the  principal  planes 
of  projection  may  be  used  for  special  purposes. 

SscnoH  IL — Traces  of  Lines  cmd  Surfaces, 

13.  By  a  Trace  is  meant  the  intersection  of  a  line  with  a  sur- 
&oe,  or  of  one  sur&ce  with  another.  The  trace  of  a  line  upon 
a  sur&ce  is  a  point;  the  trace  of  one  sur&ce  upon  another  is  a 
line. 

In  desoriptive  geometry  the  term  traces  is  specially  employed, 
when  not  otherwise  specified,  to  denote  the  intersections  of  a  line 
or  sor&ce  with  the  planes  of  projection. 

14.  Traces  ef  a  siraigkt  Uae.— The  position  of  a  Straight  line  is 
completely  determined  when  its  traces  are  known.  For  example, 
^e  straight  line  A  0,  in  fig.  2,  has  its  position  completely  deter- 
mmed  by  its  traces,  A  and  0^  being  the  points  where  it  cuts  the 

igitizedbyVjOOQlC 


6 


OEOMEXl^T  OF  MAGHIHBBY. 


two  planes  of  projectioiL    The  rabatmad  of  the  trace  C  is  lepre- 

■entedbjc 
A  stndght  line  paralleL  to  one  of  the  planes  of  projeotion  has 

only  one  trace,  being  the 
point  wbeee  it  oate  the 
ether  plane  of  prq|ec- 
tion. 

A  straight  line  paral- 
lel to  the  axis  of  prcgeo- 
tion  has  no  traoes. 

15.  The  Tmmmm  cT  s 
Wmm  ace  afaw^'gb^-  lines 
which  (unless  they  aie 
both  puallel  to  the  axis 
of  projeotion)  meet  that 
axis  in  one  point.  The 
position  of  a  plane  is 
completelj  detemnined 
when     its     traoes    are 

known.     For  example,  the  plane  A  B  C,  in  fig  2,  has  its  position 

completely  determined  by  its  traces,  B  A  and  B  C. 

A  plane  pen>endicalar  to  one  of  the  planes  of  projection  has  its 

trace  en  the  otiber  plane  of  projeotion  perpendicular  to  the  axis  of 

Srojection.  A  plane  perpendicular  to  both  planes  of  projection 
as  for  its  traces  two  lines  perpendicular  to  the  axis.  Thus,  in 
%  ^  I»«B  3,  the  traces  of  the  |Jane  ABCDoveDOandDB, 
both  perpendicular  to  X  X. 

A  plane  parallel  to  one  of  the  planes  of  projection  has  a  trace  on 
the  other  plane  of  projection  only,  being  a  straight  line  parallel 
to  X  X. 

If  a  plane  traverses  a  straight  line,  the  traoet  of  the  plane 
traverse  the  traces  of  the  lin& 


fig;  2. 


SEcnoir  HL—Bvlea  Bdaivng  to  SUmghi  Limm. 


16.  €3— €«mi  ■TphiMtisM.  In  each  of  the  figures  illuairaiuig 
the  following  rules  the  axis  of  projection  is  represented  by  X  X ; 
and  in  general  the  part  of  the  figure  above  that  line  represents 
the  rabatment  of  the  vertical  plane  of  projection,  and  the  part 
below,  the  horizontal  plane  of  projection.  The  projections  of 
points  on  the  horizontal  plane  are  in  general  marked  with 
•capital  letters,  and  the  projections  on  the  vertical  plane  with  small 
letters. 

17.  CMtw  (in  fig.  3),  tiM  TimM%  A,  6,  mt  m,  Stniicht  XJm.  M 
itamw  te  Fp^i««ttoa*«— From  A  and  5  let  figJl  A  a  and  h  B  perpen- 
<licnlar  to  X  X     Then  a  will  be  the  vertical  projeotion  of  the 
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» A,  «iid  B  iiw  ^QflMitRl  pn^eolKni  of  the  'taaoe  &    Jodn  »  6, 
A  B;  these  will  be  the  projections  required. 

(ItmajkflKe  be  roDQarirail^  tktAm  A^aad.ah  mm  the  tniewof  a 
pbae  takwauiag  the  gLvoa  liBe,  ani  Mrpaidicnkr  to  tke  -ventiical 
pkaeof  pH9Mlaoa.i  widttluiiB  A  md  B&aMiiietneeftef  aj^ajM 
tncfOBBiBg  the  gbpoifiae^jnl  pciiyfiBJinnlir  its  Ifa  hmsoBlid  pkoM 
ofpg^iefllHB.) 

^ig.^  diejfciiiriii.ih  A  B,  •  ft,  •rxi  1^1 
laapilB,  wJn-Mi  Ihii  gipqnpwje<^feioBa 
meet  tfat  jbb%  dxaw  «  A  and 
B  6  pwrpawMffidar  to  X  X,  ont* 
tnif^tbB  gicpesL  pvojeotioiis  in  A 
and 6 jeepxlivoi^^  Thesepouds 
viH  be  the  Te^paatdtraoefl. 

19.  CHtcb,  tlM  PMjectloM  m€ 

cw«  p^tat..  A,  a,  B,  6  (fig.  4), 

Amm.— Join  a  6,  A  B;  these  will 

be  the  projections  c^  the  straight 

line  to  be  measured.     Through  Sig^  &. 

either  end  of  either  of  those 

projections  (as  b)  draw  dbe  parallel  to  X  X ;  through  the  other  end, 

a,  of  the  same  projection,  draw  a  d  perpendLoular  to  X  X,  cutting 

db  eind;  malce  d e  ==  the  other  projection,  A  B;  join  a  e;  this 

will  be  the  length  required. 

The  same  operaticm  mi^  be  perfomied  on  the  other  plane  of 
projection. 

20.  ciiTMi  (in  fig.  4), 
» A  B^  mi,  Af a  amifht 

ce  tfm  the  P«l»t 
the  Use.  —  In  any  con- 
venient position,  draw  a  straight 
Kae^  B  %  pwpcpdknilar  i»  X  X, 
awifting'  the  pnyoeiueiiB  ef   tl^ 

ni  etni^it  line  in  two  frnds, 
winch  ape  the  projeotions  €i 
me  poiat;  then  pevfinna  t^  eea- 
Hh-aciica  desenbed  m.  Article  19^ 
SD  as  to'find  »«.  Frmn  tbe  poJut 
o^  la -^aUaea^  lajetf  Idw  ^ven 
disftanoe,  a*  f,  19iiioiigh  /  draw 
/  h  parallel  te  X  X,  oottii^ 
a  (  IB  ^  i^  f  ^w^n  be  oae  <^ 
the  pMJeefons  ef  fin  gimi  db-  ^^9^ 

tence.     Then  draw  g  G  perpen- 


Ihe  PTCjectieuy  A,  O^  ef  s  P«iat»  and  the 
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dicular  to  X  X,  cutting  A  B  in  G;  AG  will  be  the  other  projection 
of  the  given  distance. 

Another  method  of  finding  G  is  to  lay  off  A  G  =  hf. 

21.  OlTca  (in  fig.  4),  die  Pr^ectton^  ah,  A  B,  ^f  a  Scralght  lilnr* 
f  Find  the  Angle  wUch  it  Bftakea  with  One  •!  the  Plamea  ^f  Pt«- 

jecu«ii  (for  example,  the  horizontal  plane). — Perform  the  construc- 
tion described  in  Article  19;  then  d  ea  h&  the  angle  made  by  the 
given  line  with  the  horizontal  plane.  The  same  construction 
performed  in  iiie  horizontal  plane  of  projection  will  give  the  angle 
made  by  the  given  line  with  the  vertical  plane  of  projection. 

22.  OlTen  (in  fig.  5),  the  PrcJecUMs,  a  6  and  A  B,  a  C  and  A  C, 
•r  a  Pair  af  Straight  I<lnea  which  Interact  each  ather  In  the  Paint 
whase  Pr«tiectlans  are  a,  A,  ta  Had  the  Angle  between  ihaM  lilnca.— 

In  either  of  the  planes  of  projection  (for  example,  the  vertical 


Fig.  5. 


plane)  find  the  points,  dy  e,  where  the  projections  of  the  given  line 
cut  the  axis  X  A;  these  will  be  also  the  vertical  projections  of  the 
horizontal  traces  of  the  lines.  Through  t  and  d  <h:aw  e  E,  cf  D, 
perpendicular  to  X  X,  cutting  A  C  and  A  B  in  E  and  D  respec- 
tively; these  points  will  be  the  horizontal  traces  of  the  lines.  Join 
D  E  (which  will  be  the  horizontal  trace  of  the  plane  containing 
the  linesV  and  on  it  let  fall  the  perpendicular  F  A  Join  A  a 
(which  of  course  is  perpendicular  to  X  X);  let  it  cut  X  X  in  G. 
Make  G/=  A  F,  and  join  a/  In  F  A  produced,  take  F  H  =  a/; 
join  H  E,  H  D;  E  H  D  will  be  the  angle  required. 

Bemabk. — The  triangle  E  H  D  is  the  rahoimsfd,  upon  the 
horizontal  plane  of  the  triangle  whose  projections  are  E  A  D 
andaad 
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22  A.  «!▼«■  (in  fig.  5),  tiM  PrcjMtioBih  a  6  and  A  B^  ef  a  Scralcht 
IJa0»  and  €taM  Trace  (say  D  E)  ef  a  Plaae  TraTcnlag  that  Iila«,  to 
FladI  the  JPralecttoas  ef  a  Straight  Uae  which  Bhali,  at  a  siren  Peintt 
Of  A^  nHdie  a  giren  Anf^  in  the  given  Plane  with  the  given  Straight 

liine*— Join  A  a,  which  will  be  perpendicular  to  X  X.  On  D  E 
kt  fall  the  perpendicular  A  F.  In  X  X  take  G/=  A  F;  join 
a/  In  P  A  iMToduced  take  F  H  =  a/  Join  H  D;  and  draw 
H  E,  making  D  H  E  =  the  given  angle,  and  cuttins  D  E  in  E. 
From  E  let  fall  Ee  perpendicular  to  X  X;  join  A  %  ae;  these 
will  be  the  projections  of  the  line  required. 


SEC?noN  IV. — BiUe8  Relating  to  Planes. 


23.  OiTen*  the  Pritfectiene  ef  Three  Peini%  to  draw  tlM  Traces 
ef  a  Plane  PaMing  through  theai*— Draw  straight  lines  from  one 
of  the  points  to  ^e  two  others;  find,  by  Article  18,  the  traces  of 
those  straight  lines;  through  those  traces,  on  the  two  planes  of 
projection  respectivelj,  draw  two  straight  lines;  these  will  be  the 
traces  required. 

23  A.  Qiiren,  the  ProjectioMi  of  Two  Points  and  of  a  Straight  Une* 
to  Itoaw  the  Traces  of  a  Plane  Traversing  the  Points  and  Parallel 
to  the  Une.— Through  the  projections  of  either  of  the  given  points 
draw  straight  lines  parallel  respectively  to  the  corresponding  pro- 
jections of  the  given  line;  these  will  be  the  projections  of  a  straight 
Hne  through  the  given  pointy  parallel  to  the  given  straight  line; 
then,  by  Article  23,  find  the  traces  of  a  plane  traversing  the  new 
straight  line  and  the  other  given  point. 

24  Ctiren  (in  fig.   6),  the  Traces  of  a  PfauM,  B  A,  B  C,  to  Find 

•ne  of  the  Planes  of  Projection 


which   it  makes  with 

(for  example,  the  vertical  plane). 
— From  any  convenient  point, 
A,  in  the  horizontal  trace  let  fall 
A  D  perpendicular  to  X  X. 
From  D  let  fiedl  D  e  perpen- 
dicular to  B  C.  In  D  B  lay  off 
D/=D&  Join/A  (this  will 
represent  the  perpendicular  dis- 
tance &om  B  0  of  the  point 
whose  projections  are  D  and  A). 
A/  D  will  be  the  angle  re- 
quired 

25.  CMven  (in  fig.  7),  the  Traces 
of  a  Phuie,  B  A,  B  C,  to  Find 
the  Angle  which  it  nrakes  with 
the  Axis  of  Pr^iection»  X  X«— 
In  either  of  the  two  traces  (for 
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Oinmmfim,  B  A)  taibe  ai^  cowMAifiKt  pointy  A^  from  whkk  let  &11 
A  D  perpendionlar  to  X  X^  asd  4)a  B  D  ai  a  diameter  deeeribe  & 

From  tbe  point 


4,  tbiia  fonnd  <m  tbe  op- 
fnnti  Icaoe  to  that  en 
vrhkii  the  poimt  A  wtm 
aMiimed,ktfidl«E  pep- 
MtdienlEur  te  X  X;  join 
IB  A»  entting  D  F  in  G. 
From  Q  draw  Q  H  per- 
pendicular to  X  X,  cut- 
ting the  circle  in  Hj 
B  B  H  will  be  the  re- 
^^nired  angle. 

26.  mwmm  (in  £g.  7\ 


-Complete  tbe 
Fig.  7.  oonstniction  described  in 

Article  25.  Join  D  H 
(this  represents  the  perpendicular  diataaioe  of  Hie  point  D  in 
tbe  axis  from  the  grven  plane);  then  from  H,  alcmg  H  D  (or 
idong  D  H  produced,  according  to  the  cKrection  in  which  the 
new  plane  is  to  lie),  lay  off  the  giren  perpendicular  distance 
between  the  planes,  H  K.  From  K  draw  K  M  parallel  to  H  B, 
cutting  X  X  in  M.  From  M  draw  M  V  parallel  to  B  C,  and 
M  L  parallel  to  B  A;  these  will  be  the  tcaoes  of  the  plane 
required. 

Or  otherwise : — Complete  the  constmotion  described  in  Article 
24  (see  fig.  8).  Ay  is  the  rabatment  of  the  intersection  of  the 
given  plane  with  a  plane,  A  D  0^  perpencBc«lar  to  iAie  ver- 
tical trace  B  C.  Through  A  draw  A  M  perpendicular  to  Aj^ 
and  make  A  M  equal  to  the  given  distance  between  the  planes; 
draw  M  N  parallel  to  A/,  cutting  X  X  in  N-  In  D  tf  pnxiuoed 
take  D  O  equal  to  D  N.  O  is  a  point  in  the  trace  of  the  plane 
required.  Through  O  draw  O  P  parallel  to  B  C,  cutting  X  X  in 
P;  and  through  P  draw  P  Q  parallel  toBA  OPQisthe  plane 
required. 

27.  OlTem  (in fig.  9),  ik«  Tmeea  •f  Tw*  Vlmmtm,  CAdmmdCBd, 
to  Dimw  the  Pn^cciImm  •f  their  Une  mi  HUwacU— >-— The  traces  of 
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the  required  line  are  0  and  d,  where  the  ttacea  of  the  given 
planes  miermaL    £rom  those  points  respeotiKreijy^  I^  Ml  C  c  and 


Kg,  9i» 

d  D  perpendicular  to  X  X;  join  OT>,od;  tfaese  -vqII  1m  tiie 
projectiQiiB  required. 

2a  «• - 

^  w§mm&  (the  tsaoes  oi  the  line  and  of 
the  idane  b^af  given),  it  is  only 
neeeflaaiy  to  draiir  the  traces  of  two 
planes  travMsing  the  gixreu  line  in 
convenient  direotiens,  and  find  the 
prc^lectianB  of  the  lin«B  in  which  those 
two  pknes  ont  the  givMi  plane;  the 
mtersectkins  of  those  projections  will 


'9%.  8. 


mtersections  of  wose  projecraons  wm  in 

beiheproiaotums^rfthe  point  required.  -,  rt -o  j 

29.  c;if«i  (in  fig.  10),  tiM  Tmc««r  tw«  pi— b  0A(4  C  B* 
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!•  Find  the  Angle  betweea  tken. — From  either  of  the  intersections 
of  the  traces  (say  d)  let  fall  d  D  perpendicular  to  X  X ;  draw  D  C, 
joining  D  with  the  other  intersection  of  the  traces.  Through  any 
convenient  point,  I,  in  D  0,  draw  G  I  H  perpendicular  to  D  C, 


Fig.  10. 

cutting  ACinGandBCinH.  Along  X  X  lay  off  D  E  =  D  C, 
and  D i  =  D  I;  join  d  E  (this  will  be  the  length  of  the  line  of 
intersection  of  the  planes).  From  i  let  fall  t  k  perpendicular  to 
cf  E;  in  I C  take  I  K  =  *  Ajj  join  K  G,  KHj  G  K  H  will  be  the 
angle  required. 

When  the  traces  of  the  two  given  planes  are  inconveniently 
placed  for  the  completion  of  the  figure,  we  may  substitute  for  either 
pair  of  traces  another  pair  of  traces  parallel  to  them,  and  more 
conveniently  placed. 

30.  Girem  (in  fig.  10),  tke  Tracer  A  d  mmd  AC,  ef  a  Plane;  alM» 
the  Traces,  d  mmd  0,  ef  a  Straight  I<bie  la  that  Plaaej  to  Draw  the 
Traces  ef  a  Plaae  which  shall  Cat  the  glrea  Plaae  la  that  JLlae  at 
a  giTea  Aagie.— From  either  of  the  traces  of  the  straight  line,  as  </, 
let  fall  d  D  perpendicular  to  X  X;  draw  the  straijght  line  D  C, 
joining  D  with  the  other  trace,  C,  of  the  straight  line.  Through 
any  convenient  point,  I,  in  D  0,  draw  I  G  perpendicular  to  D  C, 
cutting  C  A  in  G.  In  X  X  lay  off  D  E  =  D  C  and  D  t  =  D  I; 
join  d  E,  and  on  it  let  &Xi  the  perpendicular  ik.  In  I  C  take 
I  K  =  *  /fc;  join  K  G.  Then  draw  K  H,  making  G  K  H  =  the 
given  angle,  and  cutting  G  I,  produced  if  necessary,  in  H.  Draw 
0  H,  cutting  X  X  in  B^  and  join  B  d}  these  will  be  the  traces  of 
the  plane  required. 
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31.  GiTen  (in  ^g,  11),  tke  Traces  •€  a  Plane,  ABC,  and  the 
projectioas  of  a  JPalnl,  G,  g,  f  Draw  the  Traces  af  a  Plaae  Tra- 
reniag  the  glrea  PalBt*and  Parallel  to  the  glvea  Plane. — ^Through 
either  of  the  projections  of  the  given  point  (say  G)  draw  G  H 
parallel  to  the  corresponding  trace  of  the  given  plane,  and  cutting 
X  X  in  H.  (This  will  be  one  of  the  projections  of  a  line  through 
the  given  point,  parallel  to  the  trace  A  B  of  the  given  plane.) 


Fig.  11. 

Throngh  H  draw  H  D  perpendicular  to  X  X ;  and  through  g  draw 
g  D  parallel  to  X  X,  cutting  H  D  in  D  (^r  D  will  be  the  projection 
and  D  one  of  the  traces  of  the  line  before  mentioned).  Through 
D  draw  D  E  parallel  to  0  B,  cutting  X  X  in  E;  and  through  E 
draw  E  P  parallel  to  B  A;  D  E  F  will  be  the  traces  of  the 
required  plane. 

32.  Qlvea,  the  Traces  ef  a  Pfauie,  E  F,  E  D  (in  fig.  11),  and  One 
Prid«etiMi  •€  a  Paint  la  that  Plaae,  ta  Find  the  alher  Prajectien 
af  that  Paiat.— Suppose  g,  the  vertical  projection  of  the  point,  to 
be  given.  Draw  g  D  parallel  to  X  X,  cutting  E  D  in  D.  From 
D  let  fall  I)  H  perpendicular  to  X  X  From  g  draw  g  G  perpen- 
dicular to  X  X,  and  from  H  draw  H  G  parallel  to  E  F;  the 
intersection  of  those  lines,  G,  will  be  the  required  horizontal  pro- 
jection of  the  given  point 

33.  Qiyea  (in  fig.  12),  the  Traces,  A  B  0,  af  a  Plaae,  aad  the 
Prajeettaas,  li,d,  af  a  Palal,  f  Draw  the  ProJecUaas  af  a  Perpea- 
dlciilar  let  Fall  firam  the  Polat  on  the  Plaae.— From  one  of  the 
projections  of  the  given  point  (say  D)  draw  D  E  F  perpendicular 
to  the  corresponding  trace,  B  A,  of  the  given  plane,  and  cutting 
B  A  in  E,  and  X  X  in  F.     From  E  let  fall  E  6  perpendicular  to 
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X  X;  from  F  draw  F/  perpendicular  to  X  X,  cutidng  the  trace 
B  C  in  y";  joiny  c;  from  d  draw  d  g  perpendicular  to  B  C,  cutting 

fe  in  g\  and  from  g  draw  g  G 
perpendicular  to  X  X,  cutting 
D  F  in  G.  D  G  and  dg  wiU 
be  the  projections  of  the  per- 
pendicular required. 

34.  Oiren  (in  fig.  13),  the  Pra 
Jectl«Ms  •r  a  P«iBi*  D,  d,  and 
ikaM  af  a  Scraiglit  I4Be>  A  B, 
a  h,  t»  Draw  Ike  Traee*  •€  a 
Plaae  which  shall  TraTerac  the 
Polat*  aad  he  Perpeadlcalar  to 
the  Liiae.— Through  one  of  the 
projections  of  the  given  point 
(say  B)  draw  D  G  perpendicular 
to  A  B  (the  corresponding  pro- 
jection of  the  given  line),  cutting 
X  X  in  G.  Through  G  draw 
G  g  perpendicular  to  X  X; 
throu^  dy  the  other  projection 
of  the  point,  draw  dg  parallel  to  X  X,  cutting  G  ^  in  ^;  through  g 
draw  £  C  perpendicular  to  a  6^  cutting  X  X  in  C ;  and  through  C 

draw  C  F  perpendicular 
to  A  B.      E  C  F  will 
be  the  traces  of  the  re- 
quired plane. 
35.  «iTeii,  Che 
^  /- — ^Si^  JeeHeae  ef  a  Palat 

•r  a 


Ffg.  18, 


•r  a  Pcrpeadleatar  let 
Fan  flraat  the  Palat  ap- 
•n  the  Straight  I^lae. — 

Find  by  the  preceding 
rule  the  traces  of  a 
plane  traversing  the 
given  point,  and  per- 
pendicular to  the  given 
line;  then,  by  Article 
23,  find  the  traces  of 
a  plane  traversing  the 
given  point  and  line; 


and  finally,  by  Article  27,   find  the  projection  of  the  line  of 
intersection  of  those  two  plane& 

36.  CUrea,  the  Prejectleas  ef  Twa  Straight  Uaes  that  aie  aeither 
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■"■wpMiiewi—  B^  Artdole  23  a,  find  ^be  traces  of  a  plane  travera- 
log  one  of  the  lines  and  parallel  to  the  other.  Then,  by  Article  33, 
find  the  projections  of  a  pevpendicniar  kt  &I1  on  tiiat  plane  from 
aagr  oenvenient  point  in  the  second  line.  Th^i  through  the  pro- 
jections ef  the  foot  of  that  peiqpendicalar  chuw  the  projections  of 
a  straight  line  parallel  to  the  second  straight  line ;  these  wili  cat 
the  projections  of  the  first  straight  line  at  one  end  of  the  common 
perpendicular,  whose  projections  will  be  paraUel  and  equal  to  those 
of  the  perpendicular  already  found. 

36a.  ^r^eeUmnm  •f  a  Circle.— When  an  instrument  which  draws 
ellipses  cuxuratdy  is  at  hand,  it  may  be  used  for  the  purpose  of 
drawing  the  projections  of  a  circle  of  a  given  radius,  described 
about  a  given  point  in  a  given  plane,  and  may  thus  facilitate 
much  the  solution  of  various  problems.  The  following  is  the 
process  for  obtaining  the  projections  of  d  circle : — 

Girea  (in  fig.  14),  the  Traces  •€  a  PlaBe>  ABO,  and  the  Pre. 
Jecttaae  ef  a  Peiat  ia  that  Plaae*  D,  C?,  to  Draw  the  Prejectleas  •€ 
a  Circle  of  a  giTca  Radla»»  described  la  the  gtrca  Plaae  aad  aboat 
the  girea  Peiat.— For  the  vertical  projection,  describe  about  d  a 
circle  of  the  given  radius^  df^  de,  and  draw  the  diameter  ^y 
parallel  to  the  trace 
C  B;  ef  will  itself  be 
the  vertical  projection 
of  one  diameter  of  the 
circle.  Draw  dg  per- 
pendicular to  e/.  Find, 
by  Article  24,  the  angle 
which  the  given  plane 
makes  with  the  vertical 
plane  of  projection,  and 
lay  offgdh  equal  to 
the  angle  so  found. 
From  hf  in  the  circle^ 
draw  h  k  parallel  to/6^ 
and  cutting  d  g  ia  k; 
then  d  k  will  be  the 
vertical  projection  of  a 


Kg.  14. 


radius  of  the  circle  perpendicular  to  e/.  Then  on  the  major  axis, 
ef,  and  minor  semi-axis,  d  k,  describe  an  ellipse;  that  ellipse  will 
be  the  required  vertical  projection  of  the  circle. 

The  horizontal  projection  is  obtained  by  a  precisely  similar 
process,  the  rule  of  Article  24  being  now  used  to  find  the  angle 
which  the  given  plane  makes  with  the  horizontal  plane  of  pro- 
jection. 

The  two  ellipses  are  both  touched  by  a  pair  of  tangents,  M  i». 
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L  I,  perpendicular  to  X  X;  and  the  diameters,  Z  m,  L  M,  are  the 
projections  of  one  diameter  of  the  circle^viz.,  that  diameter 
in  which  the  plane  A  B  C  is  cut  at  right  angles  hy  a  plane  parallel 
to  X  X.  Tine  perpendicular  distance,  N  n,  between  the  two 
tangents  is  equal  to  the  diameter  of  the  circle  multiplied  by  the 
cosine  of  the  angle  which  the  giT^n  plane  makes  with  X  X^  and 
is  bisected  bj  the  line  D  d. 
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CHAPTER  IL 

OF  THE  HOnOVS  OF  PRIMARY  MOVINO  PIECES  IK  ICACHIHES. 

Section  L — General  Eooplanationa. 

37.  Wwmm9%  n^Tlac  Pieces,  Wrbmmtf  mmd  0ec«Bd«rr.  {A.  M.,  427.) 
— Thejrame  of  a  machine  is  a  strncture  which  supports  the  moving 
pieces,  and  r^ulates  the  path  or  kind  of  motion  of  most  of  them 
directly.  In  considering  the  movements  of  machines  mathemati- 
callj,  the  frame  is  considered  as  fixed,  and  the  motions  of  the 
moving  pieces  are  referred  to  it.  The  frame  itself  may  have  (as  in 
^  case  of  a  ship  or  of  a  locomotive  engine)  a  motion  relatively 
to  the  earthy  and  in  that  case  the  motions  of  the  moving  pieces 
relatively  to  the  earth  are  the  resultants  of  their  motions  relatively 
to  the  frame,  and  of  the  motion  of  the  frame  relatively  to  the 
earth;  bat  in  all  problems  of  pure  mechanism,  and  in  many 
problems  of  the  dynamics  of  machinery,  the  motion  of  the  frame 
relatively  to  the  ^irth  does  not  require  to  be  considered. 

The  moving  pieces  may  be  cQstiDguished  into  primary  and 
secondary;  the  former  bemg  those  which  are  directly  carried  by 
the  firame,  and  have  their  motion  wholly  guided  by  their  con- 
nection with  the  frame;  and  the  latter,  those  which  are  carried  by 
other  moving  pieces,  or  which  have  their  motion  not  wholly  guided 
hy  their  connection  with  the  frame.  For  example,  the  crank-shaft 
uid  the  piston-rod  of  a  steam  engine  are  primary  moving  pieces; 
the  wheels  of  a  locomotive  are  primary  moving  pieces;  the 
connecting-rod  of  a  steam  engine  is  a  secondary  moving  piece 

Cwmeeiors  are  those  secondary  moving  pieces,  such  as  links,  belts, 
cords,  and  chains,  which  transmit  motion  from  one  moving  piece 
to  another,  when  that  transmission  is  not  effected  by  immediate 
contact 

38.  Bewiiifs  {A,  M,,  428,)  are  the  surfaces  of  contact  of  primary 
moving  jaeces  with  the  frame,  and  of  secondary  moving  pieces  with 
the  pieces  which  carry  them.  Bearings  guide  the  motions  of  the 
jneces  which  they  support,  and  their  figures  depend  on  the  nature 
of  those  motions.  The  bearings  of  a  piece  which  has  a  motion  of 
translation  in  a  straight  line  must  have  plane  or  cylindrical* 

•  The  word  "  cylindrical"  is  here  used  in  the  comprehensiye  sense,  which 
denotes  any  snr&oe  generated  hy  the  motion  of  a  straight  line  parallel  to 
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surfaces,  excusUt/  straight  in  the  direction  of  motion.  The  bearings 
of  rotating  pieces  must  have  surfaces  accurately  turned  to  figures 
of  revclviiony  such  as  circular  cylinders,  spheres,  cones,  conoids,  and 
fiat  discs.  The  bearing  of  a  piece  whose  motion  is  helical,  must  be 
an  exact  screw.  Those  parts  of  moving  pieces  which  touch  the 
bearings  should  have  snrfaoes  accurately  fitting  those  of  the 
bearings.  They  may  be  distinguished  into  slides,  for  pieces  which 
move  in  straight  lines,  gudgeons^  journals^  bushes,  and  pwots,  for 
those  which  rotate,  and  screws  for  those  which  move  helically. 

The  accurate  formation  and  fitting  of  bearing  surfaces  is  of 
primary  importance  to  the  correct  and  efficient  working  of 
machines. 

39.  The  MmOmmm  mt  WheUmaarr  n^viag  Pi«0M  (A  M.,  429,)  are 
Iilaiit«ii  by  the  fact,  that  in  order  that  different  portions  of  a  pair 
of  bearing  smfkoes  may  accurately  fit  each  other  during  their 
relative  miotion,  those  surfaces  must  be  either  straight,  circular,  or 
belioal;  from  which  it  follows,  that  the  motions  in  question  can  be 
cf  three  kinds  only,  via  :— 

I.  Straight  translatum,  or  shifting,  which  is  necessarily  of  limited 
extent,  and  which^  if  the  motion  of  the  machine  is  of  indefinite 
duration,  must  be  redprocatmg ;  that  is  to  say,  must  take  place 
alternately  in  oppodte  directions  :  for  example,  the  piston-rod  of  a 
steam  engine. 

IL  Simple  rotaiion,  or  iummg  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  swinging,  racking,  or  oscillation.  Continuous  rotation 
is  exemplified  by  the  shaft  of  a  steam  engine;  reciprocating  rotation 
by  various  beams  or  levers. 

IIL  Hdioai  or  screw4ike  motion,  oompounded  of  rotation  about 
a  fixed  axis,  and  translation  along  that  axis. 

Section  IL^Straight  Motion  of  Friiwury  Piecda 


40.  liBigiii  Ti«— ■■y«  is  the  motion  of  a  i>rimary  piece  sliding 
along  a  straight  guiding  surfkce.  All  the  particles  of  the  piece 
move  through  equal  distances  in  a  given  time,  along  parallel  straight 
lines;  and  the  line  joining  any  two  particles  remains  unaltered  in 
length  and  in  direction. 

41.  B— iwti—  asd  c— paiiUaM  af  HatiaM.— The  rtmiManlt  of 
two  or  more  oom^cm&nJL  motions  is  the  motion  which  results  from 
putting  them  together.  If  the  component  motions  are  represented 
by  straigbt  lines,  their  resultant  is  found  geometrically  by  joining 
together,  end  to  end,  a  series  of  straight  lines  respectively  equal 
and  parallel  to  the  given  straight  lines,  and  pointiug  in  the  same 
directions,  and  then  drawing  a  straight  line  from  the  starting  point 
to  the  further  end  of  the  series.     For  example : — 
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Fig.  16. 


L  (See  fig.  15.)  To  find  the  rendtani  of  two  eompoTmU  motiansy 
A  B  €md  A  0.  Let  the  paper  represent  the  plane  of  thoae  motions. 
From  B  draw  B  D  parallel  and  equal  to  A  C^  and  pointing  in  the 
same  direction;  join  A  D;  this  will  be 
the  required  resoltantmotioB;  <nr,  in  other 
words,  complete  the  parallelogram,  A  B 
D  O;  its  diagonal,  A  D,  will  be  the  re- 
quired resoltant. 

A  motion  may,  if  required,  be  resolved 
inio  eomfxments.  The  following  are  the 
caeee  most  nsefol  in  mechanism : — 

IL  (Fig.  15.)  To  resolve  a  given  motion, 
A  D,  tnto  components  in  tvx>  given  di/rec- 
tions  m  the  same  plane,  A  X  and  A  T. 
Through  D  draw  D  C  parallel  to  X  A,  cutting  A  Y  in  C,and  D  B 
paralld  to  T  A,  catting  A  X  in  B;  A  B  and  A  C  will  be  the 
required  components. 

IIL  (Fig.  16.)  To  resolve  a  given  motion,  A  D,  into  one  component 
parallel  and  aaiother  component  perpendicular  to  a  given  direction, 
Throu^  A,  parallel  to  the  given  direction, 
draw  A  X,  upon  which  let  fall  the  perpen- 
dicnlar  D  B;  then  A  B  will  be  the  first  of 
the  required  components,  and  A  0  parallel 
and  equal  to  B  D  will  be  i^e  second 

IV.  Given,  the  traces  of  a  plane  (Article 
15,  page  6)  and  the  projections  qfa  straight 
line  representing  a  motion  (Article  11,  page 
4),  to  find  the  projections  of  two  component 
motionSy  one  perpendictdar  and  the  other  parallel  to  tf^e  plane.  By 
the  rule  of  Article  31,  page  13,  draw  the  traces  of  a  second  plane 
parallel  to  the  given  plane,  and  traversing  the  point  which  repre- 
sents <me  end  of  the  given  motion.  Then  by  the  rule  of  Artide  33, 
page  13,  find  the  projections  of  the  perpendicular  let  &U  on  the 
second  plane  from  tiie  point  representing  the  other  end  of  the 
given  motion.  That  peipendicular  will  be  one  of  the  required 
components ;  and  the  straight  line  from  the  first-mentioned  point 
to  the  foot  of  the  perpendicular  will  be  the  other.  The  lengths  of 
the  lines  representing  the  ccuBiponent  motions  may  be  found,  if 
required,  by  Article  19,  page  7. 

The  component  of  tiie  motion  parallel  to  the  given  plane  is 
obviously  its  projection  on  that  plana  It  is  sometimes  called  the 
tanffeatiid  eomponent,  and  the  component  perpendicular  to  the  given 
^Me  the  normal  component  of  the  given  motion. 

Y.  Given,  a  resultant  motion  and  one  of  two  component  motions, 
to  find  the  other  eomponent  motion.  Combine  the  given  resultant 
motion  with  a  motion  equal  and  opposite  to  the  given /Component 
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motion;  the  resultant  of  these  two  will  be  the  required  other  com- 
ponent motion.  For  example,  in  fig.  15,  let  A  D  be  the  given 
resultant  motion,  and  A  B  the  given  component;  draw  I)  C  equal 
and  parallel  to  A  B,  and  pointing  the  opposite  way;  join  A  C; 
this  will  be  the  required  other  component  t  or  otherwise,  join  B  D 
and  draw  A  C  equal  and  parallel  to  it 

VI.  (Fie.  17.)  Given,  we  vertical  projection,  A  B,  <md  the  horir 
zontal  projection,  A!'Bf,of  a  straight  line  representing  a  motion,  to 
resolve  that  motion  into  three  rectangular'  components  pa/ralld  -and 
2)erpendicular  to  the  pUmes  of  projection.  Let  O  X  be  the  axis  of 
projection  (Article  9,  page  4).     Draw  the  stmight  lines  A  A',  B  F, 


^-Tt 


Fig.  17. 

cutting  the  axis  of  projection  (of  course  at  right  angles)  in  C  and  D. 
Then  through  any  convenient  point,  O,  in  the  axis  of  projection, 
draw  the  straight  line  ZOY'  at  right  angles  to  that  axis;  and 
take  O  T'  to  represent  a  transverse  horizontal  axis,  and  O  Z  to 
represent  a  vertical  axia  (The  point  O  is  called  the  origin.)  Then 
parallel  to  X  O  draw  A  E'  and  B'  F  to  meet  O  Y',  and  A  G  and 
B  n  to  meet  O  Z.  The  three  components  required  will  be  repre- 
sented by  C  D,  E'  F,  and  G  H. 

yil.  Given  (in  ^g.  17),  the  vertical  projection,  A  B,  and  the 
horizontal  projection,  A!  'S,o/a  straight  line  representing  a  mc^ion, 
to  draw  a  third  projection  of  the  same  straight  line  on  a  vertical 
transverse  plane  qjf  projection  perpendicular  to  the  first  two  planes  of 
projection.  Construct  ^g.  17  as  described  in  the  preceding  Kule. 
O  Z  and  O  Y'  will  be  the  traces  of  the  third  plane  of  projection. 
Produce  X  0  towards  Y",  then  O  Y"  will  i-epreseut  the  rabatnient 
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of  0  T',  and  Z  O  T"  the  rabatment  of  the  vertical  transverse 
plane  upon  the  vertical  longitudinal  plane  of  projection.  In  O  Y" 
take  O  E"=  O  E',  and  O  F  =  O  F;  draw  E"  A"  and  F"B''  parallel 
to  0  Z,  to  meet  A  G  and  B  H  produced  in  A"  and  B"  respectively; 
join  A'  B";  this  will  be  the  projection  required. 

According  to  the  rule  alr^y  stated  in  Article  19,  page  7,  the 
motion  of  which  A  B  and  A'  B  are  the  projections  is  to  be  found 
by  making  K  L  =  A'  B',  and  joining  L  B,  which  line  will  repre- 
sent the  extent  of  the  resultant  motion. 

The  following  are  the  relations  between  a  resultant  motion  and 
its  components  as  expressed  by  calculation.     In  fig.  15, — 

8inCAB:8inCAD:sinDAB::AD:AB:AC; 

also,     AD2  =  AB2  +  AC2  +  2  ABAOcosCAB. 

In  fig.  16, 

AB«ADcosBAD;AO  =  AD-8inBAD; 

A  D2  =  A  B2  +  A  C2. 

In  fig.  17, 

L  B?  =  C  D2  +  F  F2  +  G  m 

42.    Betettre    BI^tlMi    ef  Tw*    Mmrim^    Pieces* — ^All    motion    is 

relative:  that  is  to  say,  every  conceivable  motion  consists  in  a 
change  of  the  relative  position  of  two  or  more  points.  In  speaking 
of  the  motions  of  the  moving  pieces  of  machines,  motions  relatively 
to  the  frame  are  always  to  be  understood,  unless  it  is  otherwise 
specified.  It  is  often  requisite,  however,  to  express  the  motion  of 
a  point  in  a  moving  piece  relatively  to  a  point  in  the  same  or  in 
another  moving  piece. 

In  the  case  considered  in  the  present  section,  where  the  relative 
position  of  two  points  in  the  same  moving  piece  remains  xinaltered, 
not  only  as  to  distance  but  as  to  direction,  the  relative  motion  of 
such  a  mir  of  points  is  nothing.  The  motion  of  one  moving  piece 
relatively  to  another  is  determined  by  the  following  principle : — Let 
P,  Q,  and  E.  denote  any  three  points;  then  the  motion  of  R 
relatively  to  P  is  the  resultant  of  the  motion  of  R  relatively  to  Q, 
combined  with  the  motion  of  Q  relatively  to  P;  so  that  if  the 
motions  of  Q  relatively  to  P,  and  of  R  relatively  to  P  are  given, 
the  motion  of  R  relatively  to  Q  is  to  be  found  according  to  Rule 
V.  of  the  preceding  Article,  by  compounding  with  the  motion  of  R 
relatively  to  P  a  motion  equal  and  opposite  to  that  of  Q  relatively 
to  P.  For  example,  let  P  stand  for  the  frame  of  a  machine,  and 
Q  and  R  for  two  moving  pieces  which  slide  along  straight  guides; 
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and  in  a  given  interval  of  time  let  A  B>  in  fig.  15,  page  19,  repre- 
sent the  motion  of  Q  relatively  to  P,  and  A  D  the  motion  of  B, 
relatively  to  P ;  then  A  C,  found  by  Rule  V.  of  Article  41,  will 
repreeent  the  motion  of  B  relatively  to  Q. 

In  all  cases  whatsoever  of  rdative  motion  of  two  bodies,  the 
motion  of  one  relatively  to  the  other  is  exactly  equal  and 
oontrfixy  to  that  of  the  second  relatively  to  the  first  For  example, 
let  P  and  Q  be  two  points;  and  when  P  is  treated  as  fixed,  let  Q 
move  through  a  given  distance  in  a  given  direction  relatively  to  P; 
tiien  if  Q  is  treated  as  fixed,  P  moves  through  the  same  distance 
in  the  contrary  direction  relatively  to  Q. 

43.  CmBjfurmttre  nmOmn  (A.  Jf.,  358,)  is  the  relation  borne  to  each 
other  by  the  simultaneous-motions  of  two  points,  either  in  the  same 
body  or  in  different  bodies,  relatively  to  one  and  the  same  fixed  point 
or  body.  It  consists  of  two  elements :  the  vdocUy-rtiHo,  which  is  the 
proportion  borne  to  each  other  by  the  distances  moved  through  by 
the  two  points  in  the  same  interval  of  time;  and  the  cUreckonal 
relation,  which  is  the  relation  between  the  directions  in  which  the 
two  points  are  moving  at  the  same  instant 

In  the  case  of  two  points  in  a  primary  piece  whose  motion  is 
one  of  translation,  the  velocity-ratio  is  that  of  equality,  and  the 
directional  relation  that  of  identity;  for  all  points  in  such  a  piece 
are  moving  with  equal  speed  in  parallel  directions  at  the  same 
instant 

When  two  points  in  two  difierent  pieces  are  compared,  the 
comparison  may  give  a  different  result.  For  example,  let  P,  as 
before,  stand  for  the  frame  of  a  machine,  and  Q  and  B  for  two 
moving  pieces;  and  while  Q  performs  relatively  to  P  Uie  motion 
represented  by  A  B  (fig.  15,  page  19),  let  B  perform  relativdy  to 
P  the  motion  represented  by  A  D.  Then  the  wmparative  motion 
of  B  and  Q  consists  of  the  following  elements : — 

the  velocity-ratio,  -r-jy ; 

and  the  directional  relation,  represented  by  the  angle  BAD. 

In  most  of  the  cases  which  occur  in  mechanism  the  motion  of  each 
point  is  limited  to  two  directions — forward  or  backward — in  a  fixed 
path ;  so  that  the  directional  relation  of  two  points  may  often  be 
sufficiently  expressed  by  prefixing  the  sign  +  or  —  to  their  velocity- 
ratio^  according  as  their  motions  are  similar  or  contrary;  that  is, 
the  sign  +  denotes  that  those  motions  are  both  forwaixl  or  both 
backward;  and  the  sign  —  that  one  is  forward  and  the  other 
backward. 

We  may  compare  together  the  different  components  of  the 
motion  of  one  point,  and  the  resultant  motion.     For  example,  in 
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figs.  15  and  16,  page  19,  the  yelodty-ratios  of  two  component 
motions,  as  oompared  with  their  resultant^  are  expressed  by 

AB      ,  AC 
AD^^^AD' 

and  in  5g.  17,  page  SO,  the  yelocity-nttios  of  three  rectangalar 
component  motions^  as  oompared  "wiih  their  resultant^  are  ex- 
pressed by 

CD  IXF       ,GH  • 

LB'  LB'  ^^  LB* 

StriotJy  speaking,  the  principles  of  the  geometiy  of  machines,  or 
of  pure  mechanism,  are  concerned  with  compai'atiye  motions  only, 
and  not  with  absolute  velocities :  or,  in  other  words,  those  principles 
relate  to  the  motions  which  different  moving  points  perform  in  the 
•oune  of  the  same  interval  of  time,  but  not  to  the  length  of  the 
interval  of  time  in  which  such  motions  are  performed.  For 
example,  in  the  case  of  a  direotraoting  steam  engine,  the  principles 
of  pnre  mechaninn  show  that  the  piston  makes  one  double  stroke 
iar  each  revolution  of  the  crank;  that  Uie  directional  relation  of 
the  |uston  and  crank-pin  varies  periodically,  the  piston  moving  to 
and  fro,  while  the  crank-pin  moves  continuously  round  in  a  circle; 
and  that  in  particular  positioDS  of  i^ose  peces  their  velocity-ratio 
takes  particular  values;  but  the  question  of  what  interval  of  time 
is  oconpaed  by  a  revcdution,  or  of  how  many  rev(^utions  are  per^ 
formed  in  a  minute^  belongs  not  to  the  geometry,  but  to  the 
dynamics  of  machines.  Further,  in  the  case  of  a  pair  of  spur 
wheels  gearing  into  each  other,  the  principles  of  pure  mechanism 
diow  that  in  any  given  interval  of  time  the  numbers  of  revolutions 
performed  by  those  wheels  respectively  are  inversely  «as  their 
numbers  of  teeth,  and  that  the  directions  in  whic^  they  turn  are 
contrary;  but  those  ]winoiples  do  not  inform  us  how  many  revolu- 
tions either  wheel  makes  in  a  minute. 

44.  Piiii^a  p«iBt  and  Wffikii^r  Petet-^The  term  driving  poirU 
IB  used  to  denote  that  point,  either  in  a  whole  machine  or  in  a 
given  moving  piece  of  a  machine,  where  the  force  is  i^lied  ihnt 
causes  the  moticm;  and  the  term  working  pahU  is  used  to  denote 
the  point  where  the  useful  woik  is  done.  These  explanations 
contain  references  to  ihe  dynamics  of  machines;  but  it  is  to  be 
understood  that  in  the  geometry  of  machines,  or  pure  mechanism, 
it  is  the  comparatwe  motion  only  of  the  driving  point  and  working 
point  that  is  taken  into  consideration.  It  is  to  be  observed,  too, 
that  Uie  word  ** point"  is  here  taken  in  an  extended  meaning;  for 
the  exertion  of  force  or  communication  of  motion  at  a  mathematical 
point,  of  no  sensible  magnitude,  is  purely  ideal ;  and  when  the  word 
point  is  used  with  reference  to  the  driving  or  tli^  work  of  machines^ 
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it  is  to  be  held  to  roean  the  place  where  the  action  that  drives  or 
that  resists  a  machine  is  exerted,  of  what  magnitude  soever  that 
place  may  be,  whether  a  sur&ce  or  a  volume.  Thus,  the  driving 
point  in  a  steam  engine  comprehends  the  whole  surface  of  the 
piston  that  is  pressed  upon  by  the  steam  which  drives  the  engine; 
and  the  working  point,  where  friction  is  overcome,  comprehends 
the  whole  of  the  rubbing  surface,  and  where  a  heavy  body  is  lifted, 
the  whole  volume  of  that  body.  Nevertheless,  for  the  ssJlo  of  con- 
venience in  nmthematical  investigation,  such  places  of  the  action  of 
driving  or  resisting  forces  are  often  treated  on  the  supposition  that 
they  may  be  represented  by  single  points;  for  when  such  points  are 
pi*operly  chosen^  no  error  is  incurred  by  making  that  supposition. 

Section  III. — Eolation  of  Primary  Pieces. 

45.  B«tatf«n  0t  m  Primarr  Piece.  {A,  M.,  370-372.) — Rotation  or 
Tv/mmg  is  the  motion  of  a  rigid  body  when  lines  in  it  change  their 
directions;  and  it  is  the' only  kind  of  motion  involving  change  of  the 
relative  positions  of  the  particles  of  a  body  that  is  possible  consistently 
wifh  rigidity;  that  is  to  say,  with  the  maintenance  of  the  distance 
between  every  ^xair  of  particles  in  the  body  unchanged.  An  axis  of 
rotaJtion  is  a  line  in  a  rigid  body  whose  dim^ion  is  unchanged  by  the 
rotation ;  and  2^fixed  axis  of  rotation  is  a  line  whose  position,  as  well  as 
its  direction,  is  unchanged  by  the  rotation.  Every  line  in  a  rotating 
body  which  is  parallel  to  the  axis  has  its  direction  unchanged  by 
the  rotation.  The  rotation  of  a  primary  piece  in  a  machine  always 
takes  place  about  an  axis  that  is  fixed  relatively  to  the  frame  of  the 
machine;  that  axis  being  the  geometrical  axis,  or  centre  line,  of  a 
bearing  surface  (such  as  that  of  the  journals  or  gudgeons  of  a  shaft), 
whose  form  is  that  either  of  a  circular  cylinder  or  of  some  other 
surface  of  revolution  The  plane  of  rotation  is  any  plane  perpen- 
dicular to  the  axis.  Every  such  plane  in  a  rotating  body  has  its 
position  unchanged  by  the  rotation ;  and  straight  Imes  in  such  a 
plane— that  is,  straight  lines  perpendicular  to  the  axis  of  rotation — 
change  their  directions  more  rapidly  than  any  other  straight  lines 
in  the  same  body. 

46.  Speed  ef  BeioUen.  {A,  M,,  373.) — Although  in  the  case  of 
rotation,  as  well  as  in  that  of  translation,  the  principles  of  pure 
mechanism  are  concerned  with  comparative  velocities  only,  still 
it  is  desirable  here  to  state,  that  the  speed  with  which  a  rotating 
body  turns  is  expressed  in  two  different  ways.  For  most  practical 
purposes  it  is  usually  stated  in  turns  and  fractions  of  a  turn  in  some 
convenient  unit  of  time ;  such  as  a  second,  or  (more  commonly)  a 
minute.  For  scientific  purposes,  and  for  some  practical  purposes 
also,  it  is  expressed  in  angidar  velocity;  which  means,  the  angle 
swept  through  in  a  second  by  a  line  perpendicular  to  the  axis  of 
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rotation:  that  aogle  being  stated  in  dretdar  measure;  which 
means  the  ratio  of  the  length  of  the  arc  subtended  by  an  angle  to 
the  radius  of  that  arc  l^e  following  are  examples  of  the  values 
of  angles  in  circular  measure : — 

One  degree, 00174533  nearly; 

''^SuSl'.r::*!':}  1-5708  nearly, 

Hence,  to  convert  turns  per  second  into  angular  velocity/,  multiply  by 

710 

U^  =  6-2832  nearly ;  and  to  oorweri  angiUa/r  velocity  into  turns  per 

113 
second,  multiply  by  =j^  =  0*159155  nearly.     The  time  o/revoltUion 

in  seconds  is  the  reciprocal  of  the  speed  expressed  in  turns  per 
second.  The  comparative  speed  or  a^ngtdar  vdocity-raUo  of  two 
rotating  pieces  is  independent  of  the  land  of  unit  in  which  their 
absolute  speeds  may  be  expressed;  it  is  the  reciprocal  of  the  ratio 
of  their  times  of  revolution. 

47.  B«tatl«n  is  C^mm^n  to  all  Parts  of  the  TnralBi^  Body. 
{A,  M.y  375.)— Since  the  angular  motion  of  rotation  consists  in  the 
change  of  direction  of  a  line  in  a  plane  of  rotation,  and  since  that 
change  of  direction  is  the  same  how  short  soever  the  line  may  be, 
it  is  evident  that  the  condition  of  rotation,  like  that  of  translation, 
is  common  to  every  particle,  how  small  soever,  of  the  turning  rigid 
body,  and  that  the  angular  velocity  of  turning  of  each  particle,  how 
smidl  soever,  is  the  same  with  tiiat  of  the  entire  body.  This  is 
otherwise  evident,  by  considering  that  each  part  into  which  a  rigid 
body  can  be  divided  turns  completely  about  in  the  same  time  with 
every  other  part,  and  with  the  entire  body,  and  makes  the  same 
number  of  turns  in  a  second,  or  a  minute,  or  any  other  interval 
of  tima 

48.  Bight  mmA  iioft-Bandcd  BotaUoii.  {A.  M,,  376,)— The  direction 
of  rotation  round  a  given  axis  is  distinguished  in  an  arbitrary 
manner  into  right-hcmded  and  l^handed.  One  end  of  the  axis  is 
chosen  as  that  from  which  an  observer  is  supposed  to  look  along 
the  direction  of  the  axis  towards  the  rotating  body.  Then  if  the 
body  seems  to  the  observer  to  turn  in  the  same  direction  in  which 
the  sun  seems  to  revolve  to  an  observer  north  of  the  tropics,  the 
rotation  is  said  to  be  right-handed;  if  in  the  contrary  direction, 
left-handed;  and  it  is  usual  to  consider  the  angular  velocity  of 
right-handed  rotation  to  be  positive,  and  that  of  left-handed  rotff 
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tion  to  be  negative;  bat  this  is  a  matter  of  convenience.  It  is 
obvious  that  the  same  rotation  which  seems  Tight4ianded  when 
looked  at  from  one  end  of  the  axis,  seems  left-handed  when  looked 
at  fh)m  the  other  end.  In  fig  18^  the  arrow  B  represents  right- 
handed  rotation,  and  the  arrow  L  

left-handed  rotation.      When  a     /^        ^\ 
body  oaciUates  about  an  axis  its 
rotation  is  alternately  right-handed 
and  left-handed. 

49.  TnuulattoB  •f  m  P«iBt 
BotiUteg  PiMse.  {A.    M,,    377.)— 
Each  point  in  a  rotating   piece  Fig:  IS. 

(except  those  situated  in  the  axis) 

has  a  motion  of  revduiioH — tiiat  is,  trandoHon  in  a  circular  paihy 
round  the  axis  of  rotation;  and  the  velocity  of  that  tcanslatiou  is 
the  product  of  the  perpendicular  distance  of  the  point  from  the 
axis — that  is,  the  ntdius  of  the  circular  path,  into  the  angular 
velocity  of  rotation  (Article  46,  page  24).    Thus,  in  Bg.  19,  let  the 


Lj  '<) 


X. 


Fig.2L 


Fig.  19. 


curfaceof  the  paper  represent  a  i^ane  of  rotation;  let  O  beatonoe 
the  trace  and  the  projection  of  the  axis  of  rotation  on  that  plane, 
and  A  the  projection  of  a  point  in  the  rotating  piece  under  con- 
sideration. Then  the  motion  of  that  point  (and  of  its  projection 
A),  takes  place  in  a  circle  of  the  radius  O  A;  and  if  A  A'  be  the 
arc  described  in  a  second,  then 


also. 


A  A'  =  O  A  X  angular  velocity; 

710 
s  O  A  X  Y?Q  X  number  oftuins  per  second; 


angular  velocity 


A  A' 

oa: 
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Tlie  wiodbjf  mt  a  gwm  irwkmt  of  a  point  whioh  moyes  in  a  carve, 
as  difltingnished  from  the  ore  tntced  in  a  9eoond  by  ikcU  pointy  is 
represented  by  a  straight  line  eqnal  in  length  to  that  arc,  and 
pointing  in^tt^  direction  in  which  the  point  is  moving  at  i^e  given 
instant;  that  is  to  say,  being  a  tangent  to  the  path  of  the  point  at 
that  instant  Therefore,  to  represent  by  a  straight  line  the  velocity 
of  the  point  now  in  question  at  the  instant  when  its  projection  is 
at  A,  wxw  A  a  perpendicular  to  O  A,  and  equal  in  length  to  A  A' 
( =  O  A  X  angular  velocity). 

50.  H«tiMi  •r  a  Pwpt  9€  a  vt^uMmm  Fi«ce.— When  what  has  just 
been  explained  is  considered  together  with  the  statement  in  Article 
47,  it  is  easOy  seen,  that  if  the  oentre  of  any  part  of  a  moving 
piece  rotating  about  a  fixed  axis  is  situated  in  that  axis,  then  the 
motion  of  that  part  is  simply  a  rotation  similar  and  equal  to  that 
of  the  whole  piece;  but  if  ^e  oentre  of  the  part  is  dtuated  at  a 
distance,  O  A,  from  that  axis,  the  motion  of  that  part  consists  of  a 
tranalaticn  of  tfo  centrCy  wit^  the  vek>city  O  A  x  the  angular 
velocity,  in  a  circle  described  about  the  fixed  axis  with  the  radius 
O  A,  C9mbined  wkh  a  rotation  similar  and  equal  to  that  of  the 
whole  piece,  about  a  moving  cms  traversing  A,  and  parallel  to  the 
fixed  axis  which  traverses  O.  Consider,  for  example,  that  rotating 
piece  in  a  steam  engine  which  consists  of  the  shaft,  crank,  and 
cnmk-pin,  and  which  turns  about  the  axis  of  the  shaft,  as  a  fixed 
axis  of  rotation,  to  which  the  axis  of  the  crank-pin  is  paralleL 
Then  the  motion  of  the  shaft  consists  simply  in  a  rotation  about 
its  own  axis;  while  the  motion  of  the  crank-pn  consists  in  a 
translatioa  of  its  centre,  and  of  each  point  in  its  axis,  in  a  circular 
path  described  about  the  axis  of  the  shaft,  combined  with  a  rota- 
tion about  its  own  moving  axis  ^ilar  and  equal  to  that  of  the 
shafts  As  an  additional  mustration,  suppose  one  end  of  a  cord  to 
be  held  still,  and  the  other  to  be  attached  to  a  hook  which  is  fixed 
at  the  centre  of  a  rotating  wheel,  and  which  therefore  rotates 
along  with  and  as  part  of  3ie  wheel  The  cord  will  undergo  one 
twist  for  eadi  turn  of  the  wheel  Now  let  the  hook  be  removed 
fsom  the  centre,  and  fixed  at  any  point  in  an  arm  of  the  wheel,  or 
in  its  rim;  the  cord  will  still  undergo  one  twist,  neither  more  nor 
less,  for  each  turn  of  the  wheel;  thus  showing,  as  before,  the  effect 
of  the  rotaticm  of  the  hook  along  with  the  wheel;  and  the  only 
difference  in  the  motion  will  be  that  the  end  of  the  cord  attached 
to  the  hook  will  be  carried  round  in  a  circle,  at  the  same  time  that 
the  whole  cord  is  twisted  A  aeconda/ry  piece  in  a  machine  may 
be  so  contrived  as  to  have  translation  in  a  circle  or  some  other 
curved  path  without  rotation;  this  will  be  considered  in  a  later 
chapter. 

51.  BalM  as  ce  lieafilM  9t  CIrcalar  Avcib— In  connection  with 
the  motion  of  points  in  rotating  pieces,  and  with  various  other 
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questions  in  mechanism,  there  is  frequent  occasion  to  measure  the 
lengths  of  circular  arcs,  and  to  lay  off  circular  arcs  of  given  lengths. 
These  processes  may  be  performed  by  the  help  of  calculation,  and 
of  the  well-known  approximate  values  of  the  ratio  which  the 
radius  and  the  circumference  of  a  circle  bear  to  each  other,  viz. : — 

circumference       710         ,         ^  ^q^-  ^^         , 
radius        =  TI3  """^'^^  =  ^'^^^^^  "^''y' 

radius  113  ,  nifcrmr/r  i 

-' r =  WT7{  nearly  =  0*lo9155  nearly: 

circumference      710  "^  '' ' 

but  it  is  often  much  more  convenient  in  practice  to  proceed  by 
.  drawing;  and  then  the  following  rules  are  the  most  accurate  yet 
known : — * 

L  (Fig.  22.)  To  draw  a  straight  line  approximately  equal  to  a 
given  circular  a/rc,  A  B.  Draw  the  straight 
chord  B  A;  produce  A  to  C,  making 
A  C  =  i  B  A;  about  C,  with  the  radius 
C  B  =  f  B  A,  draw  a  circle ;  then  draw  the 
straight  line  A  D,  touching  the  given  arc 
Fig.  22.  in  A,  and  meeting  the  last-mentioned  circle 

in  D ;  A  D  will  be  the  straight  line  required. 
The  error  of  this  nile  consists  in  the  straight  line  being  a  little 
shorter  than  the  arc  :  in  fractions  of  the  length  of  the  arc,  it  is 
about  T^jy  for  an  arc  equal  in  length  to  its  own  radius;  and  it 
varies  as  the  fourth  power  of  the  angle  subtended  by  the  arc;  so 
that  it  may  be  diminished  to  any  required  extent  by  subdividing 
the  arc  to  be  measured  by  means  of  bisections.  For  example,  in 
drawing  a  straight  line  approximately  equal  to  an  arc  subtencHng 
60°,  the  error  is  about  ^(y.of  the  length  of  the  arc;  divide  the  arc 
into  two  arcs,  each  subtending  30°;  draw  a  straight  line  approxi- 
mately equal  to  one  of  these,  and  double  it;  the  error  will  bo 
reduced  to  one-siocteenth  of  its  former  amount; 
that  is,  to  about  ttW  ^^  ^^^  length  of  the  arc. 
The  greatest  angular  extent  of  the  arcs  to 
which  the  rule  is  applied  should  be  limited 
in  each  case  according  to  the  degree  of 
precision  required  in  the  drawing. 

II.   (Fig.    23.)   To  draw  a  straight    line 
approximately  equal  to  a  given  drdda/r  arCy 
A  B.     (Another  Method.)     Let   C   be  the 
Fig.  23.  centre  of  the  arc.     Bisect  the  arc  A  B  in  D, 

and  the  arc  A  D  in  E;   draw  the  straight 

*  These  rules  are  extracted  from  Papers  read  to  the  British  Association 
in  1867,  and  published  in  the  Philosophical  Magazine  for  September  and 
October  of  that  year. 
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secant  C  E  F,  and  the  straight  tangent  A  F^  meeting  each  other 
in  F;  draw  the  straight  line  F  B;  then  a  straight  line  of  the 
lengtji  A  F  +  F  B  wQl  be  approximately  equal  in  length  to  the 
arc  A  R 

The  error  of  this  role,  in  fractions  of  the  length  of  the  arc,  is  jnst 
one-fourth  of  the  error  of  Hule  I.,  but  in  the  contrary  direction; 
and  it  varies  as  the  fourth  power  of  the  angle  subtended  by  the  arc. 

IIL  To  lay  off  upon  a  given  circle  an  arc  approximately  equal  in 
length  to  a  given  eiraigM  line.  In  fig.  24,  let  A  D  be  part  of  the 
circumference  of  the  given  circle,  A  one  end  of  b 
the  required  arc,  and  A  B  a  straight  line  of  the  '^ 
given  length,  drawn  so  as  to  touch  the  circle  at 
tiie  point  A  In  A  B  take  A  0  =  ^  A  B,  and 
about  C,  with  the  radius  C  B  =  f  A  B,  draw  a 
circular  arc  B  D,  meeting  the  given  circle  in  D.  Kg.  24. 

A  D  will  be  the  arc  required. 

The  error  of  this  rule,  in  fractions  of  the  given  length,  is  the 
same  as  that  of  Rule  L,  and  follows  the  same  law. 

lY.  (Hg.  24.)  To  droM)  a  cvrctda/r  a/rc  which  ehaU  he  approxi" 
nuUdy  equal  in  length  to  the  e^oMfht  line  A  B,  shall  with  one  of  its 
ends  touch  thai  straiglU  line  at  A,  and  shall  subtend  a  given  angle. 
In  A  B  take  A  C  «  ^  A  B;  and  about  0,  with  the  radius  C  B 
=  I  A  B,  draw  a  circle,  B  D.  Draw  the  straight  line  A  D, 
making  the  angle  B  A  D  =  one-half  of  the  given  angle,  and  meet- 
ing the  circle  B  D  in  D.  Then  D  will  be  the  other  end  of  the 
required  arc,  which  may  be  drawn  by  well-known  rules. 

The  error  of  this  rule,  in  fractions  of  the  given  leugth,  is  the 
same  with  that  of  Rules  I.  and  III.,  and  follows  the  same  law. 

T.  To  divide  a  circular  arc,  approximately,  into  any  required 
number  of  equal  parts.  By  Rule  I.  or  II.,  draw  a  straight  line 
approximately  equal  in  length  to  the  given  arc;  divide  that  straight 
line  into  the  required  number  of  equal  parts,  and  then  lay  off  upon 
the  given  arc,  by  Rule  III.,  an  arc  approximately  equal  in  length 
to  one  of  the  parts  of  the  straight  line. 

Rule  Y.  becomes  unnecessary  when  the  number  of  parts  is  2,  4, 
8,  or  any  other  power  of  2;  for  then  the  required  division  can 
be  performed  exactly  by  plane  geometiy. 

Vl.  To  divide  the  whole  circum/erence  of  a  circle  approooi- 
mately  into  amy  required  nwmber  of  equal  an'cs.  When  the  required 
number  of  equal  arcs  is  any  one  of  the  following  numbers,  the 
division  can  be  made  exactly  by  plane  geometry,  and  the 
present  rule  is  not  needed : — any  power  of  2;  3;  3  x  any  power  of 
2\  5'y  5  X  any  power  of  2;  15;  15  x  any  power  of  2.*    In  other 

*  It  may  be  convenient  here  to  state  the  methods  of  subdividing  arcs  and 
whole  dndes  by  plane  eeometry.  (1.)  To  hiaect  any  ciradar  are.  On 
the  diord  of  the  aro  as  a  base,  construct  any  oonvenient  isosoeleB  triangle, 
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cases  proceed  as  follows : — Divide  the  circumference  ezaotily,  by 
plane  geometry,  into  such  a  number  of  equal  arcs  as  may  be  re- 
quired in  order  to  giro  sufficient  precision  to  the  approximatiTo  part 
of  the  process.  Let  the  number  of  equal  arcs  in  that  preliminary 
division  be  called  91.  Divide  one  of  them,  by  means  of  Rple  Y., 
into  the  required  number  of  equal  parts;  n  times  one  of  those 
parts  will  be  one  of  the  required  equal  arcs  into  which  the  whole 
circumference  is  to  be  divided 

Bules  I.,  IIL,  and  Y.,  are  applicable  to  arcs  of  other  curves 
besides  the  circle,  provided  the  changes  of  curvature  in  such  arcs 
are  small  and  gradual 

52.  Belativ  Tmarfll—  mi  m  y>lg  mf^mimm  to  m  ■•hrtlug  Piaee. 
In  fig.  19,  page  26  (where  O,  as  already  explained,  is  at  onoe  the 
projection  and  the  trace  of  a  fixed  axis  of  rotation  on  a  plane 
perpendicular  to  it,  and  A  the  i»ojection  of  a  point  in  the  rotating 
piece),  let  B  be  the  projection  of  another  point  in  the  rotating  piece, 
and  A  B  the  projection  of  the  straight  line  connecting  those  two 
points.  The  point  B  describes  a  circle  of  the  radius  O  B  about  the 
fixed  axis;  and  the  radii  O  A  and  O  B  sweep  round  with  the 
angular  velocity  common  to  all  parts  of  the  rotating  pieoe,  so  that 
by  the  time  that  A  has  moved  to  the  position  A',  B  has  moved  to 
the  position  B,  such  that  the  angles  A  O  A'  and  BOB  are  equaL 
In  order  to  determine  the  motion  of  one  of  those  moving  points 
(as  A)  r^tively  to  the  other  (as  B),  it  is  to  be  considered  that, 
owing  to  the  rigidity  of  the  body,  the  length  of  A  B  is  invariable, 
and  that  the  change  of  direction  of  that  line  (as  projected  on  the 
plane  of  rotation),  consists  in  turning  in  a  given  time  through  an 
angle  equal  to  that  through  which  the  lirhole  piece  turns.  In  fig. 
20,  take  B  to  represent  at  once  the  trace  and  the  projection,  on  a 
plane  of  rotation,  of  an  axis  parallel  to  the  fixed  axis,  and  traversing 
the  point  R  Draw  B  A  in  fig.  20  parallel  and  equal  to  B  A  in 
fig.  19;  and  B  A  in  fig.  20  pandlel  and  equal  to  F  A  in  fig.  19. 
Then  A  and  A'  in  fig<  20  repreaeint  two  successive  positions  of  A 

with  the  summit  poiDtiiig  awi^  from  the  oentre  of  the  aro;  a  ntndght  Hoe 
from  the  centre  of  the  arc  to  that  tummit  will  bisect  the  arc.  (2.)  To  mark 
the  sixth  part  qf  the  drcum/erenoe  qf  a  dtreU,  Lay  off 
a  chord  equal  to  the  radius.  (9.)  To  mark  the  ttnih 
part  </  the  ckrewmferenoe  cf  a  cMe.  In  fig.  24  a, 
draw  the  straight  line  A  B  =  the  radius  of  the  cir^ ; 
and  perpendicular  to  A  B,  draw  B  C  »  1  A  B.  Join 
AG,  and  from  it  cut  off  CD  a  C  B.  AD  will  be  the 
ohord  of  one-tenth  part  of  the  circumference  of  the 
ng.  24a.  circle.    (4)  For  theji/teenth  part,  take  the  difference 

hetween  one-sixth  and  one-tenth.  It  mav  be  added* 
that  Grauss  discovered  a  method  of  dividing  the  circumference  of  a  circle  by 
^;eometry  exaotlj,  when  the  number  of  eqiud  parts  ia  any  prime  munber  that 
IS  equal  to  I  -I- a  power  of  2;  such  as  1  -f- 2*  =  17;  1  +2'«257,  &c;  but 
the  method  it  too  laborious  for  use  in  *^fyg"'^g  mechanism. 
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lelatiyelj  to  the  axis  tmyermog  B,  at  the  begiiming  and  end 
respectively  of  the  interval  of  time  in  which  the  rotating  piece 
turns  through  the  angle  ADA'  (fig.  19)  ==  A  B  A!  (fig.  20>  The 
translation  of  A  relatively  to  this  new  axis  consists  in  revolution 
in  a  cirole  of  the  radius  B  A,  in  the  same  direction  with  the  rota- 
tion (that  is^  in  the  present  example,  right-handed);  and  the 
velocity  of  that  relative  translation  is  B  A  x  the  angular  velocity 
of  rotation.  Fig.  21  shows  how,  by  a  similar  construction,  the 
motion  of  B  rdatively  to  an  axis  traversing  A  is  represented. 
Take  A  in  fig.  21  to  represent  at  once  the  trace  and  the  projec- 
tion, on  a  plane  of  rotation,  of  an  axis  parallel  to  the  fixed  axis,  and 
traversing  A.  Draw  A  B  and  A  B'  in  fig.  21  parallel  and  equal 
respectively  to  A  B  and  A'  B  in  fig.  19.  Then  B  and  B  in  fig. 
21  represent  two  successive  positions  of  B  relatively  to  the  axis 
traversing  A,  at  the  beginning  and  end  respectively  of  the  interval 
of  time  in  which  the  rotating  piece  turns  through  the  angle  A  O  A' 
(fig.  19)  =  B  A  B'  (fig.  21)j  the  translation  of  B  relatively  to  thi» 
new  axis  consists  in  revolution  in  a  circle  of  the  radius  A  B,  in 
the  same  direction  with  the  rotation  (that  is,  in  the  present  ex- 
ample, xight-handed);  and  the  velocity  of  that  relative  translation 
is  A  B  X  the  angular  velocity,  and  is  at  each  instant  equal,  parallel^ 
and  contrary  to  the  velocity  of  translation  of  A  relatively  to  B, 
agreeably  to  the  general  principle  stated  at  the  end  of  Article  4t2, 
page  21. 

53.   €)^mKpmrmiir9  BlciCl^itf  9f  Petals  tai  m  R«<ailag  mtm^    In  ^g, 

19,  page  26y  as  before,  let  A  and  B  be  the  projections  at  a  given 
instant,  on  a  plane  of  rotation,  of  two  points  whose  motions  are  to 
be  compared.  The  directions  of  motion  of  those  points  at  that 
instant  are  represented  by  the  straight  lines  A  o^  B  5,  tangents  to 
the  circles  in  which  the  points  revolve  about  the  axis  O;  and  the 
diretiional  rdation  of  the  points  is  expressed  by  the  fact,  that  the 
angle  between  those  directions  of  motion  is  equal  to  the  angle 
A  O  B,  between  the  perpendiculars  let  Ml  from  the  two  points  on 
the  axis  O;  or,  in  other  words,  the  angle  between  the  planes 
traversing  that  axis  and  the  two  points  respectively;  of  which 
planes  O  A  and  O  B  are  the  traces  upon  the  plane  of  rotation ;  for 
the  directions  of  motion,  A  a>  B  6,  are  respeotivdiy  perpendicular 
to  thoee  two  planeo. 

The  M^bot^y-rti^ioofthe  two  points  is  equal  to  the  ratio  0B:0  A 
borne  to  each  other  by  the  radii  of  their  circular  paths.  In  other 
words,  if  A  a  «■  A  A'  be  taken,  as  before,  to  represent  the  velocity 
of  A,  and  B  6  =  B  B'  to  represent  the  velocity  of  B,  thm 

0A:0B::Aa:B6; 

and  if  the  -velocitiee  of  any  number  of  points  in  a  rotating  piece 
am  Qompand  tofBther,  they  are  all  proportiooial  resgectively  to 

Digitized  by  VjOOQIC 


32  GBOMEl'RY  OF  HACHIKERY. 

tbe  perpendicular  distances  of  those  points  from  the  axis  of 
rotation. 

It  is  obvious  that  all  points  in  a  circular  cylindrical  sur&ce 
described  about  the  axis  of  rotation  have  equal  velocities.  The  dotted 
circles  in  fig.  19,  page  26,  represent  the  traces  of  two  such  surfaces. 

The  relative  motions  of  any  two  ^irs  of  points  in  a  rotating 
piece  may  be  compared  together.  For  example,  let  it  be  pro- 
posed  to  compare  the  motion  of  A  relatively  to  B  with  the  motion  of 
B  relatively  to  O.  Then,  because  the  velocity  of  the  motion  of  A 
relatively  to  B  is  proportional  to  B  A,  and  its  direction  perpen- 
dicular to  the  plane  whose  trace  is  B  A,  while  the  velocity  of  the 
motion  of  B  relatively  to  O  is  proportional  to  O  B,  and  its 
dii-ection  perpendicular  to  the  plane  of  which  O  B  is  the  trace,  the 
directional  relation  is  expressed  by  the  angle  made  by  those  planes 
with  each  other,  and  the  velocity-ratio  by  the  ratio  B  A  :  O  B 
borne  to  each  other  by  the  projections  on  the  plane  of  rotation  of 
the  two  lines  of  connection  of  the  two  pairs  of  points. 

54c,  Bclatlre  and  CompanUtra  Tnuulatfan  vf  •  Pair  af  Rigidly 
€«BBecied  Paiata.— The  following  proposition  is  applicable  to  all 
motions  whatsoever  of  a  pair  of  points  so  connected  that  the 
distance  between  them  is  invariable  It  forms  the  basis  of  nearly 
the  whole  theory  of  combinations  in  mechanism,  and  many  of  its 
consequences  will  be  explained  in  the  ensuing  chapters  of  this 
Part  At  present  it  is  introduced  with  a  view  to  its  application 
to  pairs  of  points  in  a  rotating  piece. 


Kg.  25.  Fig.  26. 

Theobeil — ^ftwopmfUs  are  so  connaded  that  their  distance  apart 
is  invariabley  the  components  o/ their  velocities  along  the  straight  line 
which  traverses  them  hotli  musA  he  equal;  for  if  those  component 
velocities  are  unequal^  the  distance  between  the  points  must 
necessarily  change. 

The  straight  line  which  traverses  the  points  is  called  their  Line 
ofConnedMn, 

For  example,  in  fig.  25,  let  A  and  B  represent  two  points  in  the 
plane  of  the  paper,  whose  distance  apart,  A  B,  is  invariable.  At  a 
given  instant  let  the  velocities  of  those  points  be  represented  by 
straight  lines,  which  may  be  in  the  same  pkoie,  or  in  different  planes, 
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aooording  to  drcrnDstances;  and  let  A  a  and  B6  be  the  projections 
of  those  line&  From  a  and  b  let  fall  a  c  and  b  c'  perpendicular  to 
the  line  of  connection,  A  B  j  these  will  be  the  traces  of  two  planes 
perpendicnlar  to  the  line  of  connection,  and  traversing  respectively 
the  points  of  which  a  and  b  are  the  projections;  the  parts  A  c  and 
B  c\  cut  off  by  those  planes  from  the  line  of  connection  (produced 
where  necessary),  will  be  the  components  along  that  line  of  the 
velocitieB  of  A  and  B  respectively;  and  those  components  must 
necessarily  be  equal— that  is,  B  c  =  A  c.  The  component  velo- 
cities transverse  to  the  line  of  connection  are  represented  by  the 
lines  whose  projections  are  c  a  and  C  b,  and  may  bear  to  each  other 
any  proportion  whatsoever. 

The  same  principle  is  illustrated  in  fig.  19,  page  26.  In  that 
figure  A  a  and  B  b  represent  the  velocities  of  two  points,  A  and 
B,  whose  line  of  connection  is  A  B,  and  is  of  invariable  length ; 
ac  and  be'  are  perpendiculars  let  £aI1  ftx)m  a  and  b  upon  AB, 
produced  where  necessary;  and  Ac  and  Be'  represent  the  com- 
ponent velocities  of  A  and  B  along  the  line  of  connection,  which 
are  equal  to  each  other. 

Rule. — Given  (in  Jig.  25),  a  pair  of  rigidly  connected  points,  A 
and  B,  and  the  directions  qf  the  projections  A  a  and  B  b  upon  a 
plane  traversing  A  By  of  their  vdocities  at  a  given  instant,  to  find 
the  roHo  of  those  projections  or  component  velocities  to  each  other.  In 
fig.  26,  draw  O  c  of  any  convenient  length  parallel  to  A  B,  and  acb 
perpendicular  to  it;  through  O  draw  O  a  in  fig.  26  parallel  to 
Aa  in  fig.  25,  and  06  in  fig.  26  parallel  to  B6  in  fig.  26]  then 
the  required  ratio  is 

Bb       Ob 
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55,  OMBpMMBts  •r  TelMitf  •£  a  P^lat  !■  a  Roaolac   Piece— 

PerieJicai  HetiMk    (A,  M.,  380.) — The  component  parallel  to  an 

axis  of  rotation,  of  the  velocity  of  a  point 

in  a  rotatiBg  body  relatively  to  that  axis, 

b  nothing.    That  velocity  may  be  resolved 

into  rectangular  components  parallel  to  the 

plane  of  rotation.     Thus  let  O  in  fig.  27 

represent  the  projection  and  trace  of  the 

axis  of  rotation  of  a  body  whose  plane  of ' 

rotation  is  that  of  the  figure;  and  let  A  be 

the  projection  of  a  point  in  the  body,  the 

radius  of  whose  circi:dar  path  is  O  A.    The 

velocity  of  that  point  being  s  O  A  x  angular  velocity,  let  it  be 

represented  by  the  straight  line  A  V  perpendicular  to  O  A.    Let 

B  A  be  any  direction  in  the  plane  of  rotation  parallel  to  which  it 

is  desired  to  find  the  component  of  the  velocity  of  A,    From  V 
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let  fall  Y  XT  perpendicular  to  B  A;  Uien  A  TJ  represents  the  com- 
ponent in  question.  Sometimes  the  more  convenient  way  of 
finding  that  component  is  the  following : — 

From  O  let  fall  O  B  perpendicular  to  B  A  Hien  A  and  B 
represent  a  pair  of  rigidly  connected  points;  therefore,  according 
to  Article  24,  the  component  velocities  of  A  and  B  along  A  B  are 
equal  But  BA,  being  perpendicular  to  OB,  is  the  direction  of 
the  whole  velocity  of  B;  therefore  (he  compoTiemt,  along  a  given 
straight  line  in  Ae  pla/ne  of  rotoHon^  qfthe  vdodty  of  amy  poin6 
whose  projection  is  in  that  line,  is  equal  to  the  tohole  velocity  of  the 
point  where  a  perpejuJUcularJrom  the  aacis  meets  that  line. 

The  whole  velocity  of  B  is  =  O  B  x  the  angular  velocity;  and 
the  velocity-ratio  of  B  to  A,  or,  in  other  words,  the  ratio  of  the 
component  velocity  of  A  along  B  A  to  the  whole-v^looity  of  A,  is 
OB:OA 

The  velocity  of  a  point  such  as  A  in  a  rotating  piece  may  be 
resolved  into  components,  oblique  (see  fig.  19)  or  rectangular  (see 
fig.  27)  as  the  case  may 

be,  by  regarding  the  ^        k 

velocity  of  A  relatively 
to  O  as  the  resultant 
of  the  velocity  of  A 
relatively  to  B,  and  of 
that  of  B  relatively  to 
O.  The  directions  of 
that  resultant  velocity 
and  its  twooomponents 
are  respectively  per- 
pendicular to  O  Ay 
B  A,  and  O  B,  and 
t^eir  ratios  to  each 
other  are  equal  to 
those  of  the  lengths  of 
the  same  three  linea 
This  is  a  particular 
case  of  a  more  general 
proposition,  viz.,— that  the  vdoeities  of  three  points  relativdy  to  each 
other  are  proporHorud  to  the  three  sides  qf  a  triangle  tchMh  make 
with  each  other  the  same  angles  that  the  directions  qf  those  three 
relative  velocities  do  {A,  M.y  355). 

In  fig.  28,  let  O  be  the  trace  of  the  axis  on  a  plane  of  rotation, 
and  A  a  point  in  the  rotating  piece,  revolving  in  the  circle  O  A, 
so  as  to  assume  successively  a  series  of  positions  such  as  1,  2,  3,  4, 
5,  6,  7,  8;  and  in  each  position  of  A,  let  the  component  velocity 
A  U,  parallel  to  a  fixed  plane  whose  trace  is  the  diameter  8  0  4, 
be  compared  with  the  whole  velocity  of  revolution,  A  V. 


Fig.  28. 
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Let  2  O  6  be  a  diameter  perpendicnlar  to  8  O  4 ;  and  through 
A  draw  A  Y  paraUel  to  4  O  8  and  A  X  paraUel  to  2  O  6.  Then, 
according  to  the  principles  already  explained,  the  yalue  of  the 
velocity  xatio  in  question  is, 

AXJ  __  XA  _  OY 

AV  "■  OA  "  OA' 

and  it  is  evident  that  this  ratio  is  equal  to  nothing  when  A  is  at 

the  points  4  and  8,  and  to  uniti/  when  A  is  at  the  points  2  and  6. 

FurUier,  if  the  velocity  of  revolution  be  considered  as  always 

positive,  and  if  the  component  velocity  AU  be   considered  as 

positive  when  from  left  to  right,  and  negative  when  from  right  to 

A  TJ 
left,  the  ratio  j-^  is, 

in  the  quadrant  812,  positive  and  increasing; 
in  the  quadrant  234,  positive  and  diminishing; 
in  the  quadrant  456,  n^ative  and  increasing; 
in  the  quadrant  678,  n^ative  and  diminishing. 

It  thus  undergoes  a  series  of  periodical  variations.     All  this  is 
expressed  in  symbols  by  the  formula, 
AU        . 
AV~®^^' 
where  #  denotes  the  angle  that  tiie  radius  OA  makes  at  any 
instant  with  the  nuiius  O  8. 

Other  and  more  complex  ways  of  resolving  the  motions  of  points 
in  rotating  bodies  into  components  will  be  considered  in  the  next 
chapter. 

56.  OMBpavBrtve  ]IE«U«B  •f  Tw«  R«<ailag  Pleem,  and  •f  Points 
!■  *MM. — In  comparing  together  the  rotations  of  two  rotating 
pieces  without  reference  to  the  translations  of  points  in  them,  their 
comparative  speed  is  expressed  (as  already  stated  in  Article  46) 
by  the  wngvJUvr-vdocity  ralio^  or  ratio  of  the  numbers  of  turns  in  a 
given  time;  which  is  also  the  reciprocal  of  the  ratio  of  the  periodic 
times  of  revolution.  When  the  axes  are  parallel,  or  nearly  parallel, 
the  directional  relation  may  be  expressed  simply  by  prefixing  + 
or  —  to  the  velocity-ratio,  according  as  the  directions  of  rotation 
are  similar  or  contrary;  but  there  are  cases  to  be  considered 
farther  on,  where  the  relative  angular  positions  of  the  axes  have  to 
be  considered  with  precision. 

When  the  translations  of  two  points  in  two  different  rotating 
pieces  are  compared,  the  directional  relation  is  determined  by 
the  fistct,  that  each  point  moves  in  a  direction  normal  to  a  plane 
traversing  itself  and  the  axis  about  which  it  revolves;  and  that 
the  velocity  of  each  point  is  proportional  to  its  perpendicular 
distance  from  that  axis,  and  the  speed  of  rotation  about  that  axis^ 
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jointly.  Hence,  let  a  and  a'  denote  the  angnlar  velocities  of  two 
rotating  pieces,  or  a  pair  of  numbers  proportional  to  those  angular 
velocities;  r  and  r',  l3ie  perpendicular  distances  of  a  pair  of  points 
in  those  two  pieces  from  their  respective  axes,  or  a  pair  of  numbers 
proportional  to  those  distances ;  and  v  and  v' ,  the  respective  velocities 
of  those  two  points,  or  a  pair  of  numbers  proportional  to  those 
velocities;  then  the  velocity-ratio  of  the  points  is, 

V  a'  r' 

V  ar' 

In  order  that  a  pair  of  points  in  a  pair  of  rotating  pieces  may  have 

v' 
equal  velocities — that  is,  in  order  that  --  may  be  =  1,  we  must 

make  the  radii  inversely  proportional  to  the  angular  velocities — 

that  is,  aV  =  a  r,  or  -  =  -„ 
r      a 

Section  IV. — Screw-like  Motion  qf  Primary  Pieces. 

57.  HeUcai  •r  Screw-like  iHotfeA  (A.  M.,  382,)  is  Compounded 
of  rotation  about  a  fixed  axis,  and  of  translation  along  that  axis : 
the  advance  (as  the  translation  in  a  given  time  is  called)  bearing  a 
constant  proportion  to  the  rotation  in  the  same  time;  in  other 
words,  the  moving  piece  advances  along  the  axis  of  rotation 
through  an  uniform  length  during  each  turn. 

The  subject  of  the  resolution  of  screw-like  motion  into  com- 
ponents in  other  and  more  complex  ways  will  be  considered  in 
the  next  chapter. 

58.  General  Flgwe  vf  a  Screw— Pitch.  (A.  M,,  471.)— In  order 
that  a  primary  moving  piece  may  have  screw-like  motion,  its 
figure  ought  to  be  that  of  a  true  screw;  and  it  ought  to  turn  in 
a  bearing  of  the  same  figure,  fitting  it  accurately.  The  figure 
of  a  screw  may  be  described  in  general  terms  as  consisting  of  a 
projection  of  uniform  cross-section  called  the  thread,  winding  in 
successive  coils  round  a  circular  cylinder.  The  best  form  of 
section  for  the  thread  of  a  screw  that  is  to  be  used  as  a  primary 
moving  piece  for  producing  helical  motion  only,  and  not  as  a 
fastening,  nor  in  "screw  gearing,'*  is  rectangular.  The  forms 
suited  for  other  purposes  will  be  considered  later.  There  are  two 
sorts  of  screws,  convex,  or  external,  and  concave,  or  internal;  in 
the  former  the  thread  winds  round  the  outside  of  a  cylindrical 
spindle;  in  the  latter  it  winds  round  the  inside  of  a  hollow  cylinder. 
When  the  word  "  screw  "  is  used  without  qualification,  an  external 
screw  is  usually  meant;  an  internal  screw  is  called  a  "ni^^." 
When  a  primary  moving  piece  is  an  external  screw,  its  bearing  is 
an  internal  screw;  when  the  primary  moving  piece  is  an  internal 
screw,  the  bearing  is  an  external  screw.     The  truth  or  accumcy  of 
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figure  of  a  screw  depends  mainly  on  the  perfect  uniformity  of  the 
pUeh;  that  is  to  say,  the  distance,  measured  parallel  to  the  axis, 
from  any  point  in  one  coil  of  the  thread  to  the  corresponding 
point  in  the  next  coiL  For  example,  the  pitch  of  the  screw  R  in 
^g,  29,  so  long  as  it  is  measured  parallel  to  the  axis,  may  be 
measured  either  from  D  to  F,  from  E  to  G,  from  F  to  H,  or  from 
G  to  EL,  or  between  any  pair  of  corresponding  points  in  two 
successive  coils;  and  it  ought  to  be  exactly  the  same  wheresoever 
it  is  measured.  The  pitch  is  also  the  uniform  distance  through 
which  the  screw  advances  at  each  turn. 

59.  Might  li«»ii^  mmA  I^eO-Bsiidcdi  Screws. —A  SCrew  is  said  to 
^  be  right-handed  or  left-handed  | 

{ A; -^  according  as  right-handed  or 

left-handedrotation  is  required 
in  order  to  make  it  advance; 
and  this  is  a  permanent  dis« 
tinction,  and  not  dependent 
on  the  position  of  the  spec- 
tator, as  the  distinction  be- 
tween right-handed  and  left- 
handed  rotation  is  (Ai-ticle  48, 
page  25).  For  example,  in  fig. 
29,  L  is  a  left-handed  screw, 
and  R  a  riffht-handed  screw. 

Most  screws  used  in  the  arts  are  right-handed;  left-handed  screws 

are  made  for  special  purposes  only. 

60.  CmmwmxmMkw^  Bloclea  9t  a  P«tMt  te  •  Scmw.— The  principles  ^.. 
of  the  present  Article  apply  not  only  to  any  point  in  the  thread  or 
in  the  spindle  of  a  screw,  but  to  any  point  in  a  body  that  is  rigidly 
attached  to  the  screw,  so  as  to  move  along  with  the  screw  as  one 
piece;  such  as  a  wheel  or  a  lever  fixed  to  and  tuminff  with  the 
screw.  In  ^g,  29,  let  A  B  be  the  axis  of  the  screw,  and  0  a  point 
rigidly  attached  to  it  at  the  perpendicular  distance  0  A  from  the 
axis.  Then,  while  the  screw  makes  one  turn  the  motion  of  the 
point  0  is  the  resultant  of  two  components  at  right  angles  to  each 
other:  an  advanoe^  along  with  the  whole  screw,  in  a  direction 
parallel  to  the  axis,  through  a  distance  equal  to  the  pitch  of  the  screw ; 
and  a  revohUiony  round  a  circle  described  about  the  axis  with  the 
radius  A  C,  and  having,  therefore,  the  circumference  6*2832  A  C. 
In  most  questions  of  comparative  motion  connected  with  screws, 
the  quantity  of  most  importance  is  the  velocity-ratio  of  those  two 
components  of  the  motion  of  a  given  pointy  and  it  is  expressed  as 
follows : — 


velocity  of  revolution 
velocity  of  advance 


circumference      6-2832  A  0 
pitch         "        DF      • 
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61.  Palii  9t  a  Pvint  !■  m  Screw — lilaewr    Screw  er  Hcllz. — A 

point  in,  or  rigidly  attached  to,  a  screw,  traces  a  path  which  may 
be  called  a  screw-shaped  line  or  linear  screw.  By  mathematicians 
it  is  called  a  helix,  A  helix  winds  round  in  successive  similar  coils 
upon  a  cylindrical  sur&ce  described  about  the  axis  of  rotation  with 
a  radius  equal  to  the  perpendicular  distance  of  the  tracing  point 
from  the  axis.  The  distance,  measured  parallel  to  the  axis,  between 
any  two  successive  coils  is  everywhere  the  same,  and  is  identical 
with  the  pitch  of  the  screw;  and  the  angle  of  inclination  of  the 
linear  screw  to  the  axis  is  everywhere  the  same. 

Points  in,  or  rigidly  attached  to,  a  screw,  at  equal  distfmces  from 
the  axijs,  trace  by  their  motion  equal  and  similar  linear  screws  on 
one  and  the  same  cylindrical  surface.  Points  at  unequal  distances 
from  the  axis  trace  different  linear  screws,  inclined  to  the  axis  at 
different  angles,  and  situated  on  cylindrical  surfaces  of  unequal 
radii ;  but  the  pilch  of  all  those  linear  screws  is  the  same.  All  the 
edges,  whether  projecting  or  re-entering,  of  a  screw-thread  are 
linear  screw& 

A  linear  screw  may  be  traced  on  a  cylindrical  surface  by  any 
mechanical  contrivance  which  ensures  that,  while  the  cylinder 
rotates,  the  tracing  point  shall  advance  along  a  line  parallel  to  the 
axis  at  a  rate  bearing  a  constant  proportion  to  the  rate  of  rotation. 
This  will  be  further  considered  in  that  part  of  this  treatise  whicli 
relates  to  the  construction  of  machinery. 

A  linear  screw  is  the  shortest  line  on  the  surface  of  a  cylinder 
between  two  points  that  are  neither  in  one  plane  traversing  the 
axis  nor  in  one  plane  perpendicular  to  the  axis;  and  a  cord  or  a 
flexible  wire  stretched  on  a  cylindrical  surface  between  two  such 
points  tends  to  assume  of  itself  the  figure  of  a  linear  screw. 

62.  Pr^ectfoB  cf  m  Uacar  Screw.— The  most  useful  projection 
of  aiinear  screw  is  that  upon  a  plane  traversing  the  axis,  and  is 
drawn  as  follows : — In  fig.  30,  let  A  B  represent  the  axis  of  the  screw. 
Draw  D  A  C  perpendicular  to  A  B,  making  A  C  =  A  D  =  the 
radius  of  the  cylindrical  surface  in  which  the  helix  is  to  be  situated. 
Draw  D  I  and  C  F  parallel  to  A  B;  those  two  lines  will  be  the 
tracts  of  the  cylindrical  surface.  About  A,  with  the  radius  A  C, 
draw  the  semicircle  C  K  D ;  this  represents  the  trace  of  one-half 
of  the  cylindrical  surface  on  a  plane  perpendicular  to  its  axis, 
"  rabatted "  upon  the  plane  of  projection.  Divide  the  semicircle 
into  any  convenient  number  of  equal  arcs  (Article  51,  page  27); 
the  greater  the  number  of  those  divisions,  the  greater  will  be  the 
accuracy  of  the  projection.  In  fig.  29  the  semicircle  is  divided  into 
six  equal  arcs  only;  in  practice  a  greater  number  will  in  general  be 
required. 

On  C  F,  or  any  other  line  parallel  to  the  axis,  lay  off  C  E  =  the 
intended  pitch  of  the  screw&  and  divide  it  into  ftcice  as,  many 
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eqnal    parts   as   there   are    equal    divisions   in   the   semicircle 
CKD. 
Through  the  points  of  division  of  the  semicircle  draw  straight 
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Fig.  80. 

lines  parallel  to  A  B;  and  through  the  points  of  division  of  the 
pitch  draw  straight  lines  perpendicular  to  A  B;  the  points  of 
intersection  of  successive  pairs  of  those  two  sets  of  lines  will  be 
points  in  the  required  projection  of  the  linear  screw^  COLE, 
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which  can  then  be  drawn  through  those  points.  This  is  the  pro- 
jection of  one  coil ;  and  as  many  successive  coils  as  may  be  required 
may  be  projected  by  simply  repeating  the  same  curve.  In  fig.  30 
the  projection,  E  H  M  F,  of  a  second  coil  is  shown;  and  it  has 
been  constructed  by  laying  off  an  uniform  distance  parallel  to  the 
axis  and  equal  to  the  pitch  &om  each  projected  point  of  the  first 
coil;  for  example,  G  H,  L  M,  E  F. 

The  half  coils  on*  the  nearer  side  of  the  cylinder,  viz.,  OLE 
and  H  M  F,  are  drawn  in  thicker  lines  than  the  half  coils,  C  G, 
E  H,  on  the  farther  side  of  the  cylinder.  The  screw  is  right- 
handed.  Had  it  been  left-handed,  C  G  and  E  H  would  have  been 
on  the  nearer  side,  and  G  E  and  H  F  on  the  farther  side  of  the 
cylinder. 

63.  DevctorMMit  •€  m  Uhcht  Screw.— The  deodopmerU  of  any 
figure  drawn  on  a  curved  sur&ce  consists  in  supposing  the  surface 
to  be  a  flexible  sheet,  and  drawing  the  appearance  which  the  figure 
would  present  if  that  sheet  were  spread  out  fiat  on  a  plane.  Some 
curved  surfaces  only  are  capable  of  being  developed,  such  as  a 
cylinder,  and  a  cone ;  others,  such  as  a  sphere,  are  not.  To  draw 
the  development  of  the  cylindrical  surface  in  fig.  30,  as  bounded  by 
the  two  circles  whose  projections  are  C  D  and  F  I,  draw  0  c  per- 
pendicular to  A  B,  and  equal  in  length  to  the  circumference  of  the 
cylinder  (see  Article  51,  page  27),  and  complete  the  rectangular 
parallelogram  0  c/F;  this  will  be  the  required  development  of  the 
cylindrical  surface. 

To  draw  the  development  of  one  coil,  C  G  £,  of  the  linear  screw, 
take  c  0  =  the  pitch  C  E;  draw  the  straight  line  C  e ;  this  will  be 
the  required  development.  To  draw  the  development  of  the 
second  coil,  E  H  F,  take  e/  =  the  pitch,  and  draw  the  straight 
line  Ey*;  and  so  on  for  any  required  number  of  coils. 

The  uniform  cmgle  qfinclvncUion  of  the  linear  screw  to  the  axis 
isEOe^FE/. 

One  method  of  drawing  a  screw  on  a  cylindrical  surfiftce  is  first 
to  draw  its  development  on  a  sheet  of  some  flexible  substance,  and 
then  to  roll  that  sheet  round  a  cylinder  of  the  proper  radius. 

The  several  points  in  the  development  marked  with  small  letters 
are  the  respective  developments  of  the  points  marked  with  the 
corresponding  capital  letters  in  the  projection. 

To  draw  the  development  of  the  series  of  lines  parallel  to  the 
axis  which  pass  through  the  points  of  division  of  the  circumference, 
divide  C  c  into  twice  as  many  equal  parts  as  the  semicircle  0  D 
is  divided  into,  and  draw  straight  lines  parallel  to  C  F  through  the 
points  of  division,  such  B3difqiD,&c 

The  length  o/one  coil  of  the  screw  is 

Ce  =  J  (curcumference *  +  pitch *). 
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B4,  The  BadiM  •r  Camumv  of  a  linear  screw  is  found  by  the 
foUowiBifdolffitruddon : — In  fig.  31,  let  A  C  be  the  radius  ^ 
of  the  cylindrical  sur&ce  in  which  the  screw  is  situated. 
Draw  A  Y,  making  the„angle  CAY  equal  to  the  angle 
which  the  screw  fnaK$^^  a  plane  perpendicular  to  its 
axi&  Draw  C  Y  mlChdicular  to  A  C,  cutting  A  Y  in 
Y,  and  Y  Z  perpwiilyar  to  A  Y,  cutting  A  C  produced 
in  Z.  A  Z  ^1  be  the  required  radius  of  curvature.  Its 
length  may  also  be  found  by  calculation,  as  follows : — 


\         curcumferenceV 


65.  xf«nMi  FUch.  {A.  M.,  472.)— By  the  normal  pitch  pjg,  31, 
of  a  linear  screw  is  to  be  understood  the  distance  &om 
one  coil  to  the  next,  measured,  not  parallel  to  the  axis,  but  along 
the  shortest  line  on  the  cnrlindrical  surface  between  the  two  coils ; 
that  is  to  say,  along  another  helix  or  linear  screw  which  cuts  all 
the  coils  of  the  original  linear  screw  at  right  angles.  The  normal 
jntch.  is  to  be  determined  &om  the  development  of  the  screw,  as 
follows : — In  fig.  30,  from  c  let  fall  c  n  perpendicular  to  C  «;  en  will 
be  the  normal  pitch.  The  straight  line  c  n  is  part  of  the  develop- 
ment of  the  normal  hdix,  as  it  may  be  called.  When  produced,  it 
cuts  E/,  the  development  of  the  next  coil,  in  0,  and  n  0  =  0  n  is  dso 
the  normal  pitch.  By  finding  the  intersections,  such  as  p,  of  the 
development  of  the  normal  helix  with  the  series  of  straight  lines 
paralld  to  the  axis,  any  number  of  points,  such  as  P,  in  the  pro- 
jection of  the  normal  helix,  0  N  O  P,  may  be  found  if  required. 
The  normal  pitch  may  be  calculated  by  the  following  fonnula : — 

—  _Cc  ee  ^  circumference  x  pitch 
""      Oe     ~      length  of  one  coil 

The  pUch  of  the  normal  hdix,  if  required,  may  be  found  by  pro- 
ducing c  p  in  fig.  30  till  it  cuts  C  F  produced,  and  measuring  the 
distanoe  of  the  point  of  intersection  from  C;  and  th^n  its  radius 
of  curvature  may  be  found  by  a  construction  like  that  in  fig.  31 ; 
but  in  general  it  is  more  convenient  to  find  these  quantities  by 
calculation,  as  follows : — 

.^  ,     -  tit.  circumference^ 

pitch  of  normal  helix  =    .,  ,     ^ — —. — , ,   .. 
.  pitch  of  original  helix 

radius  of  curvature  of  normal  helix  =  AC  •(  1  +   .^  ,    ^   ^.^?^.  \ 

\      pitch  of  ong.  helixV 

The  sum  of  the  reciprocals  of  the  radii  of  curvature  of  the 
original  helix  and  the  normal  helix  is  equal  to  the  reciprocal  of 

the  radius  of  the  cylinder  j  that  is,  to  j--^ 
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The  pitch  of  a  screw  as  measured  parallel  to  the  axis  may  bf 
called  the  aadal  pitch,  in  order  to  distinguish  it  from  the  normal 
pitch ;  but  when  the  word  "  pitch  "  is  used  without  qualification, 
aidal  pitch  is  always  to  be  understood. 

The  several  linear  screws  which  exist  in  the  figure  of  an  actual 
solid  screw,  or  which  are  described  by  points  in  it  or  rigidly 
attached  to  it,  have  all  the  same  axial  pitch ;  but  they  have  not 
the  same  normal  pitch  except  when  they  are  situated  on  the  same 
cylindrical  surfiaca 

66.  iMridod  Pilch.— A  screw  Sometimes  has  more  than  one 
thread,  in  which  case  the  distance  between  any  coil  of  any  one 
thread  and  the  next  coil  of  the  same  thread  is  divided  by  the  other 
threads  into  as  many  parts  as  the  total  number  of  threads.  In 
that  case  the  distance  from  a  point  in  one  thread  to  the  correspond- 
ing point  in  the  next  thread  may  be  called  the  divided  pitch,  to  dis- 
tinguish it  from  the  distance  between  two  successive  coils  of  the  same 
thread,  or  pitch  proper,  which  may,  when  required,  be  designated 
as  the  toted  pitch.  The  advance  of  the  screw  at  each  revolution 
depends  on  the  total  pitch  only,  in  the  manner  already  explained, 
and  is  wholly  independent  of  the  number  of  threads  and  of  the 
divided  pitch;  so  that  division  of  the  pitch  does  not  affect  the 
motion  of  a  screw  as  a  primary  piece.  Its  use  in  combinations  of 
pieces  will  be  afterwards  explained. 

Divisicm  of  the  pitch  of  a  linear  screw  is  illustrated  in  fig.  30, 
where  two  additional  linear  screw  threads,  marked  by  dotted  lines, 
are  shown  dividing  the  pitch  of  the  original  screw  into  three  equal 
parta  To  avoid  confusion,  one  only  of  the  additional  screw-lmes 
is  lettered,  viz.,  that  marked  Q  R  S  T  U  V  W  in  the  projection, 
and  qr,  'Rstu,  JJvw,  in  the  development.  The  other  is  un- 
lettered. The  divided  axicd  pitcfh  is  C  R  =  i  0  E,  and  the  divided 
normal  pitch  ex  =  ^cn. 

The  several  linear  screw  threads  in  a  case  of  this  kind  are  all 
parallel  and  similar  to  each  other;  and  in  the  development  they  are 
represented  by  parallel  straight  lines.  They  divide  the  circum- 
ference into  as  many  equal  parts  as  there  are  threads;  and  the 
length  of  one  of  those  parts  may  be  called  the  circular  or 
circrim/erential  pitch.  In  fig.  30,  the  circular  pitch  is  represented 
by  the  arc  C  Q',  and  by  its  development  c  q. 
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CHAPTER  in 

OF  THB  MOnOKS  OF  SEOOVDABY  MOYINO  PIECES. 

67.  OeMni  PrtocipiM.  {A,  M,,  383,  384, 503.)— In  the  present 
cbapter  the  general  principles  only  of  the  motions  of  secondary 
moving  pieces  in  machines  can  be  given,  many  of  their  most 
important  applications  being  reserved  for  that  chapter  which  will 
treat  of  *^  Aggregate  Combinations  in  Mechanism,"  and  some  for 
tiie  chapter  on  ''  Elementary  Combinations."  The  mechanism  for 
producing  the  motions  of  secondary  moving  pieces  belongs  wholly 
to  those  later  chapter& 

Secondary  moving  pieces  have  already  been  defined  (in  Article 
37,  page  17)  as  those  which  are  carried  by  other  moving  pieces, 
or  which  have  their  motions  not  wholly  guided  by  their  con- 
nection with  the  frama  Their  motions,  therefore,  are  not 
restricted,  like  those  of  primary  pieces,  to  translation  in  a  straight 
line,  rotation  about  a  fixed  axis,  and  that  combination  of  those- 
two  motions  which  constitutes  the  motion  of  a  screw  with  a  fixed 
axis;  they  comprehend  translations  along  curved  lines  of  various 
figures,  rotations  about  shifting  axes,  and  various  combinations  of 
translations  and  rotations.  The  paths  of  points,  too,  in  secondary 
pieces  are  not  restricted  to  three  forms — the  straight  line,  the  circle, 
and  the  helix ;  they  comprehend  a  great  variety  of  curved  lines, 
both  plane  and  of  double  curvature.  The  comparative  motions 
of  any  two  points  in  a  primary  piece  are  constant.  The  com- 
parative motions  of  two  points  in  a  secondary  piece  very  often 
vary  from  instant  to  instant  as  the  piece  changes  its  position. 

In  many  cases  the  motions  of  secondary  pieces  are  partially 
gnided  or  restricted.  For  example,  a  secondary  piece  may  be 
so  guided  that  all  its  movements  take  place  parallel  to  a  fixed 
plane;  in  which  case  its  motions  are  restricted  to  translations 
parallel  to  the  fixed  plane,  and  rotations  about  axes  perpendicular 
to  it ;  and  the  paths  of  its  points  are  restricted  to  lines,  straight  or 
curved,  in  or  pai'allel  to  that  plane;  and  this  restricted  case  is  by 
fiir  the  most  common  in  mechanism.  Another  kind  of  restriction 
on  the  movements  of  a  secondary  piece  is  when  it  turns  about  a 
ball  and  socket  joint,  or  some  equivalent  contrivance,  so  that  one 
point  at  the  centre  of  the  joint  is  kept  fixed :  in  this  case  its 
motions  are  restricted  to  rotations  about  axes  traversing  that 
fixed  point;   and  the  motions  of  points  in  it  are  restricted  to 
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curves  situated  in  spherical  sur&ces  described  about  the  fixed  point. 
Oases  in  which  the  movements  of  secondary  moving  pieces  are  not 
restricted  in  one  or  other  of  those  ways  are  comparatively  rare. 

The  geometrical  problems  relating  to  the  motions  of  secondary 
moving  pieces  may  be  divided  into  the  two  following  classes: — 

I.  When  the  motions,  in  most  cases,  of  two,  and  at  furthest  of 
three,  points  in  a  secondary  moving  piece  are  given,  and  it  is 
required  to  find  the  motion  of  any  ot^er  point  in  the  piece,  or  of 
the  piece  as  a  whole.  All  problems  of  this  class  depend  for  their 
solution  on  the  principle  of  Article  d4,  page  32. 

IL  When  there  are  two  moving  pieces  or  moving  points,  0  and 
B,  the  frame  of  the  machine  being  denoted  by  A,  and  two  out  of 
the  three  motions  of  A^  B,  and  0  relatively  to  each  other  being 
given,   it'  is  required  to  find  the  third  of  those  motions.     All 

!)roblems  of  this  class  depend  for  their  solution  on  the  principle 
already  stated  in  Article  42,  page  21)  that  the  motion  of  0  rela- 
tively to  A  is  the  resultant  of  Sie  motions  of  B  relatively  to  A, 
and  of  0  relatively  to  R 

68.  TnuuteUMi  •€  8mm4mt  II«Tta«  Pleecfc  (A.  M.,  369.)— If, 
in  a  moving  piece  whose  movements  are  not  restricted,  the  direc- 
tioDB  of  motion  of  three  points  not  in  the  same  straight  line  are 
parallel  to  each  other  and  oblique  to  the  plane  of  the  three  points; 
or  if,  in  a  moving  piece  restricted  to  movements  parallel  to  one 
plane,  the  motions  of  two  points  are  parallel  to  each  other  and 
oblique  to  the  line  of  connection  of  the  points;  then  the  motion  of 
the  whole  piece  is  a  translation.  All  the  points  in  the  piece  describe 
equal  and  similar  paths,  straight  or  curved;  and  all,  at  a  given 
instant,  move  with  equal  velocities  in  parallel  directions.  The 
motion  of  any  pair  of  points  in  the  moving  piece  relatively  to 
each  other  is  nothing;  and  their  comparative  motion  consists 
in  the  directional  relation  of  parallelism  and  the  velocity-ratio 
of  equality. 

To  exemplify  the  translation  of  all  the  points  of  a  moving  piece 
in  equal  and  similar  curved  paths,  we  may  take  the  case  of  a 
coupling-rod  (fig.  32)  which  connects  together  a  pair  of  equal 


Fig.  82. 
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cranks,  A  O,  B  D,  and  has  its  effective  length,  C  D,  equal  to  the 
perpendicular  distance,  A  B,  between  the  axes  of  ix)tation  of  the  two 
crenka  The  motion  of  that  coupling-rod  is  one  of  translation,  in 
which  all  the  particles  describe  with  equal  speed  equal  and  similar 
circles  of  the  radius  AC  =  B  D,  in  planes  perpendicular  to  the 
axes  A  and  B.  The  same  is  the  case  with  any  particle  rigidly 
attached  to  the  coupling-rod;  such  as  F,  which  revolves  in  a  circle 
of  the  radius  E  F  =  A  C;  so  that,  for  example,  the  points  C,  D, 
and  F  move  simultaneously  through  the  equal  and  similar  arcs 
C  e,  D  D',  F  F. 

69.   Wf  ttoM   Parallel    t*    a    Wixed    Plane  —  TeaiForarf    Axis  — 

Immmmtmmemmm  Aida.— The  cases  next  in  order  as  to  complexity  are 
those  in  which  all  the  movements  of  the  piece  are  parallel  to  a 
fixed  plane;  and  the  following  are  the  problems  which  present 
themselves : — 

L  Gtveriy  the  paths  of  two  points  in  a  moving  piece,  the  diatcmce 
hdween  thwr  prelections  on  the  plane  of  motion,  and  tvoo  successive 
positions  qfone  ofthem^  to  find  the  temporary  axis  of  motion  of  Hae 
piaee. 

In  fig.  33,  let  the  plane  of  projection  and  of  motion  be  that  of 


ng.8d. 


the  paper,  and  let  the  partly  dotted  lines  A  A'  and  B  B  be  the 
projections  of  the  paths  of  the  two  points,  which  may  be  straight 
lines  or  plane  curves  of  any  figure,  subject  only  to  the  limitation 
that  the  distance  between  the  points  is  invariable.  Let  A  and  A' 
be  the  given  two  successive  positions  of  one  of  the  points.  About 
A  and  A'  respectively,  with  the  projection  of  the  line  of  connection 
as  a  radius,  draw  circular  arcs  cutting  the  projected  path  of  the 
other  point  in  B  and  B';  these  will  be  the  projections  of  the  two 
ioooessive  positions  of  the  second  point;  and  the  straight  lines 
A  B  and  A'  B  will  be  the  projections  of  the  line  of  connection  in 
the  two  sttooeesive  positions  of  the  moving  piece.     Draw  the 
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straight  lines  A  A'  and  B  F;  biaect  them  in  C  and  D,  through 
which  points  draw  C  I  perpendicular  to  A  A'  and  D  I  perpen- 
dicular to  B  F,  meeting  each  other  in  I.     Then,  because  A'  I  = 

A  I  and  B'  I  =  B  I,  I  represents 

the  same  point  in  the  two  positions 

of  the  piece;  and  therefore  I  is  the 

»^  j  ,  projection  and  the  trace  of  a  line  per- 

\        i         /  pendicular  to  the  plane  of  motion, 

\      I       /  whose  position  is  the  same  after  the 

\    I     /  motionof  Aio  Aandof  BtoB'that 

\  I  /  it  was  before.     That  line  may  be  called 

V/  the  Temporan^  AxU  of  Motion  of  the 

yl'^  moving  piece,  because  the  change  of 

/  j  \  position  of  the  piece  is  the  same  as  if 

/       \  it  had  been  turned  through  an  angle 

/     ;      \  A  I  A' =  B  I  B' about  that  Jina 

y^    /       !       \    y  Let  E  be  the  point  of  intersection 

>^^^^^^^^-^^^;;>^         of  A  B  and  A  B .     Then  the  straight 

Y\„  3^  line  E  I  bisecting  the  angle  A  E  B' 

traverses  the  temporary  axis  I;  and 

this  affords  a  means  of  finding  that  axis  when  C I  and  D I  cut  each 

other  at  an  angle  so  oblique  as  to  make  it  difficult  to  determine 

precisely  their  point  of  intersection. 

When  B  B'  is  parallel  to  A  A',  as  in  figs.  34  and  35,  C  I  and 
D I  become  parts  of  one  straight  line,  and  have  no  intersection ; 
and  then  the  point  I  is  determined  by  its  coinciding  with  £.  In 
most  cases  of  this  kind  it  is  necessary  that  the  two  successive 
positions  of  B  should  be  given  as  well  as  those  of  A 

IL  Given  (in  iig,  36),  the  prqjecUons  A  and  B,  o^  a  given  inata/nt^ 

oftuoo  points  in  a  moving  piece 
on  the  plane  of  motion,  and  the 
simtdtaneoue  directions  of  mo- 
tion of  those  points,  A&  and  Bb, 
to  find  the  instantaneous  axis 
qf  the  m^mng  piece;  andUienoe 
to  deduce  the  comparative  mo- 
"^  tions,  at  the  given  instant,  of  the 
given  points,  and  of  any  other 
points  in  the  moving  piece. 

If  the  simultaneous  direc- 
tions of  motion  of  the  given 
points  are    perpendicular    to 
Fig.  36.  their  line  of  connection,  the 

problem  r^uires  additional 
data  for  its  solution,  which  will  be  stated  in  Rule  III.  If  those 
directions  are  parallel  to  each  other,  and  not  perpendicular  to  the 
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line  of  coDnection,  the  motion  of  the  piece  is  one  of  translation, 
like  that  referred  to  in  Article  68,  page  44.  The  present  rule  corn- 
prehends  all  cases  in  which  the  given  directions  aie  not  parallel  to 
each  other. 

Through  A  and  B  draw  A I  and  B I  perpendicular  respectiyely 
to  A  a  and  B  b,  and  cutting  each  other  in  I.  Then  I  will  be  the 
projection  and  the  trace  on  the  plane  of  motion  of  the  required 
DfaTANTANEons  AXIS :  that  is  to  say,  of  a  line  such  that  the  motion 
of  the  piece  at  the  trutarU  in  question  is  one  of  rotation  about  that 
axis. 

An  instantaneous  axis  is  so  called  because  it  is  an  imaginary 
line  which  is  continually  changing  its  position,  both  relatively  to 
the  frame  of  the  machine  and  relatively  to  the  secondary  piece 
to  which  it  belongs;  so  that  it  occupies  any  particular  position, 
whether  relatively  to  the  frame  or  relatively  to  the  secondary 
piece,  at  a  particular  instant  only. 

The  comparative  motions  at  the  given  instant  of  points  in  the 
secondary  piece  are  deduced  from  the  principle  that  the  velocities 
of  those  points  are  proportional  in  magnitude  and  perpendicular  in 
direction  to  the  perpendiculars  let  fall  from  the  points  upon  the 
instantaneous  axi&  For  example,  let  A  a,  B6,  Co,  Ddy  'Ee, 
represent  the  directions  and  velocities  of  the  points  whose  projec- 
tions are  A,  B,  C,  D,  E;  then 

Aa  :Bb  :Ce  :Dc?:E« 
are  respectively  proportional  and  perpendicular  to 
:  :AI :BI :CI :DI :EI 

From  I  let  fall  I D  perpendicular  to  the  projection,  A  B,  of  the 
line  of  connection  of  the  given  points.  Then  all  points  whose 
projections  are  at  .D  are  at  the  given  instant  in  the  act  of  moving 
pandlel  to  A  B ;  and  all  points  whose  projections  are  in  A  B,  or 
in  A  B  produced,  such  as  A,  B,  and  E,  have  for  their  component 
velocities  along  A  B  velocities  equal  to  the  velocity  of  D ;  that 
is  to  say, 

a  consequence  which  follows  also  from  the  principle  of  Article  53, 
page  31. 

The  components  perpendicular  to  A  B  of  the  velocities  of  points 
whose  projections  are  in  that  line,  such  as  A,  B,  and  E,  are 
proportional  to  the  distances  of  those  projections  from  D;  that  is 
to  say,  if  A/,  B^,  and  E  A  represent  those  transverse  component 
velocities,  we  have  the  proportions, 

D  A  :  D  B  :  D  E 
::A/:Bg:Eh; 
and  the  points  /,  h,  D,  g  are  in  one  straight  line. 
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Hence,  when  A  I  and  B  I  form  an  angle  with  each  other  so 
oblique  as  to  make  it  difficult  to  determine  precisely  their  point  of 
intersection,  we  may  proceed  as  follows  to  increase  the  precision  of 
that  determination : — ^Lay  off  any  convenient  equal  distances,  A  d* 
=  Be?",  along  A B  from  A  and  B  respectively,  to  represent  the 
longitudinal  component  of  their  velocities.  Then  complete  the 
rectangular  parallelograms  Ad' a/,  Bd'^^;  draw  the  straight 
line  fg^  cutting  A  B  in  D.  Then  from  D  perpendicular  to  A  B 
draw  D  I ;  this  line  will  traverse  the  instantaneous  axis,  and  will 
increase  the  precision  with  which  it  is  determined. 

This  last  way  of  considering  the  motion  of  the  piece  is  equivalent 
to  r^arding  that  motion  as  compounded  of  a  rotation  about  an  axis 
at  D  and  a  translation  of  that  axis,  and  of  the  whole  body  along 
with  it,  with  the  velocity  represented  by  D  d. 

IIL  Given  (in  fig.  37  or  fig.  38),  th/B  prcjections  A  and  B,  at  a 
given  instarU^  of  two  points  in  a  moving  piece  on  the  plane  ofmoiion, 
and  the  ratio  of  their  velocities j  which  are  both  perpendicular  to  the 


Kg.  37."  Fig.  38. 


projection^  A  B,  qfHidr  line  of  eonnectiony  to  find,  the  instantaneous 
axis  of  motion  of  the  piece.  Perpendicular  to  A  B  draw  the  straight 
lines  A  a,  B  6,  bearing  to  each  other  the  given  proportion  of  the 
velocities  of  the  two  points:  draw  the  straight  line  a  b;  the  point 
of  intersection,  I,  of  A  B  and  a  b  (produced  if  necessary)  wUl  be 
the  projection  and  trace  on  the  plane  of  motion  of  the  required 
instantaneous  axis. 

That  axis  may  then  be  used  as  in  the  preceding  Rule  to  determine 
the  comparative  motions  of  any  set  of  points  in  the  moving  piece. 

70.  Botaii«B  »b«at  m  Fixed  p«iat. — Every  possible  motion  of 
a  rigid  body  relatively  to  a  point  in  the  body  is  reducible  to 
rotation  about  an  axis,  permanent,  temix>raTy,  or  instantaneoiis, 
as  the  case  may  be,  which  traverses  that  point.  This  is  proved 
by  showing  thisit  the  following  problem  is  always  capable  of 
solution : — 

I.  Given,  at  any  instant,  the  directions  qf  motion  of  any  two 
points,  B,  C  (fig.  39),  in  a  rigid  body  rdaiivdy  to  a  point.  A,  in  tlie 
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hod$fy  to  find  the  instantaneous  axis  of  ths  motion  of  ike  whole  body 
rdaUvely  to  A.  In  the  first  place,  it  is  to  be  observed  that  when 
the  motions  of  three  points  in  a  rigid  body  are  determined,  the 


Fig.  39. 

motion  of  the  whole  body  is  determined ;  for  the  distances  of  any 
fourth  point  in  the  body  from  those  three  points  being  invariable, 
the  position  of  that  fourth  point  at  every  instant  is  completely 
determined  by  the  positions  oi  the  three  points. 

In  order  that  the  solution  may  be  put  in  the  simplest  possible 
form,  let  the  plane  of  the  three  points  themselves,  or  a  plane 
paraUel  to  it,  be  taken  for  one  plane  of  projection;  and  in  fig.  39- 
let  A,  B,  0  be  the  projections  of  the  three  points  on  that  plane. 
For  a  second  plane  of  projection,  take  a  plane  perpendicular  to  the 
first  plane,  and  traversing  B  0,  and  let  A',  B',  and  C  (which  are 
in  one  straight  line)  be  the  projections  of  the  three  points  on  that 
second  plane;  so  that  B'  C  is  parallel  to  B  C,  and  A  A',  B  B',  and 
C  C  are  perpendicular  to  B  C. 

Because  the  instantaneous  axis  must  traverse  A,  it  is  obvious 
that  A  B  and  A  C  are  the  traces  on  the  first  plane  of  projection  of 
two  planes  traversing  the  instantaneous  axis  and  the  points  B  and 
C  respectively ;  and  also,  that  if  B  6  and  0  c  are  the  projections 
on  the  first  plane  of  projection  of  the  directions  of  motion  of  B 
and  O  at  the  given  instant,  those  projections  must  be  perpendicular 
to  A  B  and  A  0.  Let  B  h'  and  Of  c'  represent  the  projections  of 
the  directions  of  motion  of  B  and  C  on  the  second  plane  of 
ejection.  Draw  B  T  and  C  I'  perpendicular  respectively  to 
B  If  and  C  c\  and  meeting  each  other  in  I';  then  B'  I'  and  Q'  V 
are  the  traces,  on  the  second  plane  of  projection,  of  two  planes 
perpendicular  respectively  to  the  instantaneous  directions  of  motiou 
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of  B  and  0;  that  is  to  say,  of  the  two  planes  already  mentioned, 
which  traverse  the  instantaneous  axis  and  the  points  B  and  0 
respectively ;  and  T  ia  the  trace  of  the  instarUaneotie  axis  on  the 
second  pUme  of  projection.  From  I'  let  fall  1'  I  perpendicular  to 
B  C;  then  I  is  the  projection  of  V  on  the  first  plane  of  projectiou. 
Draw  the  straight  lines  A  I,  A'  T:  those  are  ihe  projections  qf 
the  instantaneous  axis, 

II.  To  drmo  the  projections  of  the  points  B  and  C  on  a  plans 
perpendicular  to  tJie  instantaneous  axis,  and  to  find  the  comparative 
motion  qf  those  points.  In  BC,  fig.  39,  take  IF  =  I  A;  draw 
A  G  parallel  and  F  G  perpendicular  to  B  0,  cutting  each  other  in 
G;  join  IG:  this  line  will  be  the  rabatment  of  I  A.  From  B' 
and  Clet  fiill  F  H  and  C  K  perpendicular  to  T  A'  (produced  if 
required).  In  BC  take  IL  =  TH,  and  IM  =  I' K;  then  G,  L, 
and  M  will  represent  the  respective  projections  of  A,  B,  and  C 
upon  a  plane  which  traverses  the  instantaneous  axis,  and  is  per- 
pendicular to  the  second  plane  of  projection.  From  L  and  M  let 
ML  LK  and  MP  perpendicular  to  I  G.  Then,  in  fig.  40,  let 
the  paper  represent  a  plane  of  projection  perpendicular  to  the  in- 
stantaneous axis :  let  A  be  the  trace  and  projection  of  that  axis,  and 
A I  the  trace  of  the  plane  already  mentioned  as  being  perpendicular 
to  the  second  plane  of  projection  in  fig:  39.  Make  A  2  in  fig.  40 
=  N  L  in  fig.  39,  and  A  w»  in  fig.  40  =  P  M  in  fig.  39.  Draw 
Z  B  in  fig.  40  perpendicular  to  A  Hn  fig.  40  and  s  H  B*  in  fig.  39 ; 
also  m  C  in  fig.  40  perpendicular  to  A  Hn  fig.  40  and  =  K  C  in 
fig.  39.  Join  A  B,  A  0.  Then  B  and  0  in  fig.  40  will  be  (^ 
projections  required;  and  the  velocities  of  B  and  C  relatively  to 
A  will  hepefpendictdar  in  dvrecUon  and  proportional  in  magnUude 
to  AB  and  A  0  respectively. 

Another  mode  of  finding  the  comparative  motion  of  A  and  B  is 
the  following : — According  to  the  principle  of  Article  54,  page  32, 
the  component  velocities  of  B  and  0  along  their  line  of  connection, 
B  C,  are  equal  Therefore,  in  fig.  39,  lay  oflT  along  B  C  and  B'  C 
the  equal  distances  Bd,  Ce,  d  d,  C'6',  to  represent  that  com- 
ponent ;  then  draw  dU dh,c' e' ce  perpendicular  to  B  C,  cutting 
B6in6,  Bb'mb\  Cc  in  c,and  Cc' in  c';  then  BfcandB'd' will 
be  the  projections  of  the  velocity  of  B  relatively  to  A;  and  0  e  and 
C  e'  will  be  the  projections  of  the  velocity  of  C  relatively  to  A- 
Then,  by  the  rule  of  Article  19,  page  7,  find  the  lengths  of  the 
lines  of  which  B  h  and  B"  6',  Oc  and  C  c'  are  the  projections;  the 
ratio  of  those  lengths  to  each  other  will  be  th^  velocity-ratio  of  the 
two  points. 

71.  VMMtrtct«4  niACtoH  of  »  Bigid  B«dr.— How  complicated 
soever  the  motion  of  a  rigid  body  may  be,  it  may  always  be 
regarded  as  made  up  of  a  change  of  position  of  the  body  as  a 
whole — ^that  is,  a  translation  of  the  body,  and  a  change  of  position  of 
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the  bodj  reladvelj  to  some  point  in  it;  that  is  to  say,  as  has  been 
shown  in  the  preceding  Article,  a  rotation  about  an  axis  traversing 
that  point,  which  axis  may  be  either  permanent,  temporary,  or 
instantaneous.  It  will  be  shown  further  on  that  a  I'otation  and  a 
translation  parallel  to  the  plane  of  rotation,  when  compounded,  are 
equivalent  to  a  motion  of  rotation  about  an  instantaneous  axis 
perpendicular  to  that  plane.  Hence  it  fellows,  that  if  a  rigid 
body  has  any  translation  combined  with  any  rotation,  the  transla* 
tion  is  to  be  resolved  into  two  components,  one  parallel  and  one 
normal  to  the  plane  d  rotation ;  when  the  parallel  component  of 
the  translation,  being  combined  with  the  rotation,  will  be  equivalent 
to  a  rotation  about  a  new  instantaneous  axis  perpendicular  to  the 
plane  of  rotation;  and  the  whole  motion  of  the  body  will  be 
equivalent  to  ^is  new  rotation  combined  with  the  normal  eom* 
ponent  of  the  translation,  the  direction  of  which  component  is 
parallel  to  the  axis.  In  shorty  how  complex  soever  the  motion  of 
a  rigid  body  may  be,  it  is  at  each  instant  equivalent  to  a  hdical 
or  screw-like  motion  about  an  instantaneous  axis.  The  most 
eomprehensive  problem  that  can  occur  respecting  the  unrestricted 
motion  of  a  rigid  body  at  a  given  instant  is  this:  given  the 
simultaneous  velocities  and  directions  of  motion  of  three  points  (say 
A,  B,  and  0),  to  find  the  motion  of  the  whole  body  at  that  instant. 
This  is  to  be  solved  by  choosing  one  of  the  points  (say  A),  and 
r^arding  it  for  the  time  as  fixed,  and  determining  the  motions  of 
B  and  C  relatively  to  A.  Then,  by  means  of  the  rules  of  Article 
70,  the  position  is  to  be  determined  of  an  instantaneous  axis 
traversing  A;  when  the  motion  of  the  whole  body  will  be  com- 
pounded of  a  rotation  about  that  axis  and  a  translation  of  the 
point  A,  carrying  the  instantaneous  axis  and  the  whole  body  along 
with  it. 

72.  iMimMMMu  Axi«  •r  m  Ummmg  B^dir^The  following  pro- 
position has  many  useful  applications  in  mechanism : — The  instanr 
taneous  (uda  of  a  rigid  body,  lohich  rolls  without 
dipping  upon  the  surface  of  another  rigid  body, 
passes  through  aU  the  points  in  vMdi  those  bodies  ^ 
touch  each  other;  for  the  particles  in  the  rolling 
body  which  at  any  given  instant  touch  the  fixed 
body  without  slipping  must  have,  at  that  instant, 
no  velocity,  and  must  therefore  be,  at  that  instant^ ' 
in  the  instantaneous  axis.  *»     .. 

Moreover,  because  an  instantaneous  axis  is  a  S*     * 

straight  line,  it  follows  that,  in  order  that  two  surfaces  which 
touch  each  other  at  more  than  one  point  may  roll  on  each  other 
without  slipping, their  points  of  contact  must  all  lie  in  one  straight 
line:  a  property  of  plane,  cylindrical,  and  conical  surfaces  only, 
the  terms  ''  cylmdrical "  and  ''  conical "  being  used  in  the  general 
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sense,  wliich  compr^endft  cylinders  and  cones  with  bases  of  any 
figure,  as  well  as  those  with  circular  bases. 

In  fig.  41,  let  the  plane  of  the  paper  represent  a  plane  of 
projection  perpendicular  to  the  straight  line  in  which  tJie  fixed 
and  the  rolling  surfaces  touch  each  other;  let  T  be  the  projection 
and  trace  of  that  straight  line,  which  is  the  instantaneous  axis  of 
the  rolling  body.  Let  A  be  the  projection  at  a  given  instant  of  a 
point  in  the  rolling  body;  then  at  that  instant  A  is  moving  with 
a  velocity  proportional  to  A  T,  and  in  a  direction  perpendicular  to 
the  plane  traversing  A  and  the  instantaneous  axis,  of  which  plane 
A  T  is  the  trace. 

It  follows  that  the  path  traced  by  a  point  such  as  A  in  a  rolling 
body  is  a  ewrve  whose  normal,  AT,  <U  any  given  paint,  A,  passes 
through  the  corresponding  position,  T,  of  the  instantamaous  axis. 
Curves  of  this  class  are  called  roUed  cwrves;  and  some  of  them  are 
useful  in  mechanism,  as  will  be  explained  farther  on. 

73.  CMMpMiiiMi  •r  R«iaii«B  Willi  TnuMiati«a. — From  Article  52, 
page  30,  it  appears  that  the  single  rotation  of  a  body  about  a 
fixed  axis  (such  as  O,  fig.  19,  page  26)  may  be  regarded  as  com- 
pounded of  a  rotation  widi  equal  angular  velocity  about  a  moving 
axis  parallel  to  the  fixed  axis  (such  as  that  whose  trace  is  A,  fig. 
19),  and  a  translation  of  that  moving  axis  carrying  the  body  along 
with  it  in  a  circle  round  the  fixed  axis  of  the  radius  O  A.  A 
similar  resolution  of  motions  may  be  applied  to  rotation  about 
an  instantaneous  axis.  For  example,  the  rotation  of  the  rolling 
body  in  fig.  41  about  the  instantaneous  axis,  T,  may  be  conceived 
to  be  made  up  of  a  rotation  about  another  axis,  C,  parallel  to  the 
instantaneous  axis,  and  a  translation  of  that  axis. 

The  present  Article  relates  to  the  converse  process,  in  which 
there  are  given  a  rotation  of  a  secondary  piece  about  an  axis 
occupying  a  fixed  position  in  the  piece,  and  a  translation  of  that 
axis  relatively  to  the  frame  in  a.  direction  perpendicular  to  itself — 
that  is,  parallel  to  the  plane  of  rotation;  and  it  is  required  to  find, 
at  any  instant,  the  instantaneous  axis  so  situated  that  a  rotation 
about  it  with  the  same  angular  velocity  shall  express  the  resultant 
motion  of  the  piece. 

In  fig.  41,  let  the  plane  of  the  paper  be  the  plane  of  motion, 
and  let  C  be  the  projection  and  trace  of  the  moving  axis — moving 
relatively  to  the  frame,  but  fixed  as  to  its  position  in  the  secondary 
piece.  Let  0  U  be  the  direction  of  the  translation  of  that  axis, 
carrying  the  moving  piece  with  it ;  and  let  the  velocity  of  transla- 
tion be  so  related  to  the  angular  velocity  of  rotation  as  to  be  equal 
to  the  velocity  of  revolution  about  the  axis  C,  of  a  particle  whose 

distance  from  that  axis  is  C  T  = =-, = — rr .    Draw 

angular  velocity 

C  T  of  the  length  so  determined,  in  a  direction  peqjendicular 
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to  C  U,  and  pointing  towards  the  right  or  towards  the  left  of  C  U, 
aocording  as  the  rotation  is  right-handed  or  left-banded.  Then  T 
will  be  the  projection  and  trace  qfthe  required  instcmtaneoua  axis; 
80  liiat  if  A  is  the  projection  of  any  'point  in  the  moving  piece, 
the  direction  of  motion  of  that  point  is  perpendicular  to  the  plane 
whose  trace  is  A  T;  and  the  velocity-ratio  of  A  and  C  is 

AY      TA 
C  U  ~  T  C 

The  proof  that  T  is  the  instantaneous  axis  is^  that  any  particle 
whose  projection,  at  a  given  instant,  coincides  with  T  is  carried 
backward  relatively  to  C  by  the  rotation  with  a  speed  equal  and 
opposite  to  that  with  which  C  is  carried  forward  by  the  tranalation ; 
so  that  Uie  resultant  velocity  of  every  particle  at  the  instant  when 
its  projection  coincides  with  T  is  nothing. 

74.  R«Illag  •€  m  Cylinder  mn  m  Plane— TrMh^id—Cfctoid.  (A. 
M.y  386.) — Every  straight  line  parallel  to  the  moving  axis  C,  in  a 
cylindriod  surface  described  about  C  with  the  radius  C  T,  becomes 
in  torn  the  instantaneous  axis.  Hence  the  motion  of  the  body  is 
the  same  with  that  produced  by  the  rolling  of  such  a  cylindrical 
surface  on  a  plane,  FTP,  parallel  to  C  and  to  C  U,  at  the  distance 
CT. 

The  path  described  by  any  point  in  the  body,  such  as  A,  which 
is  not  in  the  moving  axis  0,  is  a  curve  well  known  by  the  name  of 
trochoid.  The  particular  form  of  trochoid,  called  the  cycloid,  is 
described  by  each  of  the  points  in  the  rolling  cylindrical  surface. 

15.    Relling  ef  n  Plane  en    a  Cylinder f   Invalnie— Spirals,     {A* 

JT,  387.) — Another  mode  of  representing 
the  combination  of  rotation  with  transla- 
tion in  the  same  plane  is  as  follows  i — In 
fig.  42,  let  O  be  the  projection  and  trace 
on  the  plane  of  motion  of  a  fixed  axis, 
aboat  which  let  the  plane  whose  trace  and . 
projection  is  O  C  (containing  the  axis  O)  ' 
rotate  (righthandedly,  in  the  figure)  with 
a  given  angular  velocity.  Let  a  secondary 
piece  have  relatively  to  the  rotating  plane, 
and  in  a  direction  perpendicular  to  it,  a 
translation  with  a  given  velocity.  In  the 
plane  O  C,  and  at  right  angles  to  the  axis  Fig.  42. 

O,  take  O  T  =  — ?5_Z_ — _ in  such  a  direction  that  the 

'  angular  velocity 

velocity  which  the  point  T  in  tlie  rotating  plane  has  at  a  given 

instant,  shall  be  in  the  contrary  direction  to  the  equal  velocity  of 

txanslation  which  the  secondary  piece  has  relatively  to  the  rotating 
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plane.  Then  each  point  in  the  secondary  piece  which  arrives  at 
the  position  T,  of  at  any  position  in  a  line  traversing  T  parallel  to 
the  fixed  axis  O,  is  at  rest  at  tJie  instaTii  of  its  occupying  that 
position;  therefore  the  line  traversing  T  parallel  to  the  fixed  axis 
O  ia  the  instanlaneous  axis;  the  motion  at  a  given  instant  of  any 
point  in  the  secondary  piece,  such  as  A,  is  at  right  angles  to  the 
plane  whose  trace  is  A  T,  perpendicular  to  the  instantaneous  axis ; 
and  the  velocity  of  that  motion  bears  to  the  velocity  of  the  trans- 
lation the  ratio  of  T  A  to  T  O. 

All  the  lines  in  the  secondary  piece  which  successively  occupy 
the  position  of  instantaneous  axis  are  situated  in  a  plane  of  that 
body,  PTP,  perpendicular  to  OC;  and  all  the  positions  of  the 
instantaneous  axis  are  situated  in  a  cylinder  described  about  O 
with  the  radius  O  T ;  so  that  the  motion  of  the  secondary  piece  is 
such  as  is  produced  by  the  rolling  of  the  plane  wlwse  trace  is  F  "£ 
on  the  cylinder  whose  radius  is  OT.  Each  point  in  the  secondary 
piece,  such  as  A,  describes  a  plane  spiral  about  the  fixed  axis  O. 
Fur  each  point  in  the  rolling  plane,  P  P,  that  spiral  is  the  involute  of 
the  circle  whose  i-adius  is  O  T,  being  identical  with  the  curve  traced 
by  a  pencil  tied  to  a  thread  while  the  thread  is  being  unwrapped 
from  the  cylinder.  For  each  point  whose  path  of  motion  traverses 
the  fixed  axis  O — that  is,  for  each  point  in  a  plane  of  the  secondary 
piece  traversing  O  and  parallel  to  P  P — the  spiral  is  Archimedean, 
having  a  radius- vector  increasing  by  a  length  equal  to  the  circum- 
ference of  the  cylinder  at  each  revolution. 

76.   €«inpo«ltlon  of  BolaUons  aboac  Parallel  Axes.    {A,  M.,  388.) 

—In  figs.  43,  44,  and  45,  let  O  be  the  projection  and  trace  on  the 


Fig.  43. 


Fig.  44. 


Pig.  45. 


plane  of  rotation  of  a  fixed  axis,  and  O  C  the  trace  of  a  plane 
traversing  that  axis,  and  rotating  about  it  with  the  angular  velocity 
a.  Let  C  be  the  projection  and  trace  of  an  axis  in  that  plane, 
parallel  to  the  fixed  axis  O;  and  about  the  moving  axis  C  let  a 
pecondaiy  piece  rotate  with  the  angular  velocity  6  rdalivdy  to  the 
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plane  O  0 ;  and  let  the  directions  of  the  rotations  a  and  h  be  distin- 
giushed  by  positiye  and  negative  sign&  The  body  is  said  to  have  the 
rotations  about  the  parallel  axes  O  and  C  combined  or  compounded, 
and  it  is  required  to  find  the  result  of  that  combination  of  parallel 
rotations. 

Sig.  43  represents  the  case  in  which  a  and  h  are  similar  in 
direction:  fig.  44,  that  in  which  a  and  b  are  in  opposite  directions, 
and  b  is  the  greater;  and  fig.  45,  that  in  which  a  and  b  are  in 
opposite  directions,  and  a  is  the  greater. 

Let  the  trace  O  C  of  the  rotating  plane  be  intersected  in  T  by  a 
straight  line  parallel  to  both  axes,  in  such  a  manner  that  the 
distances  of  T  (the  trace  of  that  line)  from  the  fixed  and  moving 
axes  respectively  shall  be  inversely  proportional  to  the  angular 
velocities  of  the  component  rotations  about  them,  as  is  expi'essed 
by  the  following  proportion : — 

aibiiGT  :0T (1.) 

When  a  and  b  are  similar  in  direction,  let  T  fall  between  O  and  C, 
as  in  fig.  43;  when  they  are  contrary,  beyond,  as  in  figs.  44  and  45. 
Then  Uie  velocity  of  the  line  T  of  the  plane  O  C  is  a  •  O  T;  tind 
the  velocity  of  the  line  T  of  the  secondary  piece^  relatively  to  the 
plane  O  C,  is  6  *  C  T,  equal  in  amount  and  contrary  in  direction  to 
tiie  former;  therefore  each  line  of  the  secondary  piece  which 
arrives  at  the  position  T  is  at  rest  at  the  instant  of  its  occupying 
that  position,  and  is  then  the  instantaneous  axis.  The  resultant 
miqvdwr  velocity  is  given  by  the  equation 

e=  a  +  br .; (2.) 

regard  being  had  to  the  directions  or  signs  of  a  and  b;  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  withmeticdl  magnitudes, 
and  afibc  explicit  signs  to  denote  their  directions,  the  direction  of  c 
will  be  the  same  with  that  of  the  greater ;  the  case  of  fig.  43  will 
be  represented  by  the  equation  %  already  given;  and  those  of  figa 
44  Mid  45  respectively  by 

c=^b''a',  c  =  a--  b (2  A.) 

The  relative  proportions  of  a,  b,  and  o,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  by 
tiie  equation 

a  :  6  :  c  : :  CT  :  OT  :  O C (3.) 

The  motion  of  any  point,  such  as  A,  in  the  secondary  piece, 
according  to  the  principle  of  Article  72,  is  at  each  instant  at  right 
u^lea  to  the  plane  whose  trace  is  A  T,  drawn  from  the  point  A 
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perpeDdicular  to  the  instantaneous  axis  j  and  the  velocity  of  that 
motion  is 

v  =  e   AT (4.) 

7  7.   BoUIng  of  a  CyUnder  on  a  Cylinder— EpitrockoiAv—EpicjrcloMo. 

{A.  M,,  389.) — ^AU  the  lines  in  the  secondary  piece  which  succes- 
sively occupy  the  position  of  instantaneous  axis  are  situated  in  a 
cylindrical  surface  described  about  C  with  the  radius  C  T;  and  all 
the  positions  of  the  instantaneous  axis  are  contained  in  a  cylindrical 
surface  described  about  O  with  the  radius  O  T ;  therefore  the 
resultant  motion  of  the  secondary  piece  is  that  which  is  produced 
by  rolling  the  former  cylinder  on  the  latter  cylinder. 

In  fig.  43  a  convex  cylinder  rolls  on  a  convex  cylinder;  in  fig. 
44  a  smaller  convex  cylinder  rolls  in  a  larger  concave  cylinder; 
in  fig.  45  a  larger  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

Each  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axis,  a  curve  of  the  kind  called  epiirochoids.  The  epitrochoid 
traced  by  a  point  in  the  surface  of  the  rolling  cylinder  is  an 
epicycloid. 

In  certain  cases  the  epitrochoids  become  curves  of  a  more  simple 
class.    For  example,  each  point  in  the  moving  axis  C  traces  a  circle. 

When  a  cylinder  ix)lls,  as  in  fig.  44,  within  a  concave  cylinder 
of  dovhle  its  radius,  each  point  in  the  surface  of  the  rolling  cylinder 
moves  backwards  and  forwards  in  a  straight  line,  being  a  diameter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the. same  radius  with  that  cylinder ;  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  turning  ellipses. 

There  is  one  case  of  the  composition  of  rotations  about  parallel 
axes  in  which  there  is  no  instarUaneous  axis;  and  that  is  when  the 
two  component  rotations  are  of  equal  speed  and  in  contrary  direc- 
tions; for  then  the  resultant  is  simply  a  translation  of  the  secondary 
piece  along  with  the  moving  axis.  This  may  be  illustrated  by 
referring  to  fig.  32,  page  44,  where  the  translation  of  the  coupling- 
rod  0  D  may  be  looked  upon  as  the  resultant  of  the  combination 
of  the  rotation  of  the  crank  AC  about  A,  with  an  equal  and 
contrary  rotation,  rdcUively  to  the  crank,  of  C  D  about  C. 

78.  Cnrratnre  of  InTolnies  of  Circles,  IRpUjeloidm,  and  Cycloids. — 
It  is  often  useful  to  determine  the  radius  of  curvature  of  a  rolled 
curve  at  a  given  point,  especially  where  the  fixed  curve  and  rolling 
curve  are  circles,  and  where  the  tracing  point  is  in  the  circum- 
ference of  the  rolling  curve. 

In  the  case  of  the  involtUe  of  a  circle,  the  radius  of  curvature  at 
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a  given  point  is  simply  the  length  of  a  normal  to  the  curve  at  that 
point  measured  to  the  point  where  that  normal  touches  the  circle; 
that  is  to  say,  it  is  the  length  of  the  straight  part  of  the  thread 
used  in  drawing  the  involute. 

In  the  case  of  a  cycloid  (traced  by  a  point  in  the  circumference 
of  a  cylinder  which  rolls  on  a  plane)  the  radius  of  curvature  at  a 
given  point  is  twice  the  length  of  the  normal  measured  fix)m  that 
point  t(t  the  corresponding  instantaneous  axis. 

In  the  case  of  an  epicycloid  the  construction  for  finding  the 
radius  of  curvature  is  shown  in  fig.  46 ;  the  right-hand  division  of 
the  figure  giving  the  construction  for  an  external  epicycloid,  I  A, 
traced  by  a  point,  A,  in  the  surface  of  a  cylinder,  the  ti'ace  of 


whose  axis  is  C,  rolling  oiUaide  a  fixed  cylinder,  the  trace  of  whose 
axis  is  O ;  and  the  left-hand  division  giving  the  construction  for 
an  interned  epicycloid,  1  A',  traced  by  a  point,  A',  in  the  surface  of 
a  cylinder,  the  trace  of  whose  axis  is  (?,  rolling  inside  the  same 
fixed  cylinder.  The  following  description  applies  to  both  divisions 
of  the  figure:  it  being  observed  that  at  the  lefb-hand  side  the 
letters  are  accented : — 
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Let  T  be  the  trace  of  the  instantaneous  axis,  or  line  of  contact 
of  the  cylinders,  at  the  instant  when  the  tracing  point  is  at  A;  so 
that  A  T  is  the  normal  to  the  epicycloid  at  A,  and  O  T  and  C  T 
the  radii  of  the  fixed  and  rolling  cylinders,  being  two  parts  of  one 
straight  line.  Through  O  draw  O  E  parallel  to  A  C.  Bisect  O  T 
in  D,  and  draw  the  straight  line  A  D  E,  cutting  O  E  in  E.  Through 
E  draw  E  F  parallel  to  O  T,  and  cutting  A  T  (produced  as  fiir  as 
required)  in  F.  Then  A  F  will  be  the  radius  of  curvaturfe  of  the 
epicycloid  at  the  point  A. 

The  following  formula  serves  to  find  A  F  by  calculation ; 

^  _      ATOC*  ,,, 

^^  =  -cD- <^> 

It  is  sometimes  more  convenient  to  calculate  the  distance,  T  F,  of 
the  cenJt/re  of  curvature,  F,  from  the  instantaneous  axis,  T,  and  that 
is  done  by  the  following  formula : 

ATOD^ATOT 
^^^  "C^D"  ■"  IfOlDT' ^^'f 

the  use  of  which,  in  designing  the  teeth  of  wheels  by  Mr.  Willis's 
method,  will  appear  farther  on. 

79.  T©  Draw  Boiled  €BrTe««~A  rolled  curve  may  be  drawn  by 
actually  rolling  a  disc  of  the  form  of  the  rolling  curve,  carrying  a 
suitable  tracing  point,  upon  the  edge  of  a  disc  of  the  form  of  the 
fixed  curve.  But  it  needs  much  care  to  perform  that  operation  with 
accuracy,  except  with  the  aid  of  machinery  specially  contrived  for 
the  purpose,  such  as  is  to  be  found  in  certain  kinds  of  turning  lathes. 

For  ordinary  purposes  in  designing  machinery,  approximate 
methods  of  drawing  rolled  curves  are  used,  such  as  the  following : — 

I.  To  draw  approximcUely  a  rolled  curve  by  the  hdp  qf  tangent 
circles. — In  fig.  47,  let  A  B  be  the  fixed  curve,  and  A  D  the 
rolling  curve,  touching  the  fixed  curve  at  A,  which  is  also  the 
position  of  the  tracing  point  at  starting.  The  curve  A  D  rolls 
from  A  towards  B;  and  it  is  required  to  draw  approximately  the 
curve  traced  by  the  point  A.  By  Rule  III.  of  Article  51,  page 
29,  lay  ofiT  on  each  of  the  two  curves  A  B  and  A  D  a  seiies  of 
equal  arcs,  A  1,  12,  23,  34,  <&c.  Measure  the  straight  chord  from 
1  to  A  on  the  curve  A  D,  and  with  11  =  lA  as  a  radius,  and  the 
point  1  on  the  curve  A  B  as  a  centre,  draw  so  much  of  a  circle  as 
lies  near  the  probable  position  of  the  rolled  curve;  measure  the 
straight  chord  from  2  to  A  on  A  D,  and  with  22  =  2  A  as  a  radius, 
and  the  point  2  on  the  curve  A  B  as  a  centre,  draw  in  like  manner 
l)art  of  a  circle;  and  go  on,  in  the  same  way,  drawing  a  series  of 

•  The  proof  of  this  is  as  follows :— Let  the  radius  of  the  rolling  cnrlinder, 
C  A  =  C  T  =  r;  let  that  of  the  fixed  cylinder,  0  T  =  B,  whici  is  to  be 
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droular  axes  with  the  points  1,  2,  3,  4,  &Cy  in  the  fixed  curve  A  B, 
for  their  centres,  and  for  their  radii  the  lines  11,  22,  33,  44,  <fec., 
respectively  eqcud  to  the  distances  1A,2A,3A,4A,  Ac.,  as 
measared  between  points  on  the  rolling  curve.     Then,  with  the 


\4V 


/♦ 


Fg.  47. 


if/ 


regarded  as  poeifeive  or  negative  according  as  the  rolling  cylinder  rolls  on  the 
Qoter  or  inner  BUi&ce  of  Sie  fixed  cylincter;  let  the  instantaneous  radius  or 
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free  hand,  or  with  the  help  of  a  bent  spring,  draw  a  curve,  A  E, 
so  as  to  touch  all  those  circular  arcs ;  this  will  be  very  nearly  the 
rolled  curve  required. 

The  curve  A  E  is  called  the  '^Envelope"  of  the  series  of  arcs 
that  it  touches. 

II.  To  find  a  series  qf  points  in  a  rolled  curve. — Draw  a  series  of 
tangent  circular  arcs  as  in  the  preceding  rule;  then  draw  the 
several  normals,  11,  22,  33,  44,  <&c.,  as  radii  of  those  arcs;  the 
direction  of  each  normal  being  determined  by  the  principle,  that  at 
the  point  where  it  meets  the  fixed  curve  A  B,  it  makes  an  angle 
with  a  tangent  to  that  curve  equal  to  the  angle  which  the  corre- 

Dormal  of  the  epicycloid,  T  A=  p;  and  let  the  required  radins  of  curvature, 

Ret  the  angular  velocity  of  the  rolling  cylinder,  relatively  to  the  rotating 
plane  0  C,  be  denoted  by  &,  and  tiiat  of  the  plane  0  0  by  a,  so  that  the 
resultant  angular  velocity  of  the  rolling  cylinder  is  a  +  &.  Then,  because 
the  angle  C  T  A  is  the  complement  of  one-half  of  the  angle  T  0  A,  it  is 

evident  that  the  angular  velocity  of  T  A  is  a  +  ».    But  according  to  Article 

76,  a  R  =  6  r;  therefore 

In  any  indefinitely  short  time,  d  iy  the  normal  sweeps  through  an  angle 
whose  value  in  circular  measure  is 

and  the  point  A  traces  an  arc  of  the  length 

d  8  =  {a  +  b)  p  d  t  =  h  (l  +  ^)  p  d  t; 
therefore  the  radius  of  curvature  of  tHe  epicycloid  at  the  point  A  is 


1+^     p(R  +  r) 


_d8_       '      R     ^y--  ^  'f      AT'OC 

2  +  R       2^  +  '^ 

This  fonnula  is  made  to  comprehend  the  case  of  a  cycloid  by  making 
K  =  oo,  when  it  becomes  p  =  2p;  and  that  of  the  involute  of  a  circle  by 
making  r  =  oo,  when  we  have  p  =  p.  When  the  epicycloid  is  internal,  and 
K  and  r  denote  arithmetical  values  of  those  radii,  the  sign  —  is  to  be  sub- 
stituted for  +  both  in  the  numerator  and  in  the  denominator  of  tiie  fonnula. 
The  symbolical  expression  for  equation  2  of  the  text  is 

»R 
^~-P  =  RT2? 

with  the  same  understanding  as  to  the  sign  in  the  denominator.  In  the  case 
already  referred  to  at  the  end  of  Article  77,  when  a  cylinder  rolls  inside  a 
cylinder  of  twice  its  diameter,  we  have  R  =  —  2  r,  and  the  denominator  of 
the  expression  for  p  becomes  =-  0 ;  showing  that  the  radius  of  curvature  is 
infinite ;  or,  in  other  words,  that  the  epicycloid  traced  is  a  straight  line,  as 
stated  in  the  textw    When  the  rolling  cylinder  is  concave^  r  is  negative. 
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sponding  chord  on  the  rolliog  curve  A  D,  makes  with  a  tangent  to 
that  cnrve  at  the  corresponding  point.  Thus  are  found  a  series  of 
points,  1,  2,  3,  4,  &C.,  on  the  rolled  curve  A  E,  at  the  ends  of  the 
normals  from  the  corresponding  points  on  the  fixed  curve  A  B. 

The  two  preceding  Kules  are  applicable  to  fixed  and  rolling 
curves  of  all  figures  whatsoever.  When  both  curves  are  circle;*, 
the  finding  of  a  series  of  points  is  facOitated  by  drawing  the  circle 
C  or,  which  contains  the  successive  positions  of  the  centre  of  the. 
roUing  circle;  then  marking  those  successive  positions,  T,  2',  3',  4', 
dec,  on  the  circle  C  C,  by  drawing  radii  through  the  corresponding 
points  1,  2,  3,  4,  kc,  on  the  circle  A  B ;  then  drawing  the  rolling 
circle  in  its  several  successive  positions  (marked  with  dots  in  the 
figure),  and  laying  off  the  chords  11,  22,  33,  44,  <fec.,  of  their  proper 
lengths  upon  those  positions  of  the  rolling  circle,  which  chords  will 
be  a  series  of  normals  to  the  rolled  curve  A  E. 

m.  To  approximate  to  the  figure  of  an  epicr/doidal  arc  by  means 
of  one  circular  ao'c.  By  the  method  of  the  preceding  Rule  draw  the 
normal  to  the  epicycloidal  arc  in  question  at  a  point  near  its  middle. 
For  example,  if  A  3  is  the  arc  of  the  epicycloid  A  E,  whose  figure 
is  to  be  approximated  to  by  means  of  one  circular  arc,  draw  the  nor- 
mal 22  by  Rule  II.  Then  conceive  that  normal  to  be  represented 
by  AT  in  ^g.  46,  page  57;  and  by  the  method  of  Article  78 
find  the  corresponding  radius  of  curvatui*e  A  F  and  centre  of 
curvature  F.  A  circiSar  arc  described  about  F,  with  the  radius 
F  A  ^fig.  46),  will  be  an  approximation  to  the  epicycloidal  arc. 

This  is  the  approximation  used  in  Mr.  Willis's  method  of 
designing  teeth  for  wheeb,  to  be  described  farther  on.  It  ensures 
that  the  circular  arc  shall  have,  at  or  about  the  middle  of  its  length, 
the  same  position,  direction,  and  curvature  with  the  epicycloidal 
arc  for  which  it  is  substituted.  Towards  the  ends  of  the  arcs  they 
gradually  deviate  from  each  other. 

IV.  To  approximate  to  thefi>gure  of  an  epicycloidal  arc  by  means 
qftux)  circular  arcs.  This  method  of  approximation  is  closer  than 
^e  preceding,  but  more  laborious.  It  substitutes  for  an  epicycloidal 
area  curve  made  up  of  two  circular  arcs;  and  the  approximate 
curve  coincides  exactly  with  the  true  curve  at  the  two  ends  and  at 
one  intermediate  point,  and  has  also  the  same  tangents  at  its  two  ends 

Suppose  that  A  and  B  (fig.  48)  are  the  two  ends  of  the  epicy- 
cloidal arc  to  which  an  approximation  is  required,  and  that  A  C  and 
B  C  are  normals  to  the  arc  at  those  points :  the  positions  of  the 
ends  of  the  arc  and  directions  of  its  normals  having  been  determined 
by  Rule  II.  of  this  Article.  Let  C  be  the  point  of  intersection  of 
the  normals.  Draw  the  tangents  A  D  perpendicular  to  A  C,  and 
B  D  perpendicular  to  B  0,  meeting  each  other  in  D.  Draw  the 
straight  line  D  0,  and  bisect  it  in  K  About  E,  with  the  radius 
£  D  ~  £  C,  describe  a  circle,  which  wiU  pass  throiu^  the  four 
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points,  A,  D,  B,  0.     Draw  the  diameter  F  E  G,  bisecting  the.  arc 
AB  in  F  and  the  arc  BOA  in  G. 
Draw  a.e  «t«ight  line  G  D,  m  wluch  take  G  H  =  G^A  =  G  R 

to  F  E  G,  draw  the 
straight  line  H  K  L, 
cutting  A  C  in  K 
and  B  C  in  L.  Then 
about  Ky  with  the 
radius  K  A  ==  K  H, 
draw  the  circular  arc 
AH;  and  about  L, 
with  the  radius  L  H 
=  L  B,  draw  the 
circulararcHB:  the 
curve  made  up  of 
those  two  circular 
arcs  will  be  a  close 
approximation  to  the 
epicycloidal  arc,  hav- 
ing the  same  position 
and  tangents  at  its 
two  end^  and  being 
very  near  to  the  true 
arc  at  all  intermediate 
points. 

It  maybe  remarked 
that  GH  =  GA  = 
GB  =  ^(HKHL) 
approximates  very 
closely  to  the  mean, 
radius  of  curvature 
of  the  epicycloidal  arc 
A  B;  also  that  the 
process  described  is 
applicable  to  the  ap- 
proximate di-awing  of 
many  curves  besides 
epicycloids;  and  that 


Fig.  48. 


the  ratio  of  the  two  radii,  H  L  :  H  K,  deviates  less  from  equality 
than  that  of  the  radii  of  any  other  pair  of  circular  arcs  which 
can  be  drawn  so  as  to  touch  A  D  in  A  and  B  D  in  B,  and  also  to 
touch  each  other  at  an  intermediate  point* 

/HL«-HK*\8. 
•  This  may  be  expressed  symbolically  by  stating  that  Iflj^.^L  )  ^  ^ 


minimum ;  or  that  f  log.  n  ir  I   ^^  mimmum. 
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80.  »e>»lti»«  •r  B^catimi  !■  o«n«nii.^The  following  proposi- 
tions  show  how  the  rotation  of  a  rigid  body  about  a  given  axis, 
fixed  or  instantaneous,  may  be  resolved  into  two  component 
rotations  about  any  two  axes  in  the  same  plane  with  the  actual 
axisL 

L  Paballel  Axes. — The  roUUion  qfa  rigid  body  ahcvJb  a  given 
axis  is  eqtdvalerU  to  the  resultant  of  two  component  rotations  about 
two  axes  paraUd  to  the  given  axis  and  in  the  same  ptane,  the  angular 
vdocity  of  each  of  the  three  rotations  being  proportional  to  the  distance 
bettoeen  the  axes  of  Mother  two  rotations. 

In  fig.  49,  let  the  plane  of  the  paper  be  perpendicular  to  the 
three  parallel  axes,  and  let  C  be  the  trace  of  the  axis  of  the 
A  /— >^    resultant  rotation,  and  A  and  B  the  traces 

p| -M   J   of  the  axes  of  the  component  rotations ;  all 

!  ^  ^   three  axes  being  in  l^e  same  plane,  whose 

'  ^  trace  is  A  C  R     Let  the  angular  velocities 

"^1        about 

A,  B,  C, 

be  respectively  proportional  to 

BC,        CA,        AR 

As  the  figure  is  drawn,  all  three  angular 
velocities  are  of  the  same  sign,  because  A  B 
B  C  +  C  A.     If  C  lay  beyond  A  and  B, 
p^^  40^    '^"^     instead  of  between  them,  A  B  would  be  the 
difference  of  B  0  and  0  A,  instead  of  their 
sum ;  and  the  lesser  of  these  two  distances  and  of  the  correspond- 
ing angular  velocities  would  have  to  be  considered  as  n^ative. 

Let  H  be  the  projection  of  a  particle  in  the  rigid  body,  which 
particle  is  moving  in  a  direction  peipendicular  to  H  C,  with  a 
velocity  proportional  to  C  H  •  A  R  Then,  first,  from  H  let  fall 
H  D  perpendicular  to  A  B;  then,  by  the  principles  of  Article  b^^ 
page  33,  the  component  velocity  of  H  in  the  direction  H  D, 
whether  due  to  rotation  about  A,  B,  or  C,  is  the  same  with  that 
of  a  particle  at  D.  Now  the  velocities  of  a  particle  at  D  due  to 
the  rotations  about 

A,  B,  0 

are  proportional  respectively  to 

+  ADBC;  -BDCA;  +CDAB; 

and  CD-AB  =  ADBC-BDCA;  therefore  this  com- 
ponent of  the  velocity  of  the  particle  H  due  to  the  rotation  about 
C  is  the  resultant  of  the  ccMresponding  components  due  to  the 
rotations  about  A  and  B  respectively. 

Secondly.  Through  H  draw  E  G  H  F  parallel  to  A  C  B,  and 
on  it  let  fall  the  perpendiculars  A  £,  B¥,  C  G.    Then,  by  the 
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principles  of  Article  55,  page  33,  the  compoDent  velocities  of  H 
along  E  F  due  to  the  rotations  about  the  axes  A,  B,  and  0  are 
respectively  equal  to  the  velocities  of  E  due  to  rotation  about  A, 
of  F  due  to  rotation  about  B^  and  of  G  due  to  rotation  about  C ; 
and  because  AE  =  BF  =  CG,  these  velocities  are  respectively 
proportional  to 

B  C,        CA,        A  B; 

But  AB  =  BC  +  CA;  therefore  the  component  along  E  F  of 
the  velocity  of  the  particle  H  due  to  the  rotation  about  0  is  the 
resultant  of  the  corresponding  component  velocities  due  to  the  rota- 
tions about  A  and  B  respectively.  Therefore  the  whole  velocity  of 
the  particle  H  due  to  rotation  about  0,  with  an  angular  velocity 
proportional  to  A  B,  is  the  resultant  of  the  velocities  of  the  same 
particle  due  respectively  to  ix)tations  about  A,  with  an  angular 
velocity  proportional  to  B  C,  and  about  B,  with  an  angular  velocity 
proportional  to  C  A.  And  this  being  true  for  every  particle  of  the 
rotating  body,  is  true  for  the  whole  body :  Q.  K  D. 

II.  Intersecting  Axes. — The  rotation  of  a  rigid  body  about  a 
given  axis  is  equivalent  to  the  resultant  of  tux>  component  rotations 
about  two  axes  in  the  same  plane  unth  the  first  axis,  and  cutting  it  in 
one  point;  the  ang^dofr  velocities  of  the  component  crnd  resultant  rota- 
tions being  proportional  respecUvely  to  tits  sides  and  diagonal  of  a 
parallelogram,  which  are  parallel  respectively  to  the  three  axes  of 
rotation. 

In  fig.  50  the  upper  right-hand  part  of  the  figure  represents  a 
plane  perpendicular  to  the  resultant  axis  of  rotation,  O'.  F"  is 
the  projection  of  any  particle  on  that  plane;  and  the  direction  of 
motion  of  any  particle  whose  projection  is  F"  is  perpendicular  to 

O"  Y"  and  O'  Z"  are  the  traces  of  two  planes  perpendicular 
to  the  first  plane  of  projection  and  to  each  other;  and  D"  and  E" 
are  the  projections  of  F"  on  those  planes  respectively.  According 
to  the  principle  of  Article  55,  page  33,  the  component  velocity 
parallel  to  O"  Y*  of  the  particle  whose  projection  is  F"  is  the  same 
with  the  velocity  of  a  particle  at  D";  and  its  component  velocity 
parallel  to  O"  Z"  is  the  same  with  that  of  a  particle  at  £". 

The  upper  left-hand  part  of  the  figure  represents  the  plane 
whose  trace  on  the  first  plane  of  projection  is  O"  Z* ;  O'  X',  on  this 
second  plane,  is  the  axis  of  rotation;  O'  2t  is  the  trace  of  the  first 
plane  of  projection ;  and  D'  is  the  projection  of  F",  and  is  the  same 
point  that  is  marked  D"  on  the  first  plane.  The  lower  part  of  the 
figure  represents  the  plane  whose  trace  on  the  first  plane  of  pro- 
jection is  O"  Y",  and  on  the  second  plane,  O  X'.  On  this  third 
plane  O  X  is  the  axis  of  rotation,  and  also  the  trace  of  the  second 
plane;  O  Y  is  the  trace  of  the  firat  plane;  E  is  the  projection  of 
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r,  and  is  the  same  point  that  is  marked  E'  on  the  first  plane;  O 
b  the  projection  of  D*. 


Fig.  50. 


The  positions  of  the  second  and  third  planes  are  arbitrary  so  long 
as  they  both  traverse  the  axis  of  rotation,  and  are  at  right  angles 
to  each  other. 

In  O  X  take  O  C  proportional  to  the  angular  velocity;  and 
make  it  point  so  that  to  an  observer  looking  from  O  towards  C 
the  rotation  shall  seem  right-handed. 

From  O  draw  any  two  lines,  O  A  and  O  B,  in  the  third  plane; 
from  C  draw  C  B  parallel  to  A  O,  and  C  A  parallel  to  B  O,  so  as 
to  complete  the  parallelogram  O  B  0  A.  Then  the  proposition 
states^  that  a  right-handed  rotation  about  O  A,  with  an  angular 
velocity  proportional  to  O  A,  and  a  right-handed  rotation  about 
O  B,  with  an  angular  velocity  proportional  to  O  B,  being  combined, 
are  equivalent  to  the  actual  rotation. 

To  prove  this  for  a  particle  at  E,  it  is  to  be  considered  that  the 
motions  impressed  on  E  by  the  three  rotations  separately  are  each 
of  ^em  perpendicular  to  the  third  plane ;  also,  that  the  velocity 
of  E  due  to  any  one  of  the  three  rotations  is  proportional  to  the 
angular  velocity  of  that  rotation  multiplied  by  the  perpendicular 
distance  of  E  from  the  axis  of  that  rotation,  and  is  therefore  pro- 
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portional  to  the  area  of  a  triangle  having  for  its  base  the  length 
marked  on  that  axis,  to  represent  that  angular  velocity,  and  f<»r  its 
summit  the  point  E;  so  that  the  velocities  of  a  particle  at  E  due 
respectively  to  the  rotations  about 

O  A,  OB,  0  0 

are  proportional  respectively  to  the  areas  of  the  triangles 

OAE,  OBE,  OCE. 

Through  A  and  B  draw  A  O  and  B  H  perpendicular  to  O  0,  and 
join  E  G  and  E  H.     Then,  by  plane  geometiy, 

OAE=OGEjandOBE  =  OHE=.GCE; 

therefore 

OCE=OGE+GCE=OAE+OBK 

So  that  the  velocity  of  E  due  to  the  actual  rotation  about  O  C  is 
the  resultant  of  the  velocities  due  to  the  rotations  about  O  A  and 
O  B ;  the  angular  velocities  being  proportional  to  the  lengths  laid 
off  on  the  axes  respectively. 

To  prove  the  same  proposition  for  a  particle  at  D",  whose 
projection  on  the  third  plane  is  O,  it  is  to  be  considered  tliat  tlie 
perpendicular  distance  of  this  point  from  the  three  axes,  O  A,  O  B, 
and  O  C,  is  identical,  being  the  line  marked  O"  D"  and  O'  D'  on 
the  first  and  second  planes;  so  that  the  velocities  of  D  due  to 
the  three  rotations  are  simply  proportional  to  the  three  angular 
velocitiea  To  represent,  then,  those  three  velocities  as  projected 
on  the  third  plane,  draw  Oa,  0  6,  and  O  c  perpendicular  and 
proportional  respectively  to  O  A,  OB,  and  O  C.  It  is  evident 
that  Oa,  0  6,  and  Oc  are  the  sides  and  diagonal  of  a  paral- 
lelogram similar  to  O  B  C  A ;  and  therefore  that  the  velocity 
of  D"  due  to  the  actual  rotation  about  O  C  is  the  resultant  of  the 
velocities  due  to  the  rotations  about  O  A  and  O  B,  the  angular 
velocities  being  proportional  to  the  lengths  laid  off  on  the  axes 
respectively. 

The  proposition,  therefore,  is  proved  for  both  components  of  the 
velocity  of  a  particle  at  F" ;  and  it  holds  for  any  particle  whose 
projection  on  a  plane  perpendicular  to  the  axis  O  C  is  F";  that  is, 
for  every  particle  of  the  body,  and  therefore  for  the  whole  body : 
Q.E.D. 

It  appears,  then,  that  rotations,  when  represented  by  lengths 
laid  off  on  their  axes  proportional  to  their  angular  velocities,  can 
be  compounded  and  resolved,  like  linear  velocities,  by  constructing 
parallelogram& 

81.  ]l«tial«M abmit  iMenecttim  Asm  CoBqpMiiiAed.    (A.M., 392), 
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—In  fig.  51,  let  O  A  be  a  fixed  axis,  and  about  it  let  the  plane 
AGO  rotate  witb  the  angular 
velocity  a.  Let  the  plane  of 
projection  be  that  of  those  two 
axes  at  a  given  instant.  Let  O  0 
be  an  axis  in  the  rotating  plane; 
and  about  that  axis  let  a  second- 
ary piece  rotate  with  the  angular^ 
velocity  b  relatively  to  the  rotat-  Pig  g^^ 

ting  plane;  and  let  it  be  required 

to  find  the  instantaneous  axis  and  the  resultant  angular  velocity 
of  the  secondary  piece.  From  the  principles  of  Artide  80, 
Proposition  IL,  page  64,  the  following  rule  is  deduced : — 

On  O  A  take  O  a  proportional  to  a;  and  on  O  C  take  O  b 
proportional  to  b.  Let  those  lines  be  taken  in  such  directions 
that  to  an  observer  looking  from  O  towards  their  extremities  the 
component  rotations  shall  seem  both  right-handed.  Complete  the 
parallelogram  Obca;  the  diagonal  O c  will  be  the  instantaneous 
axis ;  and  its  length  will  represent  the  resultant  angvlar  vdocity. 
Another  mode  of  viewing  the  question  is  as  follows : — 

Because  the  point  O  in  the  secondary  piece  is  fixed,  the  instan- 
taneous axis  must  traverse  that  point.  The  direction  of  that  axis 
is  determined  by  considering  that  each  point  which  arrives  a6  that 
line  must  have,  in  virtue  of  the  rotation  about  O  C,  a  velocity 
relatively  to  the  rotating  plane,  equal  and  directly  opposed  to  that 
which  the  coincident  point  of  the  rotating  plane  has.  Hence  it 
follows  that  the  ratio  of  the  perpendicular  distances  of  each  point 
in  the  instantaneous  axis  from  the  fixed  and  moving  axes  respect- 
ively— ^that  is,  the  ratio  of  the  sines  of  the  angles  which  the 
instantaneous  axis  makes  with  the  fixed  and  moving  axes — must 
be  the  reciprocal  of  the  ratio  of  the  component  angular  velocities 
about  those  axes;  or  if,  in  symbols,  O  T  be  the  instantaneous  axis, 

sin  A  O  T.:  sin  C  O  T  :  :  6  :  a (1.) 

The  resultant  angular  velocity  about  this  instantaneous  axis  is 
found  by  considering  that  if  C  be  any  point  in  the  moving  axis, 
the  linear  velocity  of  that  point  must  be  the  same  whether  com- 
puted from  the  angular  velocity,  a,  of  the  rotating  plane  about  the 
fixed  axis  O  A,  or  from  the  resultant  angular  velocity,  c,  of  the  rigid 
body  about  the  instantaneous  axis.  That  is  to  say,  let  C  D,  0  E 
be  perpendiculars  from  C  upon  O  A,  O  T,  respectively;  then 

a ' CD  =  c • CE ; 
bat  CD  :  C^  :  :  ain  A O  C  :  sin  C O T;  and  therefore 

iinCOT:sinAOC::a:c;  ^         , 
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and,  combiniDg  this  proportion  with  that  given  in  equation  1,  we 
obtain  the  following  proportional  equation  : — 


sin  C  O  T  :  sin  A  O  T  :  sin  A  < 

a  :  h  '.  c    ^ (2.) 

Oa        :  06         : 


Oc) 


That  is  to  say,  His  angular  velocities  of  the  compoTierU  and  restdtant 
rotations  are  each  proportional  to  the  sine  of  the  angle  between  the  axes 
of  Hie  other  tioo;  and  tlie  diagonal  of  the  parallelogram  O  b  c  a  repre- 
sents both  ilie  direction  of  the  instantaneous  axis  and  tlie  angular 
velocity  about  that  axis. 

82.  BoiUMg  concik  {A.  M,y  393.)— All  the  lines  which  succes- 
sively come  into  the  position  of  instantaneous  axis  are  situated  in 
the  surfJEU^e  of  a  cone  described  by  the  revolution  of  O  T  about 
O  C;  and  all  the  positions  of  the  instantaneous  axis  lie  in  the 
surface  of  a  cone  described  by  the  revolution  of  O  T  about  O  A. 
Therefore  the  motion  of  the  secondary  piece  is  such  as  would  be 
produced  by  the  rolling  of  the  former  of  those  cone5  upon  the 
latter.  Circular  sections  of  the  two  cones  are  sketched  in  perspec- 
tive in  fig.  51. 

It  is  to  be  understood  that  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  O  T  become  a  right  angle,  the  fixed  cono 
would  become  a  flat  disc;  and  should  .^:::AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by 
the  rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling 
cone. 

The  path  described  by  a  point  in  or  attached  to  the  rolling  cone 
is  a  splierical  epitrochoid;  and  if  that  point  is  in  the  surface  of  the 
rolling  cone,  that  curve  becomes  a  spherical  epicycloid.  It  will  be 
shown  in  the  next  chapter  how  to  draw  such  curves — not  exactly, 
but  with  a  degree  of  accuracy  sufficient  for  practical  purposes. 

83.  ReMiMtioM  •r  Helical  MoiIob.— The  resolution  of  helical  or 
screw-like  motion  into  rotation  about  an  axis  and  translation  along 
that  axis  has  already  been  treated  of  in  the  last  section  of  the 
preceding  chapter.  It  remains  to  be  shown  how  a  helical  motion 
may  be  regarded  as  compounded  of  two  rotations  about  two  axes 
which  are  in  difierent  planes. 

In  fig.  52,  let  the  lower  part  of  the  figure  represent  a  plane  of 
projection,  and  O  A  and  O  B  the  projections  upon  that  plane  of 
two  axes  which  are  both  parallel  to  it,  but  not  in  the  same  plane. 
Let  the  upper  part  of  the  figure  represent  a  second  plane  of  pro- 
jection perpendicular  to  the  first  plane;  and  let  F  G'  be  the 
projection  on  that  second  plane  of  the  common  perpend: cvlar  of 
those  two  axes  (Article  36,  page  14).     Let  a  rigid  body  have  a 
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motion  compounded  of  two  rotations  about  the  two  axes  respect- 
ively, with  angular  velocities  represented  by  O  A  and  O  B,  these 
lines  being  di-awn,  as  before,  so  that  to  an  observer  at  O  each 
rotation  shall  appear  right-handed. 


Fig.  62. 

Complete  the  parallelogi-am  O  A  C  B,  and  draw  its  diagonal 
O  C.  Then,  if  the  axes  O  A  and  O  B  were  in  the  same  plane,  the 
rotations  about  them,  being  combined,  would  be  equivalent  simply 
to  a  rotation  represented  by  O  C,  as  in  Articles  80  and  81,  pages 
64  to  66. 

Let  the  second  plane  of  projection  be  now  supposed  parallel  to 
O  C;  and  let  P  A',  O'  C,  and  G'  B'  be  the  respective  projections 
of  O  A,  O  C,  and  O  B  upon  it.  Draw  A  D,  B  E,  and  F  O  G 
perpendicular  to  O  C,  and  A  F  and  B  G  parallel  to  O  C.  It  is 
obvious  that  0  D  =  F  A ,  O  E  =  G'  F,  and  F  O  =  O  G. 

According  to  Article  80,  Proposition  II.,  page  64,  the  rotation 
represented  by  O  A  may  now  be  regarded  as  compounded  of  a 
rotation  represented  by  O  D,  about  an  axis  of  which  O  D  and 
F*  A'  are  the  projections,  and  a  rotation  represented  by  O  F,  about 
an  axis  of  which  O  F  and  the  point  F  are  the  projections;  also, 
the  rotation  represented  by  O  B  may  be  regarded  as  compounded 
of  a  rotation  represented  by  O  E,  about  an  axis  of  which  O  E  and 
G'  B'  are  the  projections,  and  a  rotation  represented  by  O  G,  about 
an  axis  of  which  O  G  and  the  point  G'  are  the  projections. 

Then,  according  to  Article  76,  page  54,  the  rotations  about  the 
parallel  axes  F'  A'  and  G'  B',  being  combined,  are  equivalent  to  a 
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rotation  about  an  intermediate  axis,  (y  C,  in  the  same  plane^  with 
an  angular  velocity  represented  bj 

O  C  =  0'  C  =  F'  A'  +  G'  B' ; 

and  that  axis  of  resultant  rotation  divides  the  distance  F'  Q'  in 
the  following  proportion : — 

0'C':FA':G'B' 
:  :  F  G'  :  O'  G'  :  O'  F. 

To  find  the  point  0'  by  graphic  construction,  draw  F  ff, 
parallel  to  A  O  and  G'  H'  parallel  to  B  O,  cutting  each  other  in 
H';  then  through  H'  draw  H'  O'  C  parallel  to  O  C. 

Moreover,  the  component  rotations  represented  by  O  F  and  O  G, 
about  the  axes  F  and  G,  are  of  equal  and  opposite  angular  velocities ; 
and  therefore,  according  to  Article  76,  page  54,  they  are  equivalent 
to  a  translation  in  the  direction  O  C,  with  a  velocity  represented  by 
the  product  OF-FG. 

That  translation  being  compounded  with  the  resultant  rotation 
represented  by  O  C,  gives  finally,  for  the  resultant  motion  of  the 
body,  a  heliccU  motion  about  the  aods  whose  p^'ojectiona  a/re  O  C  and 
O  C. 

The  pUcHi  of  that  helical  motion,  or  advance  per  turn,  is  found 
by  multiplying  the  rate  of  advance,  O  F,  F  G',  by  the  time  of  one 

revolution,  -^y-p- >  ^^^  ^  therefore  equal  to  the  circumference  of 

O  F  •  F  G' 
a  circle  whose  radius  is  — ^^ — .     Draw  F  K'  perpendicular  to 

O  B,  and  G'  K'  perpendicular  to  0  A,  cutting  each  other  in  K' 
(which  will  be  in  the  straight  line  H'  O  0').  Then  it  is  evident 
that  F  K'  G'  and  C  A  O  are  similar  triangles;  and  because 
D  A  =  O  F,  we  have  the  foUowiLg  proportion ; — 

O  C  :  O  F  :  :  F  G  :  O'  K'  =  ^,~—  j 

Therefore  the  pitch  of  the  resiUtant  lidical  motion  is  equal  to  ilia 
circumference  of  a  circle  whose  radiiAs  is  O'  K';  and  tlie  rcUe  of 
advomce  may  be  represented  by  the  product  O  C  •  O'  K'. 

84.  R«iMng  HyperiwUkia.— Conceive  the  straight  line  O  C  to 
represent  an  indefinitely  long  straight  edge,  rigidly  fastened  to  the 
arm  O  F',  and  sweeping  along  with  that  arm  rouud  the  axis  O  A; 
then  conceive  the  same  straight*  line  to  be  rigidly  fastened  to  the 
arm  O'  G,  and  to  sweep  along  with  this  arm  i-ound  the  axis  O  B. 
Thus  are  generated  a  pair  of  suri'aces  called  Rolling  Hyperboldids^ 
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which  touch  each  other  all  along  the  straight  line  O  0.  Fig.  53 
shows  the  general  appearance  of  a  pair  of  rollers  of  that  form;  and 
in  ^g,  54  the  projections  of  their  figures 
are  given  with  greater  precision.  If  one 
of  those  bodies  is  fixed,  and  the  other  made 
to  roll  upon  it,  they  continue  to  touch  each 
other  in  a  straight  line,  which  is  the  in- 
stantaneous axis  of  the  rolling  body;  and 
the  rotation  about  that  instantaneous  axis 
is  accompanied  by  a  sliding  motion  along  Fig:  53. 

the  same  axis,  so  as  to  give,  as  the  resultant 

compound  motion,  a  helical  motion  about  the  instantaneous  axis, 
as  described  in  the  preceding  Article.  The  following  problem 
sometimes  occurs  iu  mechanism : — 

Given,  the  angle  between  the  directions  of  ttoo  axes,  and  the  length 
of  their  common  perpendieiUar,  to  draw  the  projections  of  a  'pair  of 
rolling  hyperholMa  of  which  these  shall  be  the  aaxs,  and  <f  which 
one  shall  roll  on  the  other,  so  as  to  Jutve  component  angular  velocities 
hearing  to  each  other  a  given  ratio. 

Let  the  lower  paiii  of  ^g.  54  (see  next  page)  represent  a  plane  to 
which  the  two  axes  are  parallel;  and  let  O  a  and  O  6  be  their  pro- 
jections on  that  plane,  with  lengths  laid  off  upon  them  proportional 
to  the  intended  component  angular  velocities.  Draw  h  c  parallel  to 
O  a,  and  a  c  parallel  to  O  6,  cutting  each  other  in  c;  O  c  will  be 
the  projection  of  the  line  of  contact,  or  instantaneous  axis;  and  the 
length  O  c  will  represent  the  resultant  angular  velocity  (as  in  the 
preceding  Article). 

Through  O,  perpendicular  to  O  c,  draw  O  G'  F,  and  lay  off  upon 
it  G'  Y  equal  to  the  given  common  perpendicular;  and  let  the 
second  plane  of  projection  be  perpendicular  to  the  first  plane,  and 
parallel  to  0  c  and  G'  F.  To  find  the  projection  of  the  line  of 
contact  upon  this  second  plane,  proceed  as  in  the  preceding  Article; 
that  is,  draw  F'  H'  and  G'  H'  parallel  respectivedy  to  O  a  and  0  5, 
and  H'  C  parallel  to  O  c;  H'  O'  will  be  the  required  projection. 
This  projection  may  also  be  found,  if  convenient,  by  either  of  the 
following  methods :  Draw  G'  K'  perpendicular  to  O  a,  and  P  K' 
perpendicular  to  06,  cutting  each  other  in  K';  and  then  draw 
H'  K'  O'  jmrallel  to  A  c;  or  otherwise: — Draw  g  c/ perpendicular 
to  O  c,  and  divide  F  G  in  the  following  proportion : — 

fg-'Oficg- 
::FG'  :0'F  :0'G'. 

Draw  XJ  O  Y  perpendicular  to  O  a,  making  OU  =  OY  =  PO'; 
also  draw  V  O  Z  pfcri»endicular  to  O  6,  making  O  V  =  O  Z  =^ 
Q  C  j  then  XJ  O  Y  and  V  O  Z  will  be  the  projections  on  tie  first 
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plane  of  the  smaUegt  tranav&ne  sections,  or  what  may  be  called  the 
''throaW  of  the  two  hyperboloids;  which  transverse  sections  are 


F!g.  54. 

cii*cles  of  the  respective  radii  F  O'  and  G'  0'.  The  projections  of 
those  circles  on  the  second  plane  of  projection  are  the  ellipses 
U'  O'  Y'  and  V'  0'  Z',  drawn  according  to  the  principles  of  Article 
37,  page  15. 

To  find  the  projections  of  a  pair  of  circular  transverse  sections 
of  the  two  hyperboloids,  which  shall  cross  each  other  in  any 
given  point  of,  the  line  of  contact,  let  T  and  T  be  the  projections 
of  that  point  Then  di-aw  T  L  perpendicular  to  a  O,  and  T  M 
perpendicular  to  50;  L  and  M  will  be  the  projections  of  the 
centres  of  those  circular  sections  on  the  first  plana  Draw  F  L' 
and  G'  M'  parallel,  and  L  U  and  M'  M'  perpendicular  to  O  c ; 
L'  and  M'will  be  the  projections  of  those  centres  on  the  second 
plane.  In  LO  take  LN  =  FO',  and  join  NT;  then  in  LT 
produced,  take  L  Q  =  N  T;  this  will  be  the  radius  of  the  required 
section  of  one  hyperboloid;  and  Q  will  be  a  point  in  the  hyperbola 
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IT  Q,  which  is  the  loDgitudinal  sectioD  or  trace  of  that  surface  on  a 
plane  traversing  the  axis  F  JJ,  and  paraUel  to  the  first  plane  of 
projection.  Also,  in  M  O  take  M  P  =  Gk  C,  and  join  P  T;  then 
in  M  T  produced  take  M  R  =  P  T ;  this  will  be  the  radius  of  the 
required  section  of  the  other  hyperboloid ;  and  B  will  be  a  point 
in  the  hyperbola  Z  R,  which  is  the  longitudinal  section  or  trace  of 
this  surfiice  on  a  plane  traversing  the  axis  G'  M'  and  parallel  to 
the  first  plane  of  projection. 

The  projection,  O  T,  of  the  line  of  contact  is  an  asymptote  to 
both  hyperbolas,  UQ  and  ZR;  and  their  other  asymptotes  are  OW, 
making  L  O  W  =:L  O  T,  and  O  X,  making  M  O  X  =  M  O  T. 

The  projections  on  the  second  plane  of  projection  of  the  two 
circular  transverse  sections  which  cross  each  other  at  the  point 
whose  projections  are  T  and  T  are  two  ellipses,  drawn  according  to 
the  principles  of  Article  37,  page  15. 

By  the  same  process  may  be  found  the  projections  of  any 
required  number  of  transverse  sections  of  the  two  rolling  hyperbo- 
lolds,  and  of  any  required  number  of  points,  such  as  Q  and  R,  in 
their  longitudinal  sections. 

Additional  rules  relating  to  the  construction  of  such  figures 
will  be  given  in  the  next  chapter,  in  the  articles  which  treat  of 
their  application  to  skew-bevel  wheels. 

85.  Cyiiader  R^iUag  OMi4|iiei7 — The  same  kind  of  resultant 
motion  will  take  place,  if  for  the  rolling  hyperboloids  there  be 
substituted  a  pair  of  cylinders  described  about  the  axes  whose 

projections  are  O  A  and  O  B,  > ^^ 

fig-   52,   page   69,  with   the       ^/_^ g^ |^ 

respective    radii    O  F'    and  ^^^^^BB^^^^^^B^m"' 

O'  G';  provided  the  axis  of  d ^Bt^B/^^^^^^Mtmff 

the  rolling  cylinder  is  guided  X  i\^^^^^ 

so     that    the    point    where  /  j  \      ^^^ 

it   is  met   by  the    common  I     ^       I    I  i 

perpendicular     F'  G'    shall  "fi^'^^^S 

revolve   in  a  circle  of   the  \  ^^^^B 

radius  F'G'  round  the  axis  \  ^^^^B 

of  the  fixed  cylinder,  and  so  \^       .^^MBKKf 

that  the  inclination  of  those  Yvo.  55. 

two  axes  to  each  other  shall 

remain  constant.  The  general  appearance  of  such  a  pair  of  cylinders 
is  shown  in  ^^,  55,  They  touch  each  other  in  a  point  only,  and 
not  along  a  straight  line,  as  the  hyperboloids  do.  The  uniform 
transverse  sections  of  such  a  pair  of  cylinders  are  identical  with 
those  at  the  throats  of  the  corresponding  pair  of  hyperboloids. 
Further  explanations  as  to  obliquely-rolling  cylinders  will  be 
given  in  the  next  chapter,  under  the  head  of  screw-gearing. 

86.  CoMM  Boiling   ObliqvclT.  —  The   same  kind   of  resultant 
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n-iotion  may  be  effected  also  by  substituting  for  tbe  pair  of  hyper- 
boloids  of  fig.  54,  page  72,  the  pair  of  cones  which  touch  those 
hyperboloids  in  the  pair  of  circles  that  cross  each  other  in  any  giren 
point,  T,  of  the  instantaneous  axis.     To  draw  the  projections  of 

those  tangent  cones,  let  O'  T 
in  fig.  56  (as  in  fig.  54)  be 
the  instantaneous  axis,  O'  the 
point  where  it  cuts  the  com- 
mon perpendicular,  and  T'  the 
,  intended  point  of  contact  of 
the  cones.  From  O',  perpen- 
dicular to  0'  T',  draw  O'  A  = 

"^  ^^".eft^-^^yt^  perpendicular  to  T'  A  draw  hff, 
.u_3=rf>>2^  cutting  the  instantaneous  axis 
in  p'.  Then  a  plane  normal  to 
the  instantaneous  axis  at  p' 
passes  through  the  summits  of 
both  the  required  tangent 
cones.  Therefore,  in  fig.  54, 
on  O  c  lay  ofi*  O  ;:>  =  0'  p'  of  fig.  56,  and  draw  qpr  perpendicular  to 
O  c,  cutting  Oainq  and  Obmr;  q  and  r  will  be  the  projections  of 
the  summite  of  Uie  tangent  cones  on  iKeji/rst  plane  ofprcQectioTL  The 
projections  on  the  same  plane  of  the  longitudinal  sections  or  traces 
of  these  cones,  upon  planes  traversing  their  axes  parallel  to  the  plane 
of  projection,  are  q  Q  and  r  R  Also,  let  the  plane  of  fig.  hQ  be 
the  second  plane  of  pi*ojection,  and  let  F  L'  and  G'  M',  as  in  fig. 
54,  be  the  projections  of  the  axe^s  of  the  hyperboloids,  and  F  O'  Or 
that  of  the  common  perpendicular.  Draw  (][p  /,  cutting  those 
axes  in  ^  and  r  ;  these  points  will  be  the  projections  of  the  summits 
of  the  tangent  cones  on  tlie  second  plane  of  projection.  The  projec- 
tions of  the  bases  of  these  cones  on  the  same  plane  are  the  pair  of 
ellipses,  with  L'  and  M'  for  their  centres,  which  cross  each  oflier  at 
the  point  T,  as  in  hg.  54.  The  cones  touch  each  other  in  the 
point  T'  only,  and  not  along  a  straight  line,  as  the  hyperboloids  do. 
Further  explanations  as  to  obliquely-rolling  cones  will  be  given 
in  the  next  chapter,  under  the  head  of  skew-bevel  wheels. 

87.   Bands  or   Flexible   Secondarf  Pieccii — Cmrda — Bells — Chates. 

(A,  M.,  400,  401.) — The  flexible  pieces  used  in  machinery  may  be 
classed  under  three  heads: — Cords,  which  approximate  to  a  round 
form  in  section;  Belts,  which  aitj  flat;  and  Cliains,  which  consist  of 
&  series  of  rigid  links  so  connected  together  that  the  chain  as  a 
whole  is  flexible.  Mr.  Willis  gives  them  all  the  convmon  name 
of  wrapping  connectors;  and  for  the  siike  of  brevity  in  stating 
principles  that  apply  to  them  all,  they  may  conveniently  be  cadled 
hands. 
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In  treating  of  questions  of  pure  mechanism,  the  cerUre  line  of  a 
liand  is  treated  as  being  of  invariable  length;  for  although  no 
snbstance  is  absolntelj  inextensible,  and  although  when  a  band 
passes  over  a  curved  surface  the  concave  side  is  shortened  and  the 
convex  side  lengthened,  still  the  variations  of  length  of  the  centre 
line  of  the  band  are,  or  ought  to  be,  practically  inappreciable. 

In  order  that  the  figure  and  motion  of  a  band  may  be  deter- 
mined from  geometric  principles  alone,  independently  of  the 
magnitude  and  distribution  of  forces  acting  on  it,  its  weight  must 
be  insensible  compared  with  the  tension  on  it,  and  it  must  every- 
where be  UghC;  and  when  that  is  the  case,  each  part  of  the  band 
which  is  not  straight  is  maintained  in  a  curved  figure  by  passing 
over  a  convex  surface.  When  a  band  is  guided' by  a  given  actual 
surface,  the  centre  line  of  that  band  may  be  regarded  as  guided  by 
an  imaginary  surface  parallel  to  the  actual  surface,  and  at  a 
distance  from  it  equal  to  half  the  thickness  of  the  band.  The  line 
in  which  the  centre  line  of  a  band  lies  on  such  guiding  surface  is 
the  shortest  line  which  it  is  possible  to  draw  on  that  surface 
between  each  pair  of  points  in  the  course  of  the  band.  (It  is  a 
well-known  principle  of  the  geometry  of  curved  surfaces  that  the 
oscuUUing  plane  at  each  point  of  such  a  line  is  perpendicular  to  the 
curved  surface.) 

Hence  it  appears  that  the  motions  of  a  tight  flexible  band,  of 
invariable  length  along  its  centre  line  and  insensible  weight,  are 
r^ulated  by  the  following  principles : — 

I.  The  length  between  each  pair  of  points  in  the  centre  line  of  tlie 
hand  is  constant. 

IL  TJuit  length  is  the  sJuyrtest  line  whidt  can  he  draton  hettveen  its 
extremities  over  the  surface  by  which  tJie  centre  line  of  tlie  band 
isgtdded. 

The  motions  of  a  band  are  of  two  kinds — 

I.  Travelling  of  a  band  along  a  track  of  invariable  form;  in 
which  case  the  velocities  of  all  points  of  the  centre  line  are  equal. 

IL  Alteration  of  the  figure  of  the  track  by  the  motion  of  the 
guiding  surfaces. 

Those  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
bands  are  those  in  which  bands  are  the  means  of  transmitting 
motion  between  two  pieces  in  a  train  of  mechanism.  Such  problems 
will  be  considered  in  the  next  chapter. 

^^  Fiaid  Secoadarf  Piec«s.~A  mass  of  fluid  may  act  as  a 
secondary  piece  in  a  machine;  and  in  order  that  the  motion  of 
such  a  mass  may  be  a  subject  of  pure  mechanism,  the  volume 
occupied  by  the  mass  must  be  constant ;  and  that  not  only  for  the 
whole  mass,  but  for  eveiy  part  of  it,  how  small  soever.  In  other 
wordS;  the  fluid  mass  must  in  every  part  be  of  constant  bulkiness; 
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this  word  being  used  to  denote  the  volume  filled  by  an  unit  of 
mass;  for  example,  the  number  of  cubic  feet  filled  by  a  pound,  or 
the  number  of  cubic  metres  filled  by  a  kilogramme.  Every  fluid, 
whether  liquid  or  gaseous,  undergoes  variations  of  bidkiness 
through  variations  of  pressure  and  of  temperature;  but  in  mechan- 
ism such  variations  of  bulkiness  may  be  either  so  small  that  they 
may  be  disregarded  for  the  practical  purpose  under  consideration 
(as  iu  the  case  of  most  liquids),  or,  if  the  fluid  employed  be  gaseous, 
they  may  be  prevented  by  keeping  the  pressure  and  temperature 
constant. 

Under  such  conditions  the  motions  of  the  particles  of  a  fluid 
mass  are  regulated  by  the  following  principle : — 

At  a  given  series  of  sections  of  a  stream  of  fluid  of  constant 
bidkiness,  the  m^n  vdocities  at  each  instant  of  the  particles  in  direc- 
turns  normal  to  those  sections  respectively y  are  inversely  proportional 
to  Hie  areas  of  the  sections. 
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CHAPTER  IV. 

OF  ELEHEKTABT  COMBINATIONS  IN  MECHANISM. 

Sechon  I. — Definitiona,  General  FrincipleSy  and  Claasificaiion. 

89.  ElemcaUuT  ConblBatloBa  Hellaed.  (A.  J/.,  431.)  —  Au 
"ElemeDtary  Combination"  in  Mechanism  (a  term  introduced  by 
Mr.  Willis)  consists  of  a  pair  of  primary  moving  pieces,  so  con- 
nected that  one  transmits  motion  to  the  other.  In  other  words, 
(to  quote  the  Article  Mechanics  (Applied),  in  the  eighth  edition 
of  the  Encyc,  Brit,) — 

"An  eiemenUvry  combination  in  mechanism  consists  of  two 
pieces  whose  kinds  of  motion  ai-e  determined  by  their  connection 
with  the  frame,  and  their  comparative  motion  by  their  connection 
with  each  other;  that  connection  being  effected  either  by  direct 
contact  of  the  pieces,  or  by  a  connecting"  (secondary)  "piece" 
(such  as  a  band,  or  a  link,  or  a  mass  of  fluid),  "which  is  not  con- 
nected with  the  frame,  and  whose  motion  depends  entirely  on  the 
motions  of  the  pieces  which  it  connects." 

"  The  piece  whose  motion  is  the  cause  is  called  the  driver;  the 
piece  whose  motion  is  the  effect,  the /bUotoer J* 

"  The  connection  of  each  of  those  two  pieces  with  the  frame  is 
in  general  such  as  to  determine  the  path  of  every  moving  point.  In 
the  investigation,  therefore,  of  the  comparative  motion  of  the 
driver  and  follower,  in  an  elementary  combination,  it  is  unneces- 
sary to  consider  relations  of  angular  du-ection,  which  are  already 
fixed  by  the  connection  of  each  piece  with  the  frame;  so  that  the 
inquiry  is  confined  to  the  determination  of  the  velocity-ratio,  and 
of  the  directional-relation  so  far  only  as  it  expresses  the  connection 
between  /onoard  and  backward  movements  of  the  driver  and 
follower.  When  a  continuous  motion  of  the  driver  produces  a 
continuous  motion  of  the  follower,  forward  or  backward,  and  a 
reciprocating  motion  a  motion  reciprocating  at  the  same  instant, 
the  directional-relation  is  said  to  be  constant.  When  a  continuous 
motion  produces  a  reciprocating  motion,  or  vice  versd;  or  when  a 
reciprocating  motion  produces  a  motion  not  reciprocating  at  the 
same  instant,  the  directional-relation  is  said  to  be  variable,** 

90.  isime  or  CMiMcction.— In  every  class  of  elementary  combina- 
tbns,  except  those  in  which  the  connection  is  made  by  reduplication 
of  cords,  or  by  an  intervening  fluid,  there  is  at  least^e  straight 
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line  called  the  line  of  connection  of  tlie  driver  and  follower;  being 
a  line  traversing  a  pair  of  points  in  the  driver  and  follower 
respectively,  which  points  are  so  connected  that  the  component  of 
their  velocity  relatively  to  each  other,  resolved  along  the  line  of 
connection,  is  null 

91.  ConiparaliTe  BIoflioBS  of  Connect^  Poinla  a«d  Pieces. — From, 
the  definition  of  a  line  of  connection  it  follows,  that  t/ie  components 
of  the  velocities  of  a  pair  of  connected  points  along  their  line  of 
connection  a/re  equal.  And  fix>m  this,  and  from  the  property  of  a 
rigid  body  already  stated  in  Article  54,  page  32,  it  follows,  that  0ie 
componentSy  along  a  line  of  connectiony  of  all  tlie  points  traversed  by 
UuU  line,  tchether  in  the  driver  or  in  the  follower,  are  equal. 

The  general  principle  which  has  just  been  stated  serves  to  solve 
every  problem  in  which — the  mode  of  connection  of  a  pair  of  pieces 
l>eing  given — it  is  required  to  find  their  comparative  motion  at  a 
given  instant,  or  vice  veTs(L 

The  following  are  the  rules  for  applying  that  principle  to  the 
three  classes  of  problems  which  most  frequently  occur  with  refer- 
ence to  elementary  combinations : — 

I.  Pair  of  Points;  or  Pair  of  Sliding  Pieces, — In  fig.  57,  let  A  B 
be  a  line  of  connection;  and  let  it  be  taken  as  the  axis  of  projec- 
tion.    Let  A  be  a  point  in  the  driver, 
and  B  a  point  in  the  follower,  both  in 
the   line   of  connection.     Let  A  a\ 
A  a"  be  the  two  projections  of  the 
direction  of  motion  of  A  at  a  given 
instant;  and  let  B  h%  B  6"  be  the  two 
projections  of  the  direction  of  motion 
of  B  at  the  same  instant.     Lay  off, 
along  the  line  of  connection  and  in 
the  same  direction,  the  equal  distances 
A  a  =  B  5;  draw  a'  a  a',  6"  h  h'  perpendicular  to  the  line  of  con- 
nection; then  A  a'  and  A  a",  B  h'  and  B  h"  will  be  the  projections 

of  a  pair  of  lines  propor- 
tional respectively  to  the 
velocities  of  A  and  B  at 
that  instant  The  lengths 
of  those  lines  may  be  found 
^  by  the  Rule  of  Article  19, 
page  7. 

IL  Pair  of  Turning 
Pieces.— hi  ^g,  58,  let  A  B 
be  the  line  of  connection  of 
a  pair  of  turning  primary 
pieces.  Let  A  and  B  be 
the  points  where  that  line 

Digitized  by  VjOOQIC 


Fig.  58. 


CONNECTED  POINTS  AND  PIECES.  79 

is  met  by  tbe  common  perpendicalars  from  the  axes  of  rotation  of 
tbe  two  pieces.  (As  to  finding  sucli  common  perpendiculars,  see 
Article  36,  page  15.)  Let  A  A'  and  B  B'  be  the  rabatments  of 
those  two  perpendiculars,  drawn  in  opposite  directions.  Draw  tbe 
straight  line  A'  B'  (called  the  line  of  ceivtres),  cutting  the  line  of 
connection  in  I. 

Then,  because  the  component  velocities  of  A  and  B  along  A  B 
are  equal,  the  angular  velocities  (or  the  component  angular 
velocitiea)  of  the  driver  and  follower  about  axes  perpendicular  to 
A  B  must  be  to  each  other  in  the  inverse  ratio  of  the  perpendiculars 
A  A'  and  B  B';  or,  what  is  the  same  thing,  in  the  inverse  ratio  of 
the  segments  I  A'  and  I  B'  into  which  the  line  of  centres  is  cut  hy 
the  line  qf  connection. 

Hence  the  following  conslaruction : — In  A  B  take  A  K  =  B  I 
(or  B  K  =  A  I) ;  and  through  K  draw  an  oblique  straight  line  in 
any  convenient  direction,  so  as  to  cut  A'  A  produced  in  c  and  B'  B 
produced  in  d;  then  the  component  angular  velocities  of  the  pieces 
about  two  axes,  A  c  and  B  d,  perpendicular  to  the  line  of  connection, 
will  be  to  each  other  in  the  direct  ratio  of  A  c  to  B  a?.  Also  lay  off, 
in  opposite  directions,  the  angles  B  A  a  and/B  6,  equal  to  the  angles 
which  the  two  axes  of  rotation  respectively  make  with  the  line  of 
connectioD,  and  draw  c  a  and  d  b  parallel  to  A  B,  cutting  A  a  and 
B  6  in  a  and  b  respectively.  Then  the  ratio  of  A  a  to  B  6  will  be 
thai  of  the  restdtant  angular  velocities  oftlie  two  pieces. 

Through  A'  and  B'  draw  A!  a'  and  B'  b'  pai-allel  to  A  B;  and 
through  a  and  b  draw  aea  and  bfU  perpendicular  to  A  B.  Then 
the  proportion  borne  byca  =  A«  =  A'ato<:/6  =  By*  =  B'  6'  is 
that  of  -the  component  angular  velocities  of  the  two  pieces  about 
axes  parallel  to  the  line  of  connection  A  B.  Also  A  a  and  A'  a! 
represent  the  projections  of  the  axis  of  rotation  of  the  first  piece 
upon  a  pair  of  planes  which  cut  each  other  in  A  e,  one  perpendicular 
and  the  other  parallel  to  the  common  perpendicular  whose  rabat- 
ment  is  A  A';  and  B  b  and  B'  b'  represent  the  projections  of  t^ie 
axis  of  rotation  of  the  second  piece  upon  a  pair  of  planes  which  cut 
each  other  in  B/,  one  perpendicular  and  the  other  parallel  to  the 
common  perpendicular  whose  rabatment  is  B  B' 

III.  Turning  Piece  and  Sliding  Piece — In  ^g.  58,  let  A  L  Ibe 
the  line  of  connection  of  a  turning  piece  and  a  sliding  piece, 
and  let  it  be  taken  for  the  axis  of  projection;  and  let  one 
of  the  planes  of  projection  be  parallel  to  the  axis  of  the  turning 
piece.  Let  A  a  and  A  a'  be  the  pixyjections  of  that  axis;  so 
that  A  A'  perpendicular  to  A  L  is  the  common  perpendicular 
of  the  axis  and  the  line  of  connectioiL  Take  A  a  to  represent  the 
angular  Telocity  of  the  turning  piece,  and  from  a  draw  a  c  parallel 
to  li  A,  cutting  A'  A  (produced  if  necessary)  in  c  Then  A  c  will 
represent  the  component  angular  velocity  of  the  turning  piece 
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about  an  axis,  A  c,  perpendicular  to  A  L ;  and  the  product  A  A"  A  c 
-will  represent  the  component  velocity  qfany  point  in  Ah  along  that 
line. 

Let  L  be  a  point  in  the  line  of  connection  and  in  the  sliding 
piece ;  and  let  L  m  and  L  m'  be  the  projections  of  the  direction  of 
motion  of  that  piece.  Lay  off  any  convenient  length,  L  /,  to 
represent  the  component  velocity  of  the  sliding  piece  along  the  line 
of  connection,  and  draw  mlm'  perpendicular  to  that  line;  then  L  m 
and  L  m'  will  represent  the  two  projections  of  the  velocity  of  the 
eliding  piece. 

Another  construction  is  as  follows : — Having  determined  the  angle 
which  the  direction  of  motion  of  the  sliding  piece  makes  with  the 
line  of  connection  A  L,  draw  A'  I,  making  the  angle  A  A'  I  equal 
to  that  angle;  then  the  velocity  of  the  sliding  piece  will  be  equal 
to  that  of  a  point  revolving  at  the  end  of  the  arm  Al  I,  with  ike 
angular  vdodty  represented  by  A  c, 

92.  Adjastments  of  Speed.— The  velocity-ratio  of  a  driver  and  its 
follower  is  sometimes  made  capable  of  being  changed  at  will,  by 
means  of  apparatus  for  varying  the  position  of  their  line  of  con- 
nection :  as  when  a  pair  of  rotating  cones  are  embraced  by  a  belt 
which  can  be  shifted  so  as  to  connect  portions  of  their  surfaces  of 
different  diameters.  Various  such  contrivances  will  be  described 
in  a  later  chapter. 

93.  A  ^ndn  of  Mechanisin  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
which  follows  it.  In  the  case  of  a  train  of  elementary  combinations 
the  comparative  motion  of  the  last  follower  and  first  driver  is  found 
by  multiplying  together  all  the  velocity-ratios  of  the  several  element- 
ary combinations  of  which  the  train  consists,  each  ratio  having  the 
directional-relation  with  which  it  is  connected  denoted  by  means  of 
the  positive  or  negative  algebraical  sign,  as  the  case  may  be.  The 
product  is  the  velocity-ratio  of  the  last  follower  and  first  driver ; 
and  their  directional-relation  is  indicated  by  the  algebraical  sign  of 
that  product,  found  by  the  rules,  that  any  number  of  positive 
Actors,  and  any  even  number  of  negative  factors,  give  a  positive 
product;  and  that  any  odd  number  of  negative  fistctors  give  -a 
negative  product 

94.  BlemealaiT  Connblnatloiis' CInssed.— The  only  classification  of 
elementary  combinations  that  is  founded,  as  it  ought  to  be,  on 
comparative  motion,  as  expressed  by  velocity-ratio  and  directional- 
relation,  is  that  first  given  by  Mr.  Willis  in  his  Treatise  on  Pure 
Mechanism,     Its  general  plan  is  as  follows : — 

Class  A:  Directional-relation  constant;  velocity-ratio  constant. 
Class  B :  Directional-relation  constant ;  velocity-ratio  varying. 
Class  C:  Directional -relation  changing  periodically;  velocity, 
ratio  constant  or  varying.       ,. 
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Eacl}  of  those  classes  is  sulbdivided  by  Mr.  Willis  into  five 
divisioDSy  of  which  the  characters  are  as  follows : — 

Diyision  I. — Connection  by  rolling  contact  of  surfaces^  as  in 
toothless  wheels. 
-^       H. — Connection  by  sliding  contact  of  surface:^  as  in 
toothed  wheels,  cams,  &c. 

—  III. — Connection  by  vrrapping  connectors    or  hands, 

as  in  pulleys  connected  by  belts,  cords,  or 
chains. 

—  IV. — Connection  by  link-work,  as  in  levers  and  cranks 

connected  by  means  of  rods,  <fec. 

—  T. — Connection  by  reduplication  of  cords,  as  in  blocks 

and  tackle  used  on  board  ship; 

and  to  those  five  divisions  may  be  added — 

Division  VL — Connection  by  an  intervening  jluid,  as  in  the 
hydraulic  press. 

In  the  present  treatise  the  principle  of  the  classification  of  Mr. 
Willis  is  followed;  but  the  airangement  (as  in  a  Manual  of  Applied 
Mechanics^  already  referred  to)  is  modified  by  taking  the  mode  of 
amnection  as  the  basis  of  the  primary  classification. 

With  reference  to  classes  B  and  C,  in  which  the  velocity-ratio  is 
or  may  be  varying,  it  is  to  be  observed  that  two  kinds  of  problems 
arise  respecting  velocity-ratio:  the  determination  of  the  instan^ 
taneous  velocity-ratio  at  the  instant  when  the  pieces  are  in  one 
given  position;  and  the  determination  of  the  mean  vdocity-ratio 
during  the  interval  between  two  such  instants :  the  latter  quantity 
is  the  ratio  of  the  entire  motions  of  the  pieces  during  the  interval. 

Section  II. — Of  Rolling  Contact  and  Pitdi  Surfaces. 

95-  Piick  flariacM  are  those  surfaces  of  a  pair  of  moving  pieces 
which  touch  each  other  when  motion  is  communicated  by  rolling 
contact  The  line  op  contact  is  that  line  which  at  each  instant 
traverses  all  the  pairs  of  points  of  the  pair  of  pitch  surfaces  which 
are  in  contact. 

The  motion,  relatively  to  the  line  of  contact  of  their  surfaces,  of 
a  pair  of  primary  pieces  which  move  in  rolling  contact,  is  the  same 
with  that  of  a  secondary  piece  and  a  fixed  piece,  of  which  the  former 
rolls  upon  the  latter,  as  already  described  in  Article  72,  page  51; 
Articles  74  and  75,  pages  53,  54;  Article  77,  page  5^',  Article 
82,  page  68,  and  Articles  84,  85,  86,  pages  70  to  74;  and  therefore 
the  proper  figures  for  the  pitch  surfaces  of  such  primary  pieces  are 
the  same;  that  is  to  say,  cylinders,  cones,  and  hyperboloids. 

96.  T««llilcM  Wkecl%  BoUen,   Toothless  Backs.— Of  a    pair    of 
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primary  moving  pieces  ia  rolling  contact,  both  may  rotate,  or 
one  may  rotate  and  the  other  have  a  motion  of  straight  sliding.  A 
rotating  piece,  in  rolling  contact,  is  called  a  toothless  wheel,  and 
sometimes  a  roller;  a  sliding  piece  may  be  called  a  tooUdess  rack. 

97.  Ideal  PiU!k  Snr&ces.— The  designing  of  pitch  sur&ces  is 
used  not  only  with  a  view  to  the  making  of  toothless  wheels  and 
toothless  racks  (which  are  seldom  employed),  but  much  oftener  as 
a  step  towards  determining  the  proper  figures  for  wheels  and  racks 
provided  with  teeth. 

The  pitch  surface  of  a  toothed  wheel  or  of  a  toothed  rack  is  an 
ideal  smooth  surface,  intermediate  between,  the  crests  of  the  teeth 
and  the  bottoms  of  the  spaces  between  them,  which,  by  rolling 
contact  with  the  pitch  surface  of  another  wheel,  would  com- 
municate the  same  velocity -ratio  that  the  teeth  communicate  by 
their  sliding  contact.  In  designing  toothed  wheels  and  racks  the 
forms  of  the  ideal  pitch  surfaces  are  first  determined,  and  from 
them  are  deduced  the  forms  of  the  teeth. 

"Wheels  with  cylindrical  pitch  surfaces  are  called  spur  wl\cds; 
those  with  conical  pitch  surfaces,  hevel  wlieds;  and  those  with 
byperboloidal  pitch  surfaces,  skew-bevel  wheels, 

98.  The  Pitck  Use  of  a  wheel,  or,  in  circular  wheels,  the  pitch 
CIRCLE,,  is  the  trace  of  the  pitch  surface  upon  a  surface  perpen- 
dicular to  it  and  to  the  axis;  that  is,  in  spur  wheels,  upon  a  plane 
perpendicular  to  the  axis;  in  bevel  wheels,  upon  a  sphere  described 
about  the  apex  of  the  conical  pitch  surface;  and  in  skew-bevel 
wheels,  upon  an  oblate  spheroid  generated  by  the  rotation  of  aa 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
generates  the  pitch  surface.  The  pitch  line  might  be  otherwise 
defined,  in  most  cases  which  occur  in  practice,  simply  as  the  trace 
of  the  pitch  surface  upon  a  plane  perpendicular  to  the  axis  of 
rotation. 

The  PITCH  POINT  of  a  pair  of  wheels  is  the  point  of  contact  of 
their  pitch  lines;  that  is,  the  trace  of  tiie  line  of  contact  upon  the 
surface  or  surfaces  on  which  the  pitch  lines  are  traced. 

The  pkch  Ime  of  a  rode  is  the  trace  of  its  pitch  surface  on  a  plane 
parallel  to  its  direction  of  motion,  and  containing  its  line  of  con- 
nection with  the  wheel  with  which  it  works. 

A  SECTOR  is  a  name  given  to  a  wheel  whose  pitch-line  forms  only 
part  of  a  circumference :  sectors  are  used  where  the  motion  required 
is  reciprocating  or  "rocking,"  and  does  not  extend  to  a  complete 
revolution.  Everything  stated  respecting  the  figures  of  complete 
wheels  applies  also  to  the  figures  of  sectors. 

99.  ClMcna  CMidiliMM  •f  Perlbct  BoIUmc  CMlact.  {A.  IT,  439.) 
— The  whole  of  the  principles  which  regulate  the  motions  of  a  pair 
of  piiraary  pieces  in  perfect  rolling  contact  follow  from  the  single 
principle,  Hiot  each  pcdr  of  points  in  the  pitch  surfaces  wfdch  are  in. 


Digitized 


by  Google 


ROLLING  CONTACT — WHEELS  WITH  PARALLEL  AXES.  83 

canlctct  at  a  given  inskent  must  at  that  instant  he  moving  in  the  same 
direction  with  ttte  same  vdocity. 

The  direction  of  motion  of  a  point  in  a  rotating  body  being  per- 
pendicular to  a  plane  passing  through  its  axis,  the  condition,  that 
each  pair  of  points  in  contact  with  each  other  must  move  in  the 
same  direction,  leads  to  the  following  consequences : — 

I.  That  when  both  pieces  rotate,  their  axes,  and  all  their  points 
of  contact,  lie  in  the  same  plane. 

II.  That  when  one  piece  rotates  and  the  other  slides,  the  axis  of 
the  rotating  piece)  and  all  the  points  of  contact,  lie  in  a  plane  per- 
pendicular to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  con- 
tact must  be  equal,  leads  to  the  following  consequences : — 

III.  That  the  angular  velocities  of  a  pair  of  wheels,  in  rolling 
contact,  must  be  inversely  as  the  perpendicular  distances  of  any 
pair  of  points  of  contact  from  the  respective  axes. 

IV.  That  the  linear  velocity  of  a  rack  in  rolling  contact  with  a 
wheel  is  equal  to  the  product  of  the  angular  velocity  of  the  wheel 
by  the  perpendicular  distance  from  its  axis  to  a  pair  of  points  of 
contact. 

Bespecting  the  line  of  contact,  the  above  principles  III.  and  I Y. 
lead  to  the  following  conclusions : — 

V.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
and  rack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
axis;  and  hence  that  the  pitch  surfaces  are  either  cylindrical  or 
plane  (the  term  "cylindric^"  including  all  surfaces  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

VI.  That  for  a  pair  o^  wheels  with  intersecting  axes  the  line  of 
contact  is  also  straight^  and  traverses  the  point  of  intersection  of 
the  axes;  and  hence  that  the  rolling  surfaces  are  conical,  with  a 
common  apex  (the  term  "  conical"  including  all  surfaces  generated 
by  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

There  is  a  sort  of  imperfect  rolling  contact  which  takes  place 
between  hyperboloidal  pitch  surfaces;  that  is  to  say,  there  is  a 
sliding  motion,  but  along  the  line  of  contact  of  the  surfaces  only; 
so  that  the  component  motions  of  points  in  directions  perpen- 
dicular to  the  Une  of  contact  are  the  same  as  in  perfect  rolling 
contact  This  kind  of  motion  will  be  considered  in  treating 
specially  of  skew-bevel  wheels. 

100.  Wkeei*  with  PMmNci  Axco.— Given,  the  positions  of  the 
parallel  axes  of  a  pair  of  wheels,  and  their  velocity-ratio  at  a  given 
instant,  to  find  the  pitch-point.  Fig.  59  represents  the  case  in 
which  the  directions  of  the  rotations  are  contrary;  fig.  60  that  in 
which  they  are  the  same.  Let  the  plane  of  projection  be  perpendicu- 
lar to  the  two  axes,  and  let  A  and  B  be  their  traces;  so  that  A  B 
is  the  line  of  centres.     Perpendicular  to  A  B  draw  A  a  and  B  6 
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proportional  to  the  intended  angular  velocities.     Draw  the  straight 
line  a  b,  cutting  A  B  (produced  if  necessary)  in  EL     Lay  off  B I  = 


Fig.  6D. 

A  K  (or  A  I  =  B  K) ;  I  will  be  the  required  pitch-paint  or  trace 
of  the  line  of  contact. 

The  line  of  connection  may  be  any  straight  line  which  traverses 
I,  or  whose  projection  traverses  I;  as  C  D.  Let  A  C  and  B  D  be 
perpendicular  to  the  line  of  connection ;  then  the  velocities  of  the 
points  C  and  D  are  identical;  and  the  perpendiculars  A  C  and  B  D 
are  inversely  as  the  angular  velocities  of  the  pieces. 

101.  Wkcel  and  Back.— Given,  at  a  given  instant,  the  angular 
velocity  of  a  wheel  and  the  linear  velocity  of  a  rack,  to  find  their 
pitch-point.  In  ^g.  61,  let  the  plane  of  projection  be  perpen- 
dicular to  the  axis  of  the  wheel,  and  let  A  be 
the  trace  of  that  axis.  Draw  A  I  perpen- 
dicular to  the  direction  of  motion  of  the  rack, 
and  make  its  length  such  that  a  point  in  the 
wheel  at  I  shall  revolve  with  a  velocity  equal 
to  that  of  the  rack;  that  is  to  say,   make 

.   ^  _    linear  velocity  of  rack        ,       ^     ... 

~  angular  velocity  of  wheel ' 
be  (he  required  pitch-point. 

The  line  of  connection  may  be  any  straight 
hne  which  traverses  I,  or  whose  projection  traverses  I ;  as  C  U. 
Let  fall  the  perpendicular  A  C;  then  the  velocity  of  the  point  C  in 
the  wheel  is  equal  to  the  component  velocity  of  the  rack  along 
C  XJ.  Draw  I  V  perpendicular  to  A  I,  to  represent  the  whole 
velocity  of  the  rack,  and  from  V  draw  V  U  perpendicular  to  C  XJ ; 
it  is  evident  that  I  XJ  is  the  component  velocity  along  the  line  of 
connection;  and  that  AI:AC::IV:IXJ. 

102.  circaiar  Wheels  la  Oenerai.— In  order  that,  in  an  elemen- 
tary combination  of  wheels,  or  of  a. wheel  and  rack,  the  velocity- 
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ratio  may  be  constant  (so  that  the  combination  shall  belong  to  Mr. 
Willis's  class  A),  it  is  obviously  necessary  that  the  pitch-point 
daring  the  entire  revolution  of  each  wheel'  should  occupy  an 
invariable  position  in  the  line  of  centres;  in  other  words,  the  pitch- 
line  of  each  wheel  must  be  a  circle,  and  that  of  a  rack  a  straight 
line.  The  corresponding  forms  of  pitch-surface  are : — for  a  spur- 
wheel,  a  circular  cylinder;  for  a  bevel- wheel,  a  cone  with  a  circular 
base,  and  sometimes  a  plane  circular  disc;  for  a  rack,  a  plane;  for 
a  skew-bevel  wheel,  a  hyperboloid  of  revolution.  Circular  wheels 
are  by  far  the  most  common,  the  cases  in  which  non-circular 
wheels  are  used  being  comparatively  rare. 

103.  circnimr  Spnr^Wbceis.-— Qiven,  a  pair  of  parallel  axes  and 
the  constant  velocity-ratio  of  a  pair  of  wheels  which  are  to  turn 
about  them,  to  draw  the  pitch-circles  of  those  wheels.  Fig.  62 
represents  the  case  in  which  the  directions  of  rotation  are  contrary; 
fig.  63  that  in  which  they  are  the  same.  Let  A  and  B,  as  before, 
be  the  traces  of  the  axes  on  a  plane  perpendicular  to  them.     Find 


Fig.  02. 

the  pitch-point,  I,  as  in  Article  100,  page  83.  Then,  about  A  and 
B,  with  the  radii  A I  and  B I  respectively,  draw  two  circles;  these 
will  be  the  pitch-circles  required. 

In  fig.  62,  where  the  rotations  are  contrary,  and  the  pitch-point 
between  the  axes,  the  pitch-surfaces  are  both  convex,  and  are  said 
to  be  in  "  outside  gearing,*^  In  Gg.  63,  where  the  rotations  are  in 
the  same  direction,  and  the  pitch-point  beyond  the  axis  of  most 
rapid  rotation,  the  smaller  pitch-surface  is  convex  and  the  larger 
concave;  and  these  are  said  to  be  in  "inside  gearing." 

104.   Circalar  Wlic«l  and  StnUghff   Back.— Given,  the   axis  of  a 

wheel,  the  direction  of  motion  of  a  rack  perpendicular  to  that 
axis,  and  the  distance  from  the  axis  of  a  point  in  the  wheel 
whose  velocity  is  to  be  equal  to  that  of  the  rack,  to  draw,  the 
pitch-lines  of  the  wheel  and  rack.     In  fig.  64,  let  A  be  the  trace 
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Fig.  64. 


of  the  axis  on  a  plane  perpendicular  to  it  Draw  A  I  peq)en- 
dicular  to  the  direction  in  which  the  rack  is  to  move,  and  of  a 
length  equal  to  the  given  distance;  then, 
about  A,  with  the  radius  A  I,  draw  a  circle, 
and  through  I  draw  a  straight  line,  M  N, 
touching  that  circle;  these  will  be  the  re- 
quired pitch-lines. 

105.  Circalar  Bercl  Wheels.— Given,  a  pair 
of  axes  which  intersect  each  other  in  a  point, 
and  the  constant  velocity-ratio  of  two  wheels 
which  are  to  turn  about  those  axes,  to  draw  projections  of  the 
pitch-surfaces  of  those  wheels.  Let  the  plane  of  ^%,  65  represent 
the  plane  of  the  two  axes;  let  O  A  and  O  B  be  their  positions,  and 

O  their  point  of  intersection.  Lay- 
off, on  any  convenient  scale,  along 
W]  those  axes,  the  distances  O  a  and 
O  h  respectively  proportional  to  the 
intended  angular  velocities  (which, 
in  the  example  shown,  are  contrary). 
Draw  a  c  parallel  to  O  6,  and  6  c 
parallel  to  O  a,  cutting  each  other 
in  c;  draw  the  diagonal  O  c  C; 
this  will  be  the  line  of  contact;  and 
the  required  pitch-surfaces  will  be 
parts  of  two  cones  described  by 
making  O  C  sweep  round  O  A  and 
O  B  respectively,  and  having  their 
common  summit  at  O,  0  0  will  be 
one  of  the  traces  of  both  these  cones ; 
and  their  other  traces  will  be  O  G, 
making  the  angle  A  O  G  =  A  O  C ; 
and  O  H,  making  the  angle  BOH 

r^BOC. 

In  any  convenient  position  on  the  line  of  contact,  mark  a  con- 
venient breadth,  C  F,  for  the  rims  of  both  wheels,  so  that  0  F 
shall  be  their  actual  line  of  contact.  Draw  0  A  G  and  F  D  K 
perpendicular  to  O  A,  and  C  B  H  and  F  E  L  perpendicular  to 
O  B;  then  CGKFand  CHLF  wiU  be  the  projections  of  the 
two  wheels  on  the  plane  of  their  axes. 

To  draw  the  projection  of  one-half  of  each  of  those  wheels  on  a 
plane  perpendicular  to  its  axis,  about  A,  with  the  radius  A  C, 
draw  the  semicircle  C  M  G,  and  with  the  radius  A  R  =  D  F  draw 
the  semicircle  R  N  S ;  these  will  be  parts  of  the  pitch-circles  of 
which  C  A  G  and  F  D  K  are  projections,  and  will  form  the  re- 
quired projection  of  one-half  of  the  rim  of  the  wheel  whose  axis  is 
O  A;  then,  about  B,  with  the  radius  B  0,  draw  the  semicircle 
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C  P  H,  and  with  the  radius  B  T  =  E  F  draw  the  semicircle 
T  Q  U;  these  will  be  parts  of  the  pitch-circles  of  which  C  B  H 
and  F  E  L  are  projections,  and  will  form  the  required  projectiou 
of  one-half  of  the  rim  of  the  wheel 
whose  axis  is  O  B. 

The  proper  widths  for  the  rims 
of  wheels  will  be  considered 
farther  on. 

The  perspective  sketch,  fig.  66, 
illustrates  the  case  in  which  one 
of  the  pitch-surfaces  becomes  a 
flat  disc  or  ring. 

106.   Circiriar   9kew-B«Tcl  Wheels   are    lised    when    a 


Fig.  66. 


constant 

velocity-ratio  is  to  be  communicated  between  two  pieces  which 
turn  about  axes  tiiafr  are  neither  parallel  nor  intersecting.  Their 
pitch-surfaces  are  rolling  hyperbokkds ;  and  the  figures  and  principal 
dimensions  of  such  hyperboloids  are  determined  by  the  method 
already  described  in  Ai*ticle  84,  page  70,  and  shown  in  fig.  54, 
page  72;  it  being  understood  that,  in  that  'figure,  O  a  and  O  b 
represent  the  intended  angular  velocities  m  ccmJt/rwry  directions  of 
the  two  wheels. 

For  the  actual  wheels,  narrow  zones  or  frusta  only  of  the  hyper- 
boloids  are  used,  as  shown  in  fig.  ©7.  Where  approximate  accuracy 
of  form  is  sufficient,  frusta  of  a  pair  of 
tangent  cones  (or  of  tangent  cylinders,  if 
the  pitch-circles  are  the  throats  of  the  hyper- 
boloids)  may  be  used;  the  figures  of  such 
cones  and  cylinders  being  determined  as 
described  in  Articles  85  and  86,  and  shown 
in  figs.  55  and  56,  pages  73,  74. 

In   all   skew-bevel  wheels  the   rolling 
motion  is  combined  with  a  relative  sliding 

motion  along  the  line  of  contact,  at  a  rate  equal  to  ihe  rate  of 
advance  described  in  Article  83,  page  70. 

The  present  Article  contains  some  additional  rules,  which  may 
have  to  be  used  in  the  designing  and  execution  of  skew-bevel  wheels. 

In  fig.  68,  let  the  vertiad  line  through  O  represent  the  axis  of  a 
skew-bevel  wheel,  O  A  =  O  a  the  radius  of  its  throat,  and  O  C 
a  generating  line,  or  line  of  contact,  in  that  position  in  which  it  is 
pc^allel  to  the  plane  of  projection,  which  plane  is  supposed,  to  pass 
through  the  aids. 

Draw  the  semicircle  A  B  a;  this  will  be  the  projection  of  half 
the  throat  of  the  h3rperboloid  on  a  second  plane  of  projection^ 
perpendicular  to  the  axis  of  the  wheel 

Let  C  G'  be  the  projection  and  trace  of  a  plane  perpendicular  to 
the  axis,  and  chosen  as  a  convenient  plane  for  the  pitch-circle  in 
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the  middle  of  the  breadth  of  the  rim  of  the  intended  wheel,  and 

let  that  projection  cut  O  C  in  C. 

I.  To  find  the  radius  of  the  middle  pitcJircirde,  and  to  draw  its 

projections.  Through 
B  draw  B  C  parallel 
to  O  A^  through  C' 
draw  C'  C  parallel  to 
the  axis,  cutting  B  C 
in  C.  Join  O  C;  this 
will  be  the  required 
radius,  and  the  circle 
D  C  G  wiU  be  the 
projection  of  the  pitch- 
circle  on  the  second 
plane;  in  G'  C  pro- 
duced take  G'  D'  = 
O  D  =  O  G=0  C; 
G'  D'  will  be  the  pro- 
jection of  the  pitch- 
circle  on  the  first 
•jilane. 

D'  is  a  point  in  tho 
hyperbolic  trace  of  the 
hyperboloid  on  the  first 
plane;  and  by  the  same 
process  any  number  of 
points  in  that  trace 
may  be  found. 

II.  To  draw  a  nor- 
mod  to  the  pitch-surface 
in  the  fi/rst  plane  of 
projection.  Perpendi- 
cular to  O  C'  draw 
C  H,  cutting  the  axis 
of  the  wheel  in  H. 
This  line  and  O  C  will 
be  the  projections  of  a 
normal  to  the  pitch- 
surface  at  the  point 
whose  projections  are 
C'andC.  JoinHD'; 
this  line  and  O  D 
will  be  the  projections 
of  a  normal  to  the 
pitch  -  sur&ce    at    the 


Fig.  68. 
point  whose  projections  are  D'  and  D. 
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m.  To  draw  Hie  traces  of  a  tangent  plane  to  tlhe  pitch  surface  at 
the  point  IK,  D.  The  line  D'  D  is  the  ti-ace  on  the  second  plane  of 
projection;  and  the  trace  on  the  first  plane  is  D'g  perpendicular 

toiyH. 

Another  process  for  finding  the  trace  D'  g'  is  as  follows : — About 
D,  with  a  radius,  D  E,  equal  to  C  B,  draw  a  circular  arc,  cutting 
the  circle  A  Bain  K  Through  E  draw  EE'  parallel  to  BO, 
cutting  O  A  in  E'.  The  straight  line  D  E'  5^  will  be  the  trace 
required. 

D  E  and  D'  K  are  also  the  projections  of  a  generating  line  of 
the  hyperboloid. 

rV.  Tangent  cone. — The  summit  of  the  tangent  cone  at  the 
pitch-circle  D'  G'  is  at  the  point  q,  and  D'  q  is  the  trace  of  that 
cone  on  the  first  plane  of  projection.  When  extreme  accuracy  of 
form  is  not  required,  a  portion  of  that  cone,  having  the  pitch-circle 
1>G'  at  the  middle  of  its  breadth,  may  be  used  instead  of  the 
exact  hyperboloidal  surface  (Article  ^^^  p.  73). 

V.  Normal  spiral, — The  normal  spiral  is  a  curve  on  the 
hyperboloidal  surface  which  cuts  all  the  generating  straight  lines, 
such  as  tliose  whose  projections  are  E'  D',  O  C',  <fec.,  at  right  angles. 
Its  general  form  is  indicated  by  the  winding  dotted  curve  which 
traverses  O  and  T  in  fig.  ^S.  It  has  an  uniform  normal  pitchy 
O  T,  which  is  found  as  follows : — From  A  let  fall  A  S  perpen- 
dicular to  OC;  then  the  normal  pitch  of  the  normal  spiral  is 
equal  to  the  circumference  of  a  circle  whose  radius  is  O  S;  that  is 
to  say, 

710 

It  is  not  necessary  to  draw  precisely  the  projections  of  the  normal 
spiral ;  but  for  purposes  connected  with  the  designing  of  teeth  for 
skew-bevel  wheels  it  13  useful  to  know  its  radius  of  curvature  at 
the  pitch-circle  chosen  for  the  wheel.     That  is  done  as  follows : — 

About  G,  with  the  radius  GF  =  G/=BC,  describe  a  circle, 
catting  the  circle  A  B  a  in  F  and/;  from  which  two  points  draw 
FF  and// 'parallel  to  BO.  (Or  otherwise,  lay  off  OF=o/'  =  EK 
F  G'  and  F  G  will  be  the  two  projections  of  a  generating  line.) 
In  O  H  take  O^  =  E'  D';  join  F g^f'g^  and  produce  both  these 
lines  as  far  as  may  be  necessary.  O  W  g  will  bo  the  rabatment  of 
the  triangle  whose  projection  is  O  F'  G'.  In  O  H  produced,  take 
^  A  =  H  IX;  through  h  draw  k  h  I  perpendicular  to  F  G'  ^,  and 
cutting/'  glinl:  through  I  draw  I  m  parallel  to  O  A,  cutting  O  H 
prod  need  in  m;  then  g  m  will  be  the  radius  of  curvature  0/ every 
Tiormal  spiral  al  the  point  whei'e  it  crosses  the  pttch^circle  G'  D'. 

(The  object  of  making  this  construction  above  instead  of  below 
the  point  g  is  merely  to  avoid  confusion  in  the  figure.) 
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Through  g  draw  ugv  parallel  tokhl',  this  will  be  the  rabatmont 
of  a  tangent  to  the  normal  spiral  at  the  point  G'. 

To  find  the  radius  of  curvature  of  a  normal  spiral  at  the  throat 
of  the  hyperboloid,  in  O  H  take  O  w  =  O  A;  draw  xwy  perpen- 
dicular to  O  C,  and  yz  parallel  to  O  A;  O  z  will  be  the  required 
radius  of  curvature. 

The  lower  part  of  the  figure  shows  the  projection  on  a  plane 
.  through  the  axis,  of  a  pitch-circle  equal  to  the  pitch-circle  G'  D', 
and  at  the  same  distance  from  the  throat  along  the  axis  in  the 
opposite  direction.  D  E  R  and  D'  E'  R'  are  the  two  projections 
of  one  generating  line  extending  from  one  of  those  pitch-circles  to 
the  other.  G'  F  R'  is  the  projection  of  another  such  generating 
line.  The  drawing  of  a  pair  of  equal  pitch-circles  may  sometimes 
be  useful  in  the  making  of  patterns  for  the  wheel  and  for  its  teeth. 

P,  P  and  N,  N'  are  the  projections  of  points  in  the  two  edges 
of  the  rim  of  the  wheel.  When  the  exact  hyperboloidal  pitch- 
surface  is  to  be  used,  and  not  merely  a  tangent  cone,  those  points 
are  to  be  found  by  a  process  similar  to  that  by  which  the  projec- 
tions D,  D'  are  found.  When  a  tangent  cone  is  used  as  an 
approximation,  they  are  simply  the  intersections  of  two  planes 
perpendicular  to  the  axis,  with  a  tangent  in  the  plane  of  the  axis. 

VI.  Radius  of  curvature  of  hyperbolio  trace, — In  constructing 
the  pitch-surface  of  a  skew-bevel  wheel,  it  is  sometimes  useful  Ut 
determine  the  radius  of  curvature  of  the  hyperbolic  trace  of  that 
surface  on  a  plane  traversing  the  axis,  at  the  point  where  that  trace 
cuts  the  pitch-circle,  in  order  that  a  circular  arc  of  that  radius 
may,  if  required,  be  used  as  an  approximation  to  a  small  arc  of 
the  hyperbolic  curve. 

In  fig.  Q8  A,  let  O  X  be  the  axis  of  the  hyperboloid,  O  A  the 
radius  of  its  throat,  O  D  an  asymptote  (being,  as  before,  the  pro- 
jection of  a  line  of  contact  that  is  parallel  to  the  plane  of  projection), 
and  X  Y  the  trace  of  the  plane  of  the  intended  pitch-circle.  Part 
of  the  following  process  has  already  been  described,  but  it  will  be 
described  again  here,  to  make  the  explanation  complete : — Let  D  be 
the  point  where  X  Y  cuts  the  asymptote.  Lay  oflf  X  E  =  O  A ; 
join  D  E;  and  mak^  X  Y  =  D  E;  then  X  Y  will  be  the  radius  of 
the  pitch-circle,  and  Y  a  point  in  the  hyperbola.  Perpendicular  to 
O  D  draw  D  F,  cutting  the  axis  in  F;  join  F  Y;  this  will  be  a 
normal  to  the  hyperbola  at  the  point  Y.  Thus  far  the  process  has 
ali-eady  been  described. 

Through  A  draw  A  B  parallel  to  the  axis,  cutting  the  asymptote 
in  B.  IVom  B,  perpendicular  to  O  B,  draw  B  C,  cutting  O  A 
produced  in  C.  Then  C  will  be  the  centre  of  curvaturey  and  A  C 
the  radius  of  curvature  of  the  hyperbola  at  A ;  that  is,  at  the  throat 
of  the  hyperboloid. 

In  X  Y,  produced  both  ways  as  far  as  may  be  requiredi  take 
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y  H  =  A  O,  Y  L  =  A  C,  and  Y  a  =  Y  F.     In  Y  F  t«ke 
Y  K  =  A  O:  join  H  F  and  K  G.    Through  L,  paraUel  to  F  H, 


Fig.  68  A. 

draw  L  M,  cntting  F  Y  produced  in  M;  tfarongh  M,  parallel  to 
G  K,  draw  M  N,  cutting  X  Y  L  produced  in  N  j  and  through  N 
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parallel  to  F  H,  draw  N  P,  cutting  F  Y  M  produced  in  P;  then 
P  will  be  the  centre  of  cwrvaJture^  and  Y  P  <Ae  radiits  of  curvature  of 
the  hyperbola  at  Y.* 

VIL  Foci  of  hyperbolic  trace. — To  find,  if  required,  the  foci  of 
the  hyperbolic  trace  of  the  pitch-surface;  produce,  in  fig.  68  A,  the 
straight  line  O  A,  in  both  directions,  as  far  as  may  be  required, 
and  lay  off  in  it  OQ  =  OQ'  =  OB.  Then  Q  and  Q'  will  be  the 
two  foci  The  well-known  property  of  a  hyperbola,  by  means  of 
which  it  can  be  drawn  when  one  point  in  it  and  the  two  foci  are 
given,  is,  that  the  difference  of  the  distances  from  any  point  in  the 
curve  to  the  foci  is  a  constant  quantity;  for  example,  Y  Q*  —  Y'  Q 
=  AQ'  —  AQ  =  2A0.  Instruments  founded  on  this  principle 
are  used  for  drawing  hyperbolas. 

107.  NoB-Circnlar  WkeeU  In  Oencnil.  {A.  M.,  443.) — Non- 
circular  wheels  ai*e  used  to  transmit  a  variable  velocity-ratio 
between  a  pair  of  parallel  axes.  In  fig.  69,  let  C.,  C2  represent  the 
axes  of  such  a  pair  of  wheels;  Tj,  T2»  ^  P^^^  ^^  points 
which  at  a  given  instant  touch  each  other  in  the  line  of 
contact  (which  line  is  parallel  to  the  axes  and  in  the 
same  plane  with  them);  and  Uj,  Uj,  another  pair  of 
'  points  which  touch  each  other  at  another  instant  of 
the  motion;  and  let  the  four  points,  Tj,  Tg,  JJ^j  XJ«,  be 
in  one  plane  perpendicular  to  the  two  axes  and  to 
the  line  of  contact.  Then,  for  every  such  set  of  four 
points,  the  two  following  equations  must  be  ful- 
filled:— 

^«-  ^^-  arc  Ti  Ui  =  arc  T^  V^;  J  ^^'^ 

and  those  equations  show  the  geometrical  relations  which  must 
exist  between  a  pair  of  rotating  surfaces  in  order  that  they  may 
move  in  rolling  contact  i-ound  fixed  axes. 

If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  tho  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
Cj  Cg  round  the  axis  of  the  fixed  wheel. 

The  equations  are  made  applicable  to  inside  gearing ,  by  putting 
—  instead  of  +  and  +  instead  of  — . 

•  The  algebraical  expressions  of  these  operations  are  as  follows : — 
LetOA  =  6;AB  =  a;OX  =  a;;XY  =  y; 
X  F  =  771;  Y  F  =  n;  Y  P  =  p;  A  C  =  po ;  then 
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The  angular  velocity-ratio  at  a  given  instant  has  the  value 

CiTi:C,Tj. (2.) 

Non-circular  wheels,  when  without  teeth,  may  be  called  B«uiag 
$  and  in  order  that  motion  may  be  communicated  by  means 
of  a  pair  of  rolling  cams,  and  of  a  suitably  shaped  smooth  rack  or 
sliding  bar,  it  is  necessary  that  the  forces  exerted  by  the  two  pieces 
on  each  other  should  be  such  as  to  press  their  pitch-surfaces  together. 

The  following  are  the  general  problems  to  be  solved  in  designing 
non-circular  wheels : — 

I.  Given,  the  axis  and  pitch-line  of  a  non-circular  wheel;  to  find 
approximately  tha  axis  of  another  non-circular  wheel  which  shall  turn 
in  rolling  cental  toith  the  first  wheel,  and  of  which  an  arc  of  a  given 
length  on  the  pitch-line  sImU  subtend  a  given  angle. 

In  ^g.  70,  let  the  plane  of  projection  be  a  plane  perpendicular  to 
the  axes  of  the  wheels.  Let  A  be  the  axis  of  the  given  wheel, 
B  C  its  pitch-line,  and 
B  its  pitch-point  at  a 
given  instant;  and  let 
A  B  be  part  of  the  line 
of  centres.  Also,  let 
B  D  be  a  straight  tan- 
gent to  B  C  at  B ;  and 
let  the  length  of  B  D  be 
the  length  of  the  arc  on 
the  pitch-line  of  the 
second  wheel  which  is 
to  subtend  a  given 
angle. 

In  B  D  take  B  G  =  J  B  D,  and  about  G,  with  the  radius  G  D 
=  f  B  D,  draw  a  circle,  CDF,  cutting  the  first  pitch-line  in  C. 
Then,  according  to  Rule  IV.,  Article  51,  page  29,  the  arc  B  0 
will  be  approximately  equal  in  length  to  B  D.  Draw  and  measure 
the  straight  line  A  C ;  and  in  the  line  of  centres  take  A  E  =  A  C. 
Then  draw  the  straight  line  E  F,  making,  with  the  line  of  centres, 
the  angle  H  E  F  =  the  complement  of  half  the  angle  that  the 
arc  of  a  length  equal  to  B  D  is  to  subtend,  and  cutting  the  circle 
C  D  F  in  F.  F  will  be  approximately  a  point  in  the  required  pitch- 
line  of  the  second  wheel;  and  B  and  F  will  be  the  two  ends  of  an 
arc  approximately  equal  in  length  to  B  D  and  B  C.  To  find  the 
axis  of  that  wheel,  find,  by  plane  geometry,  in  the  line  of  centres, 
H  B  E,  the  centre,  H,  of  a  circle  which  shall  traverse  F  and  E; 
H  will  be  approximately  the  trace  of  the  required  axis. 

IL  To  find  a  point  in  the  second  pitch-line  whose  distance  from  B, 
its  measwred  on  that  pitch-line,  shall  be  approximatelT/  equal  to  any 
gixai  straight  tangent,  B  L.     Take  B  N  =  ^  B  L;  and  about  N^ 

Digitized  by  VjOOQIC 


04  OEOMETRT  OF  HACHIKERT. 

with  a  radins  N  L  =  f  B  L,  draw  a  circniar  arc,  cntting  the  first 
pitch-line  in  K.  Then  B  K  will  be  approximately  equal  in  length 
to  B  L.  Join  and  measure  A  K,  and  in  the  line  of  centres 
take  A  M  =  A  K.  About  H,  with  the  radius  H  M,  draw  a 
circular  arc,  M  P,  cutting  the  arc  K  L  P  in  P ;  P  will  be  approxi- 
mately the  required  point  in  the  second  pitch-line. 

By  repeating  the  same  process,  any  number  of  points  in  the  re- 
quired pitch-line  of  i^e  second  wheel  may  be  found  approximately. 
The  error  of  the  two  preceding  rules,  in  what  may  be  considered 
an  extreme  case — ^viz.,  where  the  pitch-line  of  the  first  wheel 
coincides  with  the  straight  tangent  B  D,  and  the  angles  B  H  P 
and  BAG  are  each  half  a  right  angle  (as  in  designing  a  roller  to 
roll  with  a  square  roller) — ^is  about  0-003  of  the  length  B  D  to  be 
laid  off,  and  is  in  excess;  the  arc  B  F  being  too  long  by  that 
fraction  of  its  length ;  and  the  error,  in  fractions  of  the  arc,  varies 
nearly  as  the  fourth  power  of  the  angle  subtended  by  the  anx  To 
ascertain  whether  the  error  is  sensible,  and  to  correct  it  by  a  second 
approximation,  proceed  as  follows : — 

III.  To  obtain  a  closer  approximation  to  the  required  axis 
and  pitch-line.  Having  drawn  the  pitch-line  B  F  by  Bule  II., 
measure  its  length  in  subdivisions  by  Rule  I.  of  Article  51,  page 
28,  and  compare  that  length  with  B  D,  so  as  to  ascertain  tl^e  error. 
Divide  that  error  by  B  D,  so  as  to  express  it  in  fractions  of  the 
required  length.  Multiply  the  half-sum  of  the  greatest  and  least 
i-adii  by  the  ti-action  expressing  the  ratio  of  the  error  to  the  required 
length ;  the  product  will  be  a  correction,  which  is  to  be  applied  to 
the  lengths  of  the  line  of  centres,  A  H,  and  of  each  of  the  radii 
H  B,  H  F,  HP,  &c.,  of  the  second  pitch-line;  that  is  to  say,  if 
the  pitch-line,  as  at  first  drawn,  is  too  long,  each  of  those  straight 
lines  is  to  be  shortened  by  having  the  correction  subtracted 
from  it. 

For  example,  in  the  extreme  case  already  cited,  where  the  first 
pitch-line  is  a  straight  line,  B  D,  perpendicular  to  A  B,  and  sub- 
tending half  a  right  angle  at  A,  and  the  second  pitch-line  is  to 
subtend  also  half  a  right  angle  at  its  axis  H,  let  A  B  be  taken 
as  unity;  then  we  have  (to  three  places  of  decimals) 

BC=BD  =  AB  =  1000; 

A  C  (coinciding  with  a  straight  line  from  A  to  D)  =  1"414;  and 
the  application  of  Rule  I,  of  this  Article  gives  the  following  results 
as  first  approximations : — 


A  H  =  2-267;  H  B  =  1-267;  H  F  =  0-853. 

Rule  ] 
found 
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long  by  0  003  of  its  own  length;  which  being  multiplied  by 

^ =  — ^ —  =  1*060,  gives  0*003  for  the  correction  to  be 

Biibtaicted  from  thfe  line  of  centres  and  from  each  of  the  radii  of  the 
second  pitch-line.     Thos  are  obtained  the  second  approximations, 

A  H  =  2-264;  H  B  =  1*264;  H  F  =  0*850. 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

I.  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  from 

l-eceentaidty  ^  1  .  ecceptricity         ^^.^j . 

1  +  eccentricity       1  —  eccentricity  ^  ^ 

IL  Lobed  wheels,  of  forms  derived  from  the  ellipse,  roll  com- 
pletely round  in  outside  gearing  with  each  other  (see  Article  109). 

m.  A  hyperbola  rotating  about  its  farther  focus  rolls  in  inside 
gearing,  through  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  about  its  nearer  focus,  the  distance  between  the  axes  of 
rotation  being  eqaal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 
latio  varying  between 

eccentricity  +  1       , 

— — 7- .  —/ ;,  and  unity. 

eccentricity  —  1  ^ 

TV.  Two  logarithmic  spiral  sectors  of  equal  obliquity  rotate  in 
rolling  contact  with  each  other;  or  one  logarithmic  spiral  sector 
rotates  in  rolling  contact  with  the  oblique  plane  surface  of  a  sliding 
piece  (see  Article  110). 

108w  JBIUpde  wiMeis.— The  following  rules  are  applicable  to  the 
drawing  of  the  pitch-lines  of  elliptic  wheels,  and  the  determination 
of  their  comparative  motions : — 

L  Given,  the  angle  by  which  each  wheel  is  alternately  to  overtake 
and  tofaU  behind  the  other,  and  tlie  length  of  the  line  of  centres,  to 
draw  the  dlipse  whiciv  is  the  figure  o/bot/i  pitch-lines. 

From  a  point,  B,  draw  two  straight  lines,  B  F  =  B  F'  =  half  the 
line  of  centres,  making  with  each  other  the  given  angle  F  B  F'. 
Jmn  F  F,  bisect  it  in  O,  produce  it  both  ways,  and  make  O  A  = 
O  A'  =  half  the  line  of  centres.  I>raw  B  B  perpendicular  to  A  A' , 
making  O  B  =  O  B.  Then  A  A'  is  the  major  axis,  B  B'  the 
minor  axis,  O  the  centre,  and  F,  F',  the  two  foci  of  the  required 
ellipse,  which  may  be  drawn  by  means  of  a  suitable  instrument  or 
machine,  or  by  the  well-known  process  of  putting  an  endless  thread, 
«f  a  length  =  2  A  F  =  2  F  A',  round  two  pins  at  the  foci,  and  a 
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pencil  equal  in  diameter  to  those  pins,  and  moving  the  pencil 
round  so  as  to  keep  the  thread  tight  In  the  workshop  ellipses  of 
given  dimensions  can  be  drawn  with  gi*eat  precision  by  means  of 
She  turning  lathe,  fitted  with  apparatus  to  be  afterwards  referred  to. 
The  wheels  are  to  be  centred,  as  shown  in  fig.  72,  each  upon  one 
of  its  foci  The  Jioced  fod,  which  are  thus  placed  in  the  axes  of 
the  wheels,  are  marked  A,  B,  in  this  figure,  and  the  revolving  foci ^ 
C,  D.  The  ellipses  in  fig.  72  are  similar  to  that  in  fig.  71,  but 
drawn  on  one-half  of  the  scale.  ^^ 


Fig.  71. 


Fig.  72. 


II.  To  find  the  angular  motions  and  the  angular  vdodty-ratio 
corresponding  to  a  given  position  of  Uie  pitcli-point,  Supjwse  both 
wheels  to  have  started  from  a  position  in  which  A,  fig.  71,  is  the 
l)itch-point,  being  at  the  distance  A  F  from  the  axis  of  one  wheel, 
and  A  F  from  that  of  the  other,  so  that  the  angular  velocity-ratio 
of  the  second  wheel  to  the  first  is  A  F  -4-  A  F.  Let  C  be  a  new 
IKJsition  of  the  pitch-point.  Draw  C  F,  C  F.  Then  the  angular 
9)wtion  of  the  first  wheel  is  A  F  0 ;  that  of  the  second  wheel  AFC; 
the  first  wheel  has  overtaken  the  second  wheel  to  the  extent  repre- 
sented by  the  angle  F  C  F  =  A  F  C  -  A  F  C;  and  the  velocity- 
raiio  of  the  second  wheel  to  the  fii-st  is  C  F  -=-  C  F'. 

AF 

The  angular  velocity -ratio  ranges  between  the  limits  -r—^j  and 

A  r 

AF 

-v-pf ;  and  its  mean  value  in  each  half- revolution  is  unity;  because 

each  half-revolution  is  made  in  the  same  time  by  both  wheels. 
The  instantaneous  velocity-ratio  is  unity  when  the  pitch-point  is  at 
Bor  B';  because  B  F  =  B  F. 

III.  Given,  at  any  instant^  the  position  of  one  of  the  revolving  foci, 
to  find  the  position  of  the  other  revolving  focus ,  and  of  tJie  pitch-point. 
In  fig.  72,  let  A  and  B  be  the  fixed  foci  With  a  radius  equal  to 
the  distance  between  the  foci,  or  double  eccentricity  (F  F  in  Bg. 
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71),  draw  circles  about  A  and  R  Let  C  be  the  given  position  of 
one  of  the  revolving  focL  Then,  with  a  radius  C  D  =  A  B  (the 
line  of  centres),  draw  a  circular  arc  about  C,  cutting  the  circle  round 
B  in  D;  this  will  be  the  other  revolving  focus.  Join  C  D,  cutting 
A  B  in  I ;  this  will  be  the  pitch-point. 

If  the  wheels  and  their  a^des  overhang  the  bearings,  the  revolving 
foci,  being  at  a  constant  distance  apart,  may  be  connected  by  means 
of  a  link,  C  D,  as  shown  in  fig.  72.  This  is  useful  in  elliptic 
toothed  wheels  of  great  eccentricity,  because  of  the  teeth  in  certain 
positions  of  the  wheel  being  apt  to  lose  hold  of  each  other. 

109.  linked  Wheels  *  are  wheels  such  as  those  shown  in  figs.  74  and 
75,  having  two,  three,  or  any  2     r> 

greater  number  of  equal  great- 
est radii  (such  as  those  marked 
F  A"  in  fig.  74,  and  F  A"'  in 
£g,  75),  and  also  of  least  radii 
(such  as  those  marked  F  a"  in 
fig.  74,  and  F  a"'  in  fig.  75). 
]^.  74  represents  a  two-lobed  L^ 
wheel,  and  fig.  75  a  three-lobed  ^ 
wheeL     An  elliptic  wheel  may 


be  r^arded  as  a  (me-lobed  wheel. 


Fig.  73. 
Let  the  difference  between  the 


Fig.  74. 


Fig.  76. 


greatest  and  least  radii  of  a  lobed  wheel  be  called  the  inequality; 
so  that  in  an  elliptio  wheel  (fig.  71)  the  inequality  is  the  distance 

•  The  iiroperties  of  theae  wheels  were  discovered  by  the  Eeverend  W. 
nolditoh. 
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between  the  foci,  F  F.  Then  any  pair  of  lobed  wheels  in  which 
the  inequality  is  the  same  will,  if  properly  shaped,  work  together 
in  rolling  contact,  and  that  whether  their  numbers  of  lobes  are  many 
or  few,  the  same  or  diiferent;  and  this  statement  includes  one- 
lobed  or  elliptic  wheels. 

The  advantage  of  wheels  with  two  or  more  lobes  is  their  being 
self-balanced,  which  elliptic  wheels  are  not. 

The  following  are  the  rules  for  designing  lobed  wheels : — 

L  Given,  in  a  pair  of  equal  and  similar  lobed  wheels,  tlie  angle  by 
tohich  each  wked  is  aUematdy  to  overtake  and  tofaU  behind  ^ye  other 
wheel,  the  ntmber  of  lobes,  and  Hie  mean  radius,  to  find  the  vneqadlity, 
and  thence  the  greatest  and  least  radii.  Multiply  the  given  angle  by 
the  number  of  lobes;  then,  from  a  point  B"',  iig.  73,  draw  two  lines, 
B"'  F,  B*"  W,  making  with  each  other  an  angle  equal  to  the  product, 
and  make  the  length  of  each  of  them  equal  to  the  given  mean 
radius.  Draw  the  straight  line  F  F;  this  will  be  the  required 
ineqiudity.  Bisect  F  F  in  O,  and  produce  it  both  ways ;  then  lay 
off  O  A"'  =  O  a"'  =  B'"  F  =  B"'  F,  the  mean  radius;  then  F  A™  = 
F  a"'  will  be  the  gi-eatest  radius,  and  F  A"  =  F  a"'  the  least 
radius. 

11.  To  find  any  nuinber  of  points  in  the  pitehrline.  In  ^g,  73, 
with  the  major  axis  A"  a"',  and  the  foci  F  and  F',  draw  a  semi- 
ellipse  A"  B '  a'.  Then,  in  ^g,  75,  draw  from  the  centre,  F,  the 
straight  lines  marked  F  A"',  dividing  a  complete  revolution  into  as 
many  equal  parts  as  there  are  to  be  lobes  (in  the  present  case, 
three).  Make  each  of  these  lines  equal  to  the  greatest  radius 
(F  A"',  fig.  73).  Bisect  the  angles  between  them  with  the  straight 
lines  marked  F  a"',  fig.  75,  and  make  each  of  the  latter  set  of  lines 
equal  to  the  least  radius  (F  «"' ,  fig.  73).  Divide  the  half-revolution 
in  fig.  73  into  any  convenient  number  of  equal  angles  by  the  radi- 
ating lines  F  1,  F  2,  Asc,  meeting  the  ellipse  at  1,  2,  Ac.  Divide 
each  of  the  angles  marked  A'"  F  a"^  in  fig.  75  into  the  same  number 
of  equal  parts  by  radiating  lines,  and  lay  off  upon  them  lengths, 
F  1,  F  2,  &c.,  equal  to  those  of  the  corresponding  lines  in  fig.  73; 
the  points  1,  2,  &c.,  in  fig.  75,  thus  found,  will  be  points  in  tlie 
required  pitcfi-line. 

IIL  To  find  tlie  positions  of  the  mean  radii  of  the  required  pitcli- 
line.  Divide  the  angle  A"'  F  B"',  in  fig.  73  by  the  number  of 
lobes,  and  lay  off  the  quotient  for  each  of  the  angles  marked 
A'^'  F  B'"  in  fig.  75;  thea  make  each  of  the  radii  F  B'"  in  fig.  75 
equal  to  F  B'",  in  fig.  73;  these  will  be  the  required  mean 
radii 

I^BiTARK. — ^The  example  in  ^g.  75  is  a  three-lobed  wheel  The 
two-lobed  wheel  of  Gg.  74  is  drawn  by  a  similar  process;  the  ellipse 
used  for  finding  the  radii  being  A"  B"  a"  in  Qg.  73;  the  inequality 
F  F';  and  the  angle  by  which  each  wheel  alternatelvovertakes  and 
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f&Us  b^iind  another  eqnal  and  aiinilar  wheel  being  one-half  of 
F  K  F,  fig.  73. 

lY.  To  draw  tke  pitcMima  qfamt  of  wheels  of  different  wwmbera 
of  IdboB,  aU  of  which  shM  work  with  each  other  in  rollmg  con- 
tad.  The  inequality  must  be  the  same  in  each  wheeL  Let  F  F, 
fig.  73,  be  that  inequality;  and  let  O  be  the  centre,  A"'  a"'  the 
major  axis,  and  O  B"^  the  semi-minor  axis  of  the  ellipse  which 
serves  for  finding  the  radii  of  one  of  the  set  of  wheels,  which  one 
wheel  is  given.  Divide  0  B"'  into  as  many  eqnal  parts  as  there 
are  lobes  in  the  given  wheel;  say,  for  example,  three.  To  find  the 
figure  of  a  wheel  having  any  other  nmnber  of  lobes  (say  two),  take 
the  point  B"  at  that  number  of  divisions  from  O;  join  F  B",  F  B"; 
layoffOA''  =  Oa-  =  FB"  =  FB";  draw  the  ellipse  A"  B"  a"  with 
A'  a"  for  its  major  axis,  and  F  and  F'  for  its  foci;  this  will  be  the 
dlipse  for  determining  the  lengths  of  the  radii  of  the  new  (two- 
lobed)  wheel 

The  ellipse  A'  B  a'  with  the  same  foci,  F  F,  whose  minor  semi- 
KDB,  O  B',  is  one  division  of  O  B"',  is  itself  the  pitch-line  of  the 
one-lobed  wkeel,  whidi  will  work  in  rolliiig  contact  with  any  wheel 
of  the  set 

110.  Mjm^mHOumU  Sriral  SecMn  «r  Bcllliq;  €■■■  A  pair  of 
logarithmic  spiral  sei^iors  may  be  nsed  as  rolling  cams,  to  com- 
manicate  by  rolling  contact  an  angular  motion  of  limited  extent, 
in  the  course  of  which  it  is  desired  that  the  velocity-ratio  shall 
range  between  certain  limits.  The  general  nature  of  the  figure 
and  position  of  sodi  a  pair  of  sectors  may  be  represented  by  ^.  69, 
page  92. 

The  only  cases  in  which  the  dimensions  and  figures  of  such 
sectOTB  can  be  determined  by  plane  geometry  alone,  without  the 
aid  of  calcnlaition,  are  two,  viz. :  when  the  two  sectors  are  equal 
and  similar,  so  that  the  sum  of  the  greatest  and  least  radii  of  each 
of  the  two  sectors  is  equal  to  the 
ime  of  centres;  aad  when  the 
combination  consists  of  one  sector, 
w<H:idng  with  a  ^ding  bar  or 
smooth  rack.  The  Hc^owing  are 
the     rules     applicaUe     to     such 


L  Given,  in  fig.  76,  the  least  and 
greaieti  radii,  O  A  nnd  0  B,  qf  a 
iogmrUhmic  epvnd  tedor,  a$ul  the 
angle  A  O  B  between  than,  to  jvnd 
iMennedieae  poifde  in  the  pkchiUne 
of  euch  a  sector,  and  to  draw  thai 
pitch-line  eipprwctmmtelf/  Iff  meane 
qfone  or  more  drculeir  aree. 
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Describe  a  circle  about  the  triangle  O  A  B;  that  is  to  say,  bisect 
any  two  of  the  sides  of  that  triangle  (C,  E,  and  D  being  the  three 
points  of  bisection),  and  from  the  points  of  bisection  draw  perpen- 
diculars to  the  sides,  meeting  in  F,  which  will  be  the  centre  of  the 
circle  through  O,  A,  and  B.  Draw  the  diameter  G  F  C  H,  bisect- 
ing the  arc  A  H  B  in  H  and  the  arc  A  O  G  B  in  G.  Join  O  H 
(which  will  be  perpendicular  to  O  G,  and  will  bisect  the  angle 
A  O  B);  and  about  G,  with  the  radius  G  A  =  G  B,  draw  the 
circular  arc  A  K  B,  cutting  O  H  in  K.  Then  K  will  be  a  point 
in  the  required  spiral;  and  A  K  B  will  be  the  nearest  approxi- 
mation to  the  spiral  arc  traversing  the  three  points.  A,  K 
and  B,  that  it  is  possible  to  make  by  means  of  one  circular  arc 
only. 

To  find  two  additional  points,  and  a  closer  approximation  to  the 
curve,. treat  each  of  the  triangles  OAK  and  O  K  B  as  the 
triangle  O  A  B  was  treated;  the  result  will  be  the  finding  of  two 
more  points  in  the  spiral,  situated  respectively  in  the  rad&i  which 
bisect  the  angles  A  O  K  and  K  O  B;  and  the  drawing  of  two 
circular  arcs,  one  extending  from  A  to  K,  and  the  other  from  K 
to  B,  which  will  make  a  closer  approximation  to  the  spiral  arc 
than  a  single  circular  arc  does. 

The  next  repetition  of  the  process  will  give  four  additional  points 
and  four  circular  arcs;  the  next,  eight  additional  points  and  eight 
circular  arcs ;  and  so  on  to  any  degree  of  precision  that  may  be 
required. 

The  radius  O  K  is  a  meom proportional  between  O  A  and  O  B; 
and  this  property  enables  its  length  to  be  found  by  calculation,  if 
required. 

The  ohliqvUy  of  a  logarithmic  spiral,  being  the  angle  which  a 
tangent  to  the  spiral  at  a  given  point  makes  with  a  tangent  to  a 
circle  described  about  the  axis  through  that  point,  or  the  equal 
angle  which  a  normal  to  the  spiral  at  the  same  point  makes  with  a 
radius  drawn  from  that  point  to  the  axis,  is  uniform  in  a  given 
spiral  In  fig.  76  the  equal  angles,  O  A  G,  O  H  G,  and  O  B  G, 
are  each  of  them  less  than  the  true  obliquity  of  the  spiral, 
and  the  angle  O  K  G  is  greater  than  the  true  obliquity.  To 
obtain  the  closest  approximation  to  the  true  obliqmty  possible 
without  further  subdividing  the  angle  A  O  B,  pix)ceed  as 
follows : — 

II.  To  find  the  approximcUe  obliquity.  In  H  K  take  H  L  =  ^ 
H  K;  join  L  G;  then  O  L  G  will  be  the  obliquity,  very  nearly. 
In  otilier  words,  L  G  will  be  very  nearly  parallel  to  a  normal, 
and  perpendicular  to  a  tangent^  to  the  true  spiral  at  the 
point  K. 

II  A.  Tofimd  the  approximate  obliquity  (Another  method).  Bv 
Rule  L  or  Rule  II.  of  Article  51,  page  28,  measure  the  approxi- 
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mate  length  of  the  arc  A  B  in  fig.  76.     Then,  in  ^g.  77,  draw  the 
gtraight  line  MN=OB  —  OA;  draw  M  P  perpendicular  to 

p         P M  N;  and  about  N,  with  a  radius 

\        /  '«>  equal  to  the  approximate  length  of 

the  arc  A  B,  draw  a  circular  arc, 
cutting  M  P  in  P;  join  N  P; 
then  the  angle  M  P  N  will  be 
approximately  the  required  obli- 
quity. 

III.  Given  (in  fig.  76),  one  radius^ 
O  K,  in  a  loga/nihmic  spiral  of  a 
given  obliquity^  to  draw  approxi- 
mately a  short  arc  of  that  spiral 
through  K.  Draw  O  G  perpen- 
dicular to  O  K;  draw  K  G,  making 
O  K  G  =  the  angle  of  obliquity, 
and  cutting  O  K  G  in  G;  then,  with  the  radius  G  K,  draw  a  short 
circular  arc  through  K. 

IV.  To  draw  the  pitch-line  of  a  sliding  bar  whicJi  sJudl  work  in 
rolling  contact  tmth  a  given  logarithmic  spiral  sector,  A  O  B  (fig.  77). 
Prom  the  trace  of  the  axis  O  draw  O  Q  B.  perpendicular  to  the 
direction  in  which  tlie  bar  is  to  slide,  making  O  Q  =  O  A,  and 
O  R  =  O  B.  Find  the  obliquity  of  the  sector  by  means  of  one  or 
other  of  the  preceding  rules.  Let  I  be  any  given  position  of  the 
pitch-point,  and  let  T I S,  traversing  I  perpendicularly  to  O  Q  R,  be 
parallel  to  the  direction  in  which  the  bar  is  to  slide.  Draw  the 
straight  line  NIP,  making  the  angle  SIN  =  TIP  =  the 
obliquity;  then  draw  Q  N  and  R  P  parallel  to  T  I  S,  and  cutting 
N  I  P  in  N  and  P  respectively.  The  straight  line  NIP  will  be 
the  required  pitch-line;  and  N  and  P  will  be  the  points  in  it 
corresponding  to  A  and  B  respectively  in  the  pitch-line  of  the 
sector. 

At  the  instant  when  the  pitch-point  is  at  I,  the  velocity  of  the 
sliding  bar  is  equal  to  that  of  the  point  I  in  the  sector;  that  is  to 
say,  angular  velocity  x  O  I;  agreeably  to  the  general  principle  of 
Article  101,  page  84. 

The  following  rules  relate  to  the  solution  of  questions  respecting 
logarithmic  spiral  sectors  by  calculation. 

V*  Given,  two  radii  of  a  logarithmic  spiral  sector  (as  O  A 
and  O  B,  ^g,  76),  and  the  angle  between  them  (A  O  B),  to 
find  the   obliquity  of  ^   spiral.     Take    the    hyperbolic    logar- 


ithm *  of  the   ratio 


OA^ 


divide  it  by  the  angle  A  O  B  in 


•  Hyperbolic   logarithm   of  a  ratio 
nearly. 


common  logarithm   x  2*3020 
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ctreular  measore;*  tbe  quotient  will  be    the    tangent   of   the 
obliquii(7. 

YL  GisMUy  the  Imat  cmd  greatesC  radii  of  a  logarithmic  spiral 
Mcter^  and  the  atn/gle  between  them,  to  Jind  the  lengths  of  a  series  o/ 
imtarmedvcUe  radvi,  wi^ich  ahaU  dvMe  that  angle  into  a  given  number 
of  equal  smaUer  angles.  Take  the  difference  between  the  logar- 
ithms of  the  greatest  and  least  radii;  divide  it  by  the  given 
number;  tiien,  commencing  with  the  logarithm  of  the  least  radius, 
compute  by  successive  additions  of  the  quotient  a  series  of  logar- 
ithms, increasing  by  unifona  differences  up  to  the  logarithm  of  the 
g^reoftest  radias;  these  will  be  the  logarithms  of  the  required 
intemwdiate  radii 

y  II.  Gwe»f  &ne  radiim  and  the  chliquity  of  a  logarithmic  spiral, 
iojiind  the  lengih  of  a  radxus  makmg  a  given  angle  vrith  the  given 
radius.  Multiply  the  given  angle  in  circular  measure  (see  first 
footnote  below)  by  tlue  tangent  of  the  obliquity;  to  the  product 
add  the  hyperbolic  logarithm,  of  the  given  radius;  the  sum  will  be 
the  hyperbolic  logarithm  of  the  required  radius;— or  otherwise, 
multiply  the  product  by  04343,  and  to  the  new  product  add  the 
common  logarithm  of  the  given  radius;  the  sum  will  be  the 
comi»on  logarithm  of  tie  required  radius. 

YIIL  Givmi,  ths  difference  between  the  greatest  aand  least  radii 
&f  a  logaailhmic  spiral  sectxjr,  amd  the  obUquity  of  its  pitch-liney 
to  find  the  length  of  its  pUch-lins.  Multiply  the  dLOference  of  the 
radii  by  the  cosecant  of  the  obliquity,  t 

111.  ■WiiiiBwi  €i—riii»-To  increase  that  friction  or  adhesion 
between  a  pair  of  wheels  which  is  the  means  of  transmitting  force 
and  motion  from  one  to  the  other,  their  surfaces  of  contact  are 
sometimes  foxmed  into  alternate  ridges  and  grooves  paralLel  to  the 

*  Beduction  of  angles  to  circnlar  measnitt — 

1  degree   =  0*0174533  radius  length,  nearly. 
30  degrees  =  0-6236  „  „  „ 

60d^ree8  =  I'OiTS*  „  „  „ 

90  degieeft=  1-5708  „  „  „ 

+  Id  symbols,  the  eqnationB  of  a  logarithmic  spiral  are  as  follows: — ^Let  a 
be  the  radius  from  whose  directions  angles  are  reckoned ;  r,  any  other  radius ; 
6,  the  an^  which  r  makes  with  a,  in  circular  measure ;  ^,  the  obliquity  of 
the  spinu;  a,  the  length  of  the  arc  from  a  to  r;  p,  the  radiDs  of  curvature  at 
the  end  of  the  nulius  r.    Then 

r:»ae    ™^'^;tan<^  =  g  hyp.  log.  ^ 


6  =  cotan  <^  •  hyp.  log.  - ; 

9^  {r  -^  a)  cosec  <^  »  a  cosec  </>  { ^  *^  ^ ) ; 

p  =.  r  tan  «/>. 
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plane  of  rotation,  constituting  what  is  called  JruOiomd  geemng. 
,  Fig.  78  is  a  cross-section  of  the  rim  of  a  wheel,  illustrating  the 
kind  of  frictional  gearing  invented  by  Mr.  Robertson.  The  oom- 
paiatiTe  motion  of  a  pair  of  wheels  thus  ridged  and  grooved  is  nearly 
the  same  with  that  of  a  pair  of  smooth  wheels 
in  rolling  contact,  having  cylindrical  or  conical 
piteh-suidGEU^es  lying  midway  between  the  tops  of 
the  ridges  and  bottoms  of  the  grooves. 

The  relative  motion  of  the  surfaces  of  contact  of 
the  ridges  and  grooves  is  a  rotatory  sliding  or 
grinding  motion  about  the  line  of  contact  of  the  Fig.  78. 
ideal  pitch-surfaces  as  an  instantaneous  axis;  and 
the  angular  velocity  of  that  relative  grinding  motion  is  equal  to 
the  angular  velocity  of  one  wheel  considered  as  rolling  upon  the 
other  as  a  fixed  wheel;  which  may  be  found  by  the  principles  of 
Article  77,  p^e  56,  and  Article  82,  page  68. 

The  angle  between  th^  sides  of  each  groove  is  about  40'';  and  it 
is  stated  that  the  mutual  friction  of  the  wheels  is  about  onoe  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each 
other. 

Section  III.— Q/*  ^  ^^^  o^  NunAer  of  the  Teeth 
of  Wheels. 

112.  WMmUmm  Wtweea  Teeth  tmd  Pllcli-Siirflice*— Natmre  m€  the 

grtjiiti.  (A.  M.,  446.) — The  most  usual  method  of  communicating 
motion  between  a  pair  of  wheels,  or  a  wheel  and  a  rack,  and  the 
only  method  which,  by  preventing  the  possibility  of  the  rotation 
of  one  wheel  unless  accompanied  by  the  other,  insures  the  pre- 
servation of  a  given  velocity-ratio  exactly,  is  by  means  of  a  series 
of  alternate  ridges  and  hollows  parallel,  or  nearly  parallel,  to  the 
successive  lines  of  contact  of  the  ideal  toothless  wheels  or  pitch- 
swrfacesy  whose  velocity-ratio  would  be  the  same  with  that  of  the 
toothed  wheels.  The  ridges  are  called  teeth;  the  hollows,  spaced. 
The  teeth  of  the  driver  push  those  of  the  follower  before  them, 
and  in  so  doing  sliding  takes  place  between  them  in  a  direction 
across  their  lines  of  contact. 

The  properties  of  pitch-surfaces  and  pitch-lines,  and  the  art  of 
designing  them,  have  been  explained  in  the  precefding  section. 
The  figures  of  teeth  depend  on  the  principles  of  sliding  contact, 
which  belong  to  the  ensuing  section.  The  present  section  relates 
to  questions  connected  with  the  manner  in  which  the  pitch-line  of 
a  wheel  is  divided  by  the  acting  surfaces  of  its  teeth,  without 
reference  to  the  figures  of  those  surfaces;  for  such  questions  do  not 
require  the  principles  of  sliding  contact  for  their  solution. 

113.  Pitch  ]»eAiM4.    {A.  M.,   447.) — The  distance,   measured 
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along  the  pitch-line,  from  the  front  of  one  tooth  to  the  front  of  the 
next,  is  called  the  pitch. 

114.  Ocnenil  Prteclplea.  {A.  M.,  447.)— The  pitch,  and  the 
number  of  teeth  in  wheels,  are  regulated  by  the  following 
principles : — 

I.  In  wheels  which  rotate  continuously  for  one  revolution  or 
more,  it  is  obviously  necessary  that  tlie  pitcJi  sliould  be  an  aliquot 
part  of  the  circumference  of  Hie  pUch-line, 

In  racks,  and  in  wheels  which  reciprocate  without  performing  a 
complete  revolution,  this  condition  is  not  necessary.  Such  wheels 
are  called  sectors,  as  has  been  already  stated. 

II.  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  tluU  the  pUc/i 
shovld  he  the  same  in  eadk 

III.  Hence,  in  any  pair  of  wheels  which  work  together,  tJie 
numbers  of  teeth  in  a  complete  drcurnference  are  inversely/  as  tlie 
numbers  of  tohole  revolutions  in  a  given  time;  or,  in  other  words, 
directly  as  the  times  of  revolution, 

rV*.  Hence,  also,  in  any  pair  of  wheels  which  rotate  continuously 
for  one  revolution  or  more,  the  ratio  of  the  times  of  revolution 
(being  equal  to  that  of  the  numbers  of  teeth),  and  its  reciprocal,  the 
ratio  of  the  numbers  of  i-evolutions  in  a  given  time,  must  both 
be  expressible  in  whole  numbers, 

V.  In  circular  wheels,  everything  stated  in  the  preceding 
principles  regarding  the  ratio  of  the  numbers  of  revolutions  in  a 
given  time  (in  other  words,  of  the  Tnean  angular  velocity-ratio)  is 
true  also  of  the  angular  velocity-ratio  at  every  instant. 

115.  Frc^aeacT  of  Ooamct^HantiBg-Cog.— Let  n,  N,  be  the  re- 
spective numbers  of  teeth  in  a  pair  of  wheels,  N  being  the  greater. 
Let  ^,  T,  be  a  pair  of  teeth  in  the  smaller  and  larger  wheel  respec- 
tively, which  at  a  particidar  instant  work  together.  It  is  required 
to  find,  first,  how  many  pairs  of  teeth  must  pass  the  pitch-point 
before  t  and  T  work  together  again  (let  this  number  be  called  a)  ; 
secondly,  with  how  many  difierent  teeth  of  the  larger  wheel  the 
tooth  t  will  work  at  difierent  times  (let  this  number  be  called  b); 
and  thirdly,  with  how  many  different  teeth  of  the  smaller  wheel 
the  tooth  T  will  work  at  different  times  (let  this  be  called  c). 

Case  1.  If  n  is  a  divisor  of  N, 

a  =  N36  =  ?;c=l (1.) 

n 

Case  2.  If  the  greatest  common  divisor  of  N  and  n  he  d,  b, 
number  less  than  n,  so  that  w  =  w  c?,  N  =  M  c?,  then 

a  =  mN  =  Mw  =  M77»c?;6  =  M;c  =  m (2.) 

Case  3.  If  N  and  n  be  prime  to  each  other, 

a  =  Nn;  6  =  N;  c  =  n. (3.) 
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It  is  considered  desirable  by  millwrights,  with  a  view  to  the 
preservation  of  the  uniformity  of  shape  of  the  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  should  work  with  as 
many  different  tee&  in  the  other  wheel  as  possibla  They  there- 
fore study  to  make  the  numbers  of  teeth  in  each  pair  of  wheels 
which  work  together  such  as  to  be  either  prime  to  each  other,  or  to 
have  their  greatest  common  divisor  as  small  as  is  possible  con- 
sistently with  the  purposes  of  the  machine. 

When  the  ratio  of  the  angular  velocities  of  two  wheels,  being 
reduced  to  its  least  terms,  is  expressed  by  numbers  less  than 
those  which  can  be  given  to  wheels  in  practice,  and  it  becomes 
necessary  to  employ  multiples  of  those  numbers  by  a  common 
multiplier,  which  becomes  a  common  divisor  of  the  numbers  of 
teeth  in  the  wheels,  millwrights  and  engine-makers  avoid  the  evil 
of  frequent  contact  between  the  same  pairs  of  teeth,  by  giving  one 
additional  tooth,  called  a  hurUing-cogy  to  the  larger  of  the  two 
wheels.  This  expedient  causes  the  velocity-ratio  to  be  not  exactly 
but  only  approximately  equal  to  that  which  was  at  first  contem- 
plated; and  therefore  it  cannot  be  used  where  the  exactness  of 
certain  velocity-ratios  amongst  the  wheels  is  of  importance,  as  in 
clockwork. 

116.  SmallcM  Pinion.— The  smallest  number  of  teeth  which  it  is 
practicable  to  give  to  a  pinion  (that  is,  a  small  wheel),  is  regulated  ^ 
by  principles  which  will  appear  when  the  forms  of  teeth  are  con- 
sidered. The  following  are  the  least  numbers  of  teeth  which  can  be. 
nsuaUy  employed  in  pinions  having  teeth  of  the  three  classes  of 
figures  named  below,  whose  properties  will  be  explained  in  the 
sequel : — 

I.  Involute  teeth, 25 

11.  Epicycloidal  teeth, 12 

III.  Round  teeth,  or  «tove», 6 

117.  Artthnecicni  Bnlea.— For  convenience  sake  the  following 
arithmetical  rules  are  here  given,  as  being  useful  in  the  designing  of 
toothed  gearing. 

I.  To  find  the  prime  factors  of  a  given  number.  Try  the  prime 
numbers,  2,  3,  5,  7,  11,  &c,  as  divisors  in  succession,  until  a  prime 
number  has  been  found  to  divide  the  given  number  without  a 
remainder;  then  try  whether  and  how  many  times  over  the  quotient 
is  again  divisible  by  the  same  prime  number,  so  as  to  obtain  a 
quotient  not  divisible  again  by  the  same  prime  number;  then  try 
the  division  of  that  quotient  by  the  next  greater  prime  number;  and 
so  on  until  a  quotient  is  obtained  which  is  itself  a  ])rime  number; 
that  is,  a  number  not  divisible  by  any  other  number  except  1.  This 
final  quotient  and  the  series  of  divisors  will  be  the  prime  factors  of 
the  given  number.     To  test  the  accuracy  of  the  process,  multiply 
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all  the  prime  factors  together;  the  product  should  be  the  giyen 
number. 

IL  To  find  His  greatest  common  measure  (otherwise  called  the 
greatest  common  (^visor)  of  tvoo  numbers.  Divide  the  greater 
number  by  the  less,  so  as  to  obtain  a  quotient,  and  a  remainder  less 
than  the  divisor;  divide  the  divisor  by  the  remainder  as  a  new 
divisor;  that  new  divisor  by  the  new  remainder;  and  so  on,  until  a 
remainder  is  obtained  which  divides  the  previous  divisor  without 
a  remainder.  That  last  remainder  will  be  the  required  greatest 
common  measure. 

If  the  last  remainder  is  1,  the  two  numbers  are  said  to  be  '^primo 
to  each  other." 

Example. — Eequired,  the  greatest  common  measure  of  1420  and 
1808. 

Divisor,  1420)  1808  (1,  Quotient. 

1420 
E^mainder,        388)  1420  (3,  Quotient 
1164 
Remainder,        25Q)  388  (1,  Quotient 

Eemainder,        132)  25^  (1,  Quotient. 
132 
Remainder,         124)  132(1,  Quotient 
124 
Remainder,        8)  124  (15,  Quotient 
120 
Remainder,        4)  8  (2,  Quotient 

The  last  remainder,  4,  is  the  required  greatest  common 
measure. 

IIL  To  reduce  the  ratio  of  two  numbers  to  its  least  terms, 
divide  both  numbers  by  their  greatest  common  measure. 

,     1808  -  4      452 
For  example,  jj^^— J  =3^-^. 

IT.  To  impress  the  ratio  of  tioo  numbers  m  tke/orm  of  a  cem^nccee? 
fraction.  Let  A  be  the  lesser  of  the  two  numbers,  and  B  the 
greater;  and  let  a,  5,  c,  c^,  <&c.,  be  the  quotients  obtained  durinj^^ 
the  process  of  finding  the  greatest  common  measure  of  A  and  ]B. 
Then,  in  the  equation 
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B  =  a+1 
A  6  +  1 

e+1 

the  right-hand  side  is  the  continTied  fraction  required. 

To  save  space  in  printings  a  continued  fraction  is  often  arranged 
as  follows : — 

The  ratio  of  two  incommensurable  quantities  is  expressed  by  an 
endless  continued  fraction.     For  example,  the  ratio  of  the  diagonal 

to  the  side  of  a  square  is  expressed  by  1  +  --j-  ——  — -p  -— -  <fea, 

-without  end. 

V.  To/ormaserieso/approadmatiom  to  agivenraiio.     Express 
the  ratio  in  the  form  of  a  continued  fraction.     Then  write  the 

qnotientB  in  their  order;  and  in  a  line  below  them  write  -  to  the 

left  of  the  first  quotient,  and  ^  directly  under  the  first  quotient. 

Then  calenlate  a  series  of  fractions  by  the  foUowing  rule : — ^Multiply 
the  fint  qootieiKt  by  the  numerator  of  the  faction  that  is  below 
it,  and  add  the  numerator  of  the  fraction  next  to  the  left;  the 
SBiB  will  be  the  numerator  of  a  new  fraction :  multiply  the  first 
quotient  by  the  denominator  of  the  fraction  that  is  below  it,  and 
aidd  the  dcmominator  of  the  fraction  that  is  next  to  the  left;  the 
sum  will  be  the  denominator  of  the  new  fraction ;  then  write  that 
new  fraction  under  the  second  quotient,  and  treat  the  second 
qnotient,  the  fraction  below  it,  and  the  fraction  next  to  the  left,,  as 
before,  to  find  a  fraction  which  is  to  be  written  under  the  thivd 
qaotie^  and  so  on.     For  example : 


Quotients, 

....a,  6, 

c, 

d,&c. 

Fractions, 

0    1     71 

T  0'  m 

n" 
to" 

» 

0+a 
"1+0 

a    v! 

l+bn 
O  +  bm- 

'  m 

'       n 

+ 

en' 

;&c. 

m 

'~m 

+ 

c  m' 

452 
To  talce  a  particular  case;  let  the  given  ratio  be  as  before,  ^55' 

then  we  have  the  following  series : — 
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Quotients, 1     3     1     1     1     15       2 

^     ,.  0     1     1     4    5    9     U     219    452 

^"'^^^^^^ i     0    I     3    4    7     n     172    3T5 

Less  or  gr«iter  than  W     G    L   G   L    G    L      G 
given  ratio, j 

The  fractions  in  a  series  formed  in  the  manner  just  described  are 
called  converging  fractionSy  and  they  have  the  following  properties : — 
First,  each  of  them  is  in  its  least  terms;  secondly ,  the  difference 
between  any  pair  of  consecutive  converging  fractions  is  equal  to 
unity  divided  by  the  product  of  their  denominators;  for  .example, 
9      5     36  -  35       19      14      99-98       1      ,,•  ^z      *i 

7  -  4  =TirT-  =  2-8^  7  -  n  =  nru  =  ir  '^'''^'^^  '^'^ 

are  alternately  less  and  greater  than  the  given  ratio  towards  which 
they  approximate,  as  indicated  by  the  lettera  L  and  G  in  the 
example;  and,  fourthly ,  the  difference  between  any  one  of  them 
and  the  given  ratio  is  less  than  the  difference  between  that  one  and 
the  next  fraction  of  the  series. 

Fractions  intermediate  between  the  converging  fractions  may  be 

found  bv  means  of  the  formula  -= ^ — >:  where  —and  —,  are 

h'm  ■\-  km  m        m, 

any  two  of  the  converging  fractions,  and  h  and  k  are  any  two  whole 

numbers,  positive  or  negiitive,  that  are  prime  to  each  other. 

118.  A  TndM  of  wii«eiw«riK  {A.  M.,  449,)  consists  of  a  series  of 
axes,  each  having  upon  it  two  wheels,  one  of  which  is  driven  by  a 
wheel  on  the  preceding  axis,  while  the  other  drives  a  wheel  on  the 
following  axis.  If  the  wheels  are  all  in  outside  gearing,  the  direction 
of  rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axes. 
In  some  cases  a  single  wheel  upon  one  axis  answers  the  purpose 
both  of  receiving  motion  from  a  wheel  on  the  preceding  axis  and 
giving  motion  to  a  wheel  on  the  following  axis.  Such  a  wheel  is 
called  an  idle  wheel:  it  affects  the  dii'ection  of  rotation  only,  and 
not  the  velocity-ratio. 

Let  the  series  of  axes  be  distinguished  by  numbers  1,  2,  3, 
tfea  .  .  .  .  m;  let  the  numbers  of  teeth  in  the  driving  wheels  be 
denoted  by  N^s,  each  with  the  number  of  its  axis  affixed;  thus, 

Nj,  Ng,  <fec N^  _, ;  and  let  the  numbers  of  teeth  in  the  driven 

or  following  wheels  be  denoted  by  w's,  each  with  the  number  of  its 
axis  affixed;  thus,  w^,  Wj,  &c.  .  . .  .  ti^.  Then  the  ratio  of  the 
angular  velocity  a^  of  the  m^  axis  to  the  angular  velocity  a^  of  the 
first  axis  is  the  product  of  the  m  -  1  velocity-ratios  of  the  succes- 
sive elementary  combinations,  viz.  :^ 

g^Nt.Ng.&c. N,.-!. 

^1  ~"     ^  •  Wg  •  &C.  .  .  .  .  n^,     ' 
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that  is  to  say,  the  Telocity-ratio  of  the  last  and  first  axes  is  the 
ratio  of  the  product  of  the  numbers  of  teeth  in  the  drivers  to  the 
product  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious^ 
that  so  long  as  the  same  drivers  and  followers  constitute  the  train, 
the  wd&r  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velocity-ratio. 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then,  as  each 
elementary  combination  reverses  the  direction  of  rotation,  and  as 
the  numbisr  of  elementary  combinations,  m  —  1,  is  one  less  than 
the  number  of  axes,  m,  it  is  evident  that  if  m  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed. 

It  is  often  a  question  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  determinate 
Telocity-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
this  with  the  least  total  number  of  teeth,  the  velocity-ratio  of  each 
elementary  combination  should  approximate  as  nearly  as  possible  to 
3'tJ9.  This  would  in  some  cases  give  too  many  axes;  and  as  a 
convenient  practical  rule  it  may  be  laid  down,  that  from  3  to  6 
ought  to  be  the  range  of  the  velocity-ratio  of  an  elementary  com- 
bination in  wheelwork.  * 

Let  rr,  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

and  let  B  be  greater  than  C. 

If  r^  is  not  greater  than  6,  and  C  lies  between  the  prescribed 

minimum  number  of  teeth  (which  may  be  called  t),  and  its  double 
2  *,  then  one  pair  of  wheels  will  answer  the  purpose,  and  B  and  C 
will  themselves  be  the  numbers  required.  Should  B  and  0  be 
inconveniently  large,  they  are  if  possible  to  be  resolved  into  factors, 
and  those  factors,  or,  if  they  are  too  small,  multiples  of  them,  used 
for  the  numbers  of  teeth.  Should  B  or  C,  or  both,  be  at  once 
inconveniently  large,  and  prime,  or  should  they  contain  incon- 

reniently  large  prime  factors,  then,  instead  of  the  exact  ratio  ^, 

*  The  following  are  some  examples  of  the  restdts  of  Young's  rule,  the  first 
line  containing  velocity-ratioB,  and  the  second,  the  numbers  of  elementary 
<;oml^aatioii8  of  wh^ls  suited  to  give  velocity-ratios  intermediate  between 
the  numbers  in  the  first  line : — 

1        7        24       88        315        1132       4064        1459G 
12        3         4  5  6  7 

The  following  are  examples  of  the  results  of  the  modified  rule,  that  the 
lowest  of  the  velocity-ratios  for  each  elementary  combination  should  range 
from  3  to  6:— 

1        6       36       216        1296       7776 
12         3  4  5 
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flomo  ratio  approximatiDg  to  that  ratio,  and  capable  of  resolatian 
into  convenient  factors,  is  to  be  found  by  the  method  of  continued 
fractions  (see  Article  117^  page  106);  also  Willis  On  Medyamismy 
pages  223  to  238X 

Should  p  be  greater  than  6,  the  best  number  of  elementary 

combinations  is  found  by  dividing  by  6  again  and  again  till  a 
quotient  is  obtained  less  than  unity,  when  the  number  of  divisions 
will  be  the  required  number  of  combinations,  m  —  1. 

Then,  if  possible,  B  and  C  themselves  are  to  be  resolved  each 
into  m  —  1  £Etctors,  which  factors,  or  multiples  of  them,  shall  be  not 
less  than  ty  nor  greater  than  6  ^  j  or  if  B  and  0  contain  incon- 
veniently large  prime  fstctors,  an  approximate  velocity-ratio,  found 

by  the  method  of  continued  fractions,  is  to  be  substituted  for  p,  as 

before.  When  l^e  prime  factors  of  either  B  or  O  are  fewer  in 
number  than  m  —  1,  the  required  number  of  factors  is  to  be  made 
up  by  inserting  1  aa  often  as  may  be  necessary.  In  multiplying 
factors  that  are  too  small  to  serve  for  numbers  of  teeth,  prime 
numbers  differing  from  those  already  amongst  the  factors  are  to  be 
preferred  as  multipliers;  and  in  general,  where  two  or  more  factors 
require  to  be  multiplied,  different  prime  numbers  should  be  used 
for  the  different  factors. 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the  wder  of 
the  drivers  N,  and  of  the  followers  7»,  is  immaterial;  but  to  secure 
equaUe  wear  of  the  teeth,  as  explained  in  Article  115,  page  104, 
the  wheels  ought  to  be  bo  arranged  that  for  each  el^nentary  cam- 
Unation  the  greatest  common  divisor  of  K  and  n  shall  be  either 
1,  or  as  small  as  possible;  and  if  the  preceding  rules  have  been, 
observed  in  the  choioe  of  multipliers,  this  will  be  ensured  by  so 
placing  each  driving  wheel  that  it  shall  work  with  a  fdHowing 
wheel  whose  number  of  teeth  does  not  contain  any  of  the  same 
multipliers;  for  the  original  numbers  B  and  €  contain  no  common 
factor  except  1. 

The  following  is  an  example  of  a  case  requiring  tiie  use  of 
additional  multipliers : — ^Let  the  required  velocity-ratio,  in  its  least 
terms,  be 

B  _  360 
O  "     7  • 

To  get  a  quotient  less  than  1,  this  ratio  must  be  divided  by  6 
three  times ,  therefore  w  -  1  =  3.  The  prime  factors  of  360  are 
2*2'2*3'3*5;  these  may  be  combined  so  as  to  make  three 
factors  in  various  different  ways;  and  the  preference  is  to  be  givea 
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to  that  wliioh  makes  these  factors  least  unequal,  yiz.,  5*8*9. 
Hence,  resolving  numerator  and  denominator  into  three  factors 
each^  we  have 

B  _  5  *  8  '  9 

e  "  1  •  1  •  7* 

It  is  nextnecessaiy  to  multiply  the  &ctors  of  the  numerator  and 
denominator  by  a  set  of  three  multipliers.  Suppose  that  the  wheels 
to  be  used  are  of  such  a  class  that  the  smallest  pinion  has  12  teeth, 
then  those  multipliers  must  be  such  that  none  of  their  products  by 
the  existing  &ctors  shall  be  less  than  12;  and  for  reasons  already 
giyen,  it  is  advisable  that  they  should  be  different  prime  numbers. 
Take  the  prime  numbers,  2,  13,  17  (2  being  taken  to  multiply  7); 
then  the  numbers  of  teeth  in  the  followers  will  be 

13  X  1  =  13;  17  X  1  =  17;  2  X  7  =  14. 

In  distributing  the  multipliers  amongst  the  factors  of  the  num- 
erator, let  the  smallest  multiplier  be  combined  with  the  largest 
fi&ctor,  and  so  on ;  then  we  have 

17  X  5  =  85;  13  X  8  =  104;  2  x  9  =  18. 

finally,  in  combining  the  drivers  with  the  followers,  those 
numbers  are  to  be  combined  which  have  no  common  factor;  the 
result  being  the  following  train  of  wheels : — 

85    18    104  _  360 
14  •  13  '  17    "     7 

119.  WHmmmtnJ  «i4  BaJtel  Piic*«— The  diametral  pitch  of  a 
circular  wheel  is  a  length  bearing  the  same  proportion  to  the  pitch 
proper,  or  drwlar  pUck^  that  the  diameter  of  a  circle  bears  to  its 
emmmfa^enoe;  and  the  radial  pitch  is  half  the  diametral  pitch. 
In  otiMT  words,  the  diametral  pitch  is  to  be  found  by  dividing  the 
dianeter  of  the  pitch-eircle  by  the  number  of  teeth  in  the  whole 
drcumference,  and  the  radial  pitch  by  dividing  the  radius  by  the 
same  number.  In  symbols,  let  p  be  the  pitch,  properly  so  called, 
or  ctrcttbr  pitc^  as  measured  on  the  pitch  circle,  r  the  radius  of 
the  pk^  carcle,  or  geometrical  radku,  and  n  the  ntudier  of  teeth  ; 

q  the  diametral  piteh^  and  ~  the  radial  pitch;  then 
113         2r    „  355 

gr  _  113      _  r        _nq  710  £ 

2~  710^~f»'  *■"    2'^"il3"2* 
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Wheels  are  sometimes  described  by  stating  how  many  teeth  they 
have  for  each  inch  of  diameter;  that  is  to  say,  by  stating  the  recipro- 
cal of  the  diametral  pitch  in  incites  f  -  =  o""  )  i  *^^  ^^®  phrases  used 

in  so  describing  them  are  such  as  the  following : — A  three-pitch  wheel 
is  a  wheel  having  three  teeth  for  each  inch  of  diameter ;  so  that 

1  355 

<7  =  -5  inch,  and  p  =  ytt — q  ^^^  ^  1*0472   inch;   a   ten-pitch 

wlieel  is  a  wheel  having  ten  teeth  for  each  inch  of  diameter;  so  that 

35*5 
q  =  01  inch,  and  p  =  yy^  inch  =  0*31416  inch;  and  so  on. 

The  following  are  rules  for  solving  questions  regarding  radial 
and  circular  pitch  by  graphic  construction. 

I.  Given,  the  circular  pitch  of  a  whedy  to  find  tJie  radial  pitch. 
Draw  a  straight  line  equal  to  one-sixth  part  of  the  given  circular 
pitch,  and  then,  by  Rule  iV.  of  Article  51,  page  29,  find  the  two 
ends  of  a  circular  arc  approximately  equal  in  length  to  that  straight 
line,  and  subtending  60°  The  chord  of  that  arc  will  be  the  re- 
quired radial  pitch  very  nearly,  being  too  long  by  about  one-900th 
part  only. 

This  may  be  expressed  in  other  words,  as  follows  (see  fig.  79) : — 
Let  A  B  be  a  straight  line  equal  to  one-sixth  of  the  given  circular 
pitch.  Draw  the  equilateral  triangle 
ABC,  bisect  B C  in  D,  and  join  A  D ; 
in  A  B,  take  A  E  =  4  A  B,  and  about 
E,  with  the  radius  E  B  =  |  A  B,  draw 
the  circular  arc  B  F,  cutting  A  D  pro- 
duced in  F;  A  F  will  be  the  required 
approximate  radial  pitch. 

If  greater  accuracy  is  required,  make 
the  straight  line  equal  to  one-twelfbh  of 
the  circular  pitch,  and  let  the  angle  sub- 
Fig.  79.  tended  by  the  arc  be  30°;  the  radius  of 
that  arc  will  be  the  required  radial  pitch, 
correct  to  one-14,400th  part 

II.  Given,  the  radial  pitch  of  a  whed,  to  fimd  the  circular  pitch. 
With  a  radius  equal  to  six  times  the  given  radial  pitch  describe  a 
circle :  mark  upon  the  circumference  of  that  circle  a  chord  equal  to 
the  radius,  so  as  to  lay  off  an  arc  equal  to  one-sixth  part  of  the  cir- 
cumference; then,  by  Rule  I.  or  11.  of  Article  51,  page  28,  draw  a 
straight  line  approximately  equal  in  length  to  that  arc;  the  length 
of  that  straight  line  will  be  the  i*equired  circular  pitch,  very  nearly. 

If  Rule  I.  is  used,  the  straight  line  will  be  too  short  by  about 
one-OOOth  part;  if  Rule  II.  is  used,  it  will  bo  too  long  by  about 
one-3,600th  jwrt.     If  a  closer  approximation  is  required,  measure 
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the  cinmkr  pitch  by  both  rules;  then  to  the  length,  as  measured 
by  .^e  I.,  add/our  times  the  length  as  measured  by  Rule  IL,  and 
divide  the  sum  hjfioe;  the  quotient  will  be  the  required  circular 
pitch,  correct  to  about  one-40,000th  part 

120.  lUtettme  P«M«u  miPmnXUl  Axes  im  WhcelwMk^I.  Given, 
the  radial  pitch  and  the  numbers  of  teeth  of  a  pair  of  wheels  with 
parallel  axes,  to  find  the  length  of  the  line  of  centres,  or  distance 
between  the  axes.  Multiply  the  radial  pitch  by  the  sum  or  by  the 
diffwence  of  the  numbers  of  teeth,  according  as  the  wheels  are  in 
outside  or  inside  gearing. 

n.  Given,  the  length  of  the  line  of  centres,  and  the  numbers  of 
teeth,  to  find  the  radial  pitch.  Divide  the  given  length  by  the  sum 
or  the  difference  of  the  numbers,  according  as  the  wheels  are  in 
ontside  or  inside  gearing. 

nX  Given,  in  fig  80,  the  perpendicular  distance  A  A"^  between 
the  first  and  last  axes  of  a  train  of  wheels,  which  are  to  turn  about 
paraUel   axes  all  in    one 
plane,  and  the  numbers  of 
teeth  of  the  wheels;  re- 
quired,  the    positions   of 
the  several   pitch -points 
and    intermediate     axes. 
From  one  end.  A,  of  the 
straight  line  A  A",  draw, 
in  any  convenient  different 
direction,  another  straight 
line  A  a",  on  which  lay 
oi^    on    any    convenient 
scale,  a  series  of  leugths 
proportional  to  the  num- 
bers of  teeth,  viz. :  A  i  for  the  first  driver,  i  a'  for  the  first  follower ; 
«'  i'  for  the  second  driver,  i'  a"  for  the  second  follower;  and  so  on. 
Let  a"  be  the  end  of  that  series  of  lengths.     Draw  the  straight 


Rg.  80. 
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^  a  corresponding  series  of  points  ^*  «x»xoivu.     j.**^**  -a.,  xx  , 

&a,  will  represent  the  intermediate  axes,  and  I,  T,  &a,  the  pitch- 
point& 

121.     lATiMg-oir   Pitch,   and    SnlMllTiaioH    of  Pltck-Iiines.— The 

laying-off  of  the  pitch,  or  of  any  multiple  of  the  pitch,  on  the  pitch- 
line  of  a  wheel,  is  to  be  performed  by  means  of  Rule  III.  of  Article 
51,  page  29.  The  laying-off  of  the  same  leugth  upon  several  different 
pitch-lines,  so  as  to  find  correapondmg  pUch-poirUs  upon  them,  may 
be  performed  at  one  operation,  as  follows : — Let  the  straight  line 
A  G  represent  the  given  length.  In  A  G  take  A  C  =  4  AG; 
and  about  C,  with  the  radius  C  G  =  |  A  G,  draw  a  circular  arc, 
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D  G  D.""'  Let  A  D,  A  D',  Ac,  be  arcs  of  different  pitch-lines, 
touching  A  G  in  A,  and  cut  off  by  the  dotted  circular  arc;  each 
^  of  these  arcs  will  be*  approxi- 

' — T- .V"  mately  equal  in  length  to  AG. 

As  to  the  operation  of  ^^pUchr 
^  ing" — that  is,  division  of  a  pitch- 
circle  or  other  pitch-line,  or  of 
any  part  of  a  pitch -line,  intoany 
required  number  of  parts,  each 
equal  to  the  pitch — see  Article 
51,  Rules  V.  and  VI.,  pages  29 
and  30. 

Circular  and  straight  pitch- 
lines  maybe  subdivided  by  means 
of  "Dividing  Engines:"  In  a 
dividing  engine  the  piece  upon  "which  divisions  are  to  be  marked 
is  fixed  upon  a  suitable  support,  capable  of  turning  about  an  axis 
or  of  sliding  in  a  straight  line,  as  the  case  may  be,  and  moved  by 
means  of  a  screw.  By  turning  the  screw  a  motion  of  any  required 
extent  can  bo  given  to  the  piece,  and  repeated  as  often  as  may  be 
necessary;  and  after  each  such  movement,  a  mark  is  made  on  the 
surface  to  be  divided  by  means  of  a  sharp  point  or  edge,  having 
a  movement  transverse  to  that  of  the  piece  to  be  divided.* 

Machines  are  used  by  mechanical  engineers,  with  movements  on 
the  principle  of  dividing  engines,  which  serve  both  to  pitch  wheels 
or  divide  their  pitch-circles,  and  to  cut  their  teeth  to  the  proper 
shape.     Such  machines  will  be  again  mentioned  further  on. 

Section  IV. — Sliding  Contact — Teeth,  Screw-Gearing,  and  Gams. 

122.  Ctoacflvl  Principle  orflUMias  €«Btect.— The  line  of  eormec- 
tion,  in  the  case  of  sliding  contact  of  two  moving  pieces,  is  the 
common  normal  to  their  sur£Bu:es  at  the  point  where  they  touch; 
and  the  principle  of  their  comparative  motion  is,  that  the  eom-^ 
ponents,  along  that  fwrmal,  of  the  velocities  of  any  two  points 
traversed  by  it,  are  eqwd.  This  being  borne  in  mind,  all  questions 
of  the  comparative  motion  of  a  pair  of  primary  pieces  in  sliding 
contact  may  be  solved  by  means  of  the  Bules  of  Article  91,  pages 
78  to  80. 

The  acting  surfaces  of  a  pair  of  pieces  in  sliding  contact  may  be 
both  plane  or  both  convex,  or  one  convex  and  one  plane;  but  one 

*  For  descripfcions  of  dividing  engines  for  pnrpoeee  of  great  precision,  see 
XUmsden'a  Deacription  of  an  Engine  for  Dividing  Mathtrnatical  IttslrmnenUy 
1777 ;  Kamsden^s  Description  of  an  Engine  for  Dividing  Straight  Lines,  1779 ; 
Holtzapfifel  On  Turning  and  Mechanical  MampuUUion,  vol  ii,  pages  639 
to(>54. 
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of  ^em  only  can  be  concave;  and  in  that  case  the  other  must  be 
convex,  and  of  a  curvature  not  flatter  than  that  of  the  concave 
surface. 

123.  Teeth  of  Wheels  and  Rackii*   -Oeaefttl'Prlaelyle.    (A.    M,, 

451.) — ^The  figures  of  the  teeth  of  i^heels  and  racks  are -Mgulated 
by  the  princi^e,  that  the  teeth  $hcUl  give  the  same  vdoetty-^ratio  hy 
their  hiding  c<m6act  which  the  ideal  toothless  pitchnSUTfaces  vxmld  give 
hy  their  roUing  contact. 

Let  Bj,  Bg,  in  ^%.  ^2,  be  parts  of  the  pitch-lines  of  a  pair  of 
wheels,  I  the  pitch^point,  and  C^,  Cg  the  traces  of  tiie  axes. 
Aocordkig  to  Article  91,  pages  78  to  80,  the  comparative  velocity 
of  two  connected  pieces  depends  on  the  position  of  the  point  where 
the  Une  of  comeotion  outs  the  Hne  of  centres.  For  a  pair  of  smooth 
pitch-surfiices,  that  point  is  the  pitch»point  I ;  and  for  a  pair  of 
surfaces  in  sliding  contact,  it  is  the  point  where  the  line  of  connection 
of  these  sur&ces  (being,  as  stated  in  the  preceding  Article,  their 
eonuDon  normal  at  the  point  where  they  touch)  cuts  the  plane  of 
the  axes.  Hence  the  oondition  of  the  correct  working  of  the  teeth 
of  wheels  and  racks  is  the  following : — 

The  line  of  connection  of  the  teeth  should  always  traverse  the  pitch- 
point 

For  example,  in  flg.  82,  A^  T^  and  Aj  T2  may  represent  the 
traces  of  parts  of  the  acting  surfaces  of  a  pair 
of  teeth  belonging  to  the  driver  and  follower 
respectively,  Tj  and  Tg  a  pair  of  particles  in 
these  surfkoes,  which  at  a  given  instant  touch 
each  other  in  one  point,  and  P^  T^  Tg  Pg  the 
common  normal  at  that  point;  then  that 
normal  ought  always  to  traverse  the  pitdi-- 
point  L 

At  the  instant  of  passing  the  line  of  centres 
the  point  of  contact  of  a  pair  of  teeth  coincides 
with  the  pitch-point.  « 

124.  Teeih  —  I^eflBlttoM  of  their  Pwru.— 
That  part  of  the  front  or  acting  surface 
of  a  tooth  which  projects  beyond  the  pitch- 
8urfisu;e  is  called  the  face;  that  part  which  lies  within  the 
pitch-surface,  the  flank.  The  flanks  of  the  teeth  of  the  driver 
drive  the  flEtces  of  the  teeth  of  the  follower,  and  the  faces  of  the 
teeth  of  the  driver  drive  the  flanks  of  the  teeth  of  the  follower. 
The  oorresponding  divisions  of  the  back  of  a  tooth  may  be  called 
the  BACK-FACE  and  back-flank.  The  face  of  a  tooth  in  outside  gear- 
ing is  always  convex;  the  flank  may  be  convex,  plane,  or  concave. 

When  the  motion  of  a  pair  of  wheels  is  reversed,  the  backs  of 
the  teeth  become  the  acting  surfaces. 

JBy  the  pitch-point  of  a  tooth  is  meant  the  point^here  the 
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pitch-line  of  the  wheel  cuts  the  front  of  the  tootL  At  the  instant 
of  passing  the  line  of  centres^  the  pitch-points  of  a  pair  of  teeth 
coincide  with  each  other,  with  the  point  of  contact,  and  with  the 
pitch-point  of  the  pitch-lines. 

The  DEPTH  of  a  tooth  is  the  distance  in  the  direction  of  a  radius 
from  root  to  crest ;  the  extent  to  which  the  crest  of  a  tooth  projects 
beyond  the  pitch-sur&ce  is  called  the  addendum;  and  a  line  parallel 
to  the  pitch-line,  and  touching  the  crests  of  all  the  teeth  of  a  wheel 
or  rack,  is  called  the  addendum-line,  or,  in  a  circular  wheel,  the 
ADDENDUM-CIRCLE.  The  radius  of  the  addendum-circle  of  a  circular 
wheel  is  called  the  real  radius,  to  distinguish  it  from  the  radius 
of  the  pitch-circle,  which  is  called  the  geometrical  radiu& 

Clearance  or  freedom  is  the  excess  of  the  total  depth  above  the 
working  depth,  or,  in  other  words,  the  least  distance  between  the 
crest  of  a  tooth  of  one  wheel  and  the  bottom  of  the  hollow  between 
two  teeth  of  another  wheel,  with  which  the  first  wheel  gears. 

The  pitch  of  a  pitch-line  is  divided  by  the  fronts  and  backs  of 
the  teeth  into  thickness  and  space.  The  excess  of  the  space 
between  the  teeth  of  one  wheel  above  the  thickness  of  the  teeth  of 
another  wheel  with  which  the  first  wheel  gears  is  called  play  or 
back-lash;  because  it  is  the  distance  through  which  the  pitch-line 
of  the  driver  moves  after  having  its  motion  reversed  before  the 
backs  of  the  teeth  begin  to  act 

125,  CaaMBuuT  nimeMsioHs  of  Teeth. — The  following  arc  cus- 
toman/  dimensions  for  teeth,  taken  from  a  table  which  Mr. 
Fairbaim  gives  in  his  treatise  On  MiUtoork  (see  fig.  83). 

It  is  to  be  understood  that  these  customary  dimensions  may  be 
departed  from  when  there  is  any  sufficient  reason  for  doing  so. 
Examples  of  this  will  appear  in  the  sequel. 


Fiij.  83. 
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Let  the  pitch  C  D  =  ^;  then 

Depth,  total,  A  B  =  0-75  p; 

Clearance  or  freedom,  E  B,. )        -     ^^^         ^^,  .    ,    , 

Also,  play  or  back-la^h,  F  D  -  C  F  }  =/=  ^'^^P  +  ^'^^  "^*' 

Depth,  working,  A  E  =  0-75  p  -/; 
Addendum,  A  G  #  ^  A  E ; 

Thickness,  CF  =^-^; 

Space,  PD=  2-1^ 

Thickness  of  ring  which  carries  the  teeth  (in  a  cast-iron  wheel) 
=  thickness  of  tooth  at  root. 

The  least  thickness  stifficient  for  the  teeth  of  a  given  pair  of 
wheels  is  a  question  of  strength,  depending  on  the  force  to  bo 
exerted;  and  although  such  questions  properly  belong  to  a  later 
division  of  this  treatise,  it  may  be  convenient  to  state  here  the 
rule  generally  relied  on : — Divide  the  greatest  pressu/re  to  be  exerted 
between  a  pair  of  teeth  in  pounds  by  1,500;  ds  square  root  of  Hie 
quotient  unll  be  t/ie  least  proper  thickness  in  inches. 

For  pressures  expr^usea  in  kilogrammes,  and  thicknesses  in 
millim^&es,  the  divisor  becomes  1*055;  the  rule  being  in  other 
respects  the  sama 

The  least  breadth  sufficient  for  the  fronts  of  teeth  is  a  quantity 
depending  on  dynamical  principles,  and  belonging  properly  to  the 
next  division;  but  for  convenience  it  may  here  be  stated  that  an 
ordinary  rule  is  as  follows : — Divide  the  greatest  presev/re  to  be  exerted 
in  pounds  bf/  the  pitch  in  inches,  and  by  i60;  the  quoHent  unll  be  the 
breadth  in  inches. 

For  pressures  in  kilogrammes  and  dimensions  in  millimdtres, 
instead  of  dividing  by  160,  multiply  by  9. 

126.  Tc«ih  «nr  ■■■Wg  OcMrteg^— The  figures  of  the  acting  surfaces 
of  teeth  for  a  pitch-circle  in  inside  gearing  are  exactly  the  same 
with  those  suited  for  the  same  pitch-circle  in  outside  gearing;  but 
the  relative  positions  of  teeth  and  spaces,  and  those  of  £eu^  and 
flanks,  are  reversed;  and  the  addendum-circle  is  of  less  radius  than 
the  pitch-circle.  All  the  rules  in  the  ensuing  Articles,  with  these 
modifications,  may  be  applied  to  inside  gearing. 

127.  Cmuimb  Telocity  aad  BdatiTe  TeUehj  of  Teetk— ApprMch 
and   JBeccao— Patb  of  CoatKct.— The  comrnon  velocity  of  a  pair  of 

"0-04  inch  =  1  millimetre,  nearly. 
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teeth  is  that  component  velocity  along  the  line  of  connection  which 
is  common  to  the  pair  of  particles  that  touch  each  other  at  a  given 
instant  In  fig.  82,  page  115,  let  C^  Pj  and  Cg  Pg  be  the  two 
common  perpendiculars  of  the  line  of  connection  and  the  two  axes 
respeetivdy,  and  let  o^  and  aj  denote  the  angular  velocities  about 
those  axes ;  then  the  common  component  in  question  has  the  value 

«i-CiPi  =  a2-CjPj (1.) 

The  rdcUitfe  vdocUy  of  a  pair  of  teeth  is  the  velocity  with  which 
their  acting  sur£eu;es  slide  over  each  other;  and  it  is  found  as 
follows : — Conceive  one  of  the  pitchnsurfeoes  to  be  fixed,  and  the 
other  to  roll  upon  it,  so  that  the  line  of  contact  (I,  fig.  82,  page 
115)  becomes  an  instantaneous  axis;  find  the  resultant  angular 
velocity  (see  Articles  73  to  77,  pages  52  to  56,  and  Articles  81  and 
82,  pages  66  to  68),  and  multiply  it  by  the  perpendicular  distance  of 
the  point  of  contact  of  the  teeth  (T,  fig.  82)  from  the  instantaneous 
axis;  the  product  will  be  the  relative  velocity  required.  That  is 
to  say,  let  c  denote  the  resultant  angular  velocity  about  the 
instantaneous  axis  of  the  pitch-surface  which  is  supposed  to  roll; 
and  in  fig.  82  let  I T  be  the  perpendicular  distance  of  the  point  of 
contact  from  the  instantaneous  axis;  then  the  relative  velocity  of 
sliding  is 

c-IT (2.) 

The  values  of  the  resultant  angular  velocity  c  (as  has  been 
shown  in  the  previous  Articles,  already  referred  to)  are,  for  parallel 
axes  in  outside  gearing,  c  =  Oj  +  ag;  for  parallel  axes  in  inside 
gearing,  c  =  a^  —  a^;  and  for  intersecting  axes,  the  diagonal  of  a 
parallelogram,  of  which  a^  and  a^  are  the  sides. 

While  the  point  of  contact,  T,  is  advancing  towards  the  pitch- 
point  I,  the  roots  of  the  te^h  are  sliding  to^raxds  each  other;  and 
this  relative  motion  is  called  the  approach. 

The  relative  velocity  gradually  diminishes  as  the  approach  goes 
on,  and  vanishes  at  the  instant  when  I  T  =  0;  that  is,  when  the 
point  of  contact  coincides  with  the  pitch-point;  so  that  at  that 
precise  instant  the  pair  of  teeth  are  in  rotUng  contact. 

After  the  point  of  contact  has  passed  the  pitch-point,  the  roots  of 
the  teeth  are  sliding  away  from  eadi  other  with  a  gradually 
increasing  relative  velocity;  and  this  relative  motion  is  «dled  the 

BECESa 

During  the  approa^  the  flank  of  the  driver  drives  the  face  of 
the  follower;  during  the  i^ecess  the  face  of  the  driver  drives  the 
flank  of  the  follower. 

The  extent  of  the  sliding  motion  of  a  pair  of  teeth  is  equal,  during 
the  approach,  to  the  excess  of  the  length  of  the  face  of  the  driven 
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tooth  above  the  length  of  the  flank  of  the  driving  tooth ;  and  during 
the  recess,  to  the  excess  of  the  length  of  the  £slco  of  the  driving 
tooth  above  the  length  of  the  flank  of  the  driven  tooth. 

The  PATH  OF  CONTACT  is  the  line  traversing  the  various  positions 
of  the  point  of  contact,  T  (fig.  82,  page  115).  If  the  line  of  con- 
nection preserves  always  the  same  position,  the  path  of  contact 
coincides  with  it,  and  is  straight;  in  other  cases  the  path  of  contact 
is  curved. 

It  is  divided  by  the  pitch-point  I  into  two  parts :  the  path  of 
approctch,  described  by  T  in  approaching  the  pitch-point;  and 
the  path  of  recess,  described  by  T  after  having  passed  the  pitch- 
point. 

The  path  of  contact  is  bounded  where  the  approach  conunences 
by  the  addendum-line  of  the  follower;  and  where  the  recess  ter- 
minates, by  the  addendum-line  of  the  driver.  The  length  of  the 
path  of  contact  must  be  such  that  there  shall  always  be  at  least 
one  pair  of  teeth  in  contact;  and  it  is  better  still,  when  practicable, 
to  make  it  so  long  that  there  shall  always  be  at  least  two  pairs  of 
teeth  in  contact;  but  this  is  not  always  possible. 

128.  Arc  of  Oontaoi*  (A,  M,,  454.) — The  arc  of  contact  on  a 
pitch-line  is  that  part  of  the  pitch-line  which  passes  the  pitch-point 
during  the  action  of  one  given  tooth  with  the  corresponding  tooth 
of  the  other  wheel.  ^ 

In  order  that  one  pair  of  teeih  ai  least  may  be  in  action  at 
each  instant,  the  leng^  of  the  arc  of  contact  must  be  greaier  them 
the  pkeh;  and  whea  p»ctioalde,  it  should  be  double  t^  pUeh^  in 
order  that  two  pairs  of  teeth,  at  least,  may  be  in  action  at  each 
ioBlant;  but  this  is  not  always  piaeticable;  and  the  most  oommoa 
values  are  from  1*4  to  1*8  times  the  pitch.  It  is  divided  by  the 
front  of  the  tooth  to  which  it  belongs  into  two  parts :  the  cure  qf 
apprvaehy  lying  in  advance  of  the  front  of  the  tooth;  and  the  arc  of 
reoe$9,  lying  behind  the  front  of  the  tooth.  It  is  usual  to  make 
tha  arcs  of  approach  and  of  recess  of  equal  length ;  and  in  that 
case '  each  of  them  mu^  be  greater  than  half  the  pitch,  and  should, 
if  practicable,  be  made  equal  to  the  pitch.  For  a  given  pitch-line, 
and  a  given  pitch  and  figure  of  tooth,  the  length  of  thoes  arcs 
d^)end8  on  the  addendum,  in  a  mann^  to  be  aflerwasds  described. 

129.  OMiMitr  of  ActiMto-The  obliquity  of  action  of  a  pair  of 
teeth  is  the  angle  which  the  line  of  connection  makes  at-  any 
instant  with  a  tangent  plane  to  the  two  piMi-si»£MeB^  for  ex- 
am|^  in  fig.  82,  page  115,  the  complement  of  the  angle  at.  L 
When  the  pU^  of  contact  is  a  straight  line,  coincidinf^atreRreiy 
instant  with  the  line  of  connection,  the  obliquity  is  constant;  in. 
other  casee  it  is  variable;  and  its  mode  of  variation  is  usually  such, 
that  it  diminishes  during  the  approach,  and  increases  again  during 
recess.     In  a  dynamical  point  of  view^  it  is  advantageous  to  make 
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the  obliquity  as  small  as  possible;  and,  on  the  other  hand,  there  is 
a  connection  between  the  obliquity  of  action  and  the  number  of 
teeth  which  makes  it  impracticable  to  use  pinions  of  fewer  than  a 
certain  number  of  teeth  with  less  than  a  certain  maximum  obliquity 
of  action.  Mr.  Willis,  from  an  examination  of  the  results  of 
ordinary  practice,  concludes  that  the  best  value  on  the  whole  for 
the  mean  obliquUf/  of  action  in  toothed  gearing  is  between  14°  and 
15°.  Such  an  angle  may  be  easily  constructed  by  drawing  a  right- 
angled  triangle  whose  three  sides  bear  to  each  other  the  proportion 
of  the  numbers 

65  :  63  :  16; 

when  the  required  angle  will  lie  opposite  to  the  shortest  side  of  the 
triangle.     The  values  of  its  chief  trigonometrical  functions  are — 

mne, 16  -r-  65  =:  0-2461538,  nearly. 

cosine,. 63  ■^  65  =  0-9692308,  nearly. 

tangent, 16  -r-  63  =  02539683,  nearly. 

cosecant, 65  ^  16  =  4-0625. 

cotangent, 63  4-  16  =  3-9375. 

The  corresponding  angle  is  14°  15';  being  a  little  less  than  one-25th 
jmrt  of  a  revolution. 

130.  The  Teeik  of  Si^nr^wiMels  mmd  Racks  have  acting  Surfaces 
of  the  class  called  cyliridricaL  swrfcLcea,  in  the  comprehensive  sense  of 
that  term;  and  their  figures  are  designed  by  drawing  the  traces  of 
their  surfaces  on  a  pkme  perpendicular  to  the  axes  of  the  wheels 
(or,  in  the  case  of  a  rack,  to  the  axis  of  the  wheel  that  is  to  gear 
with  the  rack);  which  plane  contains  the  pitch-lines  and  the  line  of 
connection,  and  may  be  represented  by  the  plane  of  the  paper  in  fig. 
82,  page  115.  The  path  of  contact,  also,  is  situated  in  the  same 
plane;  and  the  angle  of  obliquity  of  action  is  at  each  instant  equal 
to  the  angle  I C  P,  which  the  common  perpendicular,  C  P,  of  the  line 
of  connection  and  one  of  the  axes  makes  with  the  line  of  centres, 
Cj  I  Cg.  Because  of  the  comparative  simplicity  of  the  rules  for 
drawing  the  figures  of  the  teeth  of  spur-wheels,  those  rules  are  used, 
with  l£e  aid  of  certain  devices  to  be  afterwards  described,  for 
drawing  the  figures  of  the  teeth  of  bevel  wheels  and  skew-bevel 
wheels  also. 

131.  iBTOlnte  Teetk  for  Cirenlar  Wheels.  {A.  if.,  457.)— The 
simplest  of  all  forms  for  the  teeth  of  circular  wheels  is  that  in 
which  the  path  of  contact  is  a  straight  line  always  coinciding  with 
the  line  of  connection,  which  makes  a  constant  angle  with  the  line 
of  centres,  and  is  inclined  at  a  constant  angle  of  obliquity  to  the 
common  tangent  of  the  pitch-lines. 

In  ^g,  84,  let  Cj,  O2,  be  the  centres  of  two  circular  wheels,  whose 
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pitch-circles  are  marked  Bj,  Bg.     Through  the  pitch-point  I  draw 
the  intended  line  of  connecHon,  P^  Pg,  making,  with  the  line  of 
centres,  the  angle  C  I  P  =  the  complement 
of  the  intended  obliquity. 

Prom  C.  and  C,  draw  C^  Pj^  and  C2  Pg 
perpendicular  to  P,  Pj,  with  which  two  per- 
pendiculars as  radii  describe  circles  (called 
baae-cirdes)  marked  D^,  D^ 

Suppose  the  base-circles  to  be  a  pair  of 
circular  pulleys^  connected  by  means  of  a  ' 
cord  whose  course  from  pulley  to  pulley  is 
P^  I  Pj.  As  the  line  of  connection  of  those 
puU^rs  is  the  same  with  that  of  the  proposed 
teeth,  they  will  rotate  with  the  required 
velocity-ratio.  Now,  suppose  a  tracing  point, 
T,  to  be  fixed  to  the  cord,  so  as  to  be  carried 
along  the  path  of  contact,  P^  I  T^    That  p{g  g^^ 

point  will  trace,  on  a  plane  rotating  along 
with  the  wheel  1,  part  of  the  involute  of  the  base-circle  D^,  and 
on  a  plane  rotating  along  with  the  wheel  2,  part  of  the  involute 
of  the  base-circle  Dj,  and  the  two  curves  so  traced  will  always  cut 
the  line  of  connection  at  right  angles,  and  touch  each  other  in  the 
I'equired  point  of  contact  T,  and  will  therefore  fulfil  the  condition 
required  by  Article  122,  page  114  The  teeth  thus  traced  are 
called  Invdute  Teeth. 

All  involute  teeth  of  the  same  pitch  work  smoothly  together. 

The  following  is  the  process  by  which  the  figures  of  involute 
teeth  are  to  be  drawn  in  practice : — 

In  fig.  85,  let  C  represent  the  centre  of  the  wheel,  I  the  pitch- 
point,  C  I  tiie  geometrical  radius,  BIB  the  pitch-circle,  and  let 
the  intended  angle  of  obliquity  of  action  .be  given,  and  also  the 
]>itch.  (In  the  example  represented  by  the  figure,  the  obliquity  i» 
supposed  to  be  144°,  as  stated  in  Article  129,  page  120;  and  the 
wheel  has  30  teethT)    Then  proceed  by  the  following  rules : — 

L  To  draw  the  base-^drde  and  the  Une  of  connection.  About  C, 
with  the  radius  C  P  =  C I  x  cosine  of  obUquity  (that  is  to  say,  in 

the  present  example,  ^  C  I),  draw  a  circle,  D  P  D;  this  is  the 


65 
ham-drde.     Then  about  I,  with  a  radius  I  P  = 


C  I 

16 


X    sine  of 


obliquity  (that  is  to  say,  in  the  present  example,  ^  C  I),  draw  a 

short  circular  arc,  cutting  the  base-circle  in  P.  Draw  the  straight 
line  P  F I  E;  thi  will  be  the  line  of  connection;  and  it  will  touch 
the  base-circle  at  P. 

TI.  To  find  the   normal  pitch,  the  addendum,  and  the  real 
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radiu3,  and  to  draw  the  addendirni-circle  and  the  flcmk^wrde.    At 
the  pitch-point,  \,  draw  the  straight  line  I  A,  toaching  the  pitoh- 


Fig.  85. 


circle,  and  lay  off  upon  it  the  length  I  A  equal  to  the  pitch. 
From  A  let  fall  A  E  perpendicular  to  I  R  Then  I  E  will  be 
what  may  be  called  the  normal  pitch,  being  the  distance,  as  mea- 
sured along  the  line  of  connection,  from  the  front  of  one  tooth  to 
the  front  of  the  next  tooth. 

The  normal  pitch  is  also  the  'pich  on  ihe  hose-circle;  that  is,  the 
distance,  as  measured  on  the  base-circle,  between  the  front  of  one 
tooth  and  the  front  of  the  next. 

The  ratio  of  the  normal  pitch  of  involute  teeth  to  the  circular 
pitch  is  equal  to  the  ratio  of  the  radius  of  the  base-circle  to  that  of 
the  pitch-circle ;  that  is  to  say, 

__=._=  cosine  of  obliquity  (^  =  ^^ 


in  the  present  example). 
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In  order  that  two  pairs  of  teeth  at  least  may  always  be  in  action, 
the  arc  of  contact  is  to  consist  of  two  halves,  ^ich  equal  to  the  pitch 
(see  Article  128,  page  119).  Lay  off  on  the  line  of  connection, 
E  P,  the  distance  I  F  =  I  E.  Then  E  F  will  be  that  paik  of  con- 
tact (Article  127,  page  119),  consisting  of  two  halves,  each  equal  to 
the  normal  pitch. 

Draw  the  straight  line  C  E;  this  will  be  the  real  radius,  and 
the  circle  E  G  G',  drawn  with  that  radius,  will  be  the  addendwrn,'- 
cirde,  which  all  lie  crests  of  the  teeth  are  to  touch.  Then,  with 
the  radius  C  F,  draw  the  circle  F  H  (marked  with  dots  in  the 
figure);  this  may  be  called  the  flank-circle,  for  it  marks  the  inner 
ends  of  the  flanks  of  all  the  teeth. 

The  addendum  is  C  E  -  C  I. 

IIL  To  draw  the  root  circIe;  that  is,  the  circle  which  the 
bottoms  of  all  the  hollows  between  the  teeth  (or  clearing  curves,  as 
they  are  called)  are  to  touch.  First  find,  by  drawing  or  by  calcula- 
tion, the  greatest  addendum  of  any  wheel  with  which  the  given  whe^l 
may  have  to  gear;  that  is,  the  addendum  of  the  smallest  practicable 
pinion  of  the  same  pitch  and  obliquity;  that  is,  the  addendum  of  a 
pinion  in  which  the  pitch  subtends  at  the  centre  an  angle  approxi- 
mately equal  to  the  obliquity.  With  the  obliquity  alr^y  stated, 
such  a  pinion  has  25  teeth.  To  find  the  addendum  of  such  a 
pimon  by  drawing : — Through  F,  parallel  to  P  C,  draw  F  L,  as 
cutting  I  C  in  L.  Join  L  E;  then  L  E  —  L I  will  be  the  required 
greoUesl  addendum.  To  find  the  greatest  addendum  by  calculation^ 
let  ^  denote  the  obliquity,  and  p  the  pitch ;  then 

LE  -  LI  =|>cotan^  |  ^(3sin2^+  1)-1  l- 

With  the  angle  of  obliquity  already  stated,  this  gives 
L  E  -  L  I  =  0-343;?,  very  nearly; 

and  this  is  the  origin  of  the  value  0  35  p,  which  is  veiy  commonly 
used  for  the  addendum  of  teeth. 

To  the  greatest  addendum,  thus  found,  add  a  suitable  allowance 
for  clearance  (Article  125,  page  116),  and  lay  off  the  sum  I  K 
inwards  from  the  pitch-circle  along  the  radius.  TheniC  K  will 
be  the  radius  of  the  reqidred  rootK)ircla 

rV.  To  draw  the  traces  of  the  teeth,  Mark  the  pitdi-points  of 
the  fronts  of  the  teeth  (I,  T,  &a),  according  to  the  principles  of 
Arti^  121,  page  113,  and  ihoae  of  their  backs,  by  laying  off  a 
suitable  thicknen  on  the  pitdt-circle  (see  Article  125,  page  116). 
Obtnn  a  "templet,"  or  thin  flat  disc  of  wood  or  metal,  having  its 
edge  aecarately  shaped  to  the  figure  of  the  base-circleL  Such  a 
templet  is  represented  in  plan  by  C  D  D,  ^g,  86,  and  in  elevation 
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by  n  D'.     A  piece  of  watch-spring,  marked  P  M  in  plan,  and  F  M' 
in  elevation,  is  to  have  its  edges  filed  so  as  to  leave  a  pair  of  sharp 


Fig.  86. 


projecting  tracing-points,  marked  T,  ^,  in  elevation,  and  T  in  plan. 
One  end  of  that  spring,  P,  F,  is  to  have  a  round  hole  drilled  in  it, 
and  to  be  fixed  to  the  middle  of  the  edge  of  the  templet  bj  means 
of  a  screw,  about  which  the  spring  is  to  be  free  to  torn;  and  the 
other  end,  M,  M',  is  to  be  fitted  with  a  knob  to  hold  it  by.  Place 
the  templet  on  the  drawing  (or  pattern,  as  the  case  may  be),  so 
that  C  shall  coincide  with  the  centre  of  the  wheel,  and  D  D  with 
the  base-circle;  and  also  so  that  the  lower  of  the  two  tracing-points, 
when  the  spring  is  moved  to  and  fro,  shall  pass  through  the  pitch- 
point  of  a  tooth;  then  that  tracing-point  will  draw  the  trace  of  the 
front  of  the  tooth;  and  by  turning  the  templet  about  C,  and  repeat- 
ing the  process,  the  traces  of  the  fronts  of  any  required  number  of 
teeth  may  be  drawn. 

To  draw  the  traces  of  the  backs  of  the  teeth,  the  position  of  the 
spring  relatively  to  the  templet  is  to  be  reversed,  by  turning  it 
about  the  screw  at  P,  so  as  to  use  the  tracing-point  that  was 
previously  uppermost 

The  distance,  P  T,  from  the  screw  to  the  tracing-points  diould 
not  be  less  than  twice  the  normal  pitch, 

V.  The  Clearing  Curves  are  the  traces  of  the  hollows  which  lie 
inside  the  flank-circle,  F  H,  fig.  85.  Their  side  parts  ought  to  be 
tangents  to  the  inner  ends  of  the  flanks  of  the  teeth  (at  F  and  H, 
for  example),  and  their  bottom  parts  ought  to  coincide  with  the 
root-circle  through  EL  Those  different  parts  may  be  joined 
to  each  other  by  means  of  small  circular  arcs.  In  connection 
with  the  figures  of  the  side  parts  of  those  clearing  curves,  it  may 
be  observed,  that  F  L  is  a  tangent  to  the  inner  emd  of  the  flank 
I'  F,  and  therefore  to  the  clearing  curve  at  that  point;  and  that 
tangents  to  the  inner  ends  of  other  flanks  may  be  drawn  by  re- 
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peating  the  process  by  which  F  L  is  drawn,  or  by  the  following 
process  .--—About  C,  with  the  radius  C  N  =  P  F,  draw  a  circle; 
JF  L  N  will  be  a  straight  tangent  to  that  circle;  and  so  also  will 
all  the  tangents  to  the  flanks  at  their  inner  ends.  Therefore,  from 
the  inner  ends  of  all  the  flanks,  both  front  and  back,  draw  straight 
lines  touching  the  circle  C  N,  and  so  placed  that  the  straight  lines 
from  the  front  and  back  flanks  of  the  same  tooth  shall  not  cross 
each  other;  these  lines  will  show  the  proper  positions  for  the  side 
parts  of  the  clearing  curves.  When  the  fiank-cirde  coincides  with 
the  base-circle  (as  in  the  smallest  pinion  of  a  given  pitch),  the  side 
parte  of  the  clearing  curves  coincide  with  the  radii  drawn  from 
the  centre  C  to  the  inner  ends  of  the  flanks. 

132.  lavwiaie  Teeth  for  Backs.— The  following  is  the  process  of 
designing  the  teeth  of  a  straight  rack  which  is  to  gear  with  an 
involute-toothed  wheel  of  a  given  pitch  and  a  g;iven  obliquity : — In 
^g.  87,  let  A  B  be  the  pitch-line  of  the  rack,  and  let  A  I  =  1 1'  be 

the  pitch.    LayoffAIE       ^  ^ ^ 

=  the  given  angle  of  ob-        /"^"^-t!™""  /        V T      V 

Hquity,  and  from  A  let     ^ \-      ^y(t-»^^  A jp A— B 

fedi  A  E  perpendicular  to      /. A HLl -lY_v--r,,(.  \ 

I  Ej  then  I  E  will  be  — ^ -^ ^'-j^ -LZl/. \ 

the  normal  pitch;  ftirther,  pj_  g^ 

if  the  path  of  contact  ia 

to  consist  of  two  halves,  each  equal  to  half  the  normal  pitch, 
I  £  will  be  one  of  those  halves;  then  in  E  I  produced  make 
I  F  =  I  E,  and  I  F  will  be  the  other  half  of  the  path  of  con- 
tact Through  E,  paraUel  to  A  B,  draw  E  G  G';  this  will  be 
the  addendum  line;  through  F,  parallel  to  B  A,  draw'F  H; 
this  will  be  the  flank-line,  marking  the  inner  ends  of  the  acting 
swr&Lces  of  the  teeth.  Perpendicular  to  A  B  draw  I  K,  equal  to 
the  greatest  addendum  in  the  set  of  wheels  of  the  given  pitch  and 
obliquity  with  an  allowance  for  clearance  added,  as  in  Kule  III. 
of  Article  131,  page  123;  through  K,  parallel  to  A  B,  draw  a 
straight  line;  this  will  be  the  root-liiie,  with  which  the  bottoms  of 
all  the  hollows  between  the  teeth  are  to  coincide. 

The  traces  of  the  fronts  of  the  teeth  are  straight  lines  perpen- 
dicolar  to  E  F,  and  the  fronts  themselves  are  planes  perpendicular 
to  £  F.  The  backs  of  the  teeth  are  planes  inclined  at  the  same 
angle  to  A  B  in  the  contrary  direction. 

133.  Pecvliar  Properties  of  lavolaie  Teeth.— Involute  teeth  have 
some  peculiar  properties  not  possessed  by  teeth  of  other  figures. 

I.  Sets  of  involute  teeth  have  a  definite  and  constant  twrmal 
pikh;  being,  as  already  explained,  the  distance  between  the  fronts 
of  successive  teeth,  measured  on  the  path  of  contact,  or  on  the 
drcomference  of  the  base-circle;  and  aU  vjheela  and  racks  with 
involute  teeth  oj  the  same  normalpitch  gear  correctly  wiUh  each  otlier. 
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IL  The  leogth  of  the  line  of  centres,  or  perpendicular  distance 
between  the  axes,  of  a  pair  of  wheels  with  involute  teeth  of  the 
same  normal  pitch,  or  the  perpendicular  distance  from  the  axis  of 
a  wheel  with  involute  teeth  to  the  addendum-line  of  a  rack  with 
which  it  gears,  may  be  altered;  and  so  long  as  l^e  wheels,  or  wheel 
and  rack,  are  sufficiently  near  together  to  make  the  path  of  contact 
longer  than  the  normal  pitch,  and  sufficiently  far  asunder  for  the 
crests  of  each  set  of  teeth  to  clear  the  hollows  between  the  teeth 
of  the  other  set,  the  wheels,  or  the  wheel  and  rack,  will  continue 
to  work  correctly  together,  and  to  pi-eserve  their  velocity-ratio; 
although,  in  the  case  of  a  pair  of  wheels,  the  pitch-lines,  the  pitch 
as  measured  on  the  pitch-lines,  and  the  obliquity,  will  all  be  altered 
when  the  length  of  the  line  of  centres  is  altered.  In  other  words, 
the  velocity-ratio  of  a  pair  of  wheels  with  involute  teeth  of  the 
aame  normal  pitch  is  the  reciprocal  of  the  ratio  of  the  radii  of  their 


base-circles,  and  depends  on  this  ratio  alone;  and  the  velocity^ratio 
of  a  wheel  and  rack  with  involute  teeth  of  the  same  normal  pitch 
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depends  solely  on  tiie  radius  of  the  base-circle  of  the  wheel  and 
on  the  angle  of  obliquity  of  the  line  of  connection. 

Another  way  of  stating  this  property  of  involute  teeth  is,  that 
the  pitch-lines  of  wheels  and  rax^  with  such  teeth  are  arbitrary  to 
an  extent  limited  only  by  the  necessity  of  having  a  path  of  contact 
of  a  certain  length. 

One  practical  result  of  this  is  (as  Mr.  Willis  first  pointed  out), 
that  the  hadmash  of  involute  teeth  is  variable  at  will,  being  capable 
of  being  increased  or  diminiahed  by  moving  the  wheels^  or  the  wheel 
and  rack,  further  from  or  nearer  to  each  other,  and  may  thus  be 
adjusted  so  as  to  be  no  greater  than  is  absolutely  necessary  in  order 
to  prevent  jamming  of  tiie  teeth — a  property  not  possessed  by  teeth 
of  any  other  figure. 

ni.  Given  (in  ^g,  88),  the  cerUres,  C,  C,  the  hetse-cvrdea,  D  D, 
jy  ly,  and  the  addrndum-circles,  A  A,  A  A',  of  a  pair  of  spur- 
wheels  witJi  involute  teeth  of  a  given  normal  pitch,  to  find  the  line  of 
conmection^Jhe  pitch-point,  the  pUch-drdes,  the  pitdi  on  the  pUcHi- 
circles,  and  the  path  qf  contact. 

Draw  a  common  tangent,  P  P,  to  the  two  base-circles  in  such  a 
position  as  to  run  from  the  driver  to  the  follower  in  the  direction 
of  motion.  That  common  tangent  will  be  the  line  of  connection : 
the  point  I,  where  it  cuts  the  line  of  centres,  will  be  the  pitch-point : 
two  circles,  B  B  and  B  B',  described  about  C  and  C'  respectively, 
and  touching  each  other  in  I,  will  be  the  pitch-circles :  the  pitch 
on  the  pitch-circles  will  be  greater  than  the  normal  pitch  in  the 

C  I       CI 
****<>  TTp  =  r«^>  ^^^  the  part  ErE'  of  the  line  of  connection  which 

lies  between  the  two  addendum-circles  will  be  the  path  of  contact. 
rV.  Given  (in  ^g.  89),  the  centre,  C,  the  baae-cirde,  D  D,  <md  tlie 
addendwmrdrdej  A.  A.,  of  a  spwr-whed  unth  involute  teeth  of  a  given 


£1g.  S9. 

ntmnal  piteh ;  oho  the  piichrline,  B'  F,  ofnd  the  addendumrUne,  A'  A ', 
of  a  rack  u^tich  is  to  have  involute  teetii  qfthe  same  normal  pitdi;  10 
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find  the  pUehrpoirU,  tlie  pUcJ^rde  of  the  wheel,  iJie  line  of  connection, 
the  pitch,  as  Tneasured  on  tlte  pitch-linee,  the  path  of  contact,  and  the 
position  of  the  fronts  of  the  teeth  of  the  rack. 

From  C  let  fall  C  I  perpendicalar  to  B'  K;  then  I  will  be  the 
pitch-point;  and  a  circle,  B  B,  of  the  radius  C  I,  will  be  the  pitch- 
circle  of  the  wheel.  From  I  draw  I  P,  touching  the  base-circle 
D  D;  I  P  will  be  the  line  of  connection.  The  pitch,  as  measured 
on  the  pitch-lines,  will  be  greater  than  the  normal  pitch,  in  the 

C  I 
ratio  ^^  of  the  radius  of  the  pitch-circle  to  that  of  the  base-circle. 

The  path  of  contact  will  be  the  part  E  E'  of  the  line  of  connection, 
which  is  contained  between  the  addendum-line  of  the  rack,  A'  A', 
and  the  addendum-circle  of  the  wheel,  A  A.  The  fronts  of  the 
teeth  of  the  rack  are  to  be  planes  perpendicular  to  I  P,  or,  in  other 
words,  parallel  to  P  C. 

V.  By  the  application  of  the  preceding  principles,  two  or  more 
wheels  of  different  numbers  of  teeth,  turning  about  gne  axis,  can 
be  made  to  gear  correctly  with  one  wheel  or  with  one  rack;  or  two 
or  more  parallel  racks,  with  di£ferent  obliquities  of  action,  may  be 
made  to  gear  correctly  with  one  wheel,  the  normal  pitches  in  eacli 
case  being  the  same ;  and  thus  differential  movetnents  of  various  sorts 
may  be  obtained.    This  is  not  possible  with  teeth  of  any  other  form. 

The  obliquity  of  the  action  of  involute  teeth  is  by  many  con- 
sidered an  objection  to  their  use;  and  that  is  the  reason  why, 
notwithstanding  their  simplicity  and  their  other  advantages,  they 
are  not  so  often  used  as  other  forms.  In  anticipation  of  the  subject 
of  the  dynamics  of  machinery  it  may  be  stated,  that  the  principal 
effect  of  the  obliquity  of  the  action  of  involute  teeth  is  to  increase 
the  pressure  exerted  between  the  acting  sur&ces  of  the  teeth,  and 
also  the  pressure  exerted  between  the  axles  of  the  wheels  and  their 
bearings,  nearly  in  the  ratio  in  which  the  radius  of  the  pitch-circle 
of  each  wheel  is  greater  than  the  radius  of  the  base-circle,  and  that 
a  corresponding  increase  of  friction  is  produced  by  that  increase  of 
pressure.     In  fiie  example  of  Article  131,  that  ratio  is  65  i  63. 

134.  Teetk  for  «  OivMi  Paik  of  Coatact— In  the  three  pre- 
ceding Articles  the  forms  of  the  teeth  are  found  by  assuming  a 
figure  for  the  path  of  contact — viz.,  the  straight  line.  Any  other 
convenient  figure  may  be  assumed  for  the  path  of  contact,  and  the 
corresponding  forms  of  the  teeth  found,  by  determining  what 
curves  a  point  moving  along  the  assumed  path  of  contact  will  trace 
on  two  discs,  rotating  round  the  centres  of  the  wheels  with  angular 
velocities,  which  bear  that  relation  to  the  component  velocity  of  the 
tracing-point  along  the  line  of  connection  which  is  given  by  the 
principles  of  Article  127,  page  118.  This  method  of  finding  the 
forms  of  the  teeth  of  wheels  is  the  subject  of  an  interesting  treatise 
by  Mr.  Edward  Sang. 
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All  wheels  having  teeth  of  the  same  pitch,  traced  from  the  same 
path  of  cootact,  work  correctly  together^  and  are  said  to  belong  to 
the  sameaeL 

135.  Teeth  Tneed  by  Boning  Carre*.  {A.  M,,  452.)— Fl*om  the 
principles  of  Articles  122  and  123,  pages  114, 115,  it  appears  that  at 
every  instant  the  position  of  the  point  of  contact,  T,  of  the  acting 
surfaces  of  a  pair  of  teeth  (fig.  82,  page  115),  and  the  corresponding 
position  of  iiie  pitch-point  I  in  the  pitch-lines  of  the  wheels  to 
which  those  teeth  belong,  are  so  related,  that  the  line,  I  T,  which 
joins  them,  is  normal  to  the  surface  of  each  of  the  teeth  at  the  point 
T.  Novir  this  is  the  relation  which  exists  between  the  tracing- 
poini  T,  and  the  instarUaneous  axis  or  line  qf  contact  I,  in  a  roUii^ 
curve  of  such  a  figure,  that,  being  roUed  upon  the  pitch-line,  its 
tracing-point  T  traces  the  outline  of  a  tooth.  (As  to  rolling 
curves  and  rolled  curves,  see  Articles  72,  74,  75,  77,  78,  79,  pages 
51  to  62.) 

In  order  that  a  pair  of  teeth  may  work  correctly  together,  it  is 
necessary  and  sufficient  that  the  instantaneotis  normals  from  the 
pitch-point  to  the  acting  surfiM^s  of  the  two  teeth  should  coincide 
at  each  instant;  and  this  condition  is  fulfilled  if  the  outlines  qf  the 
two  teeth  be  traced  by  the  motion  qf  the  same  tracing-point,  in  rolling 
the  same  rolling  curve  on  the  same  side  qf  the  pitch4ines  qf  the  respec- 
Uveujheels, 

The  Jla/nk  of  a  tooth  is  traced  while  the  rolling  curve  rolls  inside 
of  the  pitch-line;  the /ace,  while  it  rolls  outside. 

To  iUnstrate  this  more  fuUy,  the  following  explanation  is  quoted 
from  the  Article  "Mechanics  (Applied)"  in  the  Encydopasdm  Brit- 
annica  (see  fig.  90) : — "  If  any 
curve,  B,  be  rolled  on  the  in-  ^ 
side  of  the  pitch-line,  B  B,  of 
a  wheel,  ihe  instantaneous 
axis  of  the  rolling  curve  at 
any  instant  will  be  at  the 
point  I,  where  it  touches  the 
pitch-line  for  the  moment; 
and  consequently  the  line 
A  T,  traced  by  a  tracing-  Fig.  90. 

point  T,  fixed  to  the  rolling 
curve,  will  be  everywhere  perpendicular  to  the  straight  line  T  I ;  so 
that  the  traced  curve  A  T  will  be  suitable  for  the  flank  of  a  tooth, 
in  which  T  is  the  point  of  contact  corresponding  to  the  position  I 
of  the  pitch-point.  If  the  same  rolling  curve  B,  with  the  same 
tracing-point  T,  be  rolled  on  the  outside  of  any  other  pitch-line,  it 
will  trace  the  face  of  a  tooth  suitable  to  work  wiUi  the  flank 
AT. 

''In  like  manneri  if  either  the  same  or  any  other  rolling  curve 
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R'  be  lolled  ihe  opposite  way,  on  the  outside  of  the  pitch-line  B  B^ 
80  that  the  tracing-point  T^  shall  start  from  A,  it  will  trace  the 
fcice  A  ly  of  a  tooth  suitable  to  work  with  &jlank  traced  by  rolling 
the  same  carve  B!  with  the  same  tracing-point  T"  inside  any  other 
pitch-line. 

"  The  fignre  of  the  path  of  contact  is  that  traced  on  a  fixed  plane 
by  the  tracing-pointy  when  the  rolling  curve  is  rotated  in  such  a 
manner  as  always  to  touch  a  fixed  straight  line  £  I  E  (or  ET  E', 
as  the  case  may  be)  at  a  fixed  point  I  (or  T). 

**!£  the  same  rolling  curve  and  tracing-point  be  used  to  trace 
both  the  fiftces  and  the  flanks  of  the  teeth  of  a  number  of  wheels  of 
different  sizes,  but  of  the  same  pitch,  all  those  wheels  will  work 
correctly  together,  and  will  form  a  set.  The  teeth  of  a  roc^  of  the 
same  set  are  traced  by  rolling  the  rolling  curve  on  both  sides  of  a 
straight  line. 

"The  teeth  of  wheels  of  any  figure,  as  well  as  of  circular  wheels, 
may  be  traced  by  rolling  curves  on  their  pitch-lines;  and  all  teeth 
of  die  same  pitch,  traced  by  the  same  rolling  curve  with  the  same 
tracing-point,  will  work  together  correctly  if  the  pitch-sur£eices  are 
in  rolling  contact" 

Involute  teeth  themselves  might  be  traced  by  rolling  a  logarith- 
mic spiral  on  the  pitch-circle;  but  it  is  unnecessary  to  explain  this 
in  detail,  as  the  ordinary  method  of  tracing  them  is  much  more 
simple. 

136.  Kpicyd^Mal  Tcdh  te  GfafL — For  tracing  the  figures  of 
teeth,  the  most  convenient  rolling  curve  is  the  circle.  The  path  of 
contact  which  a  point  in  its  circumference  traces  is  identi(»l  with 
the  circle  itself;  the  flanks  of  the  teeth  for  circular  wheels  are  inter- 
nal epicycloids,  and  their  faces  external  epicycloids,  and  both  flanks 
and  faces  are  cycloids  for  a  straight  rack.  (See  Article  74,  page 
53,  and  Article  77,  page  56.) 

Wheels  of  the  same  pitch,  with  epicycloidfd  teeth  traced  by  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoever 
may  be  the  numbers  of  their  teeth;  and  they  are  said  to  belong  to 
the  same  set. 

For  a  pitch-circle  of  twice  the  radius  of  the  rolling  or  describing 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line, 
being  a  diameter  of  the  pitch-circle;  so  that  the  flanks  of  5ie  teeth 
for  such  a  pitch-circle  are  planes  mdiating  from  the  axis.  For  a 
smaller  pitch-circle,  the  flanks  would  be  convex,  and  vncwrved  or 
under-cut,  which  would  be  inconvenient;  therefore  the  smallest 
wheel  of  a  set  should  have  its  pitch-circle  of  twice  the  radius  of  the 
describing  circle,  so  that  the  flanks  may  be  either  straight  or 
concave. 

In  fig.  91,  let  B  B  be  the  pitch-circle  of  a  wheel,  C  C  the  line  of 
centres,  I  the  pitch-point,  R  1*ie  intenial  deeoiibiDg  drde,  and  R' 
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tbe  external  describing  circle,  so  placed  as  to  touch  the  pitch-circle 
and  each  other  at  I  j  let  E  E  be  a  straight  tangent  to  the  pitch- 
circle  at  the  pitch-point;  and  let  T  I  T^  be  the  path  of  contact, 
consisting  of  the  path  of  approach^  T  I, 
and  the  path  of  recess,  I  T.  Each 
of  those  arcs  should  be  equal  to  the 
pitch  when  praciaeable,  in  order 
that  there  may  be  always  at  least  two 
pairs  of  teeth  in  action;  but  this  is 
not  always  possible;  and  the  length  b- 
of  each  of  them  in  many  cases  is  only  ^ 
from  0*7  to  0*9  of  the  pitch,  being  *^- 
r^ulated  by  the  customary  practice 
of  making  the  addendum  from  0*3  to 
0-35  of  the  pitch. 

The  real  radius  of  the  wheel  is 
the  distance  from  its  centre  to  the 
point  T,  at  the  outer  end  of  the  face 
of  a  tooth;  the  dotted  circle  travers- 


Rg.  91. 


ing  T'  is  the  addendum-circle,  and  the  perpendicular  distance 
from  T  to  the  pitch-circle  B  B  is  the  addendum. 

The  JUmh-drcle  is  a  circle  described  about  the  centre  of  the 
wheel,  and  traversing  the  point  T;  and  the  clearing  curves  (as  in 
the  case  of  involute  teeth,  Article  131,  Rule  V.,  page  124)  must 
have  a  depth  sufficient  to  clear  the  greatest  addendum  given  to  the 
teeth  of  any  one  of  the  set  of  wheels  that  are  capable  of  gearing 
with  the  wheel  under  consideration. 

In  passing  the  line  of  centres,  the  line  of  connection  coincides  with 
the  tangent  E  E,  and  the  obliquity  is  nothing.  The  greatest  angle  of 
obliquity  of  action  is,  during  the  approach,  E  I  T,  and  during  the 
recess  E I T';  and  the  mean  angles  of  obliquity  during  the  approach 
and  recess  are  the  halves  of  those  greatest  angles  respectively.  From 
the  results  of  practical  experience,  Mr.  Willis  deduces  the  rule  that 
the  mean  obliquity  should  not  exceed  15',  or  one-twenty-fourth  of 
a  revolution;  therefore  the  maximum  obliquity  shoidd  not  exceed 
3(f  ,  or  one-twelfth  of  a  revolution;  therefore  the  arcs  I  T  and  I  T' 
shoidd  neither  of  them  in  any  case  exceed  one-sixth  of  the  circum- 
fa«noe  of  the  describing  circles  to  which  they  respectively  belong; 
from  which  it  follows,  that  if  either  of  those  arcs  is  to  be  equal  to 
the  pitch,  the  circumference  of  the  describing  circle  ought  not  tob9 
less  than  six  times  (he  pitch;  therefore  the  smallest  pinion  of  a  set 
should  have  twdve  tedh, 

137.  Tmciiif  BpiejrctoMai  TmA  br  Toupieci*— The  fiace  of  aa 
epicydoidal  tooth  may  be  traced  by  rolling  a  templet  of  the  form 
ik  the  describing  circle  upon  a  convex  templet  of  the  form  of  the 
TOti^-circIe;  ana  the  flank^  by  rolling  a  templet  of  the  form  of  the 
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the  form  of  the 


describing  circle  upon  a  concave  templet  of 

When  the  fixed  templet  is  either  convex  (as  when  the  fece  of 
the  tooth  of  a  wheel  is  to  be  traced)  or  straight  (as  when  either  the 
face  or  the  flank  of  the  tooth  of  a  rack  is  to  be  traced),  the  rolling 
templet  may  be  prevented  from  slipping  on  the  fixed  templet  by 
connecting  them  together  by  means  of  a  slender  piece  of  watch- 
spring,  as  follows:— In  fig.  92,  C  B  B  represents  the  fixed  templet 


Fig.  92. 

of  the  form  of  the  pitch-circle,  and  R  the  rolling  templet  of  the 
form  of  the  describing  circle.  Q  I  P  is  a  slender  piece  of  watch- 
spring,  fastened  by  a  screw  at  P  to  the  edge  of  the  fixed  templet, 
and  by  a  screw  at  Q  to  the  edge  of  the  rolling  templet. .  The  spring 
may  have  a  sharp  tracing-point  formed  at  T  on  one  of  its  edges,  as 
already  described  in  Article  131,  Rule  IV.,  and  shown  in  fig.  86, 
page  124.  A  T,  in  fig.  92,  represents  part  of  the  epicycloid  traced 
by  the  point  T,  and  I  the  point  of  contact  of  the  pitch-circle  and 
describing  circle.    The  ra<Has  of  each  of  the  templets  ought  to  be 
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made  less  than  the  radius  of  the  circle  which  it  represents,  by 
half  the  thickness  of  the  spring  P  Q. 

'  When  the  fixed  templet  is  concave  (for  tracing  the  flanks  of 
teeth)  this  method  of  preventing  the  rolling  templet  from  slipping 
is  not  available. 

138.  stnOghiPFludKcd  BpicyctoMal  TMih.— In  the  oldest  form  of 
epicycloidal  teeth,  the  traces  of  the  flanks  are  straight  lines  radiat- 
ing from  the  centre  of  the  wheel,  being  the  lines  which  would  be 
traced  by  a  describing  circle,  of  half  the  radius  of  the  pitch-circle, 
rolling  inside  the  pitch-circle.  Hence,  in  order  that  a  pair  of 
wheels  with  teeth  described  according  to  this  principle  may  gear 
correctly  together,  the  faces  of  the  teeth  of  each  wheel  must  be 
traced  by  rolling  upon  the  outside  of  its  pitch-circle  a  describing 
circle  of  half  the  radius  of  the  other  pitch-circle. 
For  example,  in  fig.  93,  let  C  and  C  be  the  centres  of  a  pair  of 


spur-wheels,  and  B  B  and  B  B'  their  pitch-circles,  touching  each 
other  in  the  pitch-point  I.  Lay  off  the  pitch-points  of  the  fronts 
and  backs  of  the  teeth  on  each  of  the  pitch-circles,  and  draw 
straight  lines  from  the  centres  of  the  wheels  to  the  points  of  division 
of  their  respective  pitch-circles;  these  lines  will  be  the  traces  of  the 
flanks  of  the  teeth.  Bisect  C  I  in  H,  and  C  I  in  B',  and  about 
R  and  K'  respectively  describe  circles  traversing  I;  these  will  be 
the  two  describing  circles  for  the  faces  of  the  teeth.     Lay  off*,  on 
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those  two  oirdeB,  saffioient  lengths,  I  E  and  I  E,  for  the  two 
divisions  of  the  path  of  contact;  that  is  to  say,  each  of  these  lengths 
must  be  greater  than  half  the  pitch,  and  should  be  made  as  nearly 
equal  to  the  pitch  as  practicable.  Then  a  circle,  A  A,  described 
about  C  through  R,  will  be  the  addendum-circle  of  the  first 
wheel,  and  a  circle,  A'  A',  described  about  C,  through  E,  will 
be  the  addendum-circle  of  Uie  second  wheeL  The  two  root- 
circle^  K  £  and  K'  £',  are  to  be  drawn  so  as  to  leave  a 
sufficient  dearance  between  each  of  them  and  the  opposite 
addendum-circle. 

To  trace  the  front  and  back  iaods  of  the  teeth  of  the  first  wheel, 
roll  the  describing  oirde  Bl  on  the  pitch-circle  B  B;  to  trace  the 
front  and  back  faces  of  the  teeth  of  the  second  wheel,  roll  the 
describing  circle  E  on  the  pitch-circle  B'  B'.  This  may  be  done 
with  the  aid  of  templets  connected  together  by  means  of  a  spring, 
as  described  in  Article  137,  page  131. 

The  traces  of  the  flanks  of  the  teeth  of  a  rack,  according  to  this 
system,  are  straight  lines  perpendicular  to  the  pitch-line,  and  those 
of  the  faces  are  cycloids.  The  traces  of  the  faces  of  a  wheel  that  is 
to  gear  with  a  rack  are  involutes  of  the  pitch-circle. 

Epicycloidal  teeth  described  by  this  method  are  very  smooth  and 
accurate  in  their  action;  bat  they  labour  under  the  disadvantage 
that  the  faces  of  the  teeth  of  any  given  wheel  are  not  suited  to 
work  accurately  with  tlia  flanks  of  the  teeth  of  any  wheel  whose 
radius  diflers  from  double  the  radius  of  the  describing  circle  with 
which  they  were  traced. 

139.  EpIcyctoMid    TMtfk   gBBitji    ^7    «■    VMlform    ]>Mcribliic 

Circle.— The  property  of  wcwking  accurately  with  all  teeth  of  the 
same  piteh,  whatsoever  the  radius  of  the  piteh-circle,  is  given  to 
epicydoidal  teeth  by  tracing  both  the  faces  and  the  flanks  of  all 
teeth  of  the  same  piteh,  by  rolling  the  same  describing  circle  upon 
the  outside  and  the  inside  of  the  piteh-circle— a  system  first  intro- 
duced by  Mr.  "Willis.  This  method  is  illustrated  by  fig.  91,  page 
131,  already  described  in  Article  136.  In  order  liat  the  mean 
obliquity  of  action  may  not  in  any  case  exceed  15®,  nor  the 
maximum  obliquity  30°,  the  circumference  of  the  describing  circle 
employed  is  six  times  the  pilch;  so  that  its  radius  is  six  times  ths 
radial  pitch  (see  Article  1 19,  page  1 1 1).  According  te  this  system, 
the  traces  of  both  the  flanks  and  the  fiices  of  the  teeth  of  a  rack 
are  cycloids. 

140.  Ap>— aiiiatc  Hmwii^t  •T  Bpicyrt^Mnl  T«cth.— Yarious 
approximate  methods  of  drawing  epicycloids  have  already  be^oi 
described  in  Article  79,  pages  59  te  62.  The  following  are  the 
additional  explanations  required  in  order  te  show  the  application 
of  those  methods  to  epicycloidal  teeth : — 

L  By  two  pairs  of  Circular  Ares.     In  fig.  94,  let  I  A  be  part 
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of  the  pitch-cirold  of  a  wheeL     Draw  the  describing  cirole  touchiDg 
the  ptoh-circle  at  anj  convenient  point,  I,  and  outside  or  inside. 


Kg.  M. 

according  as  the  &ce  or  the  flank  of  a  tooth  is  to  be  traced. 
(Letters  without  an  accent  refer  to  the  face;  letters  with  an  accent, 
to  the  flank.) 

Draw  the  straight  tangent  I P,  equal  in  length  to  one  of  the  two 
divisions  of  the  arc  of  contact,  and  in  it  take  I  D  =  ^  I  P.  Then, 
with  the  radius  D  P  =  f  I  P,  draw  the  circular  arc  A  B;  A  and 
B  will  be  the  two  ends  of  the  required  epicydoidal  arc.  Join  B I ; 
and  from  A  draw  the  straight  tangent  A  C,  cutting  B  I  in  C. 
Then  A  C  and  B  C  will  be  the  normals  at  the  two  ends  of  the 
epicydoidal  ara  Then  proceed,  according  to  Rule  IV.  of  Artide 
79,  pages  61  and  62,  fig.  48,  to  draw  two  circular  arcs  approxi- 
mating to  the  required  curve;  and  perform  the  same  opmktion 
both  for  the  face  and  for  the  flsuik  of  the  tooth. 

According  to  this  method,  the  traces  of  the  face  and  flank  of  a 
tooth  consist  each  of  a  pair  of  drcular  arcs,  and  the  two  arcs  which 
join  each  other  at  the  pitch-point,  A,  of  a  tooth  have  a  common 
tangent  there;  because  their  centres  are  in  the  straight  line 
CAC. 

n.  By  one  pair  of  Circular  Arcs— -Mr.  Willises  Method.  Mr. 
Willis  first  showed  how  to  approximate  to  the  figures  of  epicy- 
doidal teeth  by  means  of  two  circular  arcs— one  concave,  for  the 
flank,  the  other  convex,  for  the  face;  and  each  having  for  its  radius 
the  mean  radius  of  curvature  of  the  epicydoidal  ara  Mr.  Willis's 
rules  may  be  deduced  from  the  formula  for  finding  the  centre  of 
curvature  of  an  epicycloid,  which  is  given  in  Article  78,  equation  2, 
page  59;  that  formula  being  applied  to  the  ^loint  in  tiie  epicy- 
doid  whose  normal  meets  the  pitch-circle  at  a  distance  from  the 
pitch-point  of  the  tooth  to  be  traced  equal  to  one-half  of  the 

fitch,  and  the  obliquity  of  that  normal  to  the  pitch-circle  being 
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In  fig.  95^  let  B  C  be  part  of  the  pitch-circle,  and  A  the 
i> ,  ^^  pitdi-point  of  a  tooth  whose 

front  is  to  be  traced.  Lay 
offi  in  opposite  directions 
from  the  point  A,  the  arcs 
A  B  and  A  C,  each  equal  to 
one-half  of  the  pitch .  Draw 
the  radii  of  the  pitch-cirde, 
B  D  and  C  E,  and  through 
the  points  B  and  C  draw 
the  straight  lines  B  F  and  C  G,  making  angles  of  75**  with  the 
radii  respectively;  these  lines  are  normsds  to  the  face  and  to  the 
flank  of  the  tooth  respectively.  Let  n  denote  the  number  of  teeth 
in  the  wheeL  Lay  off  along  the  two  normals  the  distances  B  F 
and  C  G,  as  calculated  by  the  following  formulse : 
pitch 
"T"  ' 


Kg.  95. 


BF 


n  +  12 


;CG  =  P^. 


n 


n-  W 


then  F  will  be  the  centre  of  curvature  for  the  face,  and  G  the 
centre  of  curvature  for  the  flank. 

About  F,  with  the  radius  F  A,  draw  the  circular  arc  A  H ;  this 
will  be  the  trace  of  the  face  of  the  tooth.  About  G,  with  the 
radius  G  A,  draw  the  circular  arc  A  K;-  this  will  be  the  trace  of 
the  flank  of  the  tooth. 

To  &cilitate  the  application  of  this  rule,  Mr.  Willis  has  published 
tables  of  the  values  of  B  F  and  0  G,  and  invented  an  instrument 
called  the  ^'Odontograph.^  That  instrument  is  an  oblong  piece 
of  card-board,  F  G  K  H,  fig.  96,  measuring  about  13  inches  by  7^ 

inches.  The  oblique 
edge,  L  H,  makes  an 
angle  of  75**  with  the 
edge  G  F;  so  that  when 
the  edge  L  H  is  laid 
along  a  radius,  O  I,  of 
a  pitch-circle,  B  B, 
the  edge  GIF  shows 
the  positions  of  normals 
to  acting  sur&ces  of 
teeth  whose  pitch- 
points  are  at  a  distance 
from  I  equal  to  half 
the  pitch.  Along  the 
edge  GIF  two  scales  of  equal  parts  are  laid  off  in  c^posite 
directions  from  the  point  I,  where  the  straight  line  coinciding 
with  H  L  meets  G  F;  the  scale  I  F  serving  to  mark  the  centres 
for  fiaces,  and  the  scale  I  G  the  centres  for  flanks,  at  distances 


Pig.  9C. 
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from  I  computed  by  the  formulae.  Values  of  those  distances  for 
different  pitches  and  numbers  of  teeth,  and  other  useful  dimen- 
sions, are  given  in  tables  which  are  printed  on  the  sides  of  the 
card-board. 

141.  TMth  OeartBff  with  Brand  BtmrM— Tnindlcs  and  Pln-^heeb. 
— ^When  two  wheels  gear  together,  and  one  of  them  has  cylindrical 
pins  (called  sta/ves)  for  teeth,  that  one  is  called,  if  it  is  the  larger  of 
the  two,  a  pin-iohed,  and  if  the  smaller,  a  trundle.  The  traces  of 
the  teeiji  of  the  other  wheel  are  drawn  in  the  following  manner : — 
In  fig.  97,  let  B2  be  the  pitch-circle  and  C^  the  centre  of  the 
trundle  or  pin-wheel,  and  let  Bj  B^  be  the  pitch-circle  of  the  other 
wheel.  Divide  the  pitch-circle,  Bj  B^,  into  arcs  equal  to  the  pitch, 
and  through  the  points  of  division  trace  a  set  of  external  epicy- 
cloids by  rolling  the  pitch-circle  Bg  on  the  pitch-circle  B^,  "with  the 
centre  of  a  stave  for  a  tracing-point,  as  shown  by  the  dotted  lines; 
then  draw  curves  parallel  to  and  within  the  epicycloids,  at  a  dis- 
tance from  them  equal  to  the  radius  of  a  stave.  These  will  be  the 
finonte  and  backs  of  the  required  teeth.  •  The  clearing  curves  are 
circular  arcs  of  a  radius  equal  to  that  of  the  staves. 


Fig.  97. 


Fig.  98. 


When  the  teeth  drive  the  staves,  the  whole  path  of  contact 
consists  of  recess,  and  there  is  no  approach ;  for  the  teeth  begin  to 
act  on  the  staves  at  the  instant  of  passing  the  line  of  centres. 
When  the  staves  drive  the  teeth,  the  whole  path  of  contact  consists 
oi  approach,  and  there  is  no  recess;  for  the  staves  cease  to  act  on 
the  teeth  at  the  instant  of  passing  the  line  of  centres.  The  latter 
mode  of  action  is  avoided  where  economy  of  power  is  studied, 
because  it  tends  to  produce  increased  friction,  for  reasons  to  be 
stated  under  the  head  of  the  Dynamics  of  Machines. 

To  drive  a  trundle  in  inside  gearing,  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  fig.  98,  where  the  radius  of 
the  pitch-circle  of  the  trundle  is  exactly  one-half  of  that  of  the 
pitch-circle  of  the  wheel;  the  trundle  has  three  equidistant  staves; 
and  the  internal  epicycloids  described  by  their  centres,  while  the 
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pitch-carde  of  the  trundle  is  rolling  within  that  of  the  wheel,  are 
three  straight  lines,  diameters  of  the  wheel,  ma-king  angles  of  60*^ 
with  each  other.  Hence  the  surfaces  of  the  teew  of  the  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  width  equal  to  the  diameter  of  a  staye  of  the 
trundle,  with  a  sufficient  addition  for  back-lasL 

The  following  is  the  constructlQn  given  by  Mr.  Willis  for  finding 
in  pin-wheels  and  trundles  tehab  i$  the  greaimt  radi/ut  qf  sktve 
coTuiatmU  v>Uh  hamnganare  qf  coiUact  nU  Uuthan  <&d/wte&(8ee 
fig.  99):- 

Let  C  be  the  centre  of  the  wheel  with  teeth,  and  C  that  of  the 

wheel  with  staves.  On  their 
two  respective  pitch-circles  ktj 
off  the  arcs  I  D  and  I  B,  each 
equal  to  the  pitdb.  Draw  i^B 
straight  line  I  B;  draw  also  the 
straight  line  C  £,  bisecting  the 
angle  I  C  D,  and  cutting  I  B  in 
E;  then  B  E  will  be  the  greatest 
radius  that  can  be  given  to  the 
staves  consistently  with  having 
an  arc  of  contact  not  less  thaa 
the  pitch. 

The  proof  is  as  follows: — Be- 
cause the  fronts  and  backs  of  the 
teeth  are  similar,  the  crest  of 
the  tooth  that  acts  on  a  stave  at 
B  must  be  in  the  straight  line 
C  E,  that  bisects  the  angle  I  C  D. 
When  the  centre  of  a  stave  is  at 
B,  the  point  of  contact  of  the 
si^sive  and  tooth  must  be  in  the 
line  of  connection  I  B.  When 
the  staves  have  the  greatest 
radius  consistent  with  tiie  con- 
tinuance of  action,  while  the 
centre  of  a  stave  moves  from  I  to 
B,  the  point  of  contact  and  the  crest  of  the  tooth  coincide,  and 
are  therefore  at  the  point  E,  where  I  B  and  C  E  intersect 

Should  C  E  pass  beyond  B,  the  proposed  pair  <A  wheels  will  not 
work,  and  the  design  must  be  altered;  and  such  is  also  the  case 
when  0  E  either  traverses  the  point  B  or  cuts  I  B  so  near  to  B^  as 
to  give  a  radius  too  small  for  strength. 

In  practice,  the  radius  B  E  ought  to  be  made  a  little  less  than 
that  given  by  the  Rule,  in  order  that  there  may  be  no  risk  of 
imperfect  working  through  the  effects  of  tear  and  wear. 


Fig.  99. 
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The  smallest  number  of  staves  commonly  met  with  in  a  tnmdle 
is  five. 

A  straiglit  rack  may  have  staves  instead  of  teeth ;  it  is  then  called 
a  pm-radl^;  and  it  is  evident  that  the  fronts  and  backs  of  the  teeth 
of  a  wheel  to  gear  with  it  should  be  parallel  to  involutes  of  the  pitch- 
circle  of  that  wheel  On  the  other  hand,  a  toothed  straight  rack 
may  gear  with  a  tnmdle,  and  then  the  teeth  of  the  rack  are  to  be 
traced  by  first  rolling  the  pxtch-drcle  of  the  trundle  on  the  pitch- 
line  of  the  rack,  so  as  to  draw  cycloids,  and  then  drawing  curves 
parallel  to  and  inside  those  cydoids,  at  a  distance  equal  to  the 
radius  of  the  staves. 

142.  iMrmiitMit  Ow 
iim*— The  action  of  a  pair 
of  wheels  is  said  to  be 
iniermUtent  when  there 
are  certain  parts  of  the 
revolution  of  the  driver 
during  which  the  follower 
stands  still  This  is 
effected  by  having  a  dead 
arCy  or  portion  without 
teeth,  such  as  A  E,  fig. 
100,  in  the  circumference 
of  the  driver,  to  which 
there  corresponds  a  suit- 
able yap  in  the  series  of 
teeth  of  the  follower,  as 
between  C  and  D;  and  in 
most  cases  there  are  also 
required  a  guid&fiate,  G- 
H,  fixed  to  one  side  of  the 
follower,  which,  when  the 
connection  of  the  wheels 
is  renewed,  is  acted  upon 
by  a  jpiuy  F,  in  the  driver. 

Supposing  the  radii  and 
the  pitch  of  a  pair  of 
wheds  to  be  given,  and 
also  the  wrc  qf  repose — by 
-which  term  is  meant  the 
length  upon  the  pitch- 
circle  of  the  driver  of 
that  part  which  is  to 
pass  during  the  ])ause  in  the  movement  of  the  follower — ^the  method 
of  designing  those  wheels  so  as  to  work  with  smoothness  and 
precision  is  as  follows : — 
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Draw  the  pitch-circles,  and  divide  them  as  usual;  draw  also 
the  addendum-circles  and  root-circles  according  to  the  ordinary 
rules.  Mark  the  point,  K,  where  the  addendum-circles  cut  each 
other  at  the  receding  side;  this  will  be  the  point  at  which  the 
action  of  the  teeth  will  terminate,  at  the  instant  when  the  pause 
begins.  Through  K  draw  a  curve  suited  for  the  front  of  a  tooth  of 
the  follower,  and  let  C  be  the  pitch-point  of  that  tooth.  Then, 
starting  from  C,  lay  off  the  pitch-points  of  the  fronts  and  backs  of 
the  teeth  of  the  follower,  aud  draw  those  fronts  and  backs.  Then, 
looking  towards  the  approaching  side,  mark  the  furthest  tooth  from 
the  line  of  centres,  which  is  cut  by  the  addendum-circle  of  the 
driver;  let  D  be  the  pitch-point  of  the  face  of  that  tootL  The 
crest  of  the  tooth  D  is  to  be  cut  away  so  as  exactly  to  fit  the 
addendum7circle  of  the  driver,  and  the  teeth  between  it  and  the 
tooth  C  are  to  be  omitted,  leaving  a  smooth  part  of  the  root-circle 
between  the  front  of  C  and  the  back  of  D ;  this  is  the  required 
gap. 

Measure  the  arc  C  D  on  the  pitch-circle  of  the  follower  between 
the  fronts  of  the  teeth  0  and  D,  and  to  its  length  add  the  length 
of  the  intended  a^c  of  repose;  from  the  sum  subtract  the  space,  B  E, 
that  is  to  be  left  between  each  pair  of  teeth  on  the  pitch-circle  of 
the  driver;  the  remainder  will  be  the  dead  arc,  A  E,  which  is  to  be 
laid  off  on  the  pitch-circle  of  the  driver.  The  two  ends  of  that  arc 
are  to  be  bounded  by  curves  like  the  front  and  back  of  a  tooth  of 
the  driver  respectively:  a  front  at  A,  a  back  at  E;  and  the  inter- 
vening part  of  the  rim  of  the  driver  is  to  have  a  smooth  edge 
coinciding  with  its  addendum-circle. 

For  the  purpose  of  renewing  the  connection  between  the  driver 
and  follower,  the  cylindrical  pin  F  is  to  be  fixed  with  its  centre 
in  the  pitch-circle  of  the  driver,  and  the  guide-pkte  G  H  is  to  be 
fixed  to  the  corresponding  side  of  the  follower.  The  acting  edge 
of  the  guide-plate  is  to  be  shaped  like  the  front  of  a  tooth  for 
working  with  the  pin  F  (as  in  Article  141,  page  137);  and  the 
distance  on  the  pitch-circle  of  the  foUower  from  the  front  of  that 
edge  to  the  front  of  the  tooth  D  is  to  be  equal  to  the  distance  on 
the  pitch-circle  of  the  driver  from  the  front  of  the  pin  F  to  the 
front  of  the  tooth  B;  so  that  when  B  is  driving  D,  F  shall  at  the 
same  time  be  driving  G  H.  The  end  G  of  the  guide-plate  in  the 
position  of  repose  should  project  just  far  enough  inside  the  pitch- 
circle  of  the  driver  to  insure  that  the  pin  F  shall  meet  it. 

The  action  in  working  is  as  follows : — Just  before  the  pause,  the 
front.  A,  of  the  dead-arc  drives  the  front  of  the  tooth,  C,  in  the 
usual  way  throughout  the  ordinary  path  of  contact;  and  then,  as 
there  is  a  gap  following  C,  the  crest  of  the  front  A  continues  to 
drive  C  until  the  crest  of  C  reaches  the  position  K,  and  clears  the 
addendum-circle  of  the  driver.     At  that  instant  the  driver  loses 
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Lold  of  the  follower,  and  at  the  same  instant  the  top  of  the  tooth  D 
comes  in  contact  with  the  rim  of  the  dead  arc,  which  it  is  shaped 
to  fit;  and  this  prevents  the  follower  from  moving  until  the  dead 
arc  has  passed  clear  of  the  tooth  D.  At  this  instant  the  pin  F 
hegins  to  drive  the  guide-plate  G  H,  and  continues  to  do  so  until 
the  tooth  B  has  begun  to  drive  the  tooth  D,  and  the  connection 
is  renewed. 

If  the  pressure  to  be  exerted  is  considerable,  there  may  be  a  pair 
of  pins  at  F,  one  at  each  side  of  the  driver,  and  a  pair  of  guide- 
plates  at  G  H,  one  at  each  side  of  the  follower. 

The  shortest  arc  through  which  the  follower  can  be  driven  in 
the  interval  between  two  pauses  is  C  D;  and  such  is  the  caae  when 
B  is  the  front  of  a  second  dead  arc,  and  the  tooth  D  is  imme- 
diately followed  by  a  second  gap.  In  this  case  it  may  be  necessary 
to  cut  away  part  of  the  outer  side  of  the  pin  F,  in  order  to  insure  - 
its  clearing  the  tip,  G,  of  the  guide-plate  when  the  next  pause 
begins. 

It  is  easy  to  see  how  the  same  principles  may  be  applied  to  the 
designing  of  a  whed  cmd  rack  with  intermittent  action.  When  the 
rack  is  the  follower,  a  pair  of  similar  and  parallel  racks,  rigidly  framed 
together,  may  be  made  to  gear  with  opposite  edges  of  a  spur-wheel, 
having  a  toothed  arc  and  a  dead  arc  so  arranged  as  to  drive  the  two 
racks  alternately  in  opposite  directions,  and  thus  produce  a 
reciprocating  motion  of  the  piece  of  which  they  are  parts.  This 
combination  belongs  to  Class  C  of  Mr.  Willis's  aiTangement.  As 
to  the  form  which  it  takes  when  one  tooth  only  acts  at  a  time,  see 
Article  164,  further  on.     (See  also  Addendum,  page  286.) 

143.  TlM  TmUi  •€  N^n^lrcMinr  WkeeU  may  be  traced  by 
rolling  circles  or  other  curves  on  the  pitch-lines ;  and  when  those 
teeth  are  small,  compared  with  the  wheels  to  which  they  belong, 
each  tooth  is  nearly  similar  to  the  tooth  of  a  circular  wheel  whose 
pitch-circle  has  a  radius  equal  to  the  radius  of  curvature  of  the 
pitch-line  of  the  actual  wheel  at  the  point  where  the  tooth  is 
situated ;  the  tooth  being  traced  by  means  of  the  same  describing 
circle  which  is  used  for  tiie  circular  wheel. 

It  IB  obvious  that  the  use  of  an  uniform  describing  circle  for 
teeth  of  a  given  pitch  (as  explained  in  Article  139,  page  134)  is 
the  most  easily  practicable  method  of  tracing  teeth  for  a  non- 
circolar  wheel  It  may  be  carried  out  by  means  of  templets,  as 
in  Article  137,  page  131. 

The  operation  is  necessarily  much  more  laborious  than  the 
corresponding  operation  for  a  circular  wheel;  because  in  a  non- 
circular  whed  the  teeth  have  figures  varying  with  the  curvature 
of  the  pitch-line. 

If  tike  pitch-line  of  a  non-circular  wheel  is  one  whose  radii 
of  curvature  at  a  series  of  points  can  be  easily  found,  aseries  of 
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figures  may  be  used  for  the  teeth  similar  to  the  figures  salted  for 
circular  wheels  of  those  radii;  and  in  drawing  those  figures  the 
approximate  methods  of  Article  140^  pages  134  to  136,  may  be 
employed* 

*  The  following  relation  between  the  radii  of  cnrvatnre  at  a  pair  of  corre- 
epondiog  points  of  a  pair  of  pitch-lines  that  roll  together,  may  be  useful  to 
determine  one  of  those  radii  of  curvature  when  the  other  is  known.  Let 
r  and  r^  be  the  two  segmoits  into  which  the  pitch-point  divides  the  line  of 
centres  at  the  instant  when  the  pair  of  corresponding  points  in  question  are 
in  contact ;  let  p  and  p'  be  the  two  radii  of  curvature  at  these  points,  and 
let  6  be  the  angle  which  those  radii  make  with  the  line  of  centres  at  the 
instant  before  mentioned;  then 


;-;-(^j)-« "•• 


When  the  pitoh4ines  are  in  inside  gearing,  the  greater  of  tiie  two  segments, 
r,  /,  is  to  be  made  negative,  and  es^  ramus  of  curvature  is  to  be  considered 
as  positive  for  a  convex  and  negative  for  a  concave  pitch-line. 

For  a  pair  of  equal  elliptic  pttch-UneSj  as  in  Article  108,  page  93,  the  radii 
of  curvature  at  a  pair  of  corresponding  points  are  equal,  az^  are  therefore 
both  given  by  the  following  fonnnls : — 


^-;-^(^i> «> 

^^^  (2  a.) 


-"••'  -(r  +  r')cosO'- 

and  the  same  formula  apply  to  any  pair  of  equal  cutd  simUar  Icbed  piichMne^ 
of  the  class  described  in  Article  109,  pace  97. 

For  a  loffarOhmic  ^spiral  pitch-line  (Article  110,  page  99)  the  radius  of 
curvature  at  any  point  is  given  by  the  formula 

'"^r "<^> 

and  may  be  found  iq^roTimately  by  cfmstruction,  as  already  described  in 
the  article  referred  ta 

If  one  qf  the  pitch-lines  is  straight  (a  case  already  used  as  an  example  in 
Article  107,  i>age  92),  the  reciprooJ  of  the  radius  of  curvature  of  that  line 
is  at  every  point  equal  to  notning;  so  that  equation  1  of  this  note  beoomes 
(for  the  other  pitch-line) 


7=(^J)<-'' <^' 


Let  e  denote  the  length  of  the  line  of  centres,  and  a  the  shortest  distance 
of  tho  straight  pitch-line  firom  its  own  axis  of  motion;  then  /  =  r— «;  and 

r  =  c — f  =  c ^;  consequently  equation  4  becomes 

1  ^       ccoe'e ^...(4  A.) 

p      accwO  —  a'*  ' 

or 

P  =  5sW-7^e (**> 
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When  a  pair  of  non-drcdlar  wheels  are  oonnected  b^  means  of 
teeth  alone,  care  mnst  be  taken  that  the  obliqnity  of  the  action  of  the 
teeth  does  not  become  too  great  in  certain  positions  of  the  wheels. 
That  obliquity  is  greatest  at  the  instant  when  the  obliquity  of  the 
common  tangent  of  the  two  pitch-lines  at  their  pitch-point  to  a 
perpendicular  to  the  line  of  centres  at  that  point  is  greatest,  such 
obliquity  being  in  the  direction  of  rotation  of  the  follower;  for,  as 
that  is  also  the  direction  of  the  obliquity  of  the  line  of  connection 
of  the  teeth  to  the  pitch-lines,  those  two  obliquities  are  added 
together  fit  the  instant  in  question;  their  sum  being  the  total 
obliquity  of  the  line  of  connection  to  a  perpendicular  to  the  line  of 
centres.  Ezcessive  obliquity  of  action  tends  to  produce  great  fric- 
tion, and  involves  also  the  nsk  of  the  teeth  either  getting  jammed 
or  losing  hold  of  each  other.  In  practice,  the  total  obliquity  of 
action  of  the  teeth  of  non-circular  wheels  is  seldom  allowed  to  exceed 
about  50**;  or  say,  about  15°  for  the  obliquity  of  the  line  of  connec* 
tion  of  the  teeth  to  the  pitch-lines,  and  35°  for  the  greatest  obliquity 
<^  the  pitch-lines  to  a  Ime  perpendicular  to  the  line  of  centres. 

There  is  one  case,  however,  in  which  it  is  not  necessary  to  con- 
fine the  obliquity  within  such  narrow  limits;  and  that  is  when  the 
wheels  have  a  pair  of  equal  and  similar  elliptic  pitch-lines  centred 
on  two  of  their  foci,  and  it  is  practicable  to  link  the  revolving  fod 
tcgethei*,  as  shown  in  Article  108,  fig.  72,  page  96;  for  the  link 
preserves  the  connection  accurately  at  the  time  when  the  obliquity 
of  the  pitch-lines  is  greatest  In  this  case,  indeed,  the  teeth  may 
be  omitted  throughout  a  pair  of  arcs  at  the  two  sides  of  each 
elliptic  pitch-line,  each  such  toothless  arc  having  a  smooth  rim  of 
the  form  of  the  pitch-line,  and  extending  both  ways  from  the  end 
of  the  minor  axis  to  a  pair  of  points  perpendicularly  opposite  the 
foci,  or  nearly  so.     (See  page  292.) 

144.  TmA  •rBerd-Wkceis.  (A.  M,,  467.)---The  teeth  of  a  bevel- 
wheel  have  acting  surfaces. of  the  conical  kind,  generated  by  the 
motion  of  a  line  traversing  the  apex  of  the  conical  pitch-surface, 
while  a  point  in  it  is  carried  round  the  traces  of  the  teeth  upon  a 
spherical  sur&ce  described  about  that  apex. 

The  operations  of  drawing  the  traces  of  the  teeth  of  bevel- 
wheels  exactly,  whether  by  involutes  or  by  rolling  curves,  are  in 
every  respect  analogous  to  those  for  drawing  the  traces  of  the  teeth 
of  spur-wheels;  except  that  in  the  case  of  bevel-wheels  aU  those 
operations  are  to  be  performed  on  the  sur&ce  of  a  sphere  de- 
scribed about  the  apex,  instead  of  on  a  plane,  substituting  poles  for 
centres,  and  great  circles  for  straight  lines. 

In  consideration  of  the  practical  difficulty,  eq)ecially  in  the  case 
of  large  wheels,  of  obtaining  an  accurate  spherical  surface,  and  of 
drawing  upon  it  when  obtained,  the  following  approximate  method, 
]m>poBed  originally  by  Tredgold,  is  generally  used :—        ^  I 
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Fig.    101: 


L  DevdopmerU  of  Teeth, — Let  O,  fig.  101,  be  the  common  apex 
of  the  pitch-cones,  O  B  I,  O  B'  I,  of  a  pair  of  bevel- wheels ;  0  C, 
O  C',  the  axes  of  those  cones  j  O  I  their  line  of  contact  Perpen- 
dicokr  to  O  I  draw  A  I  A'^  cutting  the  axes  in  A,  A';  make  the 

outer  rims  of  the  patterns  and  of 
the  wheels  portions  of  the  cones 
A  B  I,  A'  B'  I,  of  which  the  nar- 
row zones  occupied  by  the  teeth 
will  be  sufficiently  near  for  practical 
purposes  to  a  spherical  sur&ce 
described  about  O.  Ajb  the  cones, 
A  B  I,  A'  B'  I,  cut  the  pitch-cones 
at  right  angles  in  the  outer  pitch- 
circles,  I  B,  I  B',  they  may  be 
called  the  normal  cooies.  To  find 
the  traces  of  the  teeth  upon  the 
normal  cones,  draw  on  a  flat  surface 
circular  arcs,  I  D,  I D',  with  the  radii  A  I,  A'  I ;  those  arcs  will  be 
the  devdopmenta  of  arcs  of  the  pitch-circles,  I  B,  I  B',  when  the 
conical  surfaces,  A  B  I,  A  B'  I,  are  spread  out  flat.  Describe  the 
traces  of  teeth  for  the  developed  arcs  as  for  a  pair  of  spur-wheels, 
then  wrap  the  developed  arcs  on  the  normal  cones,  so  as  to  make 
them  coincide  with  the  pitch-circles,  and  trace  the  teeth  on  the 
conical  surfaces. 

IL  Traces  and  Projections  of  Teetli.—Fig.  102  illustrates  the 
process^  of  drawing  the  projection  of  a  tooth  of  a  bevd-wheel  on  a 
plane  perpendicular  to  the  aods.  In  the  first  place,  let  A  G 
represent  the  common  axis  of  the  pitch-cone  and  normal  cone ;  A 
being  the  apex  of  the  normal  cone.  Let  A  I  be  the  trace  of  the 
normal  cone  on  a  plane  traversing  the  axis ;  and  let  1 1',  perpen- 
dicular to  I  A,  be  part  of  the  trace  of  the  pitch-cone  on  the  same 
plane,  of  a  length  equal  to  the  intended  breadth  of  the  toothed 
rim  of  the  wheel.  C  I  perpendicular  lo  A  C  is  the  radius  of  the 
pitch-circle  in  which  the  piteh-cone  and  normal  cone  intersect  each 
other.  About  A,  with  the  radius  A  I,  di-aw  the  circular  arc 
DID,  making  D  I  =  I  D  =  half  the  pitch ;  D  I  D  will  be  the 
development  of  an  arc  of  the  pitch-circle  of  a  length  equal  to  the 
pitch.  On  the  arc  DID  lay  off  I  G  =  I  G  =  half  the  thickness 
of  a  tooth  on  the  outer  pitch-circle.  Then,  by  the  rules  for  spur- 
wheels,  draw  the  trace,  H  G  E  G  H,  of  one  tooth  and  a  pair  of 
half-spaces,  with  a  suitable  addendum-circle  through  E,  and  a 
suitable  root- circle,  H  F  H. 

The  straight  line  FIE  will  be  the  trace,  upon  a  plane  travers- 
ing the  axis,  of  the  outer  side  of  a  tooth ;  and  E  and  F  will  bo 
the  traces,  on  that  plane,  of  the  outer  addendum-circle  and  root- 
circle  respectively.     From  E  and  F  draw  straight  lines,  E  E'  and 
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F  F,  converging  towards  the  apex  of  the  pitch-cone ;  these  will  be 
the  traces  of  the  oddeTidum-cone  and  root-^xme  respectively.  (For 
want  of  space,  the  apex  of  the  pitch-cone  is  not  shown  in  fig.  102.) 
Through  T,  parallel  to  F  I  E,  draw  F  I  E';  this  will  be  the  trace, 


Fig.  102. 


on  a  plane  traversing  the  axis,  of  the  inner  side  of  a  tooth ;  and 
the  points  K,  T,  and  F  will  be  respectively  the  traces  of  the 
inner  addendum-circle,  inner  pitch-circle,  and  inner  root-circle. 

Through  A,  parallel  to  0  I,  draw  the  straight  line  Ate,  and 
conceive  this  line  to  be  traversed  by  a  plane  perpendicular  to  the 
axis,  as  a  new  plane  of  projection.  Through  the  points  F,  I,  £, 
F*,  r,  £',  draw  straight  lines  parallel  to  C  A,  cutting  A  0  in 
/,  t,  e,  fl  i\  d ;  these  points,  marked  with  small  letters,  will  be 
the  projections,  on  the  new  plane,  of  the  points  marked  with  the 
corresponding  capital  letter*     ^  o„„ea.,Google 
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Divide  the  depth,  F  E,  of  the  tooth  at  its  outer  side  into  any 
convenient  number  of  intervals.  Through  the  points  of  division 
draw  straight  lines  parallel  to  C  A;  these  will  cut/«  in  a  series  of 
points^  which  will  be  the  projections  of  the  points  of  division  of 
F  K  Through  the  points  of  division  of  F  E,  and  also  through 
the  projections  of  those  points,  draw  circular  arcs  about  A  as  a 
centre.  Measure  a  series  of  thicknesses  of  the  tooth  on  the  arcs 
which  cross  F  E,  and  lay  off  the  same  series  of  thicknesses  on  the 
corresponding  arcs  which  cross /«/  a  curve,  hgegh,  drawn  through 
the  points  thus  found,  will  be  the  required  projection,  on  a  plane 
parallel  to  the  axis,  of  the  outer  side  of  a  tootk 

The  projection,  /*'  g'  e  g  h'^oi  the  inner  side  of  a  tooth  is  found 
by  a  similar  process,  except  that  the  measuring  and  laying-off  the 
thicknesses  is  rendered  unnecessary  by  the  fact  that  each  pair  of 
corresponding  points  in  the  projections  of  the  outer  and  inner  sides 
lie  in  one  straight  line  with  A.  For  example,  having  drawn  about 
A  a  circular  arc  through  t',  draw  the  two  straight  lines  A  ^,  A  ^  ; 
these  will  cut  that  arc  in  the  points  g',  g',  being  the  points  in  the 
projection  of  the  inner  side  corresponding  to  ^,  ^  in  the  projection 
of  the  outer  side ;  and  thus  it  is  unnecessary  to  lay  off  the  thick- 
ness^'^'. 

145.  Teeth  •€  Skew-berel  Wheels  —  General  CendiUens.  — The 
surfaces  of  the  teeth  of  a  skew-bevel  wheel  belong,  like  its  pitch- 
sur&ce,  to  the  hyperboloidal  class,  and  may  be  conceived  to  be 
generated  by  the  motion  of  a  straight  line  which,  in  each  of  its 
successive  positions,  coincides  with  the  line  of  contact  of  a  tooth 
with  the  corresponding  tooth  of  another  wheel.  Those  surfaces 
may  also  be  conceived  to  be  traced  by  the  rolling  of  a  hyper- 
boloidal roller  upon  the  hyperboloidal  pitch-surfeu^,  in  the  manner 
described  in  Article  84,  pages  70  to  73. 

The  conditions  to  be  fulfilled  by  the  traces  of  the  Jronts  and 
backs  of  the  teeth  on  the  hyperbolcndal  pUch-sur/cice  are  : — A.  That 
each  of  those  traces  shall  be  one  of  the  generating  straight  lines  of 
the  hyperboloid  (Article  106,  page  89);  B.  That  the  normal  piid^ 
measiured  from  front  to  front  of  l£e  teeth  along  the  normal  spiral 
(Article  106,  page  89),  shall  be  the  same  in  two  wheels  that  gear 
together— (this  second  condition  is  always  fulfilled  if  the  two 
pitch-surfiioeB  are  correctly  designed,  and  the  numbers  of  teeth 
made  inversely  proportional  to  the  angular  velocities);  and  C.  That 
the  teeth,  if  in  outside  gearing,  shall  be  right-handed  on  botli 
wheels,  or  l^handed  on  both  wheels;  and  if  in  inside  gearing;, 
contrary-handed  on  the  two  wheels. 

Skew-bevel  teeth  may  be  said  to  be  right-handed  or  left- 
handed,  according  to  the  direction  in  which  the  generating  lines 
of  the  teeth  appear  to  deviate  from  the  axis  when  looked  at  with 
the  axis  upright,  as  in  6g,  103,  page  147.      For  example,  the  wheel 
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in  tliat  figure 
has  left -handed 
teeth  j  for  the 
generating  line 
r  I  deviates  to  the 
left  of  the  axis 
A'  A.  The  same 
rule  applies  to  the 
direction  in  which 
the  cr^ts  of  the 
teeth  appear  to 
deviate  from  the 
radii  of  the  wheel, 
when  looked  at  aa 
in  the  upper  part 
of  fig.  105,  page 
150. 

Right  -  handed 
teeth  have  left- 
handed  normal 
spirals,  and  left- 
handed  teeth 
right-handed  nor- 
mal spirals. 

146.  Skew-berel 
Teeth —  Bnlen.  ->L 

Normal  Section  of 
a  TootfL^lu  ^g, 
103,  let  Aa  A  be 
the  axis  of  a 
skew-bevel  wheel : 
let  a  be  the  centre 
of  the  throat  of 
its  hyperboloidai 
pitch-Bur&ce ;  let 
the  dotted  curve 
through  I  be  the 
trace  of  that  sur- 
fa^ce  on  a  plane 
traversing  the 
axis ;  and  let  C  I 
=m  be  the  radius 
of  the  pitch-circle 
at  the  middle  of 
the  breadUi  of  the 
rim  of  the  intended 


A.-*s 


Fig.  103. 
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wheel,  as  found  by  Rule  L  of  Article  106,  page  88.     Draw  by 
Bules  IL  and  III.  of  that  Article,  pages  88,  89^  the  nonnal  I A 


Fig.  104. 

and  tangent  I  T  T,  to  the  trace  of  the  pitch-surface  at  I.  Then 
find,  by  Rule  V.  of  that  Article,  page  89,  the  radius  of  curvature 
of  the  normal  spiral  at  the  point  I,  and  lay  off  that  radius  of 
curvature,  I  S,  along  the  normal 

In  fig.  104  (which  is  on  a  larger  scale  than  fig.  103,  for  the  sake 
of  distinctness),  let  A  C,  as  before,  be  the  axis  of  the  wheel,  C  I 
the  radius  of  the  middle  pitch-circle,  I  A  the  normal,  and  I  S  the 
radius  of  curvature  of  the  normal  spiral;  draw  I  N  perpendicular 
to  I  S.  Then,  by  Rule  V.  of  AHicle  106,  page  89,  find  the  angle 
(  =  O  ^  F  in  fig.  68,  page  88)  which  a  tangent  to  the  normal  spiral 
makes  with  a  tangent  to  the  pitch-circle,  and  draw  I  P,  making 
that  angle  with  I  K  Lay  off  1  P  equal  to  the  pUcIt  cbs  measured 
on  the  middle  pUcli-circle;  let  fall  P  N  perpendiculaj^@(5(^;  then 
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I  N  will  be  the  riormal  pitd^  at  the  middle  pUch-drde.  About  S, 
with  the  radius  S  I,  draw  a  circular  arc,  and  lay  off  on  that  arc 
the  distance,  D  B,  equal  to  the  normal  pitch,  one-half  to  each  side 
of  I.  Lay  off  the  intended  middle  thiclmess,  G  G,  of  a  tooth,  one- 
half  to  each  side  of  I.  Then  draw,  by  the  rules  for  spur-wheels, 
the  normctl  section,  H  G  E  G  H,  of  a  tooth,  being  its  trace  upon  a 
sur&ce  which  cuts  it  normally  at  the  middle  of  the  breadth  of 
the  rim  of  the  wheel. 

IL  Trace  of  a  Tooth  on  the  Informal  Cone, — Through  A  in  fig.  104 
draw  A*  parallel  and  equal  to  C  I,  and  through  I  draw  It  parallel 
and  equal  to  0  A.  About  A,  with  the  radius  A  i,  draw  the  circular 
arc  d  d,  equal  in  length  to  I  P,  the  pitch  on  the  pitch-circle,  and 
having  the  middle  of  its  length  at  the  point  i.  This  will  be  the 
arc  on  the  pitch-circle  corresponding  to  the  arc  B  D  on  the  normal 
spiral 

Bivide  E  F,  the  middle  depth  of  the  tooth,  into  any  convenient 
number  of  intervals;  and  through  E  and  F  and  the  points  of 
division  draw  straight  lines  parallel  to  1 1,  cutting  A  t  d  in  a  series 
of  corresponding  points.  Through  the  points  in  E  F  draw  circular 
arcs  about  S.  Throi^h  the  corresponding  points  of  ef  draw  cir- 
cular arcs  about  A.  From  the  points  where  the  arcs  cut  the  trace 
£  G  H  measure  okHique  half-ihickMSses  to  the  centre  line,  E  F,  of 
the  tooth,  aJUmg  obliqus  lines  drawn  parallel  to  T  1;  and  lay  off 
those  half-thic^esses  at  both  sides  of  ef,  along  the  arcs  which  cross 
itb  Through  the  points  thus  found  draw  the  curve  hg  eg  h;  this 
will  be  the  projection,  on  a  plane  perpendicular  to  the  axis,  of  the 
Wa4X  of  a  tooth  vpon  the  normal  cone  of  the  piich-swrface  at  the 
middle  of  its  breadth;  that  is,  upon  the  cone  whose  trace  is  A  I  in 
fig.  103.  (If  it  be  desired  to  draw  the  development  of  that  trace, 
lay  off  the  oblique  half-thicknesses  along  arcs  drawn  about  A, 
through  the  points  of  division  of  the  radius  A  F  I  K  The  result 
is  the  drawing  of  an  outline  outside  of,  and  nearly  parallel  to, 
H  G  E  G  H.    To  prevent  confusion,  it  is  not  shown  in  the  figure.) 

If  the  pitch-circle  chosen  is  at  the  throat  of  the  hyperboloid,  the 
normal  cone  becomes  simply  the  plane  of  that  circle ;  and  in  fig. 
104,  A/  i  e  coincides  with  A  F  I  E. 

in  Projections  of  the  Middle  Lines  of  a  Tooth—In  fig.  103,  let 
FIE  and  fie,  as  before,  represent  the  projections  of  tibe  central 
depth  of  a  tooth,  being  part  of  a  normal  (E  I  F  A,  e  if  a)  to  the 
pitch-surface  at  a  point,  I  i,  in  the  middle  pitch-circle,  whose  radius 
isC  I=zai;  so  that  F,/,  I,  i,  and  E,  e  are  the  projections  of  the 
'  middle  points  of  the  tooth  at  the  root,  at  the  pitch-surface,  and  at 
the  crest  respectively;  and  let  it  be  required  to  find  the  projections 
of  the  middle  lines  of  that  tooth  at  the  root,  pitch-surface,  and 
crest  respectively. 

About  a  draw  the  drclesff,  i  i',  and  e^;  being  the  projections, 
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on  a  plane  perpendicular  to  the  axis,  of  the  root-circle  through  F, 
the  pitch-circle  through  I,  and  the  addendum-circle  through  E. 
Draw  also  about  a  the  pitch-circle  at  the  throat  of  the  hyperboloid, 
and  let  a  t"  be  its  radius.  Through  i  draw  a  straight  line,  i  i"  i',  so 
as  to  touch  this  throat  jntchrcirdey  and  let  that  straight  line  cut  the 
circle  »  t'  in  »  and  ♦'.  Draw  the  straight  lines//"  /'  and  «  «*  e' 
parallel  to  » t"  i'.  Then  these  three  parallel  lines  will  be  the  pro- 
jections  of  ike  three  middle  linee  before  mentioned,  on  a  ^pfamje 
perpendUcuktr  to  theaada. 

Describe  about  a  two  circles  touching  ff^f  and  e  e  e*  respec- 
tively. These  will  be  respectively  the  root-circle  and  the  addendum- 
circle  at  the  throat  of  the  kyperbolcnd.  The  roots  and  crests  of  all 
the  teeth  lie  in  a  pair  of  hyperboloidal  surfaces  traversing  this 
pair  of  circles,  and  traversing  also  the  pair  of  circles  through  F 
andR 

The  projection,  on  a  plane  traversing  the  axis,  of  the  middle  line 
of  the  tooth  on  the  pitdi-surfaoe  is  the  tangent  1 1"  already  found, 
the  points  I"  and  t*  being  in  one  straight  Ime  parallel  to  a  A.  To 
find  the  corresponding  projections  of  the  other  two  middle  lines, 
there  are  two  methods. 

Fi/rH  Method. — From  the  points  of  contact/'  and  0",  parallel  to 
a  A,  draw  /"  F*  and  e"  E",  cutting  a  »  in  F"  and  E*  respectively. 
Join  F  F"  and  E  E*.     These  will  bs  the  required  {projections. 

Second  MOhod — Lay  off  on  the  axis,  a  C  =r  a  C,  and  a  A'  = 
a  A,  and  draw  C  T  pMallel  to  C  I :  then  C  I'  wiD  be  part  of  the 
projection  of  a  pitdi-drde  equal  to  G  L  From  %',  parallel  to 
A  a  A',  draw  il  T,  cutting  C  I'  in  T.  Then  i  and  T  will  be  the 
two  projections  of  one  pitch-point,  and  II"  T  will  be  one  straight 
line.  Join  A'  T.  This  will  be  the  projection  of  a  normal  to  the 
pitdi-sur&ce  at  I'.  Through  f'  and  &  (which  lie  in  one  radius, 
af  *'  ^draw/'  F  and  ^  Bf  mrallel  to  A  a  A',  cutting  A'  T  in 
F  and  k  respectively.  Join  F  F  and  E  K  These  will  be  the 
required  projections  of  the  middle  lines  at  the  root  and  crest  of  the 
tooth  respectively. 

IV.  Complete  Frc/jection  of  a  Tooth  on  a  Plane  Normal  to  the  Axis. 
— ^Let  the  plane  of  projection  in  fig.  105  be  ncHrmal  to  the  axis  of 
the  wheel,  and  (as  in  fig.  103)  let  a  be  the  axis ;  let  the  circles  e  e', 
i  i',  and  //',  be  the  projections  of  the  middle  addendum-circle, 
middle  pitch-circle,  and  middle  root-circle  of  the  intended  wheel ; 
let  the  circles  through  e\  t%  and/"  be  the  corresponding  circles  at 
the  throat  of  the  pitch-sur&ce ;  and  let  the  parallel  straight  lines 
etf  ^,  i  tT,  fff,  be  the  projections  of  the  middle  lines  of  a 
tooth  at  the  crest,  pitch-surface,  and  root,  drawn  according  to  the 
preceding  rules. 

At  the  end  of  the  radius  aft  e  construct,  by  the  rules  already  given, 
the  projection  of  the  trace  of  the  tooth  upon  the  middle  normal 
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cone,  being  the  curve  marked  hg  eghinhg,  104;  and  at  the  end 
of  the  radius  af  i'  €  construct  a  similar  and  equal  figure.  From 
a  series  of  points  in  the  figure  at  /»  e  draw  straight  lines  to  the 
wrresponding  points  in  the  figure  at/'  *'  d';  each  of  those  straight 
lines  will  be  the  projection  of  a 
generating  line  of  the  sur£Gu»  of  the 
tooth.  For  example^  the  straight 
lines  from  the  comers  of  the  crest 
at  6  to  the  corresponding  corners 
of  the  crest  at  e'  (both  of  which 
lines  touch  the  circle  through  e) 
will  be  the  projections  of  the 
two  edges  of  the  crest;  the 
straight  lines  from  the  pair  of 
points  where  the  curve  at  /  i  e 
cuts  the  pitch-circle  to  the  cor- 
responding pair  of  points  near 
/' »'  d'  (both  of  which  lines  touch 
the  circle  through  i)  will  be  the 
projections  of  the  lines  in  which 
the  front  and  back  of  the  tooth 
respectively  cut  the  pitch-surface ; 
and  the  straight  lines  £rom  the 
bottoms  of  the  clearing  curves 
near  y*  to  the  corresponding  points 
near/'  (both  of  which  lines  touch 
the  circle  through/)  will  be  the 
projections  of  the  lines  marking  the 
bottoms  of  the  hollows  of  which 
these  carves  are  the  trace&   ^ 

The  projections  of  the  outer  and 
inner  sides  of  the  tooth  (being 
portions  of  the  outer  and  inner  sides  of  the  rim  of  the  wheel)  are 
figures  similar  to  the  curve  at  /«'  e,  and  constructed  by  the  same 
method ;  the  dimensions  of  the  former  being  larger  and  those  of 
the  latter  smaller  than  the  dimensions  of  that  middle  figure,  in  the 
]m>portion  in  which  the  radii  of  the  outer  and  inner  pitdi-circles 
are  respectively  greater  and  smaller  than  those  of  the  middle  pitch- 
circle.  (As  to  those  two  circles,  see  Article  106,  page  90.)  The 
tooth  in  ^g.  105  is  drawn  of  an  exaggerated  breadth,  in  order  to 
show  more  clearly  the  construction  of  the  figure. 

Y.  Moddling  Skew-bevel  Teeth. — Construct  a  frame  of  rods  to  re- 
present the  axis  A  A'  in  ^g,  103,  the  equal  radii  0  I  and  C  I',  the 
equal  normals  A  F  I  E  and  A'  F  T  E',  and  the  generating  line  IP. 
Make  a  pair  of  equal  and  similar  templets,  each  of  the  shape  and 
dimeniaona  of  the  normal  section  of  a  tooth,  H  G  E  G  H,  fig.  104. 
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Fix  those  two  templets  to  the  frame  at  F I  E  and  F'  T  F,  fig.  103, 
-with  their  flat  surfaces  parallel  to  each  other  and  normal  to  the 
rod  ir.  Then  a  straight  edge  or  a  stretched  wire,  made  to  touch 
the  edges  of  the  templets  at  a  pair  of  corresponding  points,  will 
mark  one  of  the  generating  lines  of  a  tooth;  and  hy  the  help  of 
this  apparatus,  teeth  may  be  modelled  suitable  either  for  the  pitch- 
circle  through  C,  or  for  that  through  C,  or  for  the  pitch-circle  at 
the  throat  of  the  hyperboloid,  or  for  any  other  pitch-circle  on  the 
same  hyperboloid. 

147.  The  Tnuurene  Obll^iUtT  •f  8kew-lMT«l  Teeth  is  the  angle, 
PIN,  fig.  104,  page  148  (equal  to  O  ^r  F'  in  ^g.  68,  page  88),  which 
the  normal  spiral  makes  with  the  pitch-circle;  or  it  may  be  other- 
wise defined  as  the  angle  which  the  generating  line  of  a  tooth  on 
the  pitch-surface  makes  with  the  generating  line  of  a  tangent  cone 
at  a  given  point,  I.  From  the  rule  for  finding  that  angle  (Article 
106,  page  89),  it  is  evident  that,  with  a  given  hyperboloidal  pitch- 
surface,  the  transverse  obliquity  of  the  teeth  is  greatest  at  the 
throat,  and  is  the  less  the  ferther  the  middle  pitch-circle  of  the 
wheel  is  removed  from  the  throat  Hence,  it  is  generally  advisable, 
in  designing  skew-bevel  wheels,  to  place  the  pitch-circles  as  fisir  as 
practicable  from  the  throats  of  the  hyperboloids,  because  obliquity 
of  action  tends  to  increase  friction. 

148.  Skew-bevel  Wheels  ta  Denble  Pain.— Skew-bevel  wheels 
possess  a  property  which  ordinary  bevel  wheels  do  not — ^viz.,  that 
of  being  capable  of  combination  by  dovhle  'pairs,  as  in  fig.  106.  The 
upper  part  of  the  figure  represents  a  projection  on  a  plane  parallel 
to  the  line  of  contact,  1 1',  and  to  the  common  perpendicular  of  the 
axes  F  G.  The  lower  part  of  the  figure  represents  a  projection  on 
a  plane  normal  to  the  common  perpendicular.  Small  letters  in  the 
second  projection  correspond  to  capital  letters  in  the  first  projection. 

B  and  B'  are  two  equal  and  similar  wheels  fibced  on  the  shaft 
A  A',  with*  pitch-surfaces  'forming  parts  of  the  same  hyperboloid, 
and  at  equal  distances  from  its  throat.  They  have  equal  and  similar 
teeth,  with  equal  obliquities  in  the  same  direction;  and,  in  short, 
both  wheels  may  be  cast  from  the  same  pattern.  In  the  example 
given,  the  teeth  of  both  wheels  are  right-handed.  In  like  manner, 
t>  and  jy  are  two  equal  and  similar  wheels  fixed  on  the  shaft  G  G; 
B  gears  with  D,  and  K  with  D'. 

This  arrangement  may  be  useful  where  it  is  desired,  for  the  sake 
of  strength  or  of  steadiness  of  motion,  to  divide  the  force  exerted  in 
transmitting  the  motion  between  two  paira  of  wheels. 

149.  Teeth  with  siepfaig  Backs.— The  teeth  described  in  the  pre- 
ceding Articles  of  this  Section  have  their  backs  similar  to  their 
fronts,  80  that  the  motion  of  the  wheels  may  be  reversed,  the  backs 
then  acting  as  the  fronts  did  during  the  forward  motion.  There 
vce  many  cases  in  mechanism  in  which  it  is  not  necessary  that  the 
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motion  of  the  wheels  should  ever  be  reversed;  and  in  snch  cases 
the  backs  of  the  teeth  of  a  pair  of  wheels  are  required  simply  to  bo 


Fig.  106, 

of  such  shapes  as  to  clear  each  other,  without  reference  to  the  trans-* 
mission  of  motion.  The  consequence  of  this  is,  that  although  the 
traces  of  the  backs  must  still  belong  to  the  same  class  of  curves 
with  the  traces  of  the  fronts,  their  obliquity  may  be  considerably 
inci*eased,  the  effect  being  to  strengthen  the  teeth  at  their 
roots.* 

The  most  convenient  curves  for  the  traces  of  the  backs  of  teeth 
under  those  circumstances  are  involutes  of  a  circle,  for  which  there 
may  be  substituted  in  practice  circular  arcs  approximating  to  them; 

♦  This  was  first  pointed  out  by  Professor  Willis-GoOglc 
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and  the  method  of  drawing  those  arcs  is  as  follows : — ^Let  fig.  107 
represent  the  trace  of  part  of  a  wheel  with  its  teeth,  that  wheel 
being  the  smallest  wheel  of  a  set  that  are  to  be  capable  of  gearing 
together;  because  the  smallest  wheel  of  such  a  set  requires  the 
greatest  addendum :  let  C  be  the  centre,  A  A  the  addendum-circle. 


B  B  the  pitch-circle,  D  D  the  root-circle,  and  let  E"  I"  J",  E  IJ, 
E'  I'  J*,  be  the  fronts  of  teeth  designed  according  to  the  proper 
rules,  and  F",  F,  F,  the  pitch-points  of  the  backs  of  those  teeth. 
To  any  one  of  those  haw  pUch-poirUs,  as  F,  draw  the  radius  OF; 
bisect  C  F  in  G,  and  about  G  draw  the  semicircle  F  K  C.  Draw  a 
straight  line,  H  K,  perpendicular  to  and  bisecting  the  distance,  E  F, 
between  the  crest  E  and  back  pitch-point  F;  and  let  that  straight 
line  cut  the  semicircle  in  K.  About  the  centre  C,  with  the  ra<&u3 
C  K,  draw  the  circle  K"  K  K';  this  will  be  the  bage^irde  of  the 
required  involutes  (see  Article  131,  page  121). 

To  draw  the  circular  arcs  approximating  to  those  inrolates, 
lay  off,  from  the  back  pitch-points  to  the  base-circle,  the  equal 
distances  F*  K"  =  F  K'  =  F  K,  (fee;  and  about  the  respective 
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centres,  K,  K',  K",  &a.  dra^  the  circular  arcs  E  F  L,  E*  F  L', 
E'  F"  L\  &c 

In  each  of  the  larger  wheels  of  the  set,  the  radius  of  the  base- 
circle  for  the  backs  is  to  bear  to  the  radius  of  the  pitch-circle  the 

C  K. 

constant  proportion  /^-^,  in  order  that  the  backs  of  the  teeth  of  all 

the  wheels  of  the  set  may  have  the  same  obliquity — viz.,  the  angle 
KCF. 

In  a  straight  rack  capable  of  gearing  with  any  wheel  of  the  set, 
the  traces  of  the  backs  of  the  teeth  are  to  be  straight  lines,  making 
with  the  pitch-line  an  angle  equal  to  C  F  EL 

150.  accMped  Teeth.— In  order  to  increase  the  smoothness  of  the 
action  of  toothed  wheels,  Dr.  Hooke  invented  the  making  of  the 
fronts  of  teeth  in  a  series  of  steps,  as  shown  in  fig.  108,  where  the 
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upper  part  of  the  figure  is  a  projection  of  the  rim  of  a  wheel  with 
stepped  teeth  on  a  plane  i)arallel  to  the  axis,  and  the  lower  part 
is  a  projection  on  a  plane  perpendicular  to  the  axis.  A  wheel 
thus  formed  resembles  in  shape  a  series  of  equal  and  similar  toothed 
discs  placed  side  by  side,  with  the  teeth  of  each  a  little  behind 
those  of  the  preceding  disa  In  such  a  wheel,  let  p  be  the  circular 
pitch,  and  n  the  number  of  steps.  Then  the  path  of  contact,  the 
addendum,  and  the  extent  of  sliding,  are  those  due  to  the  divided 

piteh  -,  while  the  strength  of  the  teeth  is  that  due  to  the  thickness 

corresponding  to  the  total  pitch  p)  so  that  the  smooth  action  of 
small  teeth  and  the  strength  of  large  teeth  are  combined.  The 
action  of  small  teeth  is  smoother  and  steadier  than  that  of  large 
teeth,  because  they  can  be  made  to  approximate  more  closely  to 
the  exact  theoretical  %ure;  and  also  because  the  sliding  motion  of 
one  tooth  upon  another  is  of  less  extent.  In  the  example  shown  . 
in  ^g,  108  there  are  four  steps,  so  that  the  divided  pitch  is  one- 
fourth  of  the  total  pitch ;  and  the  path  of  contact  (E  I  F,  in  the 
lower  part  of  the  figure)  is  of  the  length  suited  to  the  divided 
pitch,  being  only  one-fourth  of  the  length  which  would  have  been 
required  had  the  fronts  of  the  teeth  not  been  stepped. 

151.  Helical  Teeth*  also  invented  by  Dr.  Hooke  with  the  same 
object,  dre  teeth  whose  fronts^  instead  of  being  parallel  to  the  line 
of  contact  of  the  pitch-cylinders  of  a  pair  of  spur-wheels,  cross  that 
line  obliquely,  so  as  to  be  of  a  screw-like  or  helical  form :  in  other 
words,  they  are  teeth  of  the  figure  of  short  portions  of  8creu)-4kreads 
(Ai-ticle  58,  page  36) ;  the  trace  of  each  thread  on  a  plane  perpen- 
dicular to  the  axis  being  similar  to  that  of  a  stepped  tooth,  as 
shown  in  the  lower  part  of  fig.  108.  Fig.  108  A  shows  a  projection 
of  the  rim  of  a  wheel  with  helical  teeth  on  a  plane  parallel  to 
the  axis. 

In  order  that  a  pair  of  wheels  with  parallel  axes  and  helical 
teeth  may  gear  correctly  together,  the  teeth,  besides  being  of  the 
same  circular  pitch,  must  have  the  same  transverse  obliquity;  and 
if  in  outside  gearing,  they  must  be  right-handed  on  one  wheel  and 
left-handed  on  the  other.  If  in  inside  gearing,  they  must  be  either 
right-handed  or  lefb-handed  on  both  wheels.  In  fig.  108  A  the 
teeth  are  lefb-handed.  In  wheel-work  of  this  kind  the  contact  of 
each  pair  of  teeth  commences  at  the  foremost  end  of  the  helical 
fronts,  and  terminates  at  the  aftermost  end;  and  the  rims  of  the 
wheels  are  to  be  made  of  such  a  breadth  that  the  contact  of  one 
pair  of  teeth  shall  not  terminate  until  that  of  the  next  pair  has 
commenced. 

Helical  teeth  are  open  to  the  objection  that  they  exert  a  laterally 
obhque  pressure,  which  tends  to  increase  friction. 

When,  in  designing  a  skew-bevel  wheel,  a  portion  of  the  tangent 
cylinder  at  the  throat  of  the  hyperboloid  (Article  106,  page  87 ; 
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and  Article  85,  page  73)  is  used  as  an  approximation  to  the  true 
pitch-surface^  tJie  teeth  of  that  wheel  become  screw-threads,  having 
a  transverse  obliquity  determined  by  the  principles  of  Article  147, 
page  152;  and,  as  has  been  already  stated  in  the  article  referred  to^ 
they  are  either  right-handed  or  left-handed  in  both  wheels. 

152.  Scnw  wm^L  N«t. — The  figure  of  a  true  screw,  external  or 
internal,  and  the  motion  of  a  screw  working  in  a  corresponding 
screw-shaped  bearing,  have  been  described  in  Articles  57  to  66, 
pages  36  to  42.  In  the  elementary  combination  of  an  eastemcU  and 
internal  screw,  more  commonly  called  a  screw  and  nvi,  the  two 
pieces  have  threads,  one  external  and  the  other  internal,  of  similar 
figures  and  equal  dimensions,  so  as  to  fit  each  other  truly;  and  one 
of  them  turns  about  their  common  axis  without  translation,  while 
the  other  slides  parallel  to  that  axis  without  rotation.  The  best 
form  of  section  tor  the  threads  is  rectangular.  The  comparative 
motion  is,  that  the  sliding  piece  advances  through  a  distance  equal 
to  the  pitch  (viz.,  the  "  Mai  axial  pitch")  during  each  revolution  of 

the  turning  piece.     If  the  threads  are  <  ^ft  u^  d    (  *^®  sliding 

piece  is  made  to  move  towards  an  observer  at  one  ena  of  the  axis 

handed  I  '^^^^^^j  ^^  *^®  turning  piece.     The  combination  belongs 

to  Mr.  Willises  Class  A,  because  the  velocity-ratio  is  constant ;  and 
the  extent  of  the  motion  is  limited  by  the  length  of  the  screw. 

153.  Screw  Whe«uw«rk  to  Oeaena — Screw  wheel-work  consists 
of  wheels  with  cylindrical  pitch-surfaces,  having  screw-threads  or 
helical  teeth  instead  of  ordinary  teetl(  "» One  case  of  screw-gearing 
has  been  described  in  Article  151,  page  156 — viz.,  that  in  which 
the  axes  are  parallel.  The  cases  to  which  this  and  the  following 
articles  relate  are  those  in  which  the  axes  are  not  parallel;  so 
that  the  pitch-surfaces  in  an  elementary  combination  are  a  pair 
cylinders  touching  each  other  in  one  pitch-point,  like  those  repre- 
sented in  Article  85,  £g,  55,  page  73.  The  pitch-point  (O',  ^g.  55) 
is  obviously  in  the  common  perpendicular  of  the  two  axes  (F  G', 
^S*  ^^)j  ^^^  there  is  one  straight  line  traversing  the  pitch-point 
(O'O,  fig.  55),  which  is  a  tangent  at  once  to  the  two  pitch- 
cylinders  and  to  the  acting  surfaces  or  fronts  of  each  pair  of 
threads  at  the  instant  when  those  surfaces  touch  each  other  at  the 
pitch-point :  that  straight  line  may  be  called  the  line  of  contact. 
The  angles  of  inclination  of  the  screw-threads  to  the  two  axes  (see 
Article  63,  page  40)  are  equal  respectively  to  the  angles  made  by 
the  line  of  contact  with  those  axes.  The  pitch-circles  of  the  two 
screws  are  the  two  circular  sections  of  the  pitch-cylinders  which 
traverse  the  pitch-point     The  plane  op  connection,  qi^plane  or 
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AcmoN,  is  a  plane  traversing  the  pitch-point  nonnal  to  the  Kne  of 
contact :  that  plane^  of  course,  traverses  the  common  perpendicular 
of  the  axes. 

When  the  line  of  contact  is  found  by  the  rule  given  in  Article 
84,  page  71,  the  cylindrical  pitch-surfaces  represent  the  tangent- 
cylinders  at  the  throats  of  a  pair  of  hyperboloids;  and  the  screw- 
threads  are  approximations  to  the  skew-bevel  teeth  suited  for  that 
combination,  as  already  stated  in  Article  151,  page  156.  But  in 
many  cases  the  line  of  contact  has  positions  greatly  differing  from 
this;  and  then  the  comparative  motion  becomes  different  from  that 
of  a  pair  of  skew-bevel  wheels;  the  object  of  screw-gearing  in  such 
cases  being  to  obtain,  with  a  given  pair  of  cylindrical  pitch- 
surfaces,  a  velocity-ratio  of  rotation  independent  of  the  radii  of 
those  surfaces;  and  such  is  the  difference  between  approximate 
skew-bevel  gearing  and  screw  gearing  in  general 

In  every  elementary  combination  in  screw  wheel-work,  each  of 
the  two  piec^  is  at  once  a  screw  and  a  wheel;  but  it  is  customary, 
when  their  diameters  are  very  different,  to  call  that  which  has  the 
smaller  diameter  the  endless  screw,  or  worm,  and  that  which  has 
the  greater  diameter  the  worm-wheel.  For  example,  in  ^g.  111 
(farther  on)  a'  is  the  worm,  or  endless  screw,  and  A'  the  worm- 
wheeL  The  word  "  endless  "  is  used  because  of  the  extent  of  the 
motion  being  unlimited. 

Screw  wheel-work  belongs  to  Mr.  Willis's  Class  A,  the  velocity- 
ratio  being  constant. 

The  following  are  the  general  principles  of  elementary  combina- 
tions in  screw  wheel- work : — 

I.  The  angular  velocities  of  the  two  screws  are  inversely,  and 
their  times  of  revolution  directly,  as  the  numbers  of  threads; 
whence  it  follows  that  the  angular  velocity-ratio  must  be  expressible 
in  whole  numbers,  as  in  the  case  of  ordinary  toothed  wheehi. 

II.  The  divided  Tiormal  pitch  (see  Article  66,  page  42),  as 
measured  on  the  pitch-cylinders,  must  be  the  same  in  two  screws 
that  gear  together. 

III.  The  common  component  of  the  velocities  of  a  pair  of  points 
in  the  two  screws  at  the  instant  when  those  two  points  touch 
each  other  and  pass  the  pitch-point,  is  perpendicular  to  the  line  of 
contact  and  to  the  common  perpendicular  of  the  axes;  in  other 
words,  it  coincides  with  the  intersection  of  the  plane  of  connection 
and  the  common  tangent-plane  of  the  two  pitch-cylinders. 

lY.  The  cvrctdar  or  circumferential  pitches  of  the  two  screws 
(Article  42,  page  66),  as  measured  on  their  pitch-cylinders,  are 
proportional  to  the  total  velocities  of  points  (called  the  smface 
velocities)  in  those  cylinders;  and  they  b€»r  the  same  proportion  to 
the  divided  normal  pitch  that  those  total  velocities  bear  to  their 
common  component 
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Y.  The  rdative  transverse  diding  of  a  pair  of  threads  that  are  in 
action  takes  place  along  the  line  of  contact 

It  will  be  shown  in  the  next  article  that  for  a  given  pair  of 
axes  and  a  given  angular  velocity-ratio  the  relative  transverse 
sliding  is  least  when  the  pitch-cylinders  are  the  tangent-cylinders 
at  the  throats  of  a  pair  of  skew-bevel  hyperboloids. 

154.  8c*ew  WImcI-WmIk — RhIm  §mt  JDmwtay.— In  figs.  109  and 
110  the  plane  of  projection  is  supposed  to  be  the  common  tangent- 
plane  of  the  two  pitch-cylinders;  and  I  represents  the  pitch-point; 
-which  is  also  the  trace  and  projection  of  the  common  perpendicular 
of  the  two  axes. 

I.  Given,  the  prcjections  of  the  two  cuces,  the  angtdar  vdodty- 
rcUio,  and  the  radii  of  the  two  pitdi-cylinders,  to  find  the  propor^ 
tionaie  valttes  of  their  surface-velocities,  and  the  proportionate  i^ 
txilne  and  direction  of  the  velocity  of  transverse  sliding.  The 
two  cylinders  may  be  called  respectively  A  and  a. 

In  ^g.  109,  let  I A  and  I  a  represent  the  projections  of  v , 
the  two  axes.  Along  those  projections  lay  off  lengths  I  A, 
I  a,  proportional  to  the  two  angular  velocities  of  rotation, 
and  pointing  in  the  direction  in  which  an  observer  must 
look  from  I  in  order  to  make  both  rotations  seem  right- 
handed.  Draw  the  straight  line  A  a,  and  divide  it  at  K 
into  two  parts  inversely  proportional  to  the  radii  of  the 
two  pitch-cylinders;  in  other  words,  let  B  and  b  denote 
the  radii  of  the  cylinders  A  and  a  respectively,  so  that 
B  -I-  6  is  the  length  of  the  common  perpendicular,  or  line 
of  centres;  and  let  K  divide  A  a  in  the  following  propor- 
tion:— 

B  +  5  :B  :6 
::Aa:Ka:KA 

Complete  the  parallelogram  I  Y  K  t?;  then  IT,  Iv,  and 
the  diagonal  I  K,  will  be  respectively  proportional  and 
perpendicular  to  the  surface  velocity  of  the  cylinder  A> 
the  surface  velocity  of  the  cylinder  a,  and  the  velocity  of 
relative  transverse  sliding  at  the  pitch-point  I. 

Or  otherwise,  by  calculation;  let  -^  ^  *^®  ^*^^  ^^  *^® 

angular  velocities,  and  ^^  that  of  the  radii;  then  -r-^  is 

obviously  the  ratio  of  the  surface  velocities. 

It  is  obvious  that  for  a  given  pair  of  axes  and  a  given 
pair  of  angular  velocities  the  velocity  of  transverse  sliding 
is  least  when  I  K  is  perpendicular  to  A  a.      But  A  a  is    rt 
parallel  to  the  line  of  contact  of  a  pair  of  hyperboloidal  Fig.  109. 
pitch-surfaces  for   skew-bevel  wheels  having  the  ^^®^ -vqqIp 
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velocity-ratio ;  and  this  is  the  demonstration  of  the  statement  in 
the  preceding  article,  that  screws  which  coincide  approximately 
with  skew-bevel  wheels  give  the  least  possible  transverse  sliding 
of  the  threads  for  a  given  pair  of  axes  and  a  given  velocity-ratio 
(see  page  159). 

The  proportionate  value  of  the  common  component  of  the  autface 
vdociUes  may  be  represented  by  the  length  of  a  perpendicular  let 
feJl  from  either  Y  or  «  upon  I K ;  but  the  next  rule  gives  a  more 
convenient  way  of  representing  both  it  and  the  transverse  sliding. 

11.  To  draw  the  line  of  contact,  and  to  find  the  proportione  borne 
to  the  surface  velocUies  hy  thdr  common  component,  and  by  the  trane- 
verae  aUding;  also  the  proportions  borne  to  each  other  by  the  circular 
pitches,  the  divided  axial  pitches,  and  the  divided  normal  pitch. 


In  fig.  110  (as  in  fig.  109),  let  I  represent  the  pitch-point,  and 
I A  and  I  a  the  projections  of  the  two  axes.  Perpendicular  to  I A 
and  I  a  respectively,  draw  I  C  and  I  c,  of  the  proper  lengths,  and 
in  the  projxjr  directions,  to  represent  the  surface  velocities  of  the 
two  pitch -cylinders  at  the  point  I;  draw  the  straight  line  Cc, 
cutting  the  projections  of  the  two  axes  in  P  aiicLj^  respectively; 
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and  upon  Oe  let  fall  the  perpendicular  I N  (which  will  obviously 
be  parallel  to  I  K  in  fig.  109).  Through  I  draw  TIT  paraDel  to 
Cc 

Then  TIT  will  he  the  line  qf  eaniaa;  I N  will  represent  the 
common  component  of  the  surface  vdocities  (and  will  also  be  the 
trace  of  the  plane  of  connection);  Cc  will  represent  the  velocity  qf 
traneveree  didtng;  and  the  proportions  of  the  several  divid^ 
pitches  will  be  as  follows: — 

I C  :  circular  pitch  of  A. 

: :  I  c  :  circular  pitch  of  a. 
: :  I  P  :  divided  axial  pitch  of  A. 

iilp:  divided  axial  pitch  of  a. 
: :  I N  :  divided  normal  pitch  of  both  screws. 

The  figure  may  be  regarded  as  part  of  the  development  of  both 
screws  upon  the  common  tangent  plane  of  their  pitch-cylinders. 
(See  Article  63,  page  40.  As  to  Racks,  see  Addendum,  page  289.) 

The  absolute  lengths  of  the  circiilar  pitches  are  found  by  dividing 
the  pitch-circles  into  suitable  numbers  of  equal  parts,  precisely  as  in 
the  case  of  spur-wheels  (see  Articles  112  to  121,  pages  103  to  114) ; 
and  from  them,  by  the  aid  of  the  proportions  given  by  fig.  110,  the 
absolute  lengths  of  the  divided  axial  pitches  and  of  the  divided 
normal  pit(£  are  easily  found.  For  the  total  axial  pitch  of 
either  screw,  multiply  the  divided  axial  pitch  by  the  number  of 
threads. 

III.  To  find  the  radii  ofcwrvatare  of  the  normal  screvo-lines.  The 
normal  helix,  or  normal  screw-line  (see  Article  65,  page  41),  of  each 
of  the  two  screws  touches  I  N  at  the  pitch-point  I;  and  the  plane 
of  connection  of  which  I  N  is  the  trace  is  the  common  osculating 
plane  of  the  two  normal  screw-lines  at  I.  Their  radii  of  curvature 
at  that  point  both  coincide  with  the  common  perpendicular  of  the 
axe&  The  rule  for  finding  such  radii  (Articles  64  and  Q5y  page  41), 
when  applied  to  this  case,  takes  the  following  form : — On  I  C  lay 
off  I  B  to  represent  the  radius  of  the  pitch-cylinder  A;  then  per- 
pendicular  to  I  C  draw  B  D  parallel  to  I  A,  cutting  IN  in  D; 
then  perpendicular  to  I  N  draw  D  R,  cutting  I  C  in  R;  I  R  will 
be  the  nulius  of  curvature  of  the  normal  helix  of  the  screw  A. 
A  similar  construction,  substituting  small  for  capital  letters,  serves 
to  find  I  r,  the  radius  of  curvature  of  the  normal  helix  of  the 
screw  a. 

Fig.  Ill  represents  two  projections  of  the  pitch-cylinders  of  a 
pair  of  screws  designed  by  the  rules  which  have  just  been  given, 
and  shows  also  the  helical  lines  in  whicli  the  fronts  of  the  threads 
cut  those  pitch-cylinders.  The  upper  part  of  the  figure  is  a  pro- 
jection on  the  plane  of  action,  whose  trace,  in  ^g,  110,  is  I  N. 
A'  a'  is  the  common  perpendicular  of  the  two  axes,  and  I'  the 
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pitoh-point ;  N'N'  is  the  traoe  of  the  common  tangent  plane  of  the  two 
pitch-oylinders  j  and  the  arrow  shows  the  direction  of  the  common 

component  of  their 
,  surface      velocities 

1^  at  the  point  T.     R 

I  and  r  are  the  centres 

of  curvature  of  the 
two  normal  screw- 
lines  at  the  point 
T;  and  S  S  and  s  a, 
described  about  R 
and  r  respectively, 
are  their  two  oscu- 
lating circles,  whose 
radii,  T  R  and  V  r, 
are  found  by  Rule 

The  lower  pai-t 
of  the  figure  is  a 
projection  on  the 
'  common  tangent 
plane  of  the  pitch - 
cylinders.  A  A  and 
a  a  are  the  pro- 
jections of  their  two 
axes;  T  I  T  is  the 
line  of  contact; 
N  I  N  is  the  trace 
of  the  plane  of 
action ;  and  the 
arrow  marks  the 
direction  of  the 
common  component 
of  the  sur&oe 
velocities  at  the 
pitch-point  I. 

In  the  particular 
example  repre- 
sented by  figs.  109, 
110,  and  111,  the 
following  are  the 
principal  data  and 
proportions : — 


Rg.111. 


Velocity-ratio  j  =  20; 
Number  of  threads  of  A,  40;  of  a,  2; 
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Katios  of  radii  and  line  of  centres, 

B  +  6:B:6 
:  :     11     :  10    :  1 

Both  screws  right-handed. 

155.  Wigurem  •€  Thread*  f«nnd  by  mcam  of  Ncrwal  Serew-IjiHM. — 

By  the  following  process  threads  may  be  designed  for  any  gearing 
screw,  so  that  they  shall  gear  correctly  with  threads  designed  on 
the  same  principle  for  any  other  screw  of  the  same  normal  pitch. 

Let  the  screw  to  be  provided  with  threads  be,  for  example,  the 
screw  A  of  fig.  111.  Draw,  by  Rnle  IIL  of  Article  154,  page  161, 
the  osculating  circle,  S  I'  S,  of  its  normal  screw-line.  Lay  off  the 
normal  pitch  upon  that  osculating  circle,  and  design  the  figure  of  a 
tooth  and  two  half-spaces  of  £hat  pitch,  with  the  proper  addendum 
and  depth,  as  if  the  osculating  circle  were  the  pitch-circle  of  a  spur- 
wheel;  the  figure  so  drawn  will  be  the  normal  section  of  a  thread, 
being  the  trace  of  the  thread  upon  a  surface  which  cuts  it  at  right 
angles;  and  by  the  help  of  that  section  the  threads  may  be  made 
of  the  correct  figure. 

The  normal  sections  of  the  acting  surfaces  of  a  thread  may  be 
either  involutes  of  ciides  (Articles  131,  133,  pages  120  to  128),  or 
epicycloids  (Articles  136  to  140,  pages  130  to  137).  All  screws 
with  involtUe  threads  of  the  same  divided  normal  pitch  gear  correctly 
together,  and  may  be  said  to  belong  to  one  set;  and  they  have  the 
same  property  with  involute  toothed  wheels,  of  admitting  of  some 
alteration  of  the  distance  between  the  axes.  All  screws  of  the 
same  divided  normal  pitch  having  epicycloidal  teeth  described  by 
the  same  rolling  circle  gear  correctly  together,  and  may  be  said  to 
belong  to  one  set. 

This  method  of  designing  the  threads  of  gearing  screws  is  believed 
to  be  now  published  for  the  first  time. 

156.  Flgnres  •€  Thread*  deslgaed  •!!  a  Plane  Noraial  to  one  Axle. 
— In  many  cases  which  occur  in  practice  the  axes  of  the  two 
screws  are  perpendicular  to  each  other ;  so  that,  in  ^g,  110,  page  1 60, 
AI  P  and  alp  are  at  right  angles,  I  0  coincides  with  Ip,  and 
I  c  coincides  with  IP;  and  therefore  the  divided  axial  pitch  of 
either  screw  is  equal  to  the  drciUo/r  pitch  of  the  other.  In  such  cases, 
and  especially  where  the  diameters  of  the  pitch-cylinders  are  very 
unequal^  so  that  the  larger  screw  is  called  a  toorm-wheelj  and  the 
smaller  an  endless  screw,  it  is  often  convenient  to  design  the  traces 
of  the  threads  on  a  plane  normal  to  the  axis  of  the  woim-wheel, 
and  traversing  the  axis  of  the  endless  screw;  and  then  it  is  evident 
(as  Mr. Willis  appears  to  have  been  the  first  to  show)  that  if  the 
traces  of  the  tlumds  of  the  worm-wheel  be  made  like  those  of  a 
spur-wheel  of  the  same  radius  and  pitch,  and  those  of  the  threads 
of  the  screw  like  the  traces  of  the  teeth  of  a  rack  suited  J^^^j?;>r 
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"with  that  spur-wheel,  the  worm- wheel  and  screw  will  gear  correctly 
together. 

Fig.  112  represents  a  worm-wheel  and  endless  screw. 

The  lower  part  of  the  figure  is  a  diagram  drawn  on  the  common 
tangent  plane  of  the  pitch-cylinders.     I  is  the  pitch-iK)int;  I  C  is 


KT 


Fig.  112. 


the  divided  axial  pitch  of  the  endless  screw,  being  also  the  develop- 
ment of  the  circular  pitch  of  the  worm-wheel;  I  c  is  the  divided 
axial  pitch  of  the  worm-wheel,  being  also  the  development  of  the 
circular  pitch  of  the  endless  screw.  I  N,  perpendicular  to  C  c,  is 
the  development  of  the  divided  normal  pitch  of  both  screws;  and 
C  c  is  the  extent  of  transverse  sliding  which  takes  place  while  an 
arc  equal  to  the  pitch  passes  the  pitch-point 
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In  the  left-hand  division  of  the  tipper  part  of  the  £gure 
the  plane  of  projection  is  normal  to  the  axis,  A',  of  the  worm- 
wheel,  and  traverses  the  axis,  a!  a',  of  the  endless  screw.  The 
circle  £  £  is  the  trace  of  the  pitch-cylinder  of  the  wheel;  the 
straight  line  6  6  is  the  trace  of  the  npper  side  of  the  pitch- 
cylinder  of  the  screw ;  and  those  traces  touch  each  other  in  the 
pitch-point  T.  The  threads  of  the  wheel,  and  those  at  the  npper 
side  of  the  screw,  are  shown  in  section ;  the  traces  of  the  threads  of 
the  wheel  are  like  those  of  the  teeth  of  a  spur-wheel  having  the  same 
circular  pitch,  and  £  £  for  a  pitch-circle;  the  traces  of  the  threads 
of  the  screw  are  like  those  of  the  teeth  of  a  rack  suited  to  gear  with 
that  spur-wheel,  and  having  h  h  for  its  pitch-line.  The  addendum- 
circle,  E  E,  of  the  worm-wheel,  and  the  addendum-line,  e  e,  of  the 
endless  screw,  are  drawn  as  for  a  spur-wheel  and  rack.  The  lower 
parts  of  the  threads  of  the  endless  screw  are  shown  in  projection. 
In  the  example  given,  both  wheel  and  screw  have  right-handed 
threads;  the  number  of  threads  of  the  screw  is  two;  of  the  wheel, 
40 ;  and  the  screw  is  represented  as  driving  the  wheeL  The  right- 
hand  division  of  the  upper  part  of  the  figure  shows  the  wheel  in 
section  and  the  screw  in  projection;  and  the  plane  of  projection 
traverses  the  axis.  A",  of  the  wheel,  and  is  noimal  to  the  axis,  a",  of 
the  screw;  I"  is  the  pitch-point 

The  traces  of  the  threads  of  the  wheel  in  the  left-hand  division 
of  the  upper  part  of  the  figure  are  involutes  of  a  circle,  and  those 
of  the  threads  of  the  screw  are  straight  lines.  That  shape,  as  in 
the  case  of  spur-wheels,  enables  the  distance  between  the  axes  to 
be  varied  to  a  certain  extent  without  affecting  the  accuracy  of  the 
action.  £ut  any  shapes  suited  for  the  teeth  of  wheels  and  lucks 
may  be  employed. 

If  a  set  of  worm-wheels  be  made  of  the  same  cii*cular  pitch  and 
obliquity  of  thread,  and  having  the  traces  of  the  threads  all 
involutes  or  all  epicycloids,  traced  by  the  same  rolling  circle;  and 
if  a  set  of  endless  screws  be  made,  all  of  the  same  divided  axial 
pitch,  equal  to  the  circular  pitch  of  the  wheels,  and  of  an  obliquity 
of  thread  equal  to  the  complement  of  the  obliquity  of  the  threads 
of  the  wheels,  and  having  the  traces  of  the  teeth,  as  the  case  may 
be,  all  straight  lines  of  the  proper  obliquity,  or  all  epicycloids  traced 
by  the  same  rolling  circle  that  is  used  to  trace  the  threads  of  the 
wheels,  then  any  one  of  the  wheels  will  gear  correctly  with  any 
one  of  the  screwa 

157.  ciM«-Fiiting  TaBgcnt  Screws.— In  many  cases  the  object  of 
screw-gearing  is  not  the  economical  transmission  of  motive  power, 
but  the  production  of  small  angular  motions  with  great  accuracy : 
as,  for  example,  when  the  principal  wheel  of  a  dividing  engine,  or 
that  of  a  machine  for  pitching  and  cutting  the  teeth  of  wheels,  or 
the  wheel  or  sector  which  adjusts  the  direction  of  stroke  of  a 
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cutting  tool  in  a  shaping  machine,  is  driven  hy  a  '* tangent-screw" 
situated  rdativelj  to  the  wheel  in  the  manner  already  shown  in 
fig.  112.  In  such  cases  the  screw  has  not  only  to  move  the  wheel 
into  any  required  position,  but  to  hold  it  there;  and  therefore  it  is 
essential  that  there  should  be  no  back-lasL  In  order  to  ensure 
this,  together  with  the  requisite  precision  of  action,  an  exact  copy 
of  l^e  tangent-screw  is  made  of  steel,  the  edges  of  its  thread  are 
notched,  and  it  is  hardened,  so  that  it  becomes  a  cutting  tool :  it 
is  then  mounted  in  a  suitable  frame,  so  as  to  gear  with  the  roughly 
formed  teeth  or  threads  of  the  wheel,  and  turned  so  as  to  drive  them ; 
in  the  course  of  which  operation  it  cuts  them  to  the  proper  figure. 
The  axis  of  the  cutting  screw  is  placed  at  first  at  a  distance  from 
the  axis  of  the  wheel  somewhat  greater  than  the  intended  per- 
manent distance ;  and  after  each  complete  revolution  of  the  wheel 
the  axes  are  brought  a  little  nearer  together,  until  the  permanent 
distance  is  attained;  and  by  turning  the  screw  in  this  last  position 
the  shaping  of  the  teeth  or  wheel-threads  is  finished.  From  the 
property  of  threads  with  traces  similar  to  those  of  involute  teeth, 
which  has  already  been  mentioned  in  Article  156,  page  165,  it  is 
evident  that  this  class  of  figures  is  peculiarly  well  suited  to  cases 
in  which  the  tangent-screw  is  made  to  cut  the  wheel,  because  of 
the  gradual  diminution  of  the  distance  between  the  axes  which 
takes  place  during  the  process  of  cutting. 

158.  OkUMUM'*  €««pUag.— A  coupling  is  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in  the  same  direction,  with 
the  same  mean  angular  velocity.  If  the  axes  of  the  shafts  are  in 
the  same  straight  line,  the  coupling  consists  in  so  connecting  their 
contiguous  ends  that  they  shall  rotate  as  one  piece;  but  if  the 

axes  are  not  in  the  same  straight  line, 
combinations  of  mechanism  are  re- 
quired. Various  sorts  of  couplings  will 
be  described  and  compared  together  in 
a  later  division  of  this  ireatise.  The 
present  Article  relates  to  a  coupling  for 
parallel  shafts,  invented  by  Oldham, 
which  acts  by  diding  anUaet.  It  is 
represented  in  ^g.  113.  Cj,  Cg  are  the 
axes  of  the  two  parallel  shafts;"  Dj,  Dg, 
two  discs  facing  each  other,  fixed  on 
Fig.  118.  the  ends  of  the  two  shafts  respectively ; 

K  K ,  a  bar  sliding  in  a  diametml 
groove  in  the  fiwe  of  Dj;  Eg  !^  a  bar  sliding  in  a  diameti-al 
groove  in  the  face  of  Dj :  those  bars  ai-e  fixed  together  at  A,  at 
right  angles  to  each  other,  so  as  to  form  a  rigid  cross.  The  angular 
ytilocities  of  the  two  discs  and  of  the  cross  are  all  equal  at  every 
inntaut;  the  middle  point  of  the  cross,  at  A,  revolves>in  the  dotteli 
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circle  described  upon  the  line  of  oentres,  0^  O^,  as  a  diameter,  twice 
for  each  turn  of  the  discs  and  cross;  the  instantaneons  axis  of 
rotation  of  the  cross  at  any  instant  is  at  I,  the  point  in  the  ciroie 
C^  Cg  diametricallj  opposite  to  A ;  and  each  arm  of  i^e  cross  ^des 
in  its  groove  through  a  distance  equal  to  tunce  the  line  of  centres 
during  each  half  revolution,  or  twice  the  line  of  centres  and  back 
again — ^that  is,  four  times  the  line  of  centres — during  each  revolution. 

Oldham's  coupling  belongs  to  Mr.  Willis's  Class  A.  The  cross 
may  be  strengthened  by  making  its  two  bars  take  the  form  of 
projecting  diametral  ridges  on  opposite  sides  of  a  third  circular 
disc  Or  the  cross  may  consist  of  two  grooves  in  the  opposite  sides 
of  such  a  disc,  and  instead  of  grooved  discs,  the  two  shafts  may 
carry  cross  bars  fitting  the  grooves  of  the  cross. 

159.  Pin  and  smogiii  8i«t.— The  communication  of  a  uniform 
velocity-ratio  by  the  sliding  contact  of  a  round  pin  with  the  sides 
of  a  slot  or  groove  has  already  been  described  in  Article  141,  page 
1 37.  A  velocity-ratio  varying  in  any  manner  may  be  communicated 
by  makiug  the  slot  of  a  suitable  figure,  the  principle  of  the  com- 
bination being,  that  the  line  of  connection  is  a  normal  to  the  centre 
line  of  the  slot,  traversing  the  centre  line  of  the  pin.  The  present 
Article  relates  to  cases  in  which  the  slot  is  straight  and  the 
velodty-ratio  variable.  Three  such  cases  are  illustrated  by  figs. 
114,  115,  and  116,  further  on.  Fig.  114  represents  a  coupling^ 
belonging  to  Mr.  Willis's  Class  B,  where  two  shafts  turn  about 
the  parallel  axes  A  and  B  with  equal  mean  angular  velocities, 
though  the  angular  velocity-ratio  at  each  instant  is  variabla  Fig. 
115  shows  a  crank  tinning  continuously  about  the  axis  A,  and 
carrying  a  pin,  C,  which,  by  means  of  the  slot  F  G,  drives  a  lever 
which  rocks  or  oscillates  about  the  axis  B.  Fig.  116  shows  a 
crank  turning  continuously  about  the  axis  A,  and  carrying  a  pin, 
C,  which,  by  means  of  the  slot  F  G  in  the  cross-head  of  the  rod  B, 
gives  a  reciprocating  sliding  motion  to  that  rod.  The  last  two 
combinations  belong  to  Mr.  Willis's  Class  C. 

In  practice,  for  the  purpose  of  diminishing  friction  and  pre- 
ventiug  back-lash,  it  is  usual  to  make  the  pin  turn  in  a  bush  which 
slides  in  the  slot; 'but  that  bush  is  not  shown  in  the  figures. 

The  following  are  the  principles  of  the  action  of  those  three 
combinatioDS : — 

I.  Coupling  (fig.  114). — In  order  that  the  directional  relation  of 
the  rotations  may  be  constant,  the  crank-arm,  A  C,  must  be  greater 
than  the  line  of  centres,  A  B. 

With  a  given  crank-arm,  A  C,  to  find  the  position  of  the  axis  B 
of  the  slot-lever,  so  that  the  crank  and  slot-lever  shall  alternately 
overtake  and  fall  behind  each  other  by  a  given  angle : — With  the 
radius  A»  C  describe  the  circle  D  C  E,  and  draw  the  diameter 
DAE,  with  which  the  line  of  centres  is  to  coincide.  ^  Lay  oflf 
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EAH  =  EA^sthe  complement  of  the  given  angle,  and  draw 
H  £  ^  perpendicular  to  D  A  K  £  will  l^  the  trace  of  the  re« 
quired  axis. 

At  the  instant  when  the  centre  of  the  pin  is  at  H  or  h,  the 

angular  velocities  are  equal; 
and  A  H  B  =  A  A  B  is  the  . 
given  angle  beforementioned. 

With  a  given  position,  C,  of 
the  centre  of  the  pin,  to  find 
the  angvla/r  velocity  -  raiUo : — 
From  C,  peipendicuiar  to  the 
centre  line,  fe  C,  of  the  slot^ 
draw  the  line  of  connection, 
C  I,  cutting  the  line  of  centres 
in  I ;  then 

A  ngular  velocity  of  B  _  -^  I . 
Angular  velocity  of  A  "  B  I' 
or  otherwise :  draw  A  P  par- 
allel to  B  C  and  perpendicular 
to  C  I;  then 

Angular  velocity  of  B      A  P 
Angular  velocity  of  A  ""  B  C 
The  <  ^^       >  values  of  this  ratio  occur  when  the  pin  is  at 

•j  -p  >  respectively;  and  they  are  as  follows: — 

^      ,    ,   AE  AC 

Greatest,  5^  =  ^^-^-^^; 

T      , AD  AC 

^^''  BD  =  AC^AB' 
The  travel  or  length  of  sliding  qf  the  pin  in  tJie  slot  is 
FG  =  BF-Ba  =  BD-BE; 

and  this  takes  place  twice  in  each  revolution. 

II.  Crank  and  Slotted  Lever  (fig.  115). — As  the  crank-arm,  A  C, 
in  Gg.  115,  is  shoiiier  than  the  line  of  centres,  A  B,  the  slotted 
lever,  B  G  F,  has  a  reciprocating  or  rocking  motion. 

With  a  given  line  of  centres,  A  B,  and  a  given  semi-ampliCude 
or  angular  half-stroke  of  the  rocking  motion  of  the  lever,  A  B  K 
=  A  B  A;,  to  find  tJie  length  of  crank-arm: — From  A  let  fall  A  K 
perpendicular  to  B  K,  or  A  A;  perpendicular  toB/fc;  AK  =  A/fc 
will  be  the  required  crank-arm. 

K  and  k  will  be  the  two  dead  points;  that  is  to  say,  the  positions 
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of  the  centre  of  the  pin  at  the  two  instants  when  the  lever  has  no 
velocity,  having  just  ceased  to  move  in  one  direction,  and  being 
just  about  to  begin  to  move   in    the 
opposite  direction. 

To  find  the  angida/r  vdocity'ralio  at 
the  instant  when  the  centre  of  the  pin  is 
in  a  given  position,  C : — Draw  the  con-c- 
spending  position,  B  C  F,  of  the  centre 
Ime  of  the  slot,  and  perpendicular  to  it 
draw  C  I,  cutting  the  line  of  centres  in 
I;  then 

Angular  velocity  of  lever        A I 
Angular  velocity  of  crank  ~  JB  I* 

To  find  the  travel  of  the  pin  in  the 
slot,  lay  off  B  G  =  B  E,  and  B  F  =  B  D;  /^/ 
G  and  F  will  be  the  two  ends  of  the    7 
travel  of  the  centre  of  the  pin;  and     1 
FG  =  DE  =  2ACwillbethe  length     \ 
of  travel. 

IIL  Qramk  and  Slot-headed  Sliding 
Rod  (fig.  116).— The  crank-arm,  A  C,  in 
this  case  is  to  be  made  equal  to  one-half  Fig.  115. 

of  the  intended  length  of  stroke  of  the 

sliding  rod,  B.     Draw  the  circle  described  by  C,  the  centre  of  the 
pin,  and  let  A;  A  K  be  the  diameter  of  that  circle  which  is  parallel 
to  the  direction  of  motion  of 
the  rod;  then  K  and  k  will  /®l:^="''^ 

It 

1 


be  the  dead  points,  or  |K)8i- 
tions  of  the  centre  of  the  pin 
at  the  two  instants  when  the 
rod  has  no  velocity.  To  find 
the  vdocUy-iratio  of  the  rod 
and  crank-pin  when  the 
centre  of  the  crank-pin  is  in 
a  given  position,  C :  perpen- 
dicular to  the  direction  of 
motion  of  the  rod  di-aw  the 
diameter  DAE;  this  line 
will  correspond  to  the  line  of  centres  in  the  preceding  problems; 
then  through  C,  and  perpendicular  to  the  centre-line,  F  G,  of  the 
slot,  draw  the  line  of  connection,  C  I,  cutting  DAE  in  I;  the 
foUowing  will  be  the  requii-ed  velocity-ratio : — 


Big.  116. 


Velocity  of  rod,  B 
Velocity  of  centre  of  pin,  C 


AJ 
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The  extent  o/travd  ofihepinin  iheatotiaY  Gt  =  DE  =  2AC. 

160.  emmu  mmd  Helpers  in  OMwnO.— Cams  and  wipers  are  those 
primary  pieces,  with  curved  acting  sarfsioes,  which  work  in  sliding 
contact  without  being  related  to  imaginary  pitch-surflBU^es,  as  the 
teeth  of  wheels  and  threads  of  screws  ara  The  distinction  between 
a  cam  and  a  wiper  is,  that  a  cam  in  most  cases  is  continuous  in  its 
action,  and  a  wiper  is  always  intermittent;  but  a  wiper  is  some- 
times called  a  cam  notwithstanding.  A  cam  is  often  like  a  non- 
circular  sector  or  wheel  in  appearance;  a  wiper  is  often  like  a 
solitary  tooth.     (As  to  *' rolling  cams,"  see  Article  110,  page  99.) 

The  solutions  of  all  problems  respecting  the  velocity-ratio  and 
directional  relation  in  the  action  of  cams  and  wipers  are  obtained 
by  properly  applying  the  general  principle  of  Artide  122,  page  1 14. 

In  most  cases  which  occur  in  practice,  the  condition  to  be 
fulfilled  in  designing  a  cam  or  a  wiper  does  not  directly  involve  the 
velocity-ratio,  but  assigns  a  certain  series  of  definite  positions 
which  the  follower  is  to  assume  when  the  driver  is  in  a  correspond- 
ing sefies  of  definite  positions.  Examples  of  such  problems  will 
be  given  in  the  following  Articles. 

161.  Cam  with  Oro^re  and  Pin.— Throughout  the  present  Artide 
it  will  be  supposed  that  the  acting  surface  of  the  follower,  which  is 
to  be  driven  by  the  cam,  is  the  cylindrical  surface  of  a  pin.  It  is 
easy  to  see  that  without  in  any  respect  altering  the  action,  a 
cylindrical  roller  turning  about  a  smaller  pin  may  be  substituted 
for  a  pin  in  order  to  diminish  friction.  If  the  pin  is  to  be  driven 
by  the  cam  in  one  direction  only,  being  made  to  return  at  the 
proper  time  by  the  force  of  gravity  or  by  the  elastidty  of  a  spring, 
the  cam  may  have  only  one  acting  edge;  but  if  the  pin  is  to  be 
driven  back  as  well  as  forward  by  the  cam,  the  cam  must  have  two 
acting  edges,  with  the  pin  between  them,  so  as  to  form  a  groove 
or  a  slot  of  a  uniform  width  equal  to  the  diameter  of  the  pin, 
with  clearance  jiust  sufficient  to  prevent  jamming  or  undue  friction. 
The  centre  of  the  pin  may  be  treated  as  practically  coinciding  at 
all  times  with  tiie  centre-line  of  such  a  groove,  which  centre-line 
may  be  called  the  pitcJt-line  of  the  cam.  The  most  convenient  way 
to  design  a  cam  is  usually  to  draw,  in  the  first  place,  its  pitch-line, 
and  then  to  lay  off  the  half-breadth  of  the  groove  on  both  sides  of 
the  pitch-line.  When  one  acting  edge  only  is  required,  it  ia  to  be 
laid  off  on  one  side  of  a  groove,  the  other  side  being  omitted. 

The  Une  of  covmecHon  at  any  instant  is  a  straight  line  normal  to 
the  pitch-line  at  the  centre  of  the  pin. 

The  surface  in  which  the  groove  is  made  may  be  either  a  plane 
or  a  surface  of  revolution ;  a  plane  for  a  ccum-plate  which  either 
turns  about  an  axis  normal  to  its  own  plane  or  slides  in  a  straight 
line,  and  acts  upon  a  pin  whose  centre  moves  in  a  plane  parallel  to 
that  of  the  cam-plate;  a  solid  of  revolution,  being  either  a  cylinder^ 

igitized  by  vjOOQ 


CAMS. 


171 


a  cone,  or  a  hyperboloid,  for  a  cam  whicL  turns  about  an  axis,  and 
acts  on  a  pin  whose  centre  has  a  reciprocating  motion  in  a  straight 
line  coinciding  with  a  generating  line  of  the  surface  of  reyolution. 

The  following  example  is  a  case  of  a  rotating  plane  cam,  giving 
motion  through  a  pin  said  lever  to  a  rocking  shaft  whose  axis  is 
parallel  to  the  axis  of  rotation  of  the  cam. 

In  ^g.  117  the  plane  of  projection  is  that  of  the  cam-plate,  and 
is  normal  to  the  axes  of  the  cam  and  of  the  lever.  In  Hhe  lower 
part  of  the  figure,  A'  represents  the  trace  of  the  axis  of  the  rocking 
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shafl,  and  C  the  trace  of  the  axis  of  the  cam,  so  that  A'  C'  is  the 
line  of  centres.  The  direction  of  rotation  of  the  cam  is  shown  bj  an 
arrow.  In  the  example,  the  direction  is  left-handed.  The  circular 
arc,  0  6,  described  about  A'  with  the  radius  A'  0,  is  the  path  to  bo 
described  by  the  centre  of  the  pin;  and  the  twelve  points  in  that 
arc,  marked  with  numbers  from  0  to  11,  are  twelve  positions  which 
the  centre  of  the  pin  is  to  occupy  at  the  end  of  twelve  equal  divisions 
of  a  revolution  of  the  cam.  It  is  required  to  find  the  form  of  the 
cam  which  will  produce  that  motion  in  the  pin, 

In  the  upper  part  of  the  figure,  let  C  represent  the  axis  of  the 
cam;  suppose  that  the  cam  is  fixed,  and  that  the  line  of  centres, 
C  A,  rotates  about  C,  carrying  the  axis,  A,  of  the  rocking  shaft  along 
with  it,  with  an  angular  velocity  equal  and  contrary  to  the  actual 
angular  velocity  of  the  cam.  That  supposition  will  not  alter  the 
relative  motions  of  the  working  pieces.  With  the  radius  C  A 
describe  a  circle  to  represent  the  supposed  path  of  A  relatively  to 
C;  divide  its  circumference  into  twelve  equal  parts,  and  to  the 
points  of  division  draw  radii,  C  Aq,  C  A^,  C  A^,  &c,  to  represent 
twelve  successive  positions  of  the  line  of  centres  relatively  to  the 
cam,  as  supposed  to  be  fixed.  Lay  off  the  angles  C  A^  0,  C  A<  1, 
C  Ag  2,  &C.,  in  the  upper  part  of  the  figure  respectively,  equal  to 
the  angles  O  A'  0,  C  A  1,  C  A  2,  <fec,  in  the  lower  part  of  the 
figure;  and  make  each  of  the  straight  lines  Ao  0,  A^  1,  A^  2,  &Cy 
equal  to  the  lever  arm  A'  0.  The  points  thus  found,  0,  1,  2,  <&c., 
will  be  points  in  the  pitch-line  of  the  cam,  and  a  curve  drawn 
through  them  will  be  the  required  pitch-line. 

About  each  of  the  points  0,  1,  2,  (ka,  draw  a  circle  of  a  radius 
equal  to  that  of  the  pin :  a  pair  of  curves  touching  those  circles 
so  as  to  be  parallel  to  the  pitch-line  will  mark  the  two  sides  of  the 
groove,  without  allowance  for  clearance.  Clearance  may  be  pro- 
vided either  by  slightly  diminishing  the  diameter  of  the  pin  or  by 
slightly  increasing  the  width  of  the  groove.  If  the  lever  is  to  be 
raised  by  the  cam,  but  brought  down  again  by  gravity,  the  outer  side 
of  the  groove  may  be  omitted,  and  the  cam  will  become  a  disc  bounded 
by  the  innermost  of  the  three  parallel  curves  shown  in  the  figure. 

The  number  of  parts  into  which  the  revolution  of  the  cam  is 
divided  may  be  made  more  or  less  numerous  according  to  the 
degree  of  precision  required. 

It  is  easy  to  see  how  a  similar  method  may  be  applied  to  the 
designing  of  a  cam-disc  which  shall  produce  a  given  motion  in  a 
follower  whose  actiug  surface  is  of  any  given  form.  A  figure  is  to 
be  constructed  like  the  upper  part  of  fig.  117,  on  the  supposition 
that  the  cam  is  fixed,  and  that  the  frame  of  the  machine  rotates 
about  ^the  axis  of  the  cam  with  an  angul|ur  velocity  equal  and 
contrary  to  the  actual  angular  velocity  of  the  cam.  Then,  just  as 
the  liin'iki  the  upi^er  part  of  fig.  1 17  is  drawn  in  its  severfd  positions, 
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0,  1,  2,  ^,  the  trace  of  the  actiog  surface  of  the  follower  is  to  be 
^rawn  in  its  several  successive  positions;  and  a  line  touchiug  that 
trace  in  all  lbs  positions  will  be  the  trace  of  the  required  cam-disa 

The  dead  points  of  a  cam  are  the  points  in  its  pitch-line  which 
are  at  the  greatest  and  least  distances  from  its  axis.  In  the 
example  shown  in  fig.  117  the  dead  points  are  0  and  6.  When 
the  centre  of  the  pin  is  at  those  points  it  has  no  velocity.  Any 
part  of  the  pitch-line  which  is  an  arc  of  a  circle  about  C 
corresponds  to  a  patiae  in  the  motion  of  the  pin. 

162.  Dmwtaf  a  Cam  hj  Clrealar  Area.— In  many  cases  in  which 
cams  have  to  be  designed,  the  dead  points  alone  are  given  by  thecondi* 
tions  of  the  problem,  leaving  the  parts  of  the  pitch-line  between  those 
points  to  be  drawn  according  to  convenience.  For  example,  in  fig.  118, 
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C  is  the  axis  of  the  cam,  and  A  and  B  are  dead  points ;  so  that 
0  B  and  C  A  are  respectively  the  least  and  greatest  radii  drawn 
from  the  axis  to  the  pitch-line;  and  the  pitch-line  at  A  and  B 
is  normal  to  those  radii  respectively.  The  intermediate  arcs  of 
the  pitch-line  are  to  be  drawn  of  any  convenient  form^  so  as  to 
traverse  A  and  B,  and  be  normal  to  0  A  and  0  R 

The  easiest  way  to  draw  such  curves  is  by  means  of  arcs  of 
circles. 

The  simplest  case  is  when  0  A  and  0  B  are  parts  of  one  straight 
lina  The  required  pitch-line  is  then  an  eccentric  circle,  described 
upon  the  straight  line  A  0  B  as  a  diameter. 

When  C  A  and  0  B,  as  in  the  figure,  are  not  parts  of  one 
straight  line,  the  foUowing  method  may  be  used,  being  an  extension 
of  Rule  IV.  of  Article  79,  page  61,  and  having  the  effect  of  giving 
a  pitch-line  made  up  of  four  circular  arcs,  whose  radii  deviate  less 
from  equality  than  those  of  any  other  combination  of  four  circular 
arcs  which  would  answer  the  same  purpose. 

From  A  and  B,  perpendicular  to  A  C  and  B  C  respectively, 
draw  A  D  and  B  D,  cutting  each  other  in  D.  These  will  be 
tangents  to  the  required  pitch-line.  Join  C  D;  bisect  it  in  iE;  and 
about  E,  with  the  radius  E  C  =  ED,  describe  a  circle  which  will 
traverse  the  four  points  A,  C,  B,  D.  Bisect  the  arc  A  C  B  in  G. 
About  G,  with  the  radius  G  A  =  G  B,  describe  a  circle;  and  draw 
the  straight  line  D  H  G  I,  cutting  that  circle  in  H  and  I.  Through 
the  points  H  and  I,  and  parallel  to  D  C,  draw  the  straight  lines 
H  Q  and  I  P,  cutting  the  circle  A  I  B  H  in  P  and  Q  (the  ends 
of  one  diameter),  and  cutting  also  the  straight  line  C  B  in  M  and 
L,  and  the  straight  line  A  C  produced  in  N  and  K.  Then  draw 
four  circular  arcs,  as  foUows : — 

The  arc  A  P,  described  about  the  point  K, 

„      BQ,  „  „  M, 

»       Q  A,  „  „  N ; 

and  those  arcs  will  make  up  a  pitch-line  having  C  B  and  0  A  for 
its  greatest  and  least  distances  from  the  axis  C,  as  required;  and 
also  having  its  radii  of  curvature  less  unequal  than  is  possible  with 
any  other  combination  of  foiu:  circular  arcs,  and  no  more,  fulfilling 
the  required  conditions. 

When  a  cam  is  to  have  more  than  two  dead  points,  each  pair  of 
adjacent  dead  points  are  to  be  connected  with  each  other  by  means 
of  two  circular  arcs,  drawn  according  to  Rule  IV.  of  Article  79, 
pages  61  and  62,  fig.  4a 

163.  ]IIaB7H:oUcd  Caau;  mpttml  umd  ConoMal  Cams.— When  the 
complete  series  of  movements  of  a  piece  that  is  to  be  driven  by  a 
cam  extends  over  more  than  one  revoiution  of  the  cam^  there  are 
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1  in  which  the  required  result  may  be  effected  by  means  of  a 
grooTe  in  a  cam-plate  having  a  pitch-line  of  more  than  one  coil ; 
bnt  difficulties  in  working  may  arise  from  the  fact  that  the  coils  of 
the  groove  must  intersect  each  other.  There  are  other  cases  in 
which  the  motion  required  in  the  follower  is  of  a  kind  that  may 
be  produced  by  means  of  a  spiral  cam, 
such  as  that  shown  in  fig.  119.  The 
upper  part  of  the  figure  is  a  projection 
on  a  plane  normal  to  the  axis;  the 
lower  part,  a  projection  on  a  plane 
parallel  to  the  axis.  A  A'  is  the 
spiral  cam;  B,  a  screw  of  an  axial 
pitch  exactly  equal  to  the  axial  pitch  I 
of  the  cam.  This  screw,  resting  in  a  |\ 
fixed  nut,  forms  one  of  the  bearings  i 
of  the  cam-shaft,  and  causes  the ! 
shaft  and  cam  together  to  advance : 
along  the  axis  at  each  revolution; 
through  a  distance  equal  to  the  pitch,  i 
thus  bringing  a  new  coil  of  the  I 
cam  into  action.  The  cam.  A,  may 
also  be  made  with  a  continuous  con- 
oidal  surface,  of  which  different  parts 
are  brought  into  action  at  each  revolu- 
tion by  the  advance  caused  by  the 
screw  B.  It  is  evident  that  in  spiral 
and  conoidal  cams  the  extent  of  the 
motion  is  limited. 

164.  WIpcn  aad  Pallets  —  Escape- 
■MMa.— In  ^g,  120  a  shaft  rotating 
about  the  axis  A  is  provided  with  one 
or  more  solitary  teeth  called  wipers^ 
such  as  R  The  action  of  the  wipers  upon  the  projecting  parts  of 
the  piece  that  they  drive  (which,  for  the  sake  of  a  genenJ  term, 
may  be  called  pallets)  may  be  either  irUermiUmt  or  reciproecUing. 

L  As  an  example  of  iniermiUerU  action,  one  of  the  wipers  repre- 
sented in  ^g.  120,  in  moving  from  the  position  H  to  the  position 
E,  is  supposed  to  have  driven  before  it  a  pallet  from  the  pasition 
G  to  the  position  F.  The  pallet  projects  from  a  vertical  sliding 
bar,  or  stampery  0. 

B  B  is  the  addendum-circle  of  the  wipers,  and  D  D  the  addendum- 
line  of  the  pallets.  Those  lines  cut  each  other  at  the  poirU  of 
eacapCy  E;  and  just  at  that  point  the  pallet  escapes  from  the  wiper, 
and  the  stamper,  with  its  pallet,  iaUa  back  to  its  original  position^ 
and  is  ready  to  be  lifted  again  by  the  next  wiper. 

The  stamper  and  pallet  referred  to  in  this  case  are  shaded. 
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II.  As  an  example  of  reciprocating  action,  the  sliding  bar,  C,  of 
the  preceding  example  is  supposed  to  have  attached  to  it  a  frame^ 

Id 


Fig.  120. 


c  c  c,  at  the  opposite  side  of  which  is  another  pallet^  g;  and  this 
pallet  is  so  placed'  that  immediately  after  the  escape  of  the  former 
pallet,  F,  from  the  wiper  at  E,  another  wiper  at  h  begins  to  act 
upon  the  pallet  g,  and  so  to  produce  the  return  stroke  of  the  frame, 
C  cec.  The  point,  e,  where  the  addendum-line,  d d,  of  the  pallet 
g  cuts  the  addendum-circle,  B  B,  of  the  wipers,  is  the  point  of 
escape  of  the  second  pallet  (whose  position  at  the  instant  of  escape 
is  marked/);  and  immediately  afterwards  a  third  wiper,  arriving 
at  the  position  H,  b^ins  to  produce  a  new  forward  stroke. 

The  length  of  stroke  is  represented  in  the  figure  by  F  G  ^/g. 
It  is  evident  that  the  number  of  wipers  must  be  odd. 
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This  is  the  combination  already  referred  to  in  Article  142,  page 
141.  It  belongs  to  a  class  of  contrivances  called  escapements, 
because  of  the  escape  of  the  follower  from  the  action  of  the  driver 
at  certain  instants.  There  are  many  escapements  which  do  not 
belong  to  the  subject  of  pure  mechanism;  and  amongst  these  are 
found  most  of  the  escapements  that  are  used  in  clocks  and  watches^ 
as  being  well  suited  to  the  regulation  of  those  machines ;  for  in  such 
escapements  the  driver  and  follower  are  disconnected  from  each 
other  during  the  greater  part  of  the  movement.  Only  two  more 
escapements,  therefore,  will  be  described  here. 

lU.  Anchor  Recoil  Escapement, — ^This  escapement,  though  not 
well  suited  to  the  exact  keeping  of  time,  is  used  in  old  clockwork. 
It  is  also  used  in  vertical  roasting  jacks.  The  driver  is  a  wheel 
called  the  scape  whed,  and  the  trace  of  its  axis  is  represented  by 
the  point  A,  lig.  121.     E  I  F  is  its  pitch-circle,  cutting  the  line 
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Fig.  121. 


of  centres,  A  B,  in  L  V  V  is  its  addendum-circle.  In  the  figure 
the  teeth  are  represented  as  cylindrical  pins;  in  any  case  their 
acting  surfaces  may  be  regarded  as  parts  of  cylinders,  which,  if  the 
teeth  are  sharp-pointed,  are  of  insensible  diameter.  The  arrow 
near  I  shows  the  direction  of  rotation  of  the  wheel.  The  point  B 
is  the  trace  of  the  axis  of  the  verge,  or  rocking  shaft,  to  which  a 
reciprocating  movement  is  to  be  given  through  the  alternate  action 
of  the  teeth  on  the  pallets,  R  S  and  T  XJ,  which  are  the  acting 
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■ni&ces  of  the  erutch,  S  R  T  U.  At  the  iastaiit  represented  in 
the  figure,  the  crutch  is  at  the  middle  of  its  swing,  and  in  the  act 
of  moTing  towards  the  left,  through  the  action  of  the  tooth  E  on 
the  pallet  R  S.  The  swing  of  the  crutch  takes  place  while  the 
wheel  moves  through  half  the  pitch;  at  the  end  of  which  interval 
the  tooth  E  and  pallet  R  S  escape  from  each  other,  and  another 
tooth  b^ins  to  act  on  iiie  pallet  T  U,  so  as  to  make  the  crutck 
swing  towards  the  right,  and  so  on  alternately.  •  The  dotted  circle 
at  F  represents  a  tooth  in  the  act  of  driving  the  pallet  T  U,  at  the 
middle  of  the  swing,  towards  the  right 

To  design  the  figwres  of  the  pallets,  a  method  is  to  be  employed 
analogous  to  that  described  in  Article  161,  page  172;  that  is  to  say, 
the  crutch  is  to  be  supposed  fixed,  and  the  line  of  centres,  B  A,  is 
to  be  supposed  to  swing  to  and  fro  about  the  axis  B,  carrying 
with  it  the  axis  A,  through  an  angle  equal  to  the  angle  through 
which  the  crutch  is  actually  to  swing. 

Lay  off  the  angles  A  B  C  =  ABD  =  the  semi-amplittide,  or 
half  angle  of  swing;  and  make  BC  =  BD  =  BA  Then  C  and 
D  are  the  two  extreme  positions  of  the  axis  A  in  its  supposed 
swinging  motion.  With  a  radius  equal  to  that  of  the  pitch-circle,, 
draw  the  arcs  M  N  about  C,  and  P  Q  about  D;  and  with  a 
radius  equal  to  that  of  the  addendum-circle,  draw  the  arcs  m  n 
about  C,  and  p  q  about  D.  From  the  point  I  lay  off  upon  the 
pitch-circle  the  arcs  I  E  =  I  F  =  ar^  odd  number  of  times  the 
quarter-pkch;  so  that  E  I  F  shall  be  an  odd  number  of  half 
pitdies.  The  points  E  and  F  should  be  as  near  as  practicable  to 
the  points  where  two  straight  lines  from  B  touch  the  pitch-circle. 
About  E  and  F  draw  circles  to  represent  the  traces  of  the  acting 
surfaces  of  the  pins  or  teeth.  Lay  off,  on  the  pitch-circle,  the  arcs 
E  G  =  F  K  =  the  quarter-pitch,  with  the  radius  of  the  acting 
surface  of  a  tooth  deducted :  this  deduction  is  to  ensure  that  between 
the  esd^  of  a  tooth  frt>m  one  pallet  and  the  commencement  of  the 
action  of  another  tooth  on  the  opposite  pallet  there  shall  be  an 
interval  sufficient  to  enable  the  tooth  that  has  just  escaped  to  move 
clear  of  the  pallet  which  it  has  quitted. 

About  the  centre  B,  through  the  point  Gr,  draw  the  circular  arc 
M  G  N,  cutting  the  arc  M  N,  already  described  about  C,  in 
the  points  M  and  N.  About  the  centre  B,  through  the  point 
K,  draw  the  circular  arc  P  K  Q,  cutting  the  arc  P  Q,  already 
described  about  D,  in  the  points  P  and  Q.  Through  M,  E,  and 
Q  draw  a  continuous  curve;  this  will  be  the  pitch-line  of  the 
pallet  R  S.  Through  N,  F  and  P  draw  a  continuous  curve: 
this  will  be  the  pitch-line  of  the  pallet  T  U.  Then,  parallel  to 
those  pitch-lines  respectively,  and  at  a  distance  from  liiem  equal 
to  the  radius  of  the  acting  surface  of  a  tooth,  draw  ihe  traces,  R  B 
and  T  U,  of  the  acting  surfaces  of  the  pallets. 
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The  points  of  the  pallets,  at  S  and  U,  are  to  be  cut  off,  so  as  not 
to  project  within  the  circles  q  p  and  n  m  respectively.  The  traces 
of  the  backs  of  the  pallets,  S  W  and  TJ  X,  are  to  be  circular  arcs 
described  about  B. 

rV.  Deadrheai  Escapement — In  the  dead-beat  escapement  the 
crutch  swings  each  way  through  an  arc  of  indefinite  extent,  in 
addition  to  that  through  which  it  is  driven  by  the  action  of  the 
teeth  of  the  scape  wheel ;  and  the  scape  wheel  is  made  to  pause  in 
its  motion  during  each  such  additions^  swing,  by  its  teeth  bearing 
against  parts  of  tiie  pallets  whose  surfaces  are  cylinders  described 
about  the  axis  of  the  verge.  The  traces  of  these  may  be  called 
the  dead  arcs  of  the  pallets.  The  recoil  escapement  shown  in  fig. 
121,  may  be  converted  into  a  dcad-beafc  escapement,  as  follows: — 
About  B,  with  a  radius  equal  to  B  M  added  to  the  radius  of  the 
acting  surface  of  a  tooth,  draw  the  circular  arc  R  Y;  and  also 
about  B,  with  a  radius  equal  to  B  P,  deducting  the  radius  of  the 
acting  surface  of  a  tooth,  draw  the  circular  arc  T  Z :  those  two 
arcs  will  be  the  required  dead  arcs  of  the  pallets. 

In  order  that  a  dead-beat  escapement  may  go  on  working,  there 
must  be  a  force,  such  as  gravity  or  the  elasticity  of  a  spring, 
continually  tending  to  bring  the  crutch  to  its  middle  position,  at 
and  near  which  the  pallets  are  driven  by  the  teeth;  hence  its 
principles  are  to  a  certain  extent  beyond  the  province  of  pure 
mechanism. 

In  the  dead-beat  escapements  of  accurate  clocks,  the  angle 
through  which  the  crutch  swings  is  very  small,  and  the  angle 
through  which  the  teeth  act  on  the  pallets  is  still  smaller;  so  that 
in  fig.  121  those  angles  may  be  look^  upon  as  greatly  exaggerated, 
for  the  sake  of  distinctly  showing  the  geometrical  principles  of 
the  combination. 

SECfTiON  V.  —  Connection  hy  Bands, 

165.  Bamto  aad  FaHcya  ClaaMd.  {A,  M,,  478.)  —  The  WOrd 
hands  may  be  used  as  a  general  term  to  denote  all  kinds  of 
flexible  connecting  pieces;  and  the  word  pulleys,  when  not  other- 
wise qualified,  to  denote  all  kinds  of  rotating  pieces  which  are 
connected  wii^  each  other  by  means  of  bands.  Bands  may  be 
classed  in  the  following  manner ;  which  also  involves  a  classificatioii 
of  the  pulleys  to  whicO^  the  bands  are  suited : — 

I.  BeitSf  which  are  made  of  leather,  gutta  percha,  woven  fabrics, 
^,  are  flat  and  thin,  and  require  nearly  cylindrical  pulleys  with 
smooth  surfaces.  A  belt  tends  to  move  towards  that  part  of  a 
pulley  whose  radius  is  greatest.  Pulleys  for  belts,  therefore,  ore 
slightly  swelled  in  the  middle,  in  order  that  the  belt  may  remain 
on  the  pulley  unless  forcibly  ciiifbed,  and  are  in  general  without 
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ledges.  A  l)elt  when  in  motion  is  shifted  off  a  pulley,  or  from  one 
pulley  on  to  another  of  equal  size  alongside  of  it,  by  pressing  against 
the  "advancing  side"  of  the  belt;  ^t  is,  that  part  of  the  belt 
which  is  moving  towa/rds  the  pulley.  Amongst  belts  may  be 
classed  ^a<  ropes. 

II.  Gorda,  made  of  catgut,  leather,  hempen  or  other  fibres,  or 
wire,  are  nearly  cyHndrioal  in  section,  and  require  either  drums 
with  ledges,  or  grooved  pulleys. 

III.  Chaina^  which  are  composed  of  links  or  bars  jointed  together, 
require  wheels  or  drums,  grooved,  notched,  and  toothed,  so  as  to 
fit  the  links  of  the  chains.  Chains  suited  for  this  purpose  are 
called  gearing  chains. 

Bands  for  communicating  motion  of  indefinite  extent  are  endless. 

Bands  for  communicating  reciprocating  motion  have  usually  their 
ends  made  fast  to  the  pulleys  or  drums  which  they  connect,  and 
which,  when  the  extent  of  motion  is  less  than  a  revolution,  may  be 
sectors. 

166.  FriacipiM  •f  €*BM«ctioa  by  Bands.— The  line  of  connection 
of  a  pair  of  pulleys  connected  by  means  of  a  band  is  the  central 
line  or  axis  of  that  part  of  the  band  whose  tension  transmits  the 
motion. 

The  pitch-surface  of  a  pulley  over  which  a  band  passes  is  the 
surface  to  which  the  line  of  connection  is  always  a  tangent;  that  is 
to  say,  an  imaginary  surface  whose  distance  from  all  parts  of  the 
acting  surface  of  the  pulley  that  the  band  touches  is  equal  to  the 
distance  from  the  acting  sur£EU)e  of  the  band  to  its  centre  line, 
^e  pitch-surface  of  a  pulley  cannot  be  anywhere  concave;  for 
where  the  acting  surfEice  is  concave,  the  band  stretches  in  a 
straight  line  across  the  hollow,  and  the  pitch-surface  is  plane. 
In  ordinary  pulleys  for  communicating  a  constant  velocity-ratio 
the  pitch-sur&ce  is  a  circular  cylinder;  and  its  radius  (called  the 
effective  radius)  is  equal  to  the  real  radius  of  the  pulley  added  to 
half  the  thickness  of  the  band. 

The  pitchrline  of  a  pulley  is  the  line  on  its  pitch-surface  in  which 
the  centre-line  lies  of  that  part  of  the  band  which  touches  the 
pulley.  The  line  of  connection  is  a  tangent  to  the  pitch-line. 
When  the  line  of  connection  is  in  a  plane  perpendicular  to  the  axis 
of  the  pulley,  the  pitch-line  is  the  trace  of  the  pitch-surface  on 
that  plane:  for  example,  the  circular  section  of  a  cylindrical 
pulley.  When  the  line  of  connection  is  oblique  to  the  axis,  the 
pitch-line  is  hdicaly  or  screw-like. 

Problems  respecting  the  comparative  motion  of  pieces  connected 
by  bands  are  solved  by  applying  the  principles  of  Article  91,  page 
78,  taking  A  B  in  fig.  6S  of  t&it  Article  to  represent  the  centre 
line  of  that  part  of  the  band  whose  tension  transmits  the  motion, 
and  A  A'  and  B  B'  to  represent  the  common  perpendiculars  from 
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that  line  to  the  axes  of  the  pulleys.  When  the  pitch-surfaces  of 
the  pulleys  are  circular  cylinders,  A  A'  and  B  B'  represent  their 
effectiye  radii.  Rule  II.  of  Article  91  shows  how  to  find  the 
angular  velocity-ratio  of  two  pulleys  whose  proportionate  dimen- 
sions are  given.  The  following  is  the  converse  rule  for  finding  the 
proportionate  i-adii  of  two  pulleys  which  are  to  transmit  a  given 
angular  velocity-ratio.  In  hg,  58,  page  78,  draw  A  a  to  represent 
the  projection  of  the  axis  of  one  pulley  upon  a  plane  parallel  to 
that  axis  traversing  the  line  of  connection,  A  B ;  and  draw  B  6  to 
represent  a  similar  projection  of  the  axis  of  the  other  pulley.  Lay 
off  the  distances  A  a  and  B  &  to  opposite  sides  of  A  B,  to  represent 
the  intended  angular  velocities  of  tJie  two  pulleys.  Draw  A  c  and 
B  d  perpendicular  to  A  B;  and  draw  a c  and  b  d  parallel  to  A  B, 
cutting  A  c  and  B  c?  in  c  and  d  respectively.  Then  the  lengths 
A  c  and  B  d  will  represent  the  component  angular  velocities  of  the 
pulleys  about  axes  perpendicular  to  the  line  of  connection,  A  B. 
(In  most  cases  which  occur  in  practice,  both  the  axes  lie  in  planes 
perpendicular  to  the  line  of  connection;  and  then  A  a  and  B6 
coincide  with  A  c  and  B  d  respectively.) 

Draw  the  straight  line  c  d,  cutting  the  line  of  connection,  A  B,  in 
K.     Then  we  have  the  proportion 

BK:AK 

:  :  effective  radius  of  A  :  effective  radius  of  B; 

and  if  one  of  those  radii — for  example,  that  of  JA — is  given,  the 
other  is  found  as  follows : — From  A  lay  off  A I  =  B  K  (or  other- 
wise, from  B  lay  off  B I  =  A  K).  Perpendicular  to  A  B  draw  A  A' 
and  B  B' ;  lay  off  A  A'  =  the  given  radius  of  the  pulley  A,  and  draw 
the  straight  line  A  IF,  cutting  BB'  in  B';  BB'  will  be  the 
required  radius  of  B. 

In  the  ordinary  case,  in  which  both  axes  lie  in  planes  perpen- 
dicular to  the  line  of  connection,  it  is  evident  that  the  velocities  of 
a  pair  of  circular  pulleys  are  inversely  as  their  effective  radii 

It  is  to  be  borne  in  mind  that,  especially  as  regards  cases  in  which 
the  axes  do  not  both  lie  in  planes  perpendicular  to  the  line  of 
connection,  everything  stated  in  the  present  Article  is  based  on 
the  supposition  that  die  band  is  perfecdy  flexile  in  all  directions. 
In  the  case  of  flat  belts  connecting  pulleys  whose  axes  are  not  both 
in  planes  perpendicular  to  the  line  of  connection,  there  are  certain 
effects  of  the  lateral  stifiness  of  the  belt  which  will  be  considered 
farther  on. 

The  velocity  of  the  ba/nd  is  equal  to  that  of  a  point  revolving  at 
the  end  of  the  radius  A  A',  fig.  58,  page  78,  with  the  angular 
velocity  represented  by  A  c,  and  also  to  that  of  a  point  revolving 
at  the  end  of  the  radius  B  K,  with  the  angular  velocity  represented 
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by  B  d.     When  a  band  connects  a  pulley  with  a  sliding  piece,  the 
comparative  motion  is  given  by  Rule  III.  oi  Article  91,  page  79. 

Smooth  bands,  such  as  belts  and  cords,  are  not  suited  to  com- 
municate a  velocity-ratio  tmth  precisioriy  as  teeth  are,  because  of 
their  being  free  to  slip  on  the  pulleys;  but  the  freedom  to  slip  is 
advantageous  in  swift  and  powerful  machinery,  because  of  it^ 
preventing  l^e  shocks  which  take  place  when  mechanism  which  is 
at  rest  is  suddenly  thrown  into  gear,  or  put  in  connection  with  the 
prime  nK>ver.  A  band  at  a  certain  tension  is  not  capable  of 
exerting  more  than  a  certain  definite  force  upon  a  pulley  over 
which  it  passes;  and  therefore  occupies,  in  communicating  its  own 
speed  to  the  rim  of  that  pulley,  a  certain  definite  time,  depending 
on  the  masses  that  are  set  in  motion  along  with  the  pulley  and  the 
speed  to  be  impressed  upon  them;  and  until  that  time  has  elapsed 
the  band  has  a  slipping  motion  on  the  pulley;  thus  avoiding  shocks, 
which  consist  in  the  too  i-apid  communication  of  changes  of  speed. 
This  will  be  further  considered  under  the  head  of  the  Dynamics  of 
Machines. 

167.  PvUeys  with  Eqoai  Ai^akur  VfllMMoi.— When  a  pair  of 
pulleys  turn  about  parallel  axes  in  the  same  direction,  with  equal 
angular  velocities,  their  pitAh-lines  may  be  of  any  figure  whatsoever, 
curved  or  polygonal,  provided  they  are  equal  and  similar,  and  not 
concave.  Each  of  the  two  straight  parts  of  the  band  is  equal  and 
parallel  to  the  line  of  centres;  and  those  parts,  if  the  pulleys  are 
circular  and  not  eccentric,  remain  at  a  constant  distance  from  the 
line  of  centres;  but  have  a  reciprocating  motion  towards  and  from 
that  line  if  the  pulleys  are  either  eccentric  or  non-<drcular.  A  resl 
is  virtually  a  pulley  whose  pitch-line  is  a  polygon  with  rounded 
angles;  and  such  is  also  the  case  with  the  expcmcUng  'pulley,  con- 
sisting of  four  quadrants  of  a  circle,  which  can  be  separated  to  a 
greater  or  less  distance  from  each  other  by  means  of  screws. 

168.  Ba«4«  and  l>aller»  for  m.  emmtmmt  Tel#«ltr-BiUl».— In  order 
that  the  velocity-ratio  of  a  pair  of  pulleys  may  be  constant,  their 
pitch-lines  must  be  circular  (except  in  the  particular  case  specified 
in  the  preceding  Article,  when  the  figure  is  not  restricted  to  the 
circle  alone). 

The  band  may  be  open  or  uncro89ed,  aa  in  fig.  122;  or  it  may  be 
crossedy  as  in  fig.  123.    With  au  open  band  the  directions  of  rotation 


Fig.  122.  F«g.  12«^ 
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are  the  same;  with  a  crossed  band,  contrary.  In  eick  of  these 
figures,  1  denotes  the  driving  pulley,  and  2  the  following  pulley; 
Oj  O2  is  the  line  of  centres,  and  T^  T^  the  line  of  connection;  and 
the  angular  velocity-ratio  is  expressed  by 

169.  The  licagih  •€  sH  Endi«M  Baad,  siich  as  those  shown  in 
figa  122  and  123,  consists  of  two  straight  parts,  each  equal  to  the 
line  of  connection,  and  two  circular  arcs.  When  the  band  is 
crossed,  as  in  fig.  123,  the  circular  arcs  are  of  equal  angular  extent; 
when  the  band  is  open,  as  in  fig.  122,  the  angles  subtended  by  the 
two  arcs  make  up  one  revolution.  When  the  length  of  a  band  is 
to  be  measured  on  a  drawing,  the  circular  parts  may  be  rectified 
graphically  by  Kule  I.  or  Rule  IL  of  Article  51,  page  28. 

To  find  the  length  of  an  endless  band  by  calculation,  let  the  line 
of  centres,  Cj  Cg  =  c,  and  the  effective  radii  of  the  pulleys,  Cj  T^z^r^^; 
Cg  Tg  =  rg;  7*1  being  the  greater.  Then  each  of  the  two  equal 
straight  parts  of  the  band  is  evidently  of  the  length 

Ti  Tg  =   J  c^  "  (r-^^  r^  for  a  crossed  band;  | 

Ti  T,  =   's/  c^  -  (^1  -  r^^  for  an  open  band,    j  

Let  »i  be  the  arc  to  radius  unity  of  the  greater  pulley,  and  i,  that 
of  the  less  pulley,  with  which  fiie  band  is  in  contact;  then  for  a 
crossed  band 

t^  =  tg  =  X  +  2  arc  •  sin  -^ *; 

and  for  an  open  band 

t^  =  X  +  2  arc  •  sin  -^ ^;  ig  =  «"  —  2  arc  •  sin  — ^; 


(^) 


and  the  addition  of  the  lengths  of  the  straight  and  curved  parts 
gives  the  following  total  length : — 
For  a  crossed  band, 


/  9*  ■4*  9*  \ 

L  =  2  n/c?  -  (ri  +  rg)2  +  (r^  +  rg) "  (  «•  +  2  arc  -sin  •  -^ — ^j; 

and  for  an  open  band, 

L  =  2  /^c2  -  (r^  -  r2)2  +  »(ri  +  r2)  +  2(ri-r2)arc-sin  -^JLll^. 


(3.) 


As  the  last  of  these  equations  would  be  troublesome  to  use 
in  a  practical  application  to  be  mentioned  in  Article  171«  an 
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approximation  to  it,  sufficiently  close  for  practical  purposes,  is 
obtained  by  considering,  that  if  r^  —  rj  is  small  compared  with  c, 


'^^"(^i""^2)^  =  ^"'     9         nearly,  and 


2c 


arc  '  sin  ' 


nearly;  whence,  for  an  open  band, 

L  nearly  =  2  c  +  x  (r^  +  r^)  +  ^^^  "  ^^^, (3  a.) 

c 

in  which  it  is  sufficiently  accurate  for  practical  purposes  to  make 

170.  Paiieys  wttii  Flat  Belt*.— It  has  already  been  stated  in  Article 
165,  page  179,  that  a  fiat  belt  tends  to  move  towards  that  part  of 
the  pidley  whose  radius  is  greatest,  or  to  "climb,"  as  the  phrase  is; 
and  that  pulleys  for  such  belts  are  therefore  made  without  ledges, 
and  with  a  slight  swell  or  convexity  at  the  middle  of  the  rim,  in 
order  that  the  belt  may  tend  to  remain  there.  The  swell  usually 
allowed  in  the  rims  of  pulleys  is  one  twenti/-/aurth  part  of  the 
breadth. 

The  tendency  to  climb  is  produced  by  the  lateral  stiffness  of 
the  belt,  in  the  following  manner: — ^When  the  part  of  the  belt 
which  touches  the  pulley  deviates  towards  one  side,  as  in  fig.  124, 
the  part  which  is  approaching  the  pulley 
is  made  to  deviate  towards  the  opposite 
side;  and  thus,  after  the  pulley  has 
turned  through  a  small  angle,  the  devia- 
tion of  the  belt  is  corrected. 

A  crossed  belt  is  twisted  half  round 
in  passing  from  one  pulley  to  another, 
as  shown  in  ^g.  123,  so  as  to  bring  the 
same  side  of  the  belt  into  contact  with 
both  pulleys.  The  principal  object  of 
this  is,  that  the  two  straight  parts  of  the 
belt  may  pass  each  other  flatwise  where 
they  cross,  so  as  not  to  resist  each  other^s 
motion.  Another  object,  in  the  case  of 
leather  belts,  is  to  bring  the  rougher  side 
of  the  leather  into  contact  with  both 
pulleys.      ♦ 

It  has  already  been  stated  that  the 
position  which  a  belt  assumes  upon  a  pulley  is  determined  by  the 
position  of  its  advancing  side;  that  is,  of  the  part  of  the  belt 
which  is  approaching  the  pulley.  In  the  contrivance  called  the 
"fast  and  loose  puUet/,^^  for  engaging  and  disengaging  machinery, 
a  belt  driven  by  a  suitable  driving  pulley  is  provided  with  two 
similar  and  equal  following  pulleys,  mounted  side  by  side  upon 
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one  axis;  one  of  these  pulleys  is  made  fast  to  the  shaft;  the  other 
turns  loosely  upon  it.  The  belt,  when  in  motion,  can  be  shifted  by 
means  of  a  fork,  that  guides  its  advancing  side  to  the  fast  pulley 
or  to  the  loose  pulley  at  will,  so  as  to  engage  or  disengage  the 
shaft  on  which  those  pulleys  are  fitted.  The  driving  pulley  is 
made  of  a  breadth  equal  to  the  breadths  of  the  fietst  and  loose 
pulleys  together. 

The  lateral  stiffness  of  a  belt  is  also  made  available  for  the 
purpose  of  keeping  it  in  its  place  on  the  pulleys  when  their  axes 
are  not  parallel,  as  in  ^g.  125,  which  is  sketched  in  isomethcal 
perspective.     C^  0^  and  Cj  Cg  are  the  axes;  E^  Ej,  their  common 


Fig.  125. 

perpendicular.  In  order  that  the  belt  may  remain  on  the  pulleys, 
the  central  plane  of  each  pulley  must  pass  through  the  point  of 
delivery  of  the  other  pulley — that  is,  the  point  where  the  belt 
leaves  the  other  pulley;  or,  in  other  words,  the  central  planes  of  the 
two  puUeys  should  intersect  in  the  straighl  line  which  connects  the 
two  points  of  delivery.  In  fig.  125,  Dj  and  D2  are  the  two  points  of 
delivery;  and  the  pulleys  are  so  placed  that  D^  Dg  is  the  line  of 
intersection  of  their  central  planes.  It  is  easy  to  see  that  this 
arrangement  does  not  admit  of  the  motion  being  reversed;  for 
when  that  takes  place,  D.  and  Dg  cease  to  be  the  points  of  delivery, 
and  become  the  points  where  the  belt  is  received;  and  it  is  at  once 
thrown  off  the  pulleys. 

171.  Speed  Cones  {A.  M.,  483)  are  a  contrivance  for  varying 
and  adjusting  the  velocity-ratio  communicated  between  a  pair  of 
parallel  shafts  by  means  of  a  belt,  and  may  be  either  continuous 
cones  or  conoids,  as  in  fig.  126^  A,  B,  whose  velocity-ratio  can  be 
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varied  gradually  while  they  are  in  motion  by  shifting  the  belt;  or 
sets  of  pulleys  whose  radii  vary  by  steps,  as  in  &g,  126,  C,  D — in 
which  case  the  velocity-ratio  can  be  changed  by  shifting  the  belt 
from  one  pair  of  pulleys  to  another  while  the  machine  is  at  rest 

In  order  that  the  belt  may  be  equally  tight  in  every  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equationa 
of  Article  169,  pages  183,  184,  must  be  constant 

For  a  crossed  belt,  as  at  A  and  0,  L  depends  solely  on  the  line  of 
centres,  c,  and  on  the  sum  of  the  radii,  r^  +  r^.  Now  c  is  constant 
because  the  axes  are  piy^allel;  therefore  the  sum  of  the  radii  of  the 
pitch-circles  connected  in  every  position  of  the  belt  is  to  be  constant 

That  condition  is  fulfilled  by  a 
pair  of  continuous  cones,  generated 
by  the  revolution  of  two  straight 
lines  inclined  opposite  ways  to 
their  respective  axes  at  equal 
angles,  and  by  a  set  of  pairs  of 
pulleys  in  which  the  sum  of  the 
radii  is  the  same  for  each  pair. 

For  an  open  belt  the  following 
practical  rule  is  deduced  from  the 
af^jToximate  equation  (3  a.)  of 
Article  169,  page  184  :— 

Let  the  speed-cones  be  equal 
and  similar  conoids,  as  in  fig.  126, 
B,  bat  with  their  large  and  small 
ends  turned  opposite  ways.  Let 
r^  be  the  radius  of  the  large  end  of  each,  r-  that  of  the  small  end, 
Tq  that  of  the  middle;  and  let  y  be  the  stodl  or  convexity y  measured 
perpendicular  to  the  axis,  of  the  arc  by  whose  revolution  each  of 
the  conoids  is  generated;  then 

y  =  ^c    ' ^•) 

and 


-  11 


r,  +  r. 


+  y;- 


.(2.) 


=  3J  nearly  enough  for  the  present  purpose. 
To  nnd  the  swell,  y,  by  graphic  construction :  in  fig.  126  E,  draw 

A  B    =    3^  times  the  line  of 
centres;  from  B,   perpendicular 
to  A  B,  draw  B  C  =  the  difference 
^c  between   the  greatest  and  least 
Fig.  126  B.  radii;  join  A  C,  and  cut  off  from 

it  A  D  =  A  B;  D  C  will  be  the 


required  swell 
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The  radii  at  the  middle  and  ends  being  thus  determined^  make 
the  generating  curve  an  arc  either  of  a  circle  or  of  a  parabola. 

For  a  pair  of  stepped  cones,  as  in  ^g.  126  d,  let  a  series  of 
differences  of  the  radii,  or  values  of  r^  —  rg,  be  assumed;  then,  for 
each  pair  of  pullejs,  the  half-sum  of  the  radii  is  to  be  computed 
from  the  difiereace  by  the  formula — 

H^  =  -o-y; (3.) 

Tq  being  the  value  of  that  half-sum  when  the  radii  are  equal; 
and  finally,  the  radii  are  to  be  computed  from  their  half-sum  and 
half-difference;,  as  follows : — 


••l 

= 

!i 

+ 

rz 

+ 

!i 

2 

Li. 

3 

'•i 

+ 

»•« 

^^ 

— 

'•<! 

'2 

~ 

2 

2 

.(4.) 


172.  PalteFs  Ar  Bf  ct  mud  Cmtdb  require  ledges  to  prevent  the 
band  froiii  dipping  off;  for  even  flat  ropes  have  not  sufficient 
lateral  stiffiiess  to  make  them  remain,  of  themselves,  on  the  convexity 
of  a  pulley.  A  cord,  in  passing  round  a  pulley,  lies  in  a  groove, 
sometimes  called  the  gorge  of  the  pulley ;  if  the  object  of  the  pulley 
is  merely  to  support,  guide,  or  strain  the  cord,  the  gorge  may  be 
considerably  wider  than  the  cord ;  if  the  pulley  is  to  drive  or  to  be 
driven  by  the  cord,  so  as  to  transmit  motive  power,  the  gorge  must 
in  general  fit  the  cord  closely,  or  even  be  of  a  triangular  shape,  so 
as  to  hold  it  tight.  Sometimes  the  gorge  of  a  pulley  which  is  to  be 
driven  by  a  cord  at  a  low  speed  has  radud  ribs  on  its  sides,  in  order 
to  give  it  a  firmer  hold  of  the  cord. 

The  groove  of  a  pulley  for  a  wire  rope  should  not  grasp  it  tightly, 
lest  the  rope  be  injured;  and  the  motion  must  be  communicated 
by  means  of  the  ordinary  friction  alone.  M.  C.  F.  Him  has 
introduced,  with  good  success,  the  practice  of  filling  the  bottoms  of 
the  grooves  of  iron  pulleys  for  wire  ropes  moving  at  a  high  speed 
with  gutta  percha,  jammed  in  tight.  This  will  be  again  referred  to 
in  treating  of  the  dynamics  of  machinery,  and  of  its  oonstruction. 

When  a  cord  does  not  merely  pass  over  a  pulley,  but  is  made 
&st  to  it  at  one  end,  and  wound  upon  it,  the  pulley  usually 
becomes  what  is  called  a  davjm  or  a  harreL  A  drum  for  a  round 
rope  is  cylindricid,  and  the  rope  is  wound  upon  it  in  helical  coils. 
Each  layer  of  coils  increases  the  effective  radius  of  the  drum  by  an 
amount  equal  to  the  diameter  of  the  rope.  A  drum  for  a  flat  rope 
is  of  a  breadth  simply  equal  to  the  breadth  of  the  rope,  which  is 
wound  upon  it  in  single  coils,  each  of  which  increases  tix^  effective 
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radius  by  an  amount  equal  to  the  thickneaj  of  the  rope;  and 
instead  of  ledges  it  often  has  pairs  of  arms,  forming  as  it  were 
skeleton  ledges. 

173.  o«ide  Pvilcyi.— A  guide  pulley  merely  changes  the  direction 
of  a  band  on  the  way  from  the  pulley  which  drives  the  band  to  the 
pulley  which  is  driven  by  it  Guide  pulleys  are  useful  chiefly 
to  change  the  direction  of  a  round  cord  which  communicates 
motion  JSetween  two  other  pulleys  whose  pitch-circles  are  not  in 
the  same  plane.  In  a  case  of  that)  kind  the  following  is  the  rule 
for  finding  a  proper  position  for  a  guide  pulley : — By  the  Rule  of 
Article  27,  page  10,  find  the  line  of  intersection  of  the  planes  of 
the  pitch-cindes  of  the  driving  and  following  pulley  respectively. 
From  any  convenient  point  in  that  line  draw  tangents  to  the 
proper  sides  of  the  two  pitch-circles,  to  represent  the  centre-lines 
of  two  straight  parts  of  the  band;  then,  by  the  rule  of  Article  22, 
page  8,  draw  the  rabatment  of  the  angle  which  these  straight  lines 
make  with  each  other.  Let  A  C  B  in  fig.  127  represent  that 
rabatted  angle;  draw  a  straight  line,  0  D, 
bisecting  it;  and  about  any  convenient  point, 
D,  in  that  straight  line  describe  a  circle 
touching  the  two  straight  lines,  C  A,  OB: 
this  will  be  the  pitch-circle  of  a  suitable 
guide  pulley. 

174.  ScndBtag  FaUeTs.— A  straining  pulley 
is  used  to  bring  a  band  to  the  d^ree  of  tension 
which  is  necessary  in  order  to  enable  it  to 
transmit  motion  from  a  driving  pulley  to  a 
following  pulley.  A  straining  pulley,  as  ap- 
Fig.  127.  plied  to  a  flat  belt,  is  usuallypi-essed,  by  means 

of  a  lever,  against  one  of  the  parts  of  the  belt 
which  extends  between  the  driving  and  following  pulleys,  so  as  to 
push  that  part  of  the  belt  towards  the  line  of  centres.  The  effect 
of  this  is  to  tighten  the  belt  and  increase  the  friction  exerted 
between  it  and  the  pulleys  which  it  connects.  This  is  one  of  the 
contrivances  used  for  engaging  and  disengaging  machinery.  The 
straining  or  tightening  pulley  is  usually  appli^  to  the  returning 
part  of  the  belt;  that  is,  the  part  which  moves  from  the  driving 
pulley  towards  the  following  pulley. 

Sometimes  a  straining  pulley  hangs  in  a  loop  or  bight  of  a  cord, 
and  is  loaded  with  a  weight,  as  in  fig.  128,  fieirther  on. 

175,  Eccentric  and  Noa-Oircalar  Fnlleys  are  used  for  transmitting 
a  varying  velocity-ratio.  For  example,  in  fig.  128  the  pitch-line 
of  the  pulley  A  is  an  eccentric  circle,  and  might  be  a  curve  of  any 
figure  presenting  no  concavity;  the  pitch-line  of  B  is  circular  and 
centred  on  its  axis  in  the  figure;  but  it,  too,  might  be  eccentric  or 
non-circular.    D  E  is  the  line  of  connc^on,  b^g  thiB  centre-line 
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of  the  driving  part  of  the  cord,  and  a  tangent  to  both  pitch-lines; 

and  the  cord  i&  kept  tight  by  a  loaded  straining  pulley  at  C.    The 

angolar  velocities  of  ^e  pulleys 

A  and  B  at  any  given  instant  are 

inversely   as    the    perpendicular 

distances  A  D  and  £  E  of  their 

axes  from  the  line  of  connection; 

or  in  symbols,  let  a  and  h  be  those 

angular  velocities;  then 

6^  A^ 
a  "  B  E" 

There  is  one  instance  in  which 
no  straining  pulley  is  required; 
and  that  is  when  the  pitch-lines 
of  the  driving  pulley  and  of  the 
following  pulley  are  a  pair  of 
equal  and  similar  ellipses,  centred 
on  two  of  their  foci,  A,  A',  as 
shown  in  fig.  129,  and  connected 
by  means  <^  a  crossed  cord.  The  mean  angular  velodtxeB  are  equal 
and  opposite,  each  entire  revolution  being  performed  in  the  same 


Fig.  128. 


time  by  both  pulleys;  and  the  velocity-ratios  at  different  instants 
are  the  same  as  in  a  combination  of  a  pair  of  elliptic  wheels  having 
the  same  foci  and  the  same  line  of,  centres.  In  the  figure,  E  I  E 
and  E"  I  E  represent  the  pitch-lines  of  such  a  pair  of  elliptic 
wheels :  the  pitch  point  being  always  at  the  intersection,  I,  of  the 
two  straight  parts  of  the  cord. 

To  design  such  a  pair  of  elliptic  pulleys^  the  data  required  are 
the  line  of  centres,  A  A',  and  the  angle  by  which  each  pulley  is 
alternately  to  overtake  and  to  fall  behind  the  other  puUej^     Then, 
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by  Rule  I.  of  Article  108,  page  95,  find  the  foci;  and  about  those 
foci  draw  any  ellipse  that  is  not  larger  than  the  ellipse  suited, 
according  to  the  same  rule,  for  the  pitch-line  of  a  wheel  to  work  in 
rolling  contact;  the  ellipse  so  drawn  will  be  suitable  for  the  pitch- 
lines  of  both  pulleys,  C  D  and  C  T>'.  The  pulleys,  like  the  wheels 
described  in  Article  108,  will  rotate  in  the  same  manner  as  if 
the  revolving  foci  were  connected  with  eadi  other  by  a  straight 
link,  B  B',  equal  to  the  line  of  centres,  A  A'j  and  their  corre- 
sponding positions  and  velocity-ratio  at  any  given  instant  may  be 
found  by  Rules  11.  and  III.  of  Article  108,  pages  96,  97. 

Amongst  non-circular  pulleys  sre  fuseeSf  used  in  watch- work; 
in  which  the  pitch-line  is  a  spiral  described  on  a  conoidal 
surface. 

Non-circular  pulleys  may  be  indefinitely  varied  in  figure  with- 
out difficulty;  for  the  possibility  of  keeping  the  band  tight  by 
means  of  a  straining  pulley  removes  the  necessity  of  preserving 
certain  relations  between  the  pitch-lines,  as  in  rolling  contact. 

176.  Chala  Pallefs  and  Oearing  ChatiM.— A  chain  pulley  in  SOme 
cases  is  merely  a  circular  grooved  pulley  for  guiding  a  chain :  or  a 
cylindrical  barrel  on  which  a  chain  is  wound,  being  made  &8t  at 
one  end  te  the  barrel,  as  in  cranes;  and  those  need  no  special 
description.  But  when  a  chain  is  to  drive  or  to  be  driven  by  a 
pulley  to  which  it  is  not  made  fast,  the  acting  surface  of  the  pulley 
must  be  adapted  to  the  figure  of  the  chain,  so  as  to  insure  a 
sufficient  hold  between  them.  Amongst  chain  pulleys  of  this  kind 
are  included  capstans  and  windlasses. 

The  pitch-line  of  a  ti*ue  chain  pulley  is  a  polygon,  as  exemplified 
in  figs.  130  and  131,  in  each  of  which  figures  the  angles  of  the 
pitch  polygon  are  marked  by  black  spots,  and  its  sides  by  dotted 
lines.  Each  side  of  the  pitch  polygon  is  equal  to  what  may  be 
called  the  pUch,  or  effectwe  lengthy  of  a  link  of  the  chain.  When 
the  links  consist  of  flat  bars  of  equal  length,  connected  by  means 
of  cylindrical  pins,  as  in  ^g,  130,  the  pitch  of  each  link  is  the  same, 
being  the  distance  between  the  centres  of  two  pins ;  and  the  pitch- 
line  accordingly  is  an  equilateral  polygon  (in  the  figure  a  regular 
hexagon).  When  the  chain  consists  of  oval  links,  like  those  of  a 
chain-cable,  as  in  fig.  131,  the  pitch  of  a  link  which  lies  flatwise  on 
the  rim  of  the  pulley  is  equal  to  its  longer  internal  diameter  plus 
the  diameter  of  the  iron,  and  the  pitch  of  a  link  which  stands 
edgewise  on  the  rim  of  the  pulley  is  equal  to  its  longer  interval 
diameter  mhms  the  diameter  of  the  iron;  so  that  the  pitch  polygon 
has  long  and  short  sides  alternately  (in  the  figure  there  are 
twelve  sides — six  long  and  six  short;  and  the  length  of  a  long  side 
is  to  that  of  a  short  side  as  5  to  3).  In  ^g.  130  the  pulley  is 
simply  a  polygonal  prism;  in  fig.  131  it  has  hollows  to  fit  those 
links  which  stand  edgewise. 
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Each  of  the  pulleys  shown  in  these  figures  has  teeth;  and  the 
traces  of  the  acting  surfaces  of  the  teeth  are  circular  arcs,  described 
about  the  adjacent  angles  of  the  pitch  polygons.    In  %.  130  the 


Fig.  130. 


Fig.  131. 


chain  consists  of  double  aud  single  links  alternately;  and  the  sides 
of  the  pulley  are  provided  alternately  with  single  teeth  and  with  . 
pairs — a  single  tooth  where  each  double  link  lies,  and  a  pair  of 
teeth  for  each  single  link  to  lie  between.  Sometimes  the  pulley  is 
provided  with  single  teeth  only — one  in  the  middle  of  each  side  on 
which  a  double  Imk  lies.  Clu^ns  of  the  shape  shown  in  fig.  130 
are  made  with  various  numbers  of  parallel  and  similar  bars  in  each 
» link,  according  to  the  strength  required.  Of  course,  the  number  of 
bars  in  a  link  is  even  and  odd  alternately.  Such  chains  are  also 
sometimes  made  with  links  of  leather,  connected  together  by  brass 
pins,  and  are  used  to  communicate  motion  between  cylindrical 
drums.  The  object  of  this  is  to  have  greater  flexibilily  than  is 
possessed  by  a  flat  leather  belt.  In  fig.  131  each  short  side  only 
of  the  polygon  is  provided  with  a  pair  of  teeth,  which  receive  a  link 
standing  edgewise  between  them,  and  press  against  the  end  of  a 
link  that  lies  flatwise. 

Sometimes  a  chain  pulley  consists  of  a  number  of  radiating 
£orks,  fiDrming  as  it  were  a  reel;  this  is  called  a  sprocket-wheeL 
Sometimes  it  has  a  triangular  gorge,  with  radiating  ribs  on  the 
inner  surface  of  each  of  the  ledges. 

177.  fciayJc*  FBlieT««7-When  rotation  is  transmitted,  by  means 
of  two  pairs  of  pulleys  connected  by  cords,  from  one  shaft  through 
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an  intermediate  shaft  to  a  third  shaft,  having  its  axis  in  one 
straight  line  with  the  first  shaft,  the  waste  of  work  in  over- 
coming friction  may  be  diminished  by  supporting  the  intermediate 
shaft  without  bearings :  its  weight  being  simply  hung  by  means  of 
the  cords  from  the  pulleys  on  the  other  two  shafts ;  and  care  being 
taken  to  load  the  intermediate  shaft  so  as  to  produce  the  tension 
on  the  cords  which  is  required  in  order  to  transmit  the  motion. 

What  that  tension  ought  to  be 
is  a  question  belonging  to  the 
dynamics  of  machinery.  This 
contrivance  appears  to  have 
been  first  introduced  by  Sir 
William  Thomson.  In  fig.  132 
A  is  the  first  and  C  the  third 
shaft,  and  B  is  the  intermediate 
shaft,  suspended  by  means  of 
the  cords  that  pass  round  its 
pulleys;  D,  D  are  heavy  round 
discs,  of  the  weights  required  in 
order  to  give  siid£cient  tension 
to  the  cords.  The  shaft  B, 
and  all  the    pieces  which  it 


•c 


& 


Fig.  182. 


carries^  should  be  very  accurately  balanced. 


SEcnoK  YI. — Connection  by  Linkwork, 

178.  i»cflaiti«Bs.  {A,  M.y  484.) — The  pieces  which  are  connected 
by  linkwork,  if  they  rotate  or  oscillate,  are  usually  called  cranks, 
beams,  and  levers.  GThe  link  by  which  they  are  connected  is  a 
rigid  bar,  which  may  be  straight  or  of  any  other  figure :  the  straight 
figure,  being  the  most  flEivourable  to  strength,  is  used  when  there 
is  no  special  reason  to  the  contrary.  The  link  is  known  by 
various  names  under  various  circumstances,  such  as  coupling-rod, 
connecUng-rod,  crank-rod,  eccentric-rod,  &c  It  is  attached  to  the 
pieces  which  it  connects  by  two  pins,  about  which  it  is  free  to 
turn.  The  effect  of  the  link  is  to  maintain  the  distance  between 
the  centres  of  those  pins  invariable;  hence  the  line  joining  the 
centres  of  the  pins  is  the  line  of  connection;  and  those  centres  may 
be  called  the  connected  points.  In  a  turning  piece  the  perpen- 
dicular let  fall  from  its  connected  point  upon  its  axis  of  rotation  is 
the  arm  or  crank-arm.  If  the  motions  of  the  pieces  are  performed 
parallel  to  one  plane,  or  about  one  central  point,  the  pins  are  almost 
always  cylindncal,  with  their  axes  perpendicular  to  the  plane, 
or  traversing  the  pointy  as  the  case  may  be.  In  all  other  cases  the 
acting  sur&oes  of  the  pins  must  be  portions  of  spheres  described 
about  the  connected  points — making  what  are  called  ball-and' 
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%ock€i  jovrUa;  unless  univeraal  joints  are   used,  which  will   be 
described  farther  on. 

179.  PiiMcipiM*f€«»MctioB.  {A.M.  485.)— All  questions  as 
to  the  comparative  motions  of  a  pair  of  pieces  connected  by  a  link 
may  be  solved  by  means  of  the  general  principles  and  rules  given 
in  Article  91,  pages  78  to  80,  and  illustrated  by  figs.  57  and  58. 
The  axes  of  rotation  of  a  pair  of  turning  pieces  connected  by  a 
link  are  almost  always  parallel  to  each  other,  and  perpendicular  to 
the  line  of  connection;  in  which  case  the  angular  velocity-ratio  at 
any  instant  is  the  reciprocal  of  the  ratio  of  the  common  per- 
pendiculars let  ML  from  the  line  of  connection  upon  the  axes  of 
rotation. 

Another  method  of  treating  questions  of  linkwork  is  to  find,  by 
the  principles  of  Article  69,  pages  46  to  50,  the  instantaneous 
axis  of  the  link;  for  the  two  connected  points  move  in  the  same 
manner  with  two  points  in  the  link,  considered  as  a  rigid 
body. 

If  a  connected  point  belongs  to  a  turning  piece,  the  direction  of 
its  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  axis  and  crank-arm  of  the  piece.  If  a  connected  point 
belongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
instant  is  given,  and  a  plane  can  be  drawn  perpendicular  to  that 
direction. 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 
of  the  two  connected  points  at  a  given  instant  is  the  instanianeotis 
cuds  of  the  link  at  that  instant;  and  the  velocities  of  the  connected 
points  are  directly  as  their  distances  from  that  axis. 

In  drawing  on  a  plane  surface,  i^e  two  planes  perpendicular  to 
the  paths  of  the  connected  points  are  represented  by  two  lines 
(being  their  traces  on  a  plane  normal  to  them),  and  the  instanta- 
neous axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  until  they  actually  inter- 
sect, the  velocity-ratio  of  the  connected  points  may  be  found  by 
the  principle,  that  it  is  equal  to  the  ratio  of  the  segments  which  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point  perpendicular  respectively  to  the 
paths  of  the  connected  points.  Examples  will  be  given  further 
on. 

180.  Head  P^iBtii.  {A,  if.,  486.)— K  at  any  instant  the  plane 
traversing  one  of  the  crank-arms  and  its  axis  of  rotation  coincides 
with  the  line  of  connection,  the  common  perpendicular  of  the 
line  of  connection  and  the  axis  of  that  crank-arm  vanishes, 
and  the  directional  relation  of  the  motions  becomes  indeter- 
minata  The  position  of  the  connected  point  of  the  crank  arm  in 
question  at  such  an  instant  is  called  a  dead  point.  The  velocity 
of  the  other  connected  point  at  that  instant  is  null;  unless  it 
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also  reaches  a  dead  point  at  the  same  instant,  so  that  the  line 
of  connection  is  in  the  plane  of  the  two  axes  of  rotation;  in 
-which  case  the  velocity-ratio  is  indeterminate. 

181.  c— pieJ  PfMei  ghrtte.  (A,M,,487.) — ^There  are  only  two 
casea  in  which  an  nniform  angular  velocity-ratio  (being  that  of 
equality)  is  commnnicated  by  linkwork.  One  of  them  is  that  in 
which  two  or  more  parallel  shafts  (such  as  those  of  the  driving  wheels 
of  a  lo<^motive  engine)  are  made  to  rotate  with  constantly  equal 
angolar  velocities,  hy  having  equal  cranks,  which  are  maintained 
parallel  by  a  coupling  rod  of  such  a  length  that  the  line  of  connec- 
tion is  equal  to  the  £stance  between  Uie  axes.  The  cranks  pass 
their  dead  points  simultaneously.  To  obviate  the  unsteadiness  of 
motion  which  this  tends  to  cause,  the  shafts  are  provided  with  a 
second  set  of  cranks  at  right  angles  to  the  first,  connected  by. 
means  of  a  similar  coupling  rod,  so  that  one  set  of  cranks  pass 
their  dead  points  at  the  instant  when  the  other  set  are  fieirthest 
from  theirs.     (See  fig.  32,  page  44.) 

This  elementaiy  combination  belongs  to  Willis's  Class  A. 

182.  !!■■§  flirt  —The  term  drag-Unk  is  applied  to  a  link,  as 

0  D,  ^g.  133,  which  connects 
together  two  cranks,  A  0  and 
B  D,  so  as  to  make  them 
perform  a  complete  revolu- 
tion in  the  same  time  and 
in  the  same  direction.  The 
cranks  may  be  equal  or  un- 
equal. If  the  two  axes  (whose 
traces  in  the  figure  are  A  and 
B)  are  parts  of  one  straight 

line  (that  is,  if  the  points  A 
and  B  coincide),  the  angular  velocities  of  the  cranks  are  equal  at 
every  instant,  and  the  combination  belongs  to  Willis's  Class  A; 
and  such  is  the  action  of  the  drag-link  when  used  as  a  coupling. 
If  the  axes  are  not  parts  of  one  straight  line  (so  that  A  and  B  are 
different  points),  the  velocity-ratio  varies,  and  the  combination 
belongs  to  Class  R 

In  most  cases  the  crank  which  is  the  driver  goes  foremost,  and 
pulls  the  follower  after  it;  and  hence  the  name  of  "  drag-link." 

The  following  are.  rules  to  be  observed  in  determining  the 
dimensions  of  the  parts. 

L  In  order  that  the  directional  relation  may  be  constant, 
each  of  the  crank-armsy  A  C,  B  D,  should  be  longer  than  Uie  line  of 
centres,  A  B. 

II.  For  the  same  reason,  and  also  in  order  that  there  may  be 
no  dead-points,  the  length  of  the  line  of  connection,  C  D,  should  be 
grealer  than  the  lesser  segment,  E  F,  and  less  tJuin  the  greater 
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BegmerU,  F  Q,  into  which  the  diameter,  l^Q,of  the  greater  of  the  two 
ardee  ckaonhed  by  the  eonnected  points  is  divided  by  the  other  circle. 
This  principle  holds  also  when  those  cirdes  are  equal,  and  is  then 
ai^licable  to  the  diameter  of  either  of  them.  In  other  words, 
O  D  is  to  be  made 

Greater  than  AB  +  AO-BD, 
and  less  than  AO  +  BD-AB. 

The  comparatiye  motions  may  be  found  by  either  of  the  follow- 
ing rules : — 

lU.  To  find  the  angrdar  velocity-ratio  in  a  given  position  of  the 
cranks:  on  the  line  of  connection,  0  D,  let  &11  from  the  axes  the 
perpendiculars,  A  L,  B  M ;  then 

Angular  velocity  of  B  D  _  A  L , 
^gular  velocity  of  A  C       B  M' 

Or  athervoise:  produce  the  line  of  connection,  0  D,  till  it  cuts  the 
line  of  centves  in  I;  then 

Angular  velocity  of  B  D  _  I  A 
Angular  velocity  of  A  0      I  K 

When  C  D  is  parallel  to  A  B  the  angular  velocities  are  equaL 
rV.  To  fimd  the  Uneair  vetooity-raiio  of  the  oonneeted  points: 
in  a  given  position  of  the  cranks  produce  the  crank-arms  until  they 
intersect;  their  point  of  intersection,  K,  will  be  the  trace  of  the 
instantaneous  axis  of  the  link  j  then 

Velocity  of  D  ,XD 
Velocity  of  0      KG 

The  limits  between  which  that  velocity-ratio  fluctuates  are 

-r-j= ,  when  B  D  traverses  A,  and  -7-^= 7-^=,  when  A  C 

traverses  Bl 

The  two  sluifts,  in  their  rotation,  may  be  regarded  as  alternately 
overtaking  and  £Edling  behind  eadh  other  by  an  angle  which  we 
may  oaU  the  anguU»r  displacement.  The  complete  angular  dis- 
placement is  attained  in  two  opposite  directions  altematdy,  at  the 
two  instants  when  the  angular  velocities  of  the  shafts  are  equal : 
that  is,  when  the  line  of  connection  is  parallel  to  the  line  of 
centres.  The  following  is  a  rule  for  designing  a  drag-^nk  motion 
with  equal  cranks,  which  shcUl  produce  a  given  amgvla/r  displace- 
ment;  and  although  not  the  only  rule  by  which  that  problem 
might  be  solved,  it  appears  to  be  the  simplest  in  its  application. 

V.  In  fig.  134  draw  two  straight  lines,  G  O  c,  D  Od^  cutting 
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each  other  at  right  angles  in  the  point  Oj  lay  off  along  those  lines 
the  equal  length  O  C  =  O  D.  From  0  and  D  draw  the  straight 
lines  0  A,  D  B,  making  the  angles  OOA=ODB  =  hal/  the 
given  angular  displaoemant,  and  cutting  O  d  and  O  c  respectively 

in  A  and  R  Join  A  B 
and  0  D.  Then  A  B  will 
representthe  lineof  centres ; 
A  C  and  BD  the  two  crank- 
arms;  and  0  D  the  line  of 
connection. 

The  position  of  the  parts 
represented  will  be  that  in 
which  the  angle  between 
the  crank-arms  is  least  To 
show,  if  required,  the  posi- 
tion of  the  parts  when  that 
angle  is  greatest,  lay  off 
O  c  and  O  d  equal  to  O  C 
and  O  D,  and  join  A  c, 
B  df  and  c  d. 
F(g.  184.  133.    UidL   fiNT   CmmtnuTf 

Wtmifudmna. — ^The  only  other 
elementary  combination  by  linkwork  which  belongs  to  Willis's 
Class  B  is  that  in  which  two  equal  cranks,  rotating  about  parallel 
axes  in  contrary  directions,  are  connected  by  means  of  a  link  equal 
in  length. to  the  line  of  centres.  This  has  been  already  described 
in  Article  108,  page  97,  and  represented  in  fig.  72,  page  96,  as  a 
contrivance  to  aid  the  action  of  elliptic  wheek.  There  are  two 
dead  points  in  each  revolution  which  the  pins  pass  at  the  instant 
when  the  line  of  connection  coincides  with  the  line  of  centres; 
consequently  the  link  is  not  well  adapted  to  act  alone,  and  requires 
a  pair  of  elliptic  wheels,  or  of  elliptic  pulleys  (Article  175,  page 
189),  to  ensure  the  accurate  transmission  of  the  motion. 

184.  UidLWMck  with  B«clpr«€atlBg  1II«tioB— CrudL  asdl  Beui— 
CrudL  aa4  Piai«B-Bod«  {A.  M.,  488.) — ^The  following  are  examples 
of  the  most  frequent  cases  in  practice  of  linkwork  belonging  to 
Willis's  Class  C,  in  which  the  directional  relation  is  recipro- 
cating; and  in  determining  the  comparative  motion,  they  are 
treat^  by  the  method  of  instantaneous  axes,  already  referred  to  in 
Article  179,  page  193:— 

JExample  I,  Two  Turning  Pieces  with  ParaUd  Axes,  such  as  a 
beam  and  crank  (fig.  135). — Let  C^,  Cg,  be  the  parallel  axes  of  the 
pieces;  T^,  Tg,  their  connected  pomts;  C^  T^,  Cj  Tg,  their  crank 
arms;  T^  Tg,  the  link. 
ofT, ;  Vp  that  of  To. 


At  a  given  instant  let  Vi  be  the  velocity 

j-j  >  vg  i*m*u  WJ.  J-g. 

To  find  the  lutio  of  those  velocities,  produce  C^  T^ 
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they  intersect  in  K;  K  is  the  instantaneous  axis  of  the  link  or 
connectii^-rod,  and  the  velocity-ratio  is 

Vj  :  V2  : :  K  Ti  :  K  T^ (1.) 

Should  K  be  inconveniently  far  ofi^  draw  any  triangle  with  its  sides 
respectively  parallel  to  C^  T,,  Oj  T^  and  Tj  T^;  §ie  ratio  of  the 
two  sides  first  mentioned  will  be  the  velocity-ratio  required.  For 
example,  draw  Cg  A  parallel  to  C^  T^,  cutting  T^  T^  in  A;  then 

Vi  :  rjj  : :  Cj  A  :  C2  Tg. (2.) 


Ilg.  186. 

Example  IL  Rotating  Piece  and  Sliding  Piece,  such  as  a  piston- 
rod  and  crank  (fig.  136). — Let  Cj  be  the  axis  of  a  rotating  piece,  and 
T^  B  the  straight  line  along  which  a  sliding  piece  moves.  Let  T^, 
Tgy  be  the  connected  points;  Cg  T^  the  crank  arm  of  the  rotating 
piece;  and  Tj  ^  the  link  or  connecting  rod.  The  points  T^,  T,, 
and  the  line  T^  K,  are  supposed  to  be  in  one  plane,  perpendicular 
to  the  axis  O^.  Draw  T^  K  perpendicular  to  T^  B,  intersecting 
C2  T2  in  K;  K  is  the  instantaneous  axis  of  the  link;  and  the  rest 
of  the  solution  is  the  same  as  in  Example  L 

185.  {A.  M,y  489.)  An  Bccentric  (fig.  137)  being  a  circular  disc 
keyed  on  a  shafts  with  whose  axis  its  centre  does 
«iot  coincide,  and  used  to  give  a  reciprocating 
motion  to  a  rod,  is  equivalent  to  a  crank  whose 
connected  point  is  T,  the  centre  of  the  eccentric 
disc,  and  whose  crank  arm  is  0  T,  the  distance 
of  that  point  from  the  axis  of  the  shaft,  called 
the  eceentriciiy. 

An  eccentric  may  be  made  capable  of  having  its  eccentricity 
altered  by  means  of  an  adjusting  screw,  so  as  to  vaiy  the  extent  of 
the  reciprocating  motion  whi(£  it  communicates,  and  which  is 
called  the  throtOy  or  trcwel,  or  length  of  stroke. 

186.  {A,  M.,  490.)  The  l^emgth  •€  Sir«ke  of  a  point  in  a  recipro- 
cating piece  is  the  mstance  between  the  two  ends  of  the  path  in 
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which  that  point  movea  When  it  is  connected  by  a  link  with  a 
point  in  a  continuously  rotating  piece,  the  ends  of  the  8tr<^e  of 
the  reciprocating  point  correspond  with  the  dead  points  of  the  con- 
tinuously rotating  piece  (Article  180,  page  193). 

L  When  the  crank-arm  and  the  path  of  the  connected  point  in  the 
reciprocciHng  piece  are  given,  to  find  the  stroke  and  the  dead  points. 
If  the  connected  point  in  the  reciprocating  piece  mores  in  a  straight 
line  traversing  and  perpendicular  to  the  axis  of  the  turning  piece, 
the  length  of  stroke  is  obviously  twice  the  crank-arm.  If  that 
connected  point  moves  in  any  other  path,  let  F  F,  in  fig.  138, 
represent  that  path,  A  the  trace  of  the  crank- 
axis,  and  A  D  =  A  E  the  crank-arm.  From 
the  point  A  to  the  path  F  F  lay  off  the  dis- 
tances A  B  =  the  line  of  connection  —  the 
crank-arm,  and  A  C  =  the  line  of  connection 
+  the  crank-arm;  then  B  C  will  be  the  stroke 
of  the  connected  point  in  the  reciprocating 
piece.  Draw  the  straight  lines  0  E  A  and 
BAD,  cutting  the  circular  path  of  the  crank- 
pin  in  the  points  E  and  D :  these  will  be  the 
dead  pointa 

II.  When  tJie  crank-arm,  A  D  =  A  E,  ^ 
length  of  the  line  of  connection,  and  tlie  dead 
points,  D  and  E,  are  given,  to  find  the  two  ends 
of  the  stroke  of  the  connected  point  in  the 
reciprocating  piece.  In  D  A  and  A  E  pro- 
duced, make  D  B  and  E  C  each  equal  to  the 
length  of  the  line  of  connection ;  B  and  0  will 
be  the  required  ends  of  the  stroke. 

When  the  path  of  the  connected  point  in 
the  reciprocating  piece  is  a  straight  line,  the 
preceding  principles  may  be  thus  ezpre^ed  in 
algebraical  symbols : — 

Let  S  be  the  length  of  stroke,  L  the  length 
of  the  line  of  connection,  and  R  the  crank- 
arm.  Then,  if  the  two  ends  of  the  stroke  are  in  one  straight  line 
with  the  axis  of  the  crank, 

S  =  2R; ..(1.) 

and  if  their  ends  are  not  in  one  straight  line  with  that  axis,  then 
S,  L  —  R,  and  L  -|-  E^  are  the  three  sides  of  a  triangle,  having  the 
angle  opposite  S  at  that  axis;  so  that  if  ^  be  the  supplement  of  the 
ai-c  between  the  dead  points, 

'  =  2  (L2  +  R2)  ^  2  (L2  -  R2)  cos  ^;  . 

2L«  +  2I12  -  S2  i> (2.) 


Fig.  188. 


cos  ^  = 


2  (L2  -  R^^ 


Digitized  by  VjOOQIC 


MEAN  AND  XXTBXMB  YELOCITT-BATIOS.  199 

187.  HiMUi  TciMitf  Batto. — ^Iti  djnamioal  questdoDS  respecting 
machines)  especially  when  tiie  mode  of  connection  is  by  linkwor^ 
it  18  o&nm  requisite  to  determine  the  mean  rtUio  of  the  linear 
Tdocities  of  a  pair  of  connected  points  during  some  definite  period; 
-which  mean  ratio  is  simply  the  ratio  of  the  distances  moved 
through  by  those  points  in  that  period.  Three  cases  may  be  dis- 
tinguished, according  as  the  combination  of  linkwork  belongs  to 
Willis's  Class  A,  Class  B,  or  Class  C. 

In  Class  A  the  mean  vdocity-ratio  is  identical  with  the  velocity- 
ratio  at  each  instant.  For  examples,  see  Article  181,  page  194, 
and  Article  182,  page  194. 

In  Class  £  the  mean  velocity-ratio  of  the  connected  points  during 
each  complete  revolution  is  that  of  the  circumferences  of  the 
curdes  in  which  they  move.  For  eicamples,  see  Article  182,  page 
194,  and  Article  183,  page  196. 

In  Class  C  the  mean  velocity-ratio  of  the  connected  points  may 
be  taken  either  for  a  whole  revcdution  of  the  revolving  point  and 
dooUe  stroke  of  the  reciprocating  point,  or  it  aiay  be  takea 
separately  for  the  forward  stroke  and  return  stroke  of  the  recipro- 
cating point,  where  it  has  different  values  for  these  two  parts  of 
the  motion.  In  the  former  case  it  is  expressed  by  the  ratio  of 
twice  the  length  of  stroke  of  the  reciprocating  point  to  the 
circumference  of  the  circle  described  by  the  revolving  point;  that 
is  to  say,  for  example,  in  fig.  138,  page  198,  by  the  ratio 

2BC 

Cii*cumference  D  G  E  H  * 

In  the  latter  case,  the  two  mean  velocity-ratios  are  expressed  by 
the  proportions  borne  by  the  length  of  stroke  of  the  reciprocating 
point,  to  the  two  arcs  into  which  the  dead  points  divide  the  path 
of  the  revolving  point.  For  example,  in  fig.  138,  those  two  ratios 
are  respectively — 

BC      ^a       B^ 


Arc  D  G  E'  Arc  E  H  D' 

The  most  frequent  case  in  pi'actice  is  that  represented  in  ^g. 
136,  page  197,  where  the  reciprocating  point  moves  in  a  straight 
line  traversing  the  axis  about  which  the  revolving  "poiat  moves ; 
and  in  that  case  the  mean  velocity-ratio  for  each  single  stroke  and 
for  a  whole  revolution  is 
2 
-   =  0-63662  nearly. 

188.  BztTOBie  Tel«€itr-BatiM. — In  those  cases  in  which  one  of 
the  points  connected  by  a  link  revolves  continuously,  while  the 
other  has  a  reciprocating  motion,  it  is  often  desirable  to  determine 
the  greatest  value  of  Hke  ratio  borne  by  the  velocity  of  thi^  recipro- 
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eating  point  to  that  of  the  revolving  point  The  general  principle 
upon  which  that  greatest  ratio  depends  is  shown  in  fig.  139, 
in  which  T  represents  the  reciprocating  point,  and  T  the  revolving 

point;  T  T,  the  line  of 
connection;  and  C  T,  the 
crank-arm.  Let  C  A  be 
perpendicular  to  the  direc- 
tion of  motion  of  the 
reciprocating  point  T,  and 
let  A  be  the  point  where 
the  line  of  connection  cuts 
C  A;  then^  as  has  been 


Fig.  189. 


already  shown  in  Article  184,  page,  196, 

Velocity  of  Ty_  C  A_ 
Velocity  of  T  "  CT' 

and  at  the  instant  when  that  ratio  is  greatest,  A  is  at  its  greatest 

distance  from  C;  therefore,  at  that  instant  the  direction  of  motion 

of  the  point  A  in  the  line  of  connection  is  along  that  line  itself. 

Draw  T  K  parallel  to  C  A,  produce  C  T  till  it  cuts  T'  Kin  K,  the 

instantaneous  centre  of  motion  of  the  link,  and  join  K  A;  then 

the  direction  of  motion  of  the  point  A  in  the  line  of  connection  at 

any  instant  is  perpendicular  to  A  K;  and  therefore,  at  the  instant 

when  0  A  is  greatest,  A  K  is  perpendicular  to  A  T'.     TJpon  this 

proposition  depends  the  determination  of  the  greatest  value  of  the 

0  A 
ratio  p-7p>    ^^^    ^^^    determination    cannot  be  completed  by 

geometry  alone;  for  it  requires  the  solution  of  a  cubic  equation, 
as  stated  in  the  footnote.* 

*  In  fig.  139,  let  the  crank-arm  C  T  =  a ;  let  the  line  of  connection 
T  ly  a  6;  these  two  anantities  being  is^iven;  and  when  the  ratio  of  the 
velocity  of  IT  to  that  of  T  is  a  maximum,  let  the  angle  C  T'  T  =  e,  and  the 
ande  A  G  T  »  <^. 

Solve  the  following  cubic  equation : — 

sin  ^e  —  sin  *0  —  sin  'e  +  ^,  =  0, (1.) 

80  as  to  determine  the  value  of  sin  '6,  which  is  the  only  root  of  that 
equation  that  is  positive  and  less  than  1.  Next,  calculate  the  value  of 
t lie  anffle  4>,  or  those  of  its  trigonometrical  functions,  by  the  help  of  one  or 
more  of  the  following  equations  (each  of  which  implies  the  others)  :— 

.       .  o   •    a     sin20 

tan  </»  s  cos  6  sm  6  8  -„- ; 


.         -/em*0  — 8m*6      "^ 
^ ^  =  '^  U+8in«0-sin*e '/ 
1 


cos  <t>  = 


\^{l  +  sin  «e  -  sin  ^0)' 
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An  approximate  soltUian  of  this  question  may,  however,  be 
obtained  by  plane  geometry,  when  the  line  of  connection,  T  T',  is 
not  less  than  about  twice  the  crank-arm,  0  T.  It  consists  in 
treating  the  angle  at  T  as  if  it  were  a  right  angle  (^m  which  it 
differs  by  the  angle  A  K  T);  and  thus  we  obtain 

When  T  T*  is  great  as  compared  with  0  T,  the  error  of  this 
solution  is  inappreciable,  or  nearly  so;  when  T  TT  =  2  C  T,  the 
approximate  solution  is  too  small  by  about  one  per  cent,  and  is 
therefore  near  enough  for  practical  purposes;  when  T  T'  becomes 
less  than  2  C  T,  the  error  rapidly  increases,  so  as  to  make  the 
approximate  solution  inapplicable;  but  cases  of  this  last  kind  are 
very  uncommon  in  practice. 

189.  I»OTiblll^(  «r  OKlllatlmui  by  ittnkwrnrk.— When  two  recipro- 
cating pieces  are  connected  by  means  of  a  link,  the  follower  may 
be  made  to  perform  two  oscillations  or  strokes  for  one  of  the 
driver,  in  the  following  manner: — In  fig.  140,  let  the  driver  be  an 
arm  or  lever,  A  B ;  A  its  axis  of  motion,  and  B  its  connected  point. 

6 


/""  /  -^ 


^ 


/    \ 


"2^ 


/ 


/ 


Fig.  140. 

Let  C  be  the  connected  point  of  the  follower,  and  B  C  the  link. 
Then  the  parts  of  the  combination  are  to  be  so  arranged  that  the 
straight  line  0  c,  which  traverses  the  two  ends  of  the  stroke  of  the 
point  C,  shall  traverse  also  the  axis  A,  and  shall  bisect  the  arc  of 

and  finally,  calculate  the  reqaired  greatest  velocity-ratio  by  the  following 
foimula:— 

C  A  _  COB  (e  -  ») 

C^  costf      ^^^ 

In  the  two  extreme  cases  the  values  of  that  ratio  are  as  follows : — ^When  b 
is  immeasurably  longer  than  a,  G  A  -i-  C  T  sensibly  =  1 ;  when  6  a  a, 
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motion,  b  B  V,  of  the  connected  point  R  The  remit  will  be,  that 
while  the  point  B  performs  a  single  stroke,  from  b  to  b',  the  point 
€  will  perform  a  doable  stroke,  from  o  to  0  and  back  again. 

If  C  is  a  point  in  a  second  lev^,  that  second  lever  may,  bj  means 
of  a  similar  arrangement,  be  made  to  drive  a  third  lever,  so  as  again 
to  double  the  fr^uency  of  the  strokes;  and  thns,  by  a  train  of 
linkwork,  the  last  follower  may  have  the  frequency  of  its  strokes 
increased,  as  compared  with  those  of  the  first  driver,  in  a  ratio 
expressed  by  any  required  power  of  2. 

190.  M«w  JAmOmn  br  iitidKWMk.— As  has  been  already  explained 
in  Article  180,  page  193,  when  the  connected  point  in  the  driver 
of  an  elementary  oombination  Vy  linkwork  is  at  a  dead  pointy  the 

velocity  of  the  connected 
point  of  the  follower  is 
nothing;  and  when  idie 
connected  point  of  the 
driver  is  near  a  dead 
point,  the  motion  of  the 
connected  point  of  the 
follower  is  comparatively 
very  slow,  and  gradually 
increases  as  the  connected 
point  of  the  driver  moves 
away  from  the  dead  point. 
When,  therefore,  it  is 
desired  that  the  motion  of 
a  follower  shall,  at  and 
near  a  particular  position  of  the  combination,  be  very  slow  as 
compared  with  that  of  the  driver,  or  as  compared  with  that  of 
the  follower  itself  when  in  other  positions,  arrangements  may  be 
used  of  the  class  which  is  exemplified  in  &g,  141  and  ^g,  141  A. 

In  fig.  141  the  lever  A  B,  turning  about  an  axis  at  A,  drives, 
by  means  of  the  link  B  D,  the  lever  C  D,  which  turns  about  an 
axis  at  C.  When  the  driving  lever  is  in  the  position  marked  A  B, 
it  is  in  one  straight  line  with  the  link  B  D ;  so  that  B  is  a  dead 
point,  and  the  velocity  of  the  follower  is  nulL  As  the  connected 
point  of  the  driver  advances  from  B  towards  5,  the  connected  point 
of  the  follower  advances  from  D  towards  d,  with  a  comparative 
velocity  which  is  at  first  very  small,  and  goes  on  increasing  by 
degrees.  When  the  motion  is  reversed,  the  comparative  velocity 
of  the  latter  point  gradually  diminishes  as  it  returns  from  a 
towards  D,  and  finally  vanishes  at  the  last-named  point  Motions 
of  this  kind  are  useful  in  the  opening  and  closing  of  steam-valves, 
in  order  to  prevent  shocks. 

Fig.  141 A  shows  a  train  of  two  elementary  combinations  of  the 
same  kind  with  that  just  described;  the  effect  being  to  make  the 
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motion  of  a  third  connected  point,  E,  quite  insensible  during  a 
certain  part  of  the  motion  of  the  first  connected  point,  B. 

D  h 


Fig.  141a. 

191.^ {A,  M.,  491.)  KmIu^  crapiiBg,  w  VBiTcnia  jr«iM  (fig.  142), 
is  a  contrivance  for  coupling  shafts  whose  axes  intersect  each  other 
in  a  point. 

Let  O  be  the  point  of  intersection  of  the  axes  O  C^,  O  Cg,  and 
i  their  angle  of  inclination  to  each 
other.  The  pair  of  shafts  C,,  Cg, 
terminate  in  a  pair  of  forks,  Fj,  Fj,  C/A 
in  bearings  at  the  extremities  of 
which  turn  the  pivots  at  the  ends  of 
the  arms  of  a  rectangidar  cross 
having  its  centre  at  O.  This  cross 
is  the  link;  the  connected  points  are 
the  centres  of  the  bearings  F^,  Fg. 
At  each  instant  each  of  those  points 
moves  at  right  angles  to  the  central 
plane  of  its  shaft  and  fork;  therefore  the  line  of  intersection  of  tho 
central  planes  of  the  two  forks,  at  any  instant,  is  the  instantaneous 
axis  of  the  cross;  and  the  vdocii^cUio  of  the  points  F|,  F^  (which, 
as  the  forks  are  equal,  is  also  the  anfftdar  velocity-roHo  of  the  shafts), 
is  equal  to  the  ratio  of  the  distances  of  those  points  from  that 
instantaneous  axis.  The  mean  value  of  that  velocity-ratio  is  that 
of  equality;  for  each  successive  quarter  turn  is  made  by  both 
shafts  in  the  same  time;  but  its  instantaneous  value  fluctuates 
between  the  limits,  r"r^r^f-i]o 
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-^  =  — .  when  F,  is  in  the  plane  of  the  axes: 
a^      COS  I  '■  '^  ' 

-9  =  cos  1  when  Fj  is  in  that  plana 


.(1.) 


The  following  is  the  geometrical  construction  for  finding  the 
position  of  one  of  the  shafts  which  corresponds  to  any  given  position 
of  the  other ;  also  the  velocity-ratio  corresponding  to  that  position : — 
Let  the  shaft  whose  position  is  given  be  called  the  Jirst  shaft,  and 
the  other  the  second  shaft;  and  let  the  corresponding  arms  of  the 
cross  be  called  the  first  and  second  arms  respectively.    . 

In  ^g,  143,  let  O  be  the  point  of  intersection  of  the  axes  of  the 
two  shafts,  and  let  the  plane  of  projection  be  a  plane  traversing  O, 


Fig;  148. 

and  normal  to  the  axis  of  the  second  diBit.  Let  A  O  a  be  the  trace 
of  the  plane  of  the  two  axes,  and  0  O  C,  perpendicular  to  A  O  a> 
a  normal  to  that  plane.  "With  any  convenient  radius,  O  A,  describe 
a  circle  about  O.  Lay  off  the  angle  A  O  D  equal  to  the  angle  t, 
which  the  axes  of  the  shafts  make  with  each  other.     Through  D, 

O  B 

parallel  to  C  C,  draw  D  B,  cutting  O  A  in  B;  then  ^r-^  =  cos  t  is 

the  velocity*ratio  of  the  second  to  the  first  axis,  when  the  first  arm 

O  A        1 

coincides  with  O  C  and  the  second  with  O  A:  and  =r-^K  = :  = 

O  B      cos* 
sec  i  is  the  velocity-ratio,  when  the  first  arm  coincides  with  O  A, 
and  the  second  with  O  C. 

Digitized  by  VjOOQIC 


UNIYEBSAL  JOINTS.  205 

About  O,  with  the  radios  O  B,  describe  a  circle.  Draw  the 
radius  O  E/,  cutting  the  two  circles  in  E  and/ respectively,  and 
making  the  angle  A  O  /  =  the  given  angle  which  the  first  wrm 
makes  with  the  plane  of  the  axes : — in  other  words,  let  0/ be  the 
rabatmenl  of  the  first  arm,  made  by  rabatting  a  plane  normal  to 
the  first  axis  upon  the  plane  of  projection.  Tlux)ugh  E,  parallel  to 
O  C,  draw  E  F^;  and  through/,  parallel  to  O  A,  draw/  Pj;  the 
point  F,  will  be  the  projection  of  the  point  whose  rabatment  is/ 
Draw  the  straight  line  O  P, ;  this  will  be  the  projection  of  thef^ 
arm  on  a  plane  normal  to  the  second  axis.  Then  perpendicular  to 
O  P^  draw  O  Pg;  this  will  be  the  required  posiHon  of  the  second 
arm. 

The  projection  of  the  path  of  the  point  F^  is  the  ellipse  0  B  0. 

To  fmd  the  angular  velocity-ratio  corresponding  to  the  given 
position  of  the  armsj  about  any  convenient  point,  G,  in  A  O  a, 
describe  a  circle  through  O,  cutting  Pj  O  and/0  produced  if 
required)  in  H  and  h  respectively;  &om  which  points  draw  H  K 
and  h  k  parallel  to  O  0,  and  cutting  A  O  a  in  K  and  k  respectively. 
Then  we  have 

I'W- « 

The  particular  form  of  universal  joint  shown  in  fig.  142  is  chosen 
in  order  to  exhibit  all  the  parts  distinctly.  In  practice,  the  joint 
is  often  made  much  more  compact,  the  forks  not  having  more 
space  between  them  and  the  cross  than  is  necessary  in  order  to 
admit  of  the  required  extent  of  motion  of  the  cross-arms,  and  the 
cross  being  sometimes  made  in  the  form  of  a  circular  disc,  or  of  a 
ring,  or  of  a  ball,  with  four  pivots  projecting  from  its  circumference. 
Where  the  angle  of  obliquity  of  the  two  shafts  («^  is  small,  each  of 
the  forks  is  often  made  in  the  form  of  a  round  oIbc  on  the  end  of 
the  shaft,  having  a  pair  of  projecting  horns  or  lugs  to  carry  the 
bearings  of  the  pivots. 

The  universal  joint  belongs  to  Willis's  Class  B.  When  used  as 
a  coupling,  it  is  liable  to  the  objection,  that  although  the  mean 
Telodty-ratio  is  uniform,  being  that  of  equality,  the  velocity-ratio 
at  each  instant  fluctuates,  and  thus  gives  rise  to  vibratory  and 
unsteady  motion. 

192.  (A,  if.,  492.)  The  BMble  n^dkc^  jr«fau  (fig.  144)  is  used  to 
obviate  the  vibratory  and  unsteady  motion  caused  by  the  fluctuation 

*  In  alffebraicftl  symbols,  let  ^^  =  A  O^,  and  t^,  =  A  O  F,,  be  the  angles 
made  by  the  first  and  second  arm  respectively  at  a  given  inistant  with  the 
plane  of  the  axes  of  the  shafts;  then 

tan  ^1  *  tan  ^^  =  cos  t;  and 
a,         d<t>^      8in2^a  _  tan  <^i  +  cotan  <^| 
^1      ""  ct  ^1  °*  sin  2  0j  "  tan  ^a  +  cotan  4>^' 
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of  the  velodty-ratio  which  has  akeady  been  mentioned.     Between 
the  two  slufts  to  be  connected,  0^,  O3,  there  is  introdaced  a  short 

intermediate  shaft,  C^  making  equal 
angles  with  C^  and  C^  connected 
with  each  of  them  by  a  Hooke*s 
joint,  and  having  both  its  own  forks 
in  the  same  plane.  The  effect  of 
this  combination  is,  that  the  angular 
Rg.  144.  velocities  of  the,/^  and  third  shafts 

are  equal  to  each  other  at  every 
instant  j  and  that  the  planes  of  the  first  and  third  forks  make,  at 
every  instant,  equal  angles  with  the  plane  of  the  three  axes.  Hence, 
as  regards  the  comparative  motion  of  the  first  and  third  shafts,  the 
double  Hooke's  joint  belongs  to  Class  A;  but  as  regards  the  motion 
of  the  second  or  intermediate  shaft,  it  belongs  to  Class  R* 

The  doable  Hooke's  joint  works  correctly  when  the  third  shaft 
is  paraUd  to  the  first,  as  well  as  in  the  position  shown  in  the 
figura 

193.  M«kc  ■■i-oidk«m  c«aFltac«— This  name  may  be  given  to 
an  universal  joint  in  which  the  pivots  of  the  cross  are  capable  of 
sliding  lengthwise  as  well  as  of  turning  in  their  bearings  in  the 
horns  of  the  forks.  It  combines  the  properties  of  Hooke's  coupling 
with  that  of  Oldham's  coupling,  formerly  described  (Article  158, 
page  166);  that  is  to  say,  it  is  capable  of  transmitting  motion 
between  shafte  whose  axes  are  neither  parallel  nor  intersecting.  It 
acts  by  sliding  contact  and  linkwork  combined:  when  single,  it 
belongs  to  Class  B;  and  when  double,  with  the  axes  of  the  three 
shafts  in  parallel  planes,  and  the  first  and  third  making  equal 
angles  with  the  intermediate  axis^  to  Class  A 

194.  IiUOTMlneia  I.lBkw«rk— click  ud  Bateiiei^Ac^tdb  or  ca^, 
being  a  reciprocating  bar  (such  as  B  C  in  figs.  145  and  146)  acting 
upon  a  ratchet  wheel  or  rack,  which  it  pu^es  or  pulls  through  a 
certain  arc  at  each  forward  stroke,  and  leaves  at  rest  at  each  back- 
ward stroke,  is  an  example  of  intermittent  linkwork.  During  the 
forward  stroke,  the  action  of  the  dick  is  governed  by  the  principles 
of  linkwork;  during  the  backward  stroke,  that  action  cease&  A 
fixed  catch,  or  paU,  or  detent  (such  as  &  c  in  ^g,  145),  turning  on  a 
fixed  axis,  prevents  the  ratchet  wheel  or  rack  from  reverarog  its 
motion. 

*  Let  t  be  the  angle  of  inclination  of  0^  and  0,,  and  also  that  of  €«  and 
Gt.    Let  01,  0s,  09>  be  the  ancles  made  at  a  dven  instant  by  the  planes  of  . 
the  forks  of  the  three  shafts  with  the  plane  of  Sieir  axes,  and  let  ai,  a^,  a,, 
he  their  angular  velocities.    Then 

tan  03  *  tan  0,  =  cos  t  a  tan  0^  *  tan  0a ; 

-whence  tan  0s  »  tan  0i ;  and  a,  »  a^. 
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The  efflscUve  ttrohe^  being  the  space  through  which  the  ratchet  is 
driven  by  each  forward  stroke  of  the  dick,  is  necessarily  once,  or  a 


ng.  145. 


whole  number  of  times,  the  pitch  of  the  teeth  of  the  ratchet;  and 
it  is  obvious  that  the  length  of  the  total  stroke  of  the  click  must 
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be  greater  than  the  effective  stroke,  and  leas  than  the  next  greater 
whole  number  of  times  the  pitch.  It  is  advisable,  when  practicable, 
to  make  the  excess  of  the  total  above  the  effective  stroke  no  greater 
than  is  just  sufficient  to  ensure  that  the  click  shall  dear  each 
successive  tooth  of  the  ratchet  In  figs.  145  and  146  the  effective 
stroke  is  once  the  pitch  of  the  ratchet;  in  fig.  147,  twice  the 
pitcL 

A^,  catch  may  be  made  to  drop  into  its  place  in  fix»nt  of  each 
successive  tooth  either  by  gravity  or  by  the  pressure  of  a  spring, 
according  to  the  circumstances  of  the  case. 

Some  clicks  act  by  thrusting,  as  B  C  in  fig.  145^  and  B  C  in  fig. 
146;  others  by  pulling,  as  &  e  in  fig.  145. 

The  direction  of  the  pressure  between  a  click  and  a  tooth  is 
nearly  a  normal  to  the  acting  surfaces  of  the  click  and  tooth  at 
the  centre  of  their  area  of  contact;  for  example,  in  ^,  145,  the 
dotted  lines  marked  0  D,  c  ^,  and  in  fig.  146,  the  dotted  line 
marked  CD.  In  order  that  a  click  may  be  certain  not  to  lose  its 
hold  of  the  tooth,  that  normal  otight  to  paaa  indde  ike  aada  of  motion 
of  a  thnisUng  dick,  amd  outnde  the  axia  qf  motion  of  a  pulling  dick. 
For  example,  in  fig.  145,  C  D  passes  inside  the  axis  B,  and  c  d 
passes  outside  the  axis  5;  the  words  "inside"  and  "outside'' 
being  used  to  denote  respectively  nearer  to  and  further  from  the 
ratchet 

It  is  convenient,  though  not  essential,  that  a  click  for  driving  a 
wheel  should  be  carried  by  an  arm  concentric  with  the  wheel;  such 
as  the  arms  A  B  in  fig.  145,  and  A  B  in  fig.  146.  In  such  cases 
the  total  angtUa/r  stroM  of  the  click-arm  (marked  B  A  R  in  fig. 
145,  and  B'  A  B"  in  £g,  146)  must  be  a  Httle  greater  than  the 
effective  angular  stroke,  which  is  once,  or  a  whole  number  of  times, 
the  pitch-angle  of  the  teeth  of  the  wheel.  The  axis  of  motion  of 
the  dick-arm  may,  however,  be  placed  elsewhere  if  necessaiy,  pro- 
vided care  is  taken  that  in  all  positions  of  the  arm  the  line  of 
pressure  passes  to  the  proper  side  of  the  axis  of  motion  of  the  dick. 
(See  figs.  148,  149,  further  on.} 

Fig.  146  represents  a  tumbling  or  reversible  dick,  shaped  so  as  to 
act  upon  the  teeth  of  an  ordinaiy  toothed  wheel.  In  its  present 
position  it  drives  the  whed  in  the  direction  pointed  out  by  the 
arrow :  by  throwing  it  over  into  the  position  marked  with  dotted 
lines,  it  is  made,  when  required,  to  diiive  the  wheel  the  contrary 
way. 

It  is  easy  to  see  that  the  acting  sur&ces  of  clicks,  and  the  teeth 
of  ratchets  on  which  they  act,  may  be  shaped  in  a  variety  of  ways 
besides  those  exemplified  in  the  figures. 

195.  SflcBt  c?lick.~This  is  a  contrivance  for  avoiding  the  noise 
and  the  tear  and  wear  which  arise  from  the  sudden  dropping  of 
the  common  click  into  the  space  between  the  teeth  of  the  ratchet- 
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wheel  The  wheel  is  like  an  ordinary  toothed  wheel  B  C  is  the 
dicky  which,  in  the  example,  is  made  to  push  the  teeth.  It  is 
carried  by  one  branch,  A  B,  of  a  bell-crank  lever,  which  has  a 
rocking  motion  about  the  same  axis  with  the  wheel     The  other 


Fig.  147. 

branch  of  the  bell-crank  lever  has  two  studs  or  pins  in  it,  E  and  E'. 
Between  these  pins  is  the  driving  arm,  A  F,  which  has  a  recipio- 
cating  motion  about  the  same  axis,  and  is  connected  by  a  link, 
G  H,  with  the  click. 

B  A  B*  is  the  total  angular  stroke  of  the  bell-crank  lever; 
D  B  D'  is  the  angle  through  which  the  click  must  be  moved  in 
order  to  liffc  it  clear  of  the  teeth.  The  sum  of  these  angles, 
B  A  B'  +  D  B  D,  is  =  F  A  F",  the  angular  stroke  of  the  driving 
arm.  The  positions  of  the  studs,  E  and  E'^  are  so  adjusted,  that 
the  driving  arm  in  passing  from  the  one  to  the  other  moves  through 
the  angle  F  A  F  =  D  B  IK :  being  the  angular  motion  that  lifts 
the  dick  dear  of  the  teeth  ^^efore  the  return  stroke,  or  makes  it 
take  hold  before  the  forward  stroke.  D.uring  those  parts  of  the 
motion  of  the  driving  arm  and  click,  the  bell-crank  lever  stands 
still :  its  forward  and  return  strokes  are  made  by  the  driving  arm 
pressing  against  the  studs  E  and  K  respectively. 

196.  D«aikle-Acttaig  Click. — This  is  the  contrivance  sometimes 
called,  from  its  inventor,  "the  lever  of  La  Grarousse."  It  consists 
of  two  clicks  making  alternate  strokes,  so  as  to  produce  a  nearly 
continuous  motion  of  the  ratchet  which  they  drive;  that  motion 
being  intermitted  for  an  instant  only  at  each  reversal  of  the 
direction  of  movement  of  the  clicks.  In  fig.  148  the  clicks  act  by 
pushing;  in  ^g:  149,  by  pulling.  The  former  arrangement  is  on 
the  whole  the  best  adapted  to  cases  in  which  the  mechanism 
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requires  considerable  strength ;  such  as  windlasses  on  board  ship. 
Each  single  stroke  of  the  click-arms  advances  the  ratchet  through 
one-half  of  its  pitch.  ^  ■,      .  .     r 

Corresponding  points  in  the  two  figures  are  marked  with  the 
same  letters;  and  as  ^g,  148  contains  some  parts  which  do  not 


Fig.  148. 

oocor  in  fig.  149,  the  former  will,  in  the  first  place,  be  referred  to 
in  explaining  the  principles  to  be  followed  in  designing  such 
combinations 

Let  the  figure  and  dimensions  of  the  ratchet-wheel  be  given, 
and  let  A  be  its  axis,  and  B  B  its  ]^tch-circle;  that  is,  a  circle 
midway  between  the  points  and  roots  of  the  teeth. 

Having  fixed  the  mean  obliquity  of  the  action  of  the  clicks — 
that  is,  the  angle  which  their  lines  of  action,  at  mid-stroke,  are  to 
make  with  tangents  to  the  pitch-circle— draw  any  convenient  radius 
of  the  pitch-circle,  as  L  A,  and  from  it  lay  off  the  angle  LAD, 
eqiud  to  that  obliquity.  On  A  D  let  fall  the  perpendicular  L  D, 
and  with  the  radius  A  D  describe  the  circle  C  0;  this  will  be  the 
hose-circle,  to  which  the  lines  of  action  of  the  clicks  are  to  be 
tangents.  (As  to  base-circles,  see  also  Article  131,  page  121.)  Lay 
off  the  angle  DAE  equal  to  cm  odd  number  of  times  half  the  pUdi- 
angle;  then  through  the  points  D  and  E  in  the  base-circle  draw  two 
tangents,  cutting  each  other  in  F.     Draw  F  G,  bisecting  the  angle 
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at  V,  and  take  any  oonvenient  point  in  it,  G,  for  the  trace  of  the 
axis  of  motion  of  the  rocking-shaft  which  carries  the  click-arma. 
From  G  let  fall  G  H 
and  G  K  perpendicn- 
lar  to  the  tangents 
F  D  H  and  E  F  K; 
then  H  and  K  will  be 
the  positions  of  the 
centres  of  motion  of 
the  two  clicks  at  mid- 
stroke;  and  G  H  and 
F  K  will  represent  the 
tlick-arms.  Let  L  and 
M  be  the  points  where 
D  H  and  £  K  respec-  ^ 
tively  cnt  the  phch- 

circle;  then  H  L  and  Fig.  149. 

E  M  will  be  the 
lengths  of  the  two  dicks.  The  effective  stroke  of  each  click  will  be 
eqiud  to  half  the  pitch,  as  measured  on  the  hase-cirde  0  0;  and  the 
total  stroke  must  be  as  much  greater  as  is  necessary  in  order  to 
make  the  clicks  clear  the  teetL 

In  fig.  149,  where  the  clicks  pull  instead  of  pushing,  the  obliquity 
is  nothing;  and  the  consequence  is  that  the  base-cii^e,  0  0,  coin- 
cides with  the  pitch-circle,  B  B,  and  that  the  points  L  and  M  coin- 
cide respective^  with  D  and  E. 

197.  Frigrt— I  Catch.~The  frictional  catch  (called  sometimes 
the  '^  silent  feed-motion '')  is  a  sort  of  intermittent  link  work,  founded 
on  the  dynamical  principle,  that  two  surfaces  will  not  slide  on  each 
other  so  long  as  the  angle  which  the  direction  of  the  pressure 
exerted  between  them  makes  with  their  common  normal  at  the 
place  where  they  touch  each  other  is  less  than  a  certain  angle  called 
the  a^le  of  r^poaSj  which  depends  on  the  nature  of  the  surfaces, 
and  their  state  of  roughness  or  smoothness^  and  of  lubrication. 
The  smoother  and  the  better  lubiicated  the  surfaces,  the  smaller  is 
the  angle  of  repose. 

In  trigonometrical  language,  the  angle  of  repose  is  the  angle 
whose  tangent  is  equal  to  the  co-^fUient  of  friction:  that  is,  to  the 
ratio  which  the  friction  Jbetween  two  surfaces,  being  the  force  which 
resists  sliding,  bears  to  the  normal  pressure;  or,  what  is  the  same 
thing,  it  is  the  angle  whose  sine  is  equal  to  the  ratio  thai  the  friction 
hears  to  the  resuUant  pressure  when  sliding  takes  place.  The 
subject  of  friction,  and  of  the  angle  of  repose,  properly  belong  to 
the  dynamical  part  of  this  treatise,  and  will  be  mentioned  in  greater 
detail  further  on.  For  the  present  purpose  it  is  sufficient  to  state 
that  the  sine  of  the  anele  of  repose  for  metallic  sur^tces  in  & 

30Qle 


212 


GEOMETRY  OF  MACHINERY. 


moderately  smooth  state,  and  not  lubricated,  as  deduced  from  the 
experiments  of  Morin,  ranges  from  0*15  to  0*2,  or  thei-eabouts;  so 

that  au  angle  whose 
sine  is  one-seoentk  of 
radius  may  be  con- 
sidered to  be  less  than 
the  angle  of  repose  of 
any  pair  of  metallic 
surfistces  which  are  in 
the  above-mentioned 
condition. 

The  frictional  catch, 
though  always  depend- 
ing on  the  principle 
just  stated,  is  capable 
of  great  variety  in 
detail  The  arrange- 
ment represented  in 
fig.  loO  is  constructed 
in  the  following  man- 
ner : — 

The  shaft  and  rim 
of  the  wheel  to  be 
acted  upon  are  shown 
in  section.  A  K  is 
the  catch-arm,  having 
a  rocking  motion 
about  the  axis  A  of 
the  wheel;  the  link 
by  which  it  is  driven 
is  supposed  to  be 
jointed  to  it  at  K; 
and  K'  K"  represents 
the  stroke,  or  arc  of 
motion,  of  the  point 
K;  so  that  K'  A  K"  is  the  angular  stroke  of  the  catch-arm.  L  is 
a  socket,  capable  of  sliding  longitudinally  on  the  catch-arm  to  a 
small  extent;  a  shoulder  for  limiting  the  extent  of  that  sliding 
motion  is  marked  by  dotted  lines.  The  spcket  and  the  part  of 
the  arm  on  which  it  slides  should  be  squai*e,  and  not  round,  to 
prevent  the  socket  from  turning.  From  the  side  of  the  socket 
there  projects  a  pin  at  D,  from  which  the  catch  D  G  n  bangs. 
M  is  a  spring,  pressing  against  the  forward  side  of  the  catch. 
G  and  H  are  two  studs  on  the  catch,  which  grip  and  carry  forward 
the  rim,  B  B  C  C,  of  the  wheel  during  the  forward  stroke,  by  means 
of  friction,  but  let  it  go  during  the  return  stroke. 
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A  similar  frictional  catchy  not  sliown  in  the  figure,  hanging 
from  a  socket  on  a  fixed  instead  of  a  moveable  arm,  at!  any 
convenient  part  of  the  rim  of  the  wheel,  serves  for  a  detent, 
to  hold  the  wheel  still  during  the  return  stroke  of  the  moveable 
catch-arm. 

The  following  is  the  graphic  construction  for  determining  the 
proper  position  of  the  studs  G  and  H ; — Multiply  the  radii  of  the 
outer  and  inner  surfaces,  B  B  and  0  0,  of  the  rim  of  the  wheel  by 
a  co-efficient  a  little  less  than  the  sine  of  the  angle  of  repose— say 
} — and  with  the  lengths  so  found  as  radii  describe  two  circular 
arcs  about  A;  the  greater  (marked  E)  lying  in  the  direction  of  for- 
ward motion,  and  the  less  (marked  P)  in  the  contrary  direction. 
From  D,  the  centre  of  the  pin,  draw  D  E  and  D  P,  touching  those 
two  arcs.  Then  G,  where  D  E  cuts  B  B,  and  H,  where  D  F  cuts 
C  C,  will  be  the  proper  positions  for  the  points  of  contact  of  the 
two  studs  with  the  rim  of  the  wheel.  For  the  force  by  which  the 
catch  is  driven  during  the  forward  stroke  acts  through  D;  that 
force  is  resolved  into  two  components,  acting  along  the  lines  D  G  E 
and  F  H  D  respectively;  and  those  lines  make  with  the  normals  to 
the  rim  of  the  wheel,  at  G  and  H  respectively,  angles  less  than  the 
angle  of  repose  of  a  pair  of  metallic  surfaces  that  are  not  lubricated. 
Should  it  be  thought  desirable^  the  positions  of  the  holding  studs, 
or  of  one  of  them,  may  be  made  adjustable  by  means  of  screws  or 
otherwise. 

The  stifiness  of  the  spring  M  ought  to  be  sufficient  to  bring  the 
catch  quickly  into  the  holding  position  at  the  end  of  each  return 
stroke. 

The  length  of  stroke  of  a  frictional  catch  is  arbitrary,  and 
may,  by  suitable  contrivances,  be  altered  during  the  motion. '  Con- 
trivances for  that  purpose  will  be  described  further  on. 

A  pair  of  frictional  catches  may  be  made  double-acting,  like  the 
double-acting  clicks  of  the  precedme  Article. 

198.  mmutd  ijiak.— A  slott^  link  is  connected  with  a  pin  at  one 
of  its  ends,  not  by  a  round  hole  fitting  the  pin  closely,  but  by  an 
oblong  opening  or  slot  with  semicircular  ends.  This  is  an  example 
of  intermittent  linkwork;  the  intermission  in  its  action  taking 
place  during  the  middle  part  of  each  stroke,  while  the  pin  is 
shifting  its  position  relatively  to  the  link  from  the  one  end  of  the 
slot  to  the  other.  That  intermission  takes  effect  by  producing  a 
pause  in  the  motion  of  that  piece  which  is  the  follower,  and  which 
may  be  either  the  link  or  the  pin;  and  the  stroke  of  the  follower 
is  shorter  than  that  of  the  driver  by  an  extent  corresponding  to 
the  length  of  the  slot,  as  measured  from  centre  to  centre  of  its  two 
semicimdar  ends. 

199.  Basdl  iitalu.— Where  tension  alone,  and  not  thrust,  is 
to  act  along  a  link,  it  may  be  flexible,  and  may  consist  eii^er 
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of  a  single  band,  or  of  an  endless  band  passing  round  a  {Mtir 
of  ptilleys  which  turn  round  axes  traversing  and  moving  witJi 
the  connected  point&  For  example,  in  fig.  \^\^  A  is  the  axis 
of  a  rotating  shaft,  B  that  of  a  crank-pin, 
C  the  other  connected  point,  and  B  C 
the  line  of  connection;  and  the  connection 
is  effected  by  means  of  an  endless  band, 
passing  round  a  pulley  which  is  centred 
upon  0,  and  round  the  crank-pin  itself, 
which  acts  as  another  pulley.  The  pulleys 
are  of  course  secondary  pieces;  and  the 
motion  of  each  of  them  belongs  to  the 
subject  of  aggregate  combinations,  being 
compounded  of  the  motion  which  they  have 
along  with  the  line  of  connection,  B  C,  and 
of  their  respective  rotations  relatively  to 
>  that  line  as  their  line  of  centres;  but  the 
motion  of  the  points  B  and  C  is  the  same  as 
if  B  0  were  a  rigid  Unk,  provided  that  iforces 
act  which  keep  the  band  always  in  a  state 
of  tension. 

This  combination  is  u^ed  in  order  to  lessen 

'iSg,  151  the  friction,  aa  compared  with  that  which 

takes  place  between  a  rigid  link  and  a  pair  of 

pins;  and  the  band  employed  is  often  a  leather  chain,  of  the  kind 

already  mentioned  in   Article  176^    page  191^  because    of  its 

flexibUity. 


SEcnoH  VIL— (/owwo^um  hy  PUas  of  Cardy  or  hy 
Ekkiplicatian, 


200.  OcMiBi  BgpiM—ftoM  (A.  M.,  494.)— The  comlanation  d 
pieces  connected  by  the  several  plies  of  a  cord,  rope,  or  chain,  con- 
sists of  a  pair  of  cases  or  frames  called  blocks,  each  containing  one 
or  more  pmleys  called  skeowea.  One  of  the  blocks  (A,  figs.  152, 153), 
oalledthe./EMi^^oc^  or  faU-Uook,  is  fixed;  the  oihsr,  called  the 
fly-block,  or  naming  block,  B,  is  moveable  to  or  from  the  fall- 
block,  with  which  it  is  connected  by  means  of  a  rope,  or  /all,  of 
whidi  one  end  is  fiwtened  either  to  a  fixed  point  or  to  the  running 
block,  while  the  other  end,  C,  called  the  hauling  paH,  is  free;  and 
the  intermediate  portion  of  the  rope  passes  alternately  round  the 
pullers  in  the  fixed  bkx^  and  running  block.  The  several  plies  of 
the  rope  are  called  by  seamen  parts;  and  the  part  which  has  its 
end  fastened  is  called  the  standing  part.  The  whole  combination 
is  called  a  tackle  or  purchase.  When  the  hauling  part  is  the  driver, 
and  the  running  block  the  follower,  the  two  blocks  are  beinff  drawn 
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together;  when  the  ranniDg  block  is  the  driver,  and  the  hauling 
part  the  foUower,  the  two  blocks  are  being  pulled  apart 

201.  T<teettf.BiuiM.  {A.  M.^  495, 496.)---Thet?e;oaty-naio chiefly 
considered  in  a  purchase  is  that  between  the  velocitieB  of  the 
running  block,  B,  and  of  the  hauling  part,  C.  That  ratio  is 
expressed  by  the  number  of  pHea  of  rope  by  which  the  running 
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Fig.  158. 


block  is  connected  with  the  &ll-block.     Thus,  in  fig.  152,  C  -r  B 
B  7;  and  in  fig.  153,  0  -i-  B  s  6.    A  tackle  is  calle$i  a  tufo/M 
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purehasBy  a  threefold  purehaee,  and  so  on,  according  to  the  value  of 
the  velocity-ratio  C  -r-  B.  For  example,  fig.  152  is  a  sevenfold 
purchase,  and  fig.  153  a  sixfold  purchase. 

The  vdocUy  ^any  ply  or  part  of  the  rope  is  found  in  the  follow- 
ing manner : — For  a  ply  on  the  side  of  the  fall-block,  A,  next  the 
hauling-part,  C,  it  is  to  be  considered  what  would  be  the  velocity  of 
that  ply  if  it  were  itself  the  hauling  part :  that  is  to  say,  the  ratio 
of  its  velocity  to  that  of  the  running  block  is  expressed  by  the 
number  of  plies  hettoeen  the  ply  in  question  and  the  point  of  attach- 
ment of  the  standing  part  For  a  ply  on  the  side  of  the  fiEJl-block 
furthest  from  the  hauling  part,  the  velocity  is  equal  and  contrary  to 
that  of  the  next  succeeding  ply,  with  which  it  is  directly  connected 
over  one  of  the  sheaves  of  the  fall-block.  If  the  standing  part  is 
attached  to  a  fixed  point,  as  in  fig.  153,  its  velocity  is  nothing;  if  to 
the  running  block,  as  in  fig.  152,  its  velocity  is  equal  to  that  of 
the  block.  The  comparative  velocities  of  the  several  parts  of  the 
ropes  are  expressed  by  the  upper  row  of  figures.  The  lower  row 
of  figures  express  the  velocities  of  the  several  parts  relatively  to 
the  running  block. 

202.  OrdiuuT  F«rai  •f  Paner-Bi^ks.— A  block,  as  used  on  boaH 
ship,  consists  of  an  oval  shdlf  usually  of  elm  or  metal,  containing 
one  or  more  pulleys,  called  sJiea/ves,  of  lignum-vitaB  or  metal,  turn- 
ing about  a  cylindrical  wrought-iron  pin.  The  round 
hole  in  the  centre  of  a  wooden  sheave  is  lined  with 
a  gun-metal  tube  called  the  bushing.  The  part  of  the 
sheave-hole  through  which  the  rope  or  chain  reeves 
is  called  the  svxdlow.  In  the  bottom  and  sides  of  a 
^  block  is  a  groove  called  the  score,  into  which  fits  the 
strop  or  strapping  of  rope  or  iron  by  which  the  block  is 
hung  or  secured  to  its  place.  Ordinary  blocks  con- 
taining one  pin  are  called  single,  double,  treble,  Ac^ 
according  to  the  number  of  sheaves  that  turn  about 
that  pin  side  by  side.  Each  sheave  turns  in  a  separate 
hole  in  the  shelL  Fig.  154  shows  examples  of  the 
forms  of  iron  pulley-blocks  commonly  used  in  machinery 
on  land.  A  is  a  treble  block ;  B,  a  double  block.  The 
block  B  has  an  eye  for  the  attachment  of  the  standing 
part  of  the  rope. 

203.  Wkitc^  PiOleTs.— When  the  sheaves  of  a  blocks 

as  in  the  ordinary  form,  are  all  of  the  same  diameter,  they 

all  turn  with  different  angular  velocities,  because  of  the 

different  velocities  of  the  plies  of  rope  that  pass  over 

Fig.  154.     them.     But  by  making  the  effective  radius  of  each 

sheave  proportional  to  the  velocity,  rdativdy  to  the 

block,  of  the  ply  of  rope  which  it  is  to  carry,  the  angular  velocities 

of  the  sheaves  in  one  block  may  be  rendered  equalj^so  that  the 
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sheaves  may  be  made  all  in  one  piece^  having  two  journals  which 
turn  in  fixed  bearings. 

These  are  called  "  White's  Pulleys,"  from  the  inventor;  and  they 
are  represented  in  figs.  152  and  153,  page  215:  having  been  chosen 
to  illustrate  the  general  principles  of  the  action  of  blocks  and  tackle, 
because  of  the  clearness  with  which  they  show  the  positions  of  all 
the  parts  of  the  rope. 
They  are  not,  however, 
much  used  in  practice, 
because  the  unequal 
stretching  of  different 
])arts  of  the  cord  pre- 
vents the  combination 
fix)m  working  with  that 
degree  of  accuracy  which 
is  necessary  in  order  that 
any  advantage  may  be 
obtained  by  means  of  it 
over  the  common  con- 
struction. 

204.  CmiiFMnUI    Pnr^ 
-  A     compound 


purchase  consists  of  a 
tram  of  simple  pur- 
chases; that  is  to  say, 
the  hauling  part  of  one 
tackle  is  secured  to  the 
running  block  of  another, 
and  so  on,  for  any  num- 
ber of  tackles.  In  prac- 
tice, however,  the  number 
of  tackles  in  a  compotmd 
purchase  is  almost  always 
two;  and  then  the  rope 
that  has  the  running 
block  secured  to  it  is 
usually  called  the  pen- 
doTUf  and  the  rope  that 
is  directly  hauled  upon 
by  hand,  the  fall. 

The  velocity-ratio  is, 
OS  in  other  trains  of 
elementary  combinations, 
the  product  of  the  velo- 
city-ratios belonging  to  the  elementary  or  simple  tackles  of  which 
the  compound  purchase  consists.  ^^^^^^^^^  ^^  Google 
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For  example,  in  fig.  155,  A  B  0  is  a  twofold  purcbase;  and 
at  D,  its  pendant  is  secured  to  the  fly-block  of  a  threefold  pur- 
chase, D  E  F,  whose  hauling  part  is  F  G.  The  velocity-ratio  of 
D  to  B  is  2,  and  that  of  G  to  D  is  3;  so  that  the  velocity-ratio 
ofGtoBis2x3s=6;  and  the  compound  purchase  is  sixfold. 

205.  WUpe  mnd  Bprnce  Kc^alred  Ibr  m  Pmrehaae. — An  elementary 
or  simple  purchase  requires  no  more  space  to  work  in  than  the 
greatest  distance  from  outside  to  outside  of  the  fixed  and  running 
blocks.  The  least  length  of  rope  sufficient  for  it  may  be^  found 
as  follows: — To  the  greatest  distance  between  the  centres  of  the 
blocks  add  half  the  effective  circumference  of  a  sheave  (see  Article 
166,  page  180);  multiply  the  sum  by  the  number  of  plies  of  rope 
which  connect  the  blocks  with  each  other;  and  to  the  product  add 
the  least  length  of  the  hauling  part  required  under  the  ciroum- 
stances  of  the  particular  case. 

A  compound  purchase  requires  a  length  of  space  to  work  in 
equal  to  the  whole  distance  traversed  by  the  fly-block  .of  the  last 
purchase  in  the  train  (viz.,  that  whose  hauling  part  is  free),  witli 
a  sufficient  additional  length  added  for  the  blocks  and '  their 
fastenings. 

206.  obliqneiy-acting  Tackle. — ^The  parts'of  the  rope  of  a  tackle, 
instead  of  being  parallel  to  each  other  and  to  the  direction  of 
motion  of  the  running  block,  may  make  various  angfes  with  that 
direction.    For  example,  in  fig.  156^  B  is  the  running  blocks  and  B  6 


Fig.  166. 

its  line  of  motion ;  and  in  the  case  represented,  that  block  hangs 
from  two  parts  of  a  rope — ^the  standing  part,  B  A,  and  another 
part,  B  C.  To  find  the  velocity-ratio  of  the  hauling  part,  D,  to  the 
running  block,  B :  from  the  centre,  B,  of  that  block,  draw  straight 
lines,  B  a,  B  c,  parallel  to  the  parts  of  the  rope  by  which  it  hai^gs ; 
at  any  convenient  distance  fiom  B,  draw  the  straight  line  ab  c 
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perpesndicular  to  B  5,  and  cuttmg   all  the  straight  lines  -which 
diverge  from  B;  then, 

asB6:istoBa-f-  Be, 

:  :  so  is  the  velocity  of  B 
:  to  the  velocity  of  D; 

and  the  same  rule  may  be  extended  to  any  number  of  parts,  thus: 
velocity  of  D       sum  of  lenjB^hs  cut  off  on  lines  diverging  from  B 
velocity  of  B  ""  B  6 

The  oombiuation  belongs  to  Class  B;  because,  owing  to  the  con- 
tinual variation  of  the  obliquity  of  the  parts  of  the  rope,  the  velocity- 
ratio  is  continually  changing. 

206  A.  Tillar-B«pM.~The  tiller  of  a  ship  is  a  horizontal  lever 
projecting  from  the  rudder-head,  by  means  of  which  the  position  of 


Fig.  156  j 
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the  rudder  is  adjusted.  It  nsuallj  points  forward;  that  is,  in  the 
contrary  direction  to  the  rudder  itsel£  In  ships  of  war  the  tiller  is 
usuaUy  piU  over,  or  moved  to  one  side  or  to  the  other,  by  means  of  a 
pair  of  obliquely-acting  twofold  tackles,  made  of  raw  hide  ropes, 
which  haul  it  respectively  to  starboard  (that  is,  towards  the  right) 
and  to  port  (that  is,  towards  the  left),  when  required.  The  hauHng 
parts  of  both  tackles  are  guided  by  fixed  pulleys  so  as  to  be  wound 
in  opposite  directions  round  one  barrel,  which  is  turned  by  means 
of  the  steering-wheel.  * 

Fig.  156  A  is  a  plan  of  this  combination.  A  is  the  rudder-head ; 
A  B,  the  tiller,  shown  as  amidships,  or  pointing  right  ahead; 
D  B  F  G  is  the  starboard  tiller-rope;  D'  B  F  G',  the  port  tiller, 
i-ope.  These  ropes  are  made  fast  to  eye-bolts  at  D  and  D*;  at  B 
they  are  rove  through  blocks  that  are  secured  to  the  tiller ;  at  P 
and  F  they  are  led  round  fixed  pulleys;  and  G  and  G'  are  their 
hauling  pai*ts,  which  are  led,  by  means  of  pulleys  which  it  is  unne- 
cessary to  show  in  the  figure,  to  the  barrel  of  the  steering-wheeL 

A  6  is  the  position  of  the  tiller  when  put  over  about  40°  to  star- 
board ;  and  the  conesponding  positions  of  the  tiller-ropes  are 
D  6  F  G  and  D'  6  F  G'. 

In  order  that  the  tiller-ropes  may  never  become  too  slack,  it  is 
necessary  that  the  sum  of  the  lengths  of  their  several  parts  should 
be  nearly  constant  in  all  positions  of  the  tiller;  that  is  to  say,  that 
we  should  have,  in  all  positions, 

D6  +  6F  +  D'6-f.6F  nearly  =  2  (D  B  +  B  F). 

That  object  is  attained,  with  a  rough  approximation  sufficient  for 
practical  purposes,  by  adjusting  the  positions  of  the  points  D,  D', 
and  F,  F,  according  to  the  following  rule : — 

Rule. — ^About  A,  with  the  radius  A  B,  describe  a  circle.    Make 

2 
A  C  =  -  A  B ;  and  through  C,  perpendicular  to  A  B,  draw  a 

o 

straight  line  cutting  that  circle  in  D  and  D'.  These  will  be  the 
|>oints  at  which  the  standing  parts  of  the  ropes  are  to  be  made  fast. 

Then  produce  A  B  to  E,  making  B  E  =  —  A  B;  and  through  E, 

perpendicular  to  A  B  E,  draw  F  E  F,  makbg  E  F  =  E  F'  =  j 

C  D ;  F  and  F  will  be  the  stations  for  the  fixed  blocks. 

When  the  angle  B  A  6  is  about  ^O'',  the  sum  of  the  lengthy  of 
the  parts  of  the  ropes  is  a  little  greater  than  when  the  tiller  is 
amidships;  but  the  difierence  (which  is  about  one-oOth  part  of  the 
length  expressed  in  the  preceding  equation)  is  not  so  great  as  to 

•  See  Peake's  Rudimentary  Treatise  on  Shipbuilding,  second  volume,  pp. 
G6,  162 ;  also  Watts,  Kankine,  Napier,  and  Barnes  On  Shipbuilding^  p.  202. 
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cause  any  mconvenient  increase  of  tightness.  For  angles  not 
exceeding  SO"*  the  approximation  to  iinifbrmitj  of  tightness  is 
extremely  close. 

SflcnoN  YIIL — HydrauUc  Connection. 

207.  cicBcni  Natnre  of  tke  CoMbiiuuioas— -The  kind  of  com- 
binations to  which  the  present  section  relates  are  those  in  which 
two  cylinders  fitted  with  moveable  pistons  are  connected  with  each 
other  by  a  passage,  and  the  space  between  the  pistons  is  entirely 
filled  with  a  mass  of  fluid  of  invariable  volume. 

Any  liqnid  mass  may  be  treated,  in  most  practical  questions 
respecting  the  transmission  of  motion,  as  if  its  volume  were  in- 
variable, because  of  the  smallness  of  the  change  of  volume  produced 
in  a  liquid  by  any  possible  change  of  pressure.  For  example,  in 
the  case  of  water,  the  compression  produced  by  an  increase  in  the 
intensity  of  the  pressure  to  the  extent  of  one  atmosphere  (or  14*7 
lbs.  on  the  square  inch),  is  only  one-20,000th  part  of  the  whole 
volume.    (See  Article  88,  page  75.) 

The  volume,  then,  of  the  mass  of  fluid  enclosed  in  the  space 
between  two  pistons  being  invariable,  it  follows  that  if  one  piston 
(the  driver)  moves  inwards,  sweeping  through  a  given  volume,  the 
other  piston  (the  follower)  must  move  outwards,  sweeping  through 
an  exactly  equal  volume;  otherwise  the  volume  of  the  space  con- 
tained between  the  pistons  would  change;  and  this  is  the  principle 
upon  which  the  comparative  motion  in  hydraulic  connection  depends. 

208.  Cyllnden.  pisioim,  aod  Plaagers.— A  piston  is  a  primary 
piece,  sliding  in  a  vessel  called  a  cylinder.  The  motion  of  the  piston 
is  most  commonly  straight;  and  then  the  bearing  sur&ces  of  the 
piston  and  cylinder  are  actually  cylindrical,  in  the  mathematical 
sense  of  that  word. 

When  the  motion  of  a  piston  is  circular,  the  bearing  sur^Eices 
of  the  piston,  and  of  the  vessel  in  which  it  slides,  are  surfaces  of 
revolution  described  about  the  axis  of  rotation  of  the  piston ;  but 
that  vessel,  in  common  language,  is  still  caUed  a  cylmder,  although 
its  figure  may  not  be  cylindric^. 

A  plunger  is  distinguished  from  an  ordinaiy  piston  in  the  follow- 
ing way : — The  bearing  surface  of  a  cylinder  for  a  plunger  consists 
merely  of  a  eoUaVf  of  a  depth  sufficient  to  prevent  the  fluid  from 
escaping;  and  the  plunger  slides  through  that  collar,  and  has  a 
beanng  surface  of  a  length  equal  to  the  depth  of  the  collar  added 
to  the  length  of  stroke;  so  that  during  the  motion  diflerent  parts 
of  the  surface  of  the  plunger  come  successively  into  contact  with  the 
same  surface  of  the  collar.  On  the  other  hand,  an  ordinaiy  piston 
has  a  bearing  surface  of  a  depth  merely  sufficient  to  prevent  the 
fluid  from  escaping;  and  the  cylinder  has^a  bearing  surface  of  a 
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length  equal  to  the  depth  of  that  of  the  piston  added  to  the  length 
of  stroke;  so  that  during  the  motion  the  same  surface  of  the  pistou 
comes  into  contact  successively  with  different  parts  of  the  surface 
of  the  cylinder.  For  example,  in  fig.  157,  A  is  a  plunger,  working 
through  the  collar  £  in  the  cylinder  C;  and  in  fig.  15S,  A  is  an 


Fig.  167. 


39 


Fig.  158. 


ordinary  piston,  working  in  the  cylinder  R  The  action  of  plungers 
and  of  ordinary  pistons  in  transmitting  motion  is  exactly  the  same ; 
and  in  stating  the  general  principles  of  that  action,  the  word 
pisUm  is  used  to  include  plungers  as  well  as  ordinary  pistons. 

The  voltime  awept  by  a  piston  in  a  given  time  is  the  product  of 
two  fiictors — transverse  area  and  length.  The  transverm  wrta  is 
that  of  a  plane  bounded  by  the  b^uring  surface  of  the  piston 
and  cylinder,  and  normal  to  the  direction  of  motion  of  the  piston, 
so  that  it  cuts  that  surface  everywhere  at  right  angles.  In  a 
straight-sliding  piston  that  plane  is  normal  to  the  axis  of  the 
cylinder;  in  a  piston  moving  circularly,  it  traverses  the  axis  of 
rotation  of  the  piston:  in  other  words,  the  urea  is  that  of  a 
projection  of  the  piston  on  a  plane  normal  to  its  direction  of 
motion. 

When  the  motion  of  the  piston  is  straight,  the  length  of  the 
volume  swept  through  is  dmply  the  distance  moved  by  each  point 
of  the  piston.     When  the  motion  is  circular,  that  length  is 
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the  distance  moved  through  by  the  cerutre  of  the  (vrm  of  the 
piston.* 

So  long  as  the  transverse  area  and  length  of  the  space  svrept  by 
a  piston  are  the  same,  it  is  obvions  that  the  form  of  the  ends  of 
that  piston  does  not  affect  the  volume  of  that  space. 

When  the  space  in  the  cylinder  which  contains  the  fluid  acted 
on  by  a  piston  is  traversed  by  a  piston-rod,  the  effective  transverse 
area  is  equal  to  the  tranverse  area  of  the  piston,  with  that  of  the 
rod  subtracted.  For  example,  in  ^g.  158,  the  upper  division  of 
the  cylinder  is  traversed  by  the  piston-rod  C,  workmg  through  the 
stuffing-box  D ;  hence  the  effective  transverse  area  in  that  division 
of  the  cylinder  is  the  difference  between  the  transverse  areas  of  the 
piston  A  and  rod  C.  In  the  lower  division  of  the  cylinder,  where 
there  is  no  rod,  the  whole  transverse  area  of  the  piston  is  effective. 
A  trunk  acts  in  this  respect  like  a  piston-rod  of  large  diametei:. 

209.  CoHiFanuire  Teiociaes  of  pistoBs.— From  the  equality  of  the 
volumes  swept  through  by  a  pair  of  pistons  that  are  connected  with 
each  other  by  means  of  an  intervening  fluid  mass  of  invariable 
volume,  it  obviously  follows  that  the  velocities  of  the  pistons  are 
inversely  as  their  transverse  a/reas. 

The  transverse  areas  are  to.  be  measured,  as  stated  in  the  pre- 
ceding Article,  on  planes  normal  to  the  directions  of  motion  of  the 
pistons;  and  when  the  motion  of  a  piston  is  circular,  the  velocity 
referred  to  in  the  rule  is  that  of  the  centre  of  its  transverse  area. 

Let  A  and  A'  denote  the  transverse  areas  of  the  two  pistons 

marked  with  those  letters  in  fig.  159,  page  224,  and  v  and  vf  their 

i      A 
velocities;  then  their  velocity-ratio  is  -  =  — ;. 

As  the  velocity-ratio  of  a  given  pair  of  connected  pistons  is  con- 
stant, the  combination  belongs  to  Willis's  Class  A. 

210.  Cmapuntlre  Velocities  of  Fiaid  rarUclce.— It  may  sometimes 

be  required  to  find  the  comparative  mean  velocities  with  which 

*  To  find  the  distance  of  the  centre  of  a  plane  area  firom  an  axis  in  the 
plane  of  that  area :  divide  the  area,  by  lines  parallel  to  that  axis,  into  a 
number  of  narrow  bands ;  let  (2  x  be  the  breadth  of  one  of  those  bands,  and 

* 2f  its  length;  then y  dx\a  the  area  of  that  band ;  and    I    y  d  x  ia  the 

whole  area.    Let  x  be  the  distance  from  the  axis  to  the  centre  of  tiie  band 

y  d  x;  then  xy  dx  iM  the  geometrical  moment  of  that  band,  and  I  xyd  x 

is  the  geometrical  moment  of  the  whole  area  relatively  to  the  axis;  which 
moment,  being  divided  by  the  area,  gives  the  required  distance  of  the  centre 
of  the  area  from  the  axis,  viz., 

/xydx 
^  = .  (See  Article  298,  page  331) 

j  ydx 
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the  fluid  particles  flow  through  a  giveu  section  of  the  passage  which 
connects  a  pair  of  pistons;  it  beinff  understood  that  the  mean 
velodly  of  flow  through  a  given  section  of  the  passage  denotes  the 
mean  value  of  the  component  velocities,  in  a  direction  normal  to 
that  section,  of  all  the  particles  that  pass  through  it.  From  the 
fact  that  in  a  given  time  equal  volumes  of  fluid  flow  through  all 
sectional  sur&ces  that  extend  completely  across  the  passage,  it 
follows  that  the  mean  velocUy  of  flow  through  any  such  section  is 
inversdy  as  its  area  ^a  principle  already  stated  in  Article  %%^  page 
76);  and  this  principle  applies  to  all  possible  sections,  transverse 
and  oblique,  plane  and  curved. 

For  example,  in  fig.  159,  let  B  denote  the  area  of  a  transverse 
section^  B  B,  of  the  passage  which  connects  the  two  cylinders,  and 


jlA 


A 


c\ 


Fig.  159. 


u  the  mean  velocity  with  which  the  particles  of  fluid  flow  through 
that  section;  then  <^,  as  before,  being  the  velocity  of  the  piston 
whose  transverse  area  is  A,  we  have 


V 


A 
B 


Also,  let  C  denote  the  area  of  an  oblique  section,  C  C,  of  the  passage, 
and  \D  the  mean  component  velocity  of  the  fluid  particles  in  a 
direction  normal  to  that  section;  then 


«7      A        J  to      B 


211.17m  •f  TalTM— laicnUttcat  BjdnuiUc  €«aaecitoa.— Values 
are  used  to  regulate  the  communication  of  motion  through  a  fluid 
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by  opening  and  shutting  passages  through  which  the  fluid  flows. 
For  example,  a  cylinder  may  be  provided  with  valves  which  shall 
cause  the  fluid  to  flow  in  through  one  passage,  and  out  through 
another.     Of  this  use  of  valves  two  cases  may  be  distinguished. 

L  WJien  the  piston  drives  the  Jluidy  the  valves  may  be  what  is 
called  se^-acting;  that  is,  moved  by  the  fluid  If  there  be  two 
passages  into  the  cylinder,  one  provided  with  a  valve  opening 
inwards,  and  the  other  with  a  valve  opening  outwards,  then, 
during  the  outward  stroke  of  the  piston,  the  former  valve  is  opened 
and  the  latter  shut  by  the  inward  pressure  of  the  fluid,  which  flows 
in  through  the  former  passage;  and  during  the  inward  stroke  of 
the  piston  the  former  valve  is  shut  and  the  latter  opened  by  the 
outward  pressure  of  the  fluid,  which  flows  out  through  the  latter 
passage.  This  combination  of  cylinder,  piston,  and  valves  con- 
stitutes a  pwiwp, 

II.  Whsa  <Ae  fluid  drives  the  piston,  the  valves  must  be  opened 
and  shut  by  mechanism,  or  by  hand.  In  this  case  the  cylinder  is 
a  iDorking  cylinder. 

It  is  by  the  aid  of  valves  that  intermiUent  hydrcmlic  connection 
between  two  pistons  is  eflected;  and  the  action  produced  is 
analogous  to  that  of  the  click,  ratchet,  and  detent,  in  intermittent 
link-work. 

For  example,  in  the  Hydraulic  Press,  the  rapid  motion  of  a  small 
plunger  in  a  pump  causes  the  slow  motion  of  a  large  plunger  in 
a  working  cylinder;  and  the  connection  of  the  pistons  is  made 
intermittent  by  means  of  the  discharge  valve  o£  the  pump;  being 
a  valve  which  opens  outwards  from  the  pump  and  inwards  as 
regards  the  working  cylinder.  The  pump  draws  water  from  a 
reservoir,  and  forces  it  into  the  working  cylinder:  during  the 
inward  stroke  of  the  pump  plunger,  the  plunger  of  the  working 
cylinder  moves  outward  with  a  velocity  as  much  less  than  that  of 
lie  pump  plunger  as  its  area  is  greater.  At  the  end  of  the  inward 
stroke  of  ihe  pump  plunger,  the  valve  between  the  pump  and  the 
•working  cylinder  closes,  and  prevents  any  water  from  returning 
from  the  working  cylinder  into  the  pump;  and  it  thus  answers  the 
purpose  of  the  detent  in  ratchet-work  (see  page  206).  During  the 
outward  stroke  of  the  pump  plunger  that  valve  remains  shut,  and 
the  plunger  of  the  working  cylinder  stands  still,  while  the  pump  is 
again  filling  itself  with  water  through  a  valve  opening  inwards. 
When  the  piston  of  the  working  cylinder  has  finidied  its  outward 
stroke,  which  may  be  of  any  length,  and  may  occupy  the  time  of 
any  number  of  strokes  of  the  pump,  it  is  permitted  to  be  moved 
inwards  again  by  opening  a  valve  by  band  and  allowing  the  water 
to  escape. 

A  hydraulic  press  is  often  furnished  with  two,  three,  or  more 
pumps,  making  their  inward  strokes  in  succession,  and  so  producing 
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a  contmiums  motion  of  the  workiDg  plunger.  This  is  analogous  to 
the  douMe-acting  dick  (page  209). 

211  A.  FiMiMe  CjMMiiw  wid  i»iiiB«. — By  an  extension  of  the 
use  of  the  word  '' cylinder,"  it  may  be  made  to  include  vessels  made 
•whdly  or  partly  d  a  flexible  material,  which  answer  the  purpose 
of  a  cylinder  with  its  piston,  by  altering  their  shape  and  internal 
capacity ;  such  as  bellows.  Questions  as  to  this  class  of  yessels 
may  be  approximately  solved  according  to  purely  geometrical 
principles,  by  assuming  the  flexible  mfl^terial  of  which  they  are 
made  to  be  inextensible. 

In  bellows,  and  pumps  constructed  on  the  principle  of  bellows, 
ihe  vessel  must  have  at  least  a  pair  of  rigid  ends,  whidi,  being 
moved  alternately  from  and  towards  each  other,  answer  ike  purpose 
of  a  piston.  If  those  ends  are  equal  and  similar,  and  connected 
together  by  sides  that  may  be  assumed  to  be  inextensible  and 
p^eotly  flexible,  the  volume  of  fluid  alternately  drawn  in  and 
forced  out  may  be  taken  as  nearly  equal  to  the  area  of  one  end 
multiplied  by  the  distance  through  which  the  centre  of  area  of  one 
end  moves  alternately  towards  and  from  the  other  end. 

Another  example  is  furnished  by  a  kind  of  pump,  in  which  a 
circular  orifice  in  one  of  the  sides  of  a  box  is  closed  by  a  rigid  flat 
disc  of  smaller  diameter,  and  a  bag  in  the  form  of  a  conical  frustum 
of  leather,  or  some  other  suitable  material — ^the  inner  edge  of  the 
leatiier  b^ng  made  fast  to  the  disc,  and  the  outer  edge  to  the  cir- 
cumference of  the  orifice.  In  working,  the  disc  is  moved  alternately 
inwards  and  outwards,  so  as  to  draw  the  conical  bag  ti^t  in 
opposite  directions  alternately.  To  find  the  virtual  area  of  piston, 
add  togetiier  the  area  of  the  disc,  the  area  of  the  orifice,  and  four 
times  ihe  area  of  a  circle  whose  diameter  is  the  half-sum  of  the 
diameters  of  the  disc  and  orifice,  and  divide  the  sum  by  six. 
That  virtual  area,  multiplied  by  the  length  of  stroke,  gives  neadij 
the  volume  of  fluid  moved  per  stroke. 

In  Baurdon^a  fmmps  and  engines  an  elastic  metal  tube,  of  a 
flattened  form  (^  transverse  section,  is  bent  so  as  to  present  the 
figure  of  a  circular  ara  The  internal  capacity  of  the  tube  is 
varied  by  alternately  admitting  and  expelling  fluid;  the  efi^t  of 
which  IB  to  flatten  the  curvature  of  the  tube  when  its  capacity  is 
increased,  and  to  sharpen  that  curvature  when  that  capacity  is 
diminished;  so  that  if  one  end  oi  the  tube  is  fixed  in  position  and 
direction,  the  other  end  has  an  oscillating  motion. 

In  fig.  81,  page  114,  the  arcs  A  D,  A  D',  A  D"  may  be  taken 
to  represent  successive  positions  of  the  tube;  A  being  its  fixed  end, 
and  D  its  moveable  end  The  path  of  the  moveable  end,  D  D'  D% 
is  nearly  an  arc  of  a  circle  of  the  radius  C  G  =  f  of  the  length  of 
the  tube.  The  capacities  of  the  tube  in  its  several  diflerent  posi- 
tions, A  D,  A  ly,  A  D",  &C.,  vary  nearly  in  the  inverse  rcUio  qftlte 
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arcs  G  D,  G  D',  G  D",  &a ;  so  that  if  the  capacity  of  the  tube,  when 
in  a  given  poaitioD,  is  known,  we  can  calculate  its  capadiy  in  any 
other  pofiitiony  and  the  volume  of  fluid  admitted  or  expelled  in 
passing  from  any  given  position  to  any  other.* 

Section  IX. — Miacdlaneous  Principles  respecting  Trains. 

212.  €«Bvcrsiii«  TrafaMi— The  essential  principles  of  a  train  of 
mechanism  have  been  stated  in  Article  93,  page  80.  Two  or 
more  trains  may  converge  into  one;  that  is  to  say,  two  or  more 
primaiy  pieces,  which  are  followers  in  different  trains,  may  all  act 
as  drivers  to  one  primary  piece.  In  such  cases  the  comparative 
motion  in  each  of  the  elementary  combinatious  formed  by  the  one 
follower  with  its  several  drivers  is  fixed  by  the  nature  of  the 
connection;  and  thus  the  comparative  motions  of  all  the  pieces  are 
determined.  As  an  example  of  converging  trains,  we  may  take  a 
compound  steam  engine,  in  which  two  or  more  pistons  drive  one 
shafts  each  by  its  own  connecting-rod  and  crank. 

213.  iHvctsiiHP  TmiMs.~One  train  of  mechanism  may  diverge 
into  two  or  more;  that  is  to  say,  one  primary  piece  may  act  as 
driver  to  two  or  more  primary  jneces,  each  of  which  may  be  the 
commencement  of  a  distinct  tndti.  In  this  case,  as  well  as  in  that 
of  converging  trains^  the  comparative  motions  of  all  the  pieces  are 
determined. 

Examples  of  diverging  trains  might  be  multiplied  to  any  extent. 
One  of  the  most  common  cases  is  that  in  which  a  number  of  differ- 
ent machines  in  a  factory  are  driven  by  one  prime  mover:  all 
those  machines  are  so  many  diverging  trains.  In  many  instances 
there  are  divei^ng  trains  in  one  machine ;  thus  in  almost  every 

*  Let  A  IK  be  the  pontiaii  for  which  the  capacity  of  the  tube  is  known, 
and  let  y  be  that  capacity.  Let  A  D  and  A  D^  be  the  positions  of  the  tube 
at  the  two  ends  of  its  stroke;  let  V  and  V  be  the  corresponding  capacities; 
and  let  the  lengths  of  the  arcs  G  D,  G  IK,  G  D"  be  denoted  by  s,  «",  «" 
respectively.    Then  we  have 

V  «  =  W  =  V"  «";  and  i  :  ^  :  i  :  :  V  :  V  :  V (L) 

The  volnme  of  fltiid  admitted  or  ezpeEed  at  each  stroke  is  as  follows : — 

v.-v  =  y'.(>-J).v:£Jl=fl (., 

The  length  of  stroke  of  the  point  I>  is  «  —  «";  hence  tibe  apparatus  may 
bo  regard^  as  equivalent  to  a  cylinder  and  pist^  of  that  length  of  stroke^ 
and  m  the  followmg  transverse  area : — 

«—«"■"  9  6" " *A* ^  i' 
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macliine  tool  there  are  at  least  two  diverging  ti:ains— one  to  pro- 
duce the  cutting  motion,  and  the  other  the  feed  motion. 

214.  TniH  for  dimiBisMBg  FlaciutioM  •T  0pM4.— The  fluctua- 
tions in  the  velocity-ratio,  when  a  revolving  and  a  reciprocating 
point  are  connected  by  means  of  a  link,  have  been  stated  in  Article 
184,  pages  196,  197,  and  in  Article  188,  pages  199  to  201.  In 
some  cases  it  is  desirable  that  the  velocity-ratio  of  a  reciprocating 
point  to  a  revolving  point  should  be  more  nearly  uniform.  For 
this  purpose  a  train  of  two  combinations  may  be  used, — ^the  first 
primary  piece  being  a  rotating  shaft,  which  may  be  called  A;  the 
second,  another  rotating  shaft,  which  may  be  called  B;  and  the 
third,  the  reciprocating  piece,  C.  The  connection  of  A  with  B  Lb 
by  means  of  a  pair  of  equal  and  similar  two-lobed  wheels  (see 
Article  109,  page  97);  and  a  crank  on  B,  by  means  of  a  connecting- 
rod,  drives  C.  The  two-lobed  wheels  are  to  be  so  placed  that  the 
shortest  radius  of  the  wheel  on  B  shall  be  in  gearing  with  the 
longest  radius  of  the  wheel  on  A  at  the  instants  when  the  crank  is 
passing  its  dead-points.  The  result  to  be  aimed  at  in  the  arrange- 
ment is,  that  each  qiuxrter-stroke  of  C  shall  be  made  as  nearly  as 
possible  in  the  time  of  one-^ghth  of  a  revoltUion  of  A;  and  in  order 
that  this  may  be  the  case,  the  following  should  be  the  angles  moved 
through  by  the  two  shafbs  respectively  in  given  times : — 

Shaft  A, o*        45^*        90"         135°         180^ 

Shaft  B,  commencing  at  ] 

a  dead-point  of  thej-o'*        60^*        gd"        120°         180'' 

crank, ) 

Hence  it  appears  that  B  is  alternately  to  overtake  and  to  full 
behind  A  by  15^.  This  angle,  then,  being  given,  the  rules  of 
Article  109,  page  98,  are  to  be  applied  to  the  designing  of  the  pitch- 
lines  of  the  wheels.  The  greatest  and  least  radii  of  those  wheels  are 
approximately  0*634  and  0*366  of  the  line  of  centres  respectively. 

The  following  are  the  comparative  velocities,  at  different  instants, 
of  a  revolving  point  in  A  at  a  given  distance  from  its  axis,  of  a 
revolving  point  in  B  at  the  same  distance  from  its  axis,  and  of  a 
point  in  C  connected  by  a  very  long  link  with  the  point  in  B  * : — 

*  Mr.  Willis,  in  his  Treatise  on  JIfechanism,  investigates  the  figures  of  a  pair 
of  wheels  on  A  and  B  for  giving  exact  uniformity  to  the  ratio  0  -t-  A  The 
eauations  are  as  follows :~Let  c  he  the  line  of  centres;  r,  a  radius  of  the 
wneel  on  B,  makiufl;  the  angle  6  with  the  shortest  radius ;  /,  the  corresponding 
radius  of  the  wheel  on  A,  making  the  angle  6'  with  the  longest  radius  of  this 
wheel;  then  we  have 

IT  sin  6         ,  J  nr      'T  •    /» 

Mr.  Willis  points  out  that  the  forms  of  the  pitch-lines  jgiven  by  the  equations 
must  in  practice  be  slightly  modified  at  the  points  which  gear  together  when 
the  cnnk  18  at  ita  deaa-pointe.  „^,,,^^^  ^  GoOgk 
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Angl^moved  through)      ^o        ^^o        ^^o        ^3^0       ^g^o 

Velocity-ratio  B -^  A,     1732     o-866     0577     o*S66     1732 
Velocity-ratio  C -r  B,        o        o-866     I'ooo     0866        o 
Velocity-ratio  C  ^  A,        o        0750     0*577     0750        o 

Mean  value  of  each  of  the  velocity-ratios  C  -r-  B  and  C  -^  A,  0*637. 

A  similar  adjustment  may  be  made  by  cbnnecting  the  shafts  A 
and  B  by  means  of  an  universal  joint  (Article  191,  page  203);  the 
fork  on  the  shaft  B  being  so  placed  as  to  have  its  plane  pei-pen- 
dicular  to  the  plane  of  the  axes  when  the  crank  is  at  its  dead-points; 
the  angle  made  by  those  axes  with  each  other  should  be  that  whose 
cosine  is  0*577,  viz.,  54^. 

The  Double  Hooke's  Joint  (Article  192,  page  205)  is  an  example 
of  a  train  in  which  the  fluctuation  of  the  velocity-ratio  is  corrected 
exactly. 

Section  X. — Be/ej'ences  to  Comhinaiiona  arranged  in  Classes, 

215.  Oiject  of  this  Sectfon.— In  the  preceding  sections  the  various 
elementary  combinations  in  mechanism  have  been  arranged  accord- 
ing to  the  mode  of  connection.  The  object  of  the  present  section 
is  to  give  a  list  of  such  combinations,  arranged  according  to  Mr. 
Willis's  system — that  is,  according  to  the  comparative  motion — 
with  references  to  the  previous  Articles  and  pages  of  this  treatise, 
where  the  several  combinations  are  described.  Two  deviations 
from  or  modifications  of  Mr.  Willis's  system -are  used;  fii-st,  the 
addition,  at  the  commencement  of  each  Class,  of  references  to  places 
where  the  comparative  motions  of  two  points  in  one  primary  piece 
are  treated  of;  and  secondly,  the  placing  of  combinations  in  which 
the  connection  is  intermittent,  in  a  class  by  themselves,  entitled 
Class  D. 

21G.  Class  A.  INrecttomil-BelatloB  CMMtaat  — Teloclt7-IUulo 
Coa»laat« 

Combinations. 

VdocUy-Ratio  that  of  Equality  alone, 

ABTicLsa  Pages. 

Pair  of  Points  in  one  straight-sliding  Primary  Piece,       43  22 

Sliding  Contact,  Oldham's  Coupling, 158  16% 

Bands,  equal  and  similar  Non-circular  Pulleys, 167  182 

Linkwork,  Coupled  Parallel  Shafts, 181  194 

„          Drag-link:    Shafts  in  one  straight  line,  182  194 

„          Double  Hooke's  Joint, 192  205 

„          Double  Hooke-and-Oldham  Coupling,....  193  206 
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Any  Constant  VdocUy-Ratio, 

Asnout. 

Pair  of  PointB  m  one  Kotating  Primary  Piece, 53 

Pair  of  Points  in  one  Sorew, 60. 

Circular  Toothless  Wheels  and  ( '^^ 

(106 

Boiling  Contact:  Frictional  Grearing, * iii 

'  112 


Polling  Contact: 

Sectors,  and  Straight  Backs,. 


Sliding  Contact;    Circular    Toothed    Wheels    and 
Sectors,  and  Straight  Backs, 


Sliding  Contact :  Screw  Gearing, . 


to 

141 
144 
to 

151 
152 
to 

157 
(165 
.\  to 

(177 
[200 

Blocks  and  Tackle, <  to 

I  205 
(207 

Hydraulic  Connection :  Pistons  and  Cylinders, <   to 


Bands  and  Pulleys,. 


210 


3^ 

37 

84 

to 

92 

102 

103 

to 

139 

H3 

to 

157 
157 
to 

166 
179 

to 
192 

214 

to 

218 

221 

to 

224 


217.   Class  B 


ilractlonal-BelBitoB  CMutoatf    Teloclty^Bsci* 


Meom  Vdodty-Ratio  tluxt  of  Equality  alone. 

Boiling  Contact :  Smooth  Elliptic  and  Lobed  Wheels,  J  ^^^  to 

\  '^^  99 

Sliding  Contact :  Toothed  Elliptic  and  Lobed  Wheels,     1 43  141 

„           „         Pin  and  Slot  Coupling, 159  167 

Crossed  Cord  and  Elliptic  Pulleys, 175  189 

Linkwork:  Drag-Link, 182  194 

„          Link  for  Contrary  Botations, 183  1 96 

„          Single  Hooke*s  Joint, 191  203 

„          Single  Hooke-and-Oldham  Coupling,....     193  206 

Any  Mean  Vdodiy-Ratio, 

Boiling  Contact:  Non-Circular  Wheels  and  Sectors, 


j  107         92 

1,/  to  to 

(no       102 
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Any  Mean  Vdo<nty'Baiio^-C(mHnued. 

AsxicuB.  Pagisl 

^cBng  Contact :  Teeth  of  Non-Circular  Wheels  and  >  , 

Sectors, /  '^3  141 

Bands  with  Non-Ciicular  Pulleys, 175  188 

linkwork  with  Eoeldng  Cranks  and  Levers, •,  <      j*  ^^ 

1  206  ^^^ 

Blocks  and  Tackle,  obliquely  acting, <    ^  to 

I  221 


218.   Class  C.      ]Nrecli«Bal^1iclati«B   Tariable. 

Sliding  Contact:  PinandSloV 159  168 

( 160  170 

„           „        Cams, <   to  to 

1 163  175 

{184  196 

to  to 

188  201 

„           Levers  for  Multiplying  Oscillation^ 189  201 

9,           Band-links, 198  913 


219.  Class  D.    i^rtenattMt  CMuiecti^ii. 

Sliding  Contact :  Intermittent  Wheel- work, 142  139 

„  „        Wipers  and  Palletsj  Escapements,     164  175 

r 194  206 

Linkwork :  Clicks  and  Ratchets, <   to  to 

I  196  211 

„  Frictional  Catches, 196  211 

„  Slotted  Link, 199  213V 

Hydraulic  Connection:  Yalves,  Pumps,  Hydraulic  J  211        ^ 
Press,  Bellows, |  211  a 

Seotiok  XI. — Comparative  Motion  in  tlie  "Mechanical  Powers'* 

220.  cisMMcMtoa  •r  the  MedHuiicai  p«wcn.—<' Mechanical 
Powers'*  is  the  name  given  to  certain  simple  or  elementary  ma- 
chines, all  of  which,  with  the  single  exception  of  the  pulley,  are 
more  simple  than  even  an  elementary  combination  of  a  driver  and 
follower;  for,  with  that  exception,  a  mechanical  power  consists 
essentially  of  only  one  primary  moving  piece;  and  the  comparative 
motion  taken  into  consideration  is  simply  the  velocity-ratio  either 
of  a  pair  of  points  in  that  piece,  or  of  two  components  of  the 
velocity  of  one  point.     There  are  two  established  classifications  of 
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the  mechanical  powers;  an  older  classification^  which  enumerates 
six;  and  a  newer  classification,  which  ranges  the  six  mechanical 
}K)wers  of  the  older  system  under  three  heads.  The  following 
table  shows  both  these  classifications: — 

Newer  CLASSincATioir.  Oldbb  CuLasmcji'noix. 

Txrr.    T  T.^1:^  /  ^^^  LcVCr. 

IHE   1.EVER, I  rpj^^  ^j^^j  ^^^  ^^^ 

}  The  Inclined  Plane. 

The  Inclined  Plane, <  The  Wedge. 

(  The  Screw. 
.  The  Pulley, The  Pulley. 

In  the  present  section  the  comparative  motions  in  the  mechanical 
powers  are  considered  alone.  The  relations  amongst  the  forces 
which  act  in  those  machines  will  be  treated  of  in  the  dynamical 
division  of  this  Treatise. 

221.  liercr— Wheel  wid  Azlc— In  the  lever  and  the  wheel  and 
axle  of  the  older  classification,  which  are  both  comprehended  under 
the  lever  of  the  newer  classification,  the  primary  moving  piece 
turns  about  a  fixed  axis;  and  the  comparative  motion  taken  into 
consideration  is  the  velocity-ratio  of  two  points  in  that  piece,  which 
may  be  called  respectively  the  driving  point  and  the  following  point. 
The  principle  upon  which  that  velocity-ratio  depends  has  already 
been  stated  in  Article  53,  page  31 — viz.,  that  the  velocity  of  each 
point  is  proportional  to  the  radius  of  the  circular  path  which  it 
describes;  that  is,  to  its  perpendicular  distance  from  the  axis  of 
motion. 

The  distinction  between  the  lever  and  the  wheel  and  axle  is 
this:  that  in  the  lever,  the  driving  point,  D,  and  the  following 

point,  F,  are  a  pair  of  determinate 
points  in  the  moving  piece,  as  m 

dX  \        ^^   1^1  *o  l^^i  whereas  in  the 

wheel  and  axle  they  may  be  any 

/^  .    pair  of  points  which  are  situated 

>^  \  respectively  in  a  pair  of  cylindrical 

,         I  I  pitch-surfaces,  D  and  F,  described 

^       *  I  about  the  axis  A,  fig.  160. 

In  each  of  these  figures  the  plane* 
of  projection  is  normal  to  the  axis» 
and  A  is  the  trace  of  the  axis.  In 
^g.  160,  D  and  F  are  the  traces  of 
two  cylindrical  pitch-surfaces.  In 
Fig.  160.  figs.  161  to  164,  D  and  F  are  the 

projections    of    the    driving    and 
following  points  respectively. 
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The  axis  of  a  lever  is  often  called  iutiQ  fulcrum. 

A  lever  is  said  to  be  straighty  when  the  driving  point,  D,  and 
following  point,  F,  are  in  one  plane  traversing  the  axis  A,  as  in 
figs.  161,  162,  and  163.  In  other  cases  the  lever  is  said  to  be  heni^ 
as  in  fig.  164. 


Fig.  161. 


Fig  162. 


B 

Fig.  168. 


The  straight  lever  is  said  to  be  of  one  or  other  of  three  kinds, 
according  to  the  following  classification : — 

In  a  lever  of  the  first  kind,  fig.  161,  the 
driving  and  following  points  are  at  oppo- 
site sides  of  the  fulcram  A. 

In  a  Uver  of  the  second  hind,  fig.  162,  the 
driving  and  following  points  are  at  the  same 
side  of  the  fulcrum,  and  the  driving  point  is 
the  further  from  the  fulcrum. 

In  a  leoer  of  the  third  hind,  ^g,  163,  the 
driving  and  following  points  are  at  the  same  side  of  the  fulcrum, 
and  the  following  point  is  the  further  from  the  fulcrum. 

222.  incUaed  Plane— We^e«— In  the  inclined  plane,  and  in  the 
wedge,  the  comparative  motion  considered  is  the  velocity-ratio  of 
the  entire  motion  of  a  straight-sliding  primaiy  piece  and  one  of  the 
components  of  that  motion;  the  principles  of  which  velocity-ratio 
have  been  stated  in  Article  43,  pages  22,  23. 

In  the  inclined  plane,  fig.  165,  A  A  is  the  trace  of  a  fixed  plane; 
B,  a  block  slidii^  on  that 
plane  in  the  direction  BO; 
the  plane  of  projection  being 
perpendicular  to  the  plane 
A  A,  and  parallel  to  the 
direction  of  motion  of  B. 
B  I)  is  some  direction  oblique 
to  B  0.  From  any  convenient 
point,  C,  in  B  C,  let  fall  C  D 
perpendicular  to  B  D;  then 
B  D  -~  B  C  is  the  ratio  of 
the  component  velocity  in 
the  direction  B  D  to  the  entire  velocity  of  B. 

In  fig.  166,  A  A  is  the  trace  of  a  fixed  plane;  BCD,  the  trace 
of  a  wedge  which  slides  on  that  plane.  While  the  wedge  advances 
thi*ough  the  distance  0  c,  its  oblique  face  advances  from  the  posi- 
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tion  C  D  to  the  position  c  d;  and  if  C  0  be  drawn  normal  to  tbe 
plane  C  D,  the  ratio  borne  by  the  component  veloci^  of  the  wedge 


Fig.  166. 


in  a  direction  normal  to  its  obliqne  face  to  its  entire  velocity  will 
be  expressed  by  C  e  :  C  c. 

223.  Screw.— In  the  screw  the  comparative  motion  considered 
is  the  ratio  borne  by  the  entire  velocity  of  some  point  in,  or  rigidly 
connected  with,  the  screw,  to  the  velocity  of  advance  of  the  screw. 

The  helical  path  of  motion  of  a  point  in,  or  rigidly  attached  to,  a 
screw  may  be  developed  (as  has  been  already  explained  in  Article 
63,  page  40)  into  a  straight  line:  being  the  hypothenuse  of  a 
right  angled  triangle  whose  height  is  equal  to  the  pitch  of  the 
screw,  and  its  base  to  the  circumference  of  a  circle  whose  radius 
is  the  distance  of  the  given  point  from  the  axis  of  the  screw.  Then 
if  B  D  in  fig.  1 G5  be  taken  to  represent  the  pitch  of  the  screw,  and 
D  C,  perpendicular  to  B  D,  the  circumference  of  the  circle  deaeribed 
by  tiie  point  in  question  about  the  axis,  B  C  will  be  the  develop- 
ment of  one  turn  of  the  screw-line  described  by  that  point  as  it 
revolves  and  advances  along  with  the  screw;  and  B  C  -i-  B  D  will 
be  the  ratio  of  its  entire  velocity  to  the  vdocity  of  advance;  just 
as  in  the  case  of  a  body  sliding  on  an  inclined  plane,  A  A,  parallel 
to  B  C.  This  shows  why  the  screw  is  comprehended  under  the 
general  head  of  the  inclined  plane^  in  the  newer  classification  of 
the  mechanical  powers. 

224.  Piiii«7.— The  term  pvUey,  in  treating  of  the  mechanical 
powers,  means  any  purchase  or  tackle  of  the  class  already  described 
in  Section  VII.  of  this  Chapter,  pages  214  to  221. 
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CHAPTER  V. 

OF  AGOBEGAZE  COMBIKATIONS  IN  UECHASISSI. 

SEcmoN  L — General  ExpUmationa. 

225.  All  fignm  c»iiibt— ti—  DeflMd.—'' Aggregate  Combinatioas" 
is  a  term  introduced  by  Professor  Willis,  to  denote  those  assem- 
blages of  pieces  in  mechanism  in  which  the  motion  of  one  follower 
is  ^e  resultant  of  motions  impressed  upon  it  bj  more  than  one 
driver.  The  number  of  independently-acting  drivers  which  impress 
directly  a  compound  motion  on  one  follower  cannot  be  greater  than 
three;  because  each  driver  determines  the  motion  of  at  least  one 
point  in  the  follower;  and  the  determination  of  the  motion  of  three 
points  in  a  body  determines  the  motion  of  the  whole  body.  In 
most  cases  which  occur  in  practice,  the  number  of  independent 
drivers  which  act  directly  on  one  follower  is  two. 

226.  Genenil  PHaclple  •€  their  AcU«b.— The  follower  which  has 
such  a  compound  motion  directly  communicated  to  it  by  more 
than  one  primary  piece  must  necessarily  be  a  seconda/n/  piece, 
as  defined  in  Article  37,  page  17;  its  motion  at  any  instant  is 
the  resvltant  of  the  motions  impressed  upon  it  separately  by  the 
pieces  which  act  as  its  drivers;  and  the  determination  of  that 
resultant  motion  depends  upon  the  principles  already  explained  in 
Chapter  IIL  of  this  Division,  pages  43  to  15,  Seveial  examples  of 
the  motion  of  secondary  pieces  have  been  given  in  the  preceding 
Chapter,  in  treating  of  those  secondary  pieces,  such  as  links  and 
bands,  and  the  sheaves  of  running  blocks,  which  act  as  connectors, 
in  elementary  combinations. 

Very  often  an  aggregate  combination  is  of  the  nature  of  a  train; 
and  although  a  secondary  piece  receives  in  the  first  instance  a 
compound  motion  from  two  or  from  three  primary  pieces,  that 
secondary  piece  communicates  motion  in  the  end  to  a  primary 
piece.  In  such  cases  the  motion  of  that  last  primary  follower  may 
be  determined,  by  finding  the  motions  which  would  be  communi- 
cated to  it  through  the  intermediate  secondary  piece  or  pieces  by 
the  several  primary  drivers  acting  separately^  and  taking  the 
resultant  of  t^ose  motions 

228.  siiUUng  TnUaa.— A  secondary  piece  in  an  aggregate  com- 
bination has  very  often  a  form  like  that  of  a  primary  piece,  and 
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IB  distinguished  from  a  primary  piece  only  by  the  fact  that  its 
bearings,  instead  of  being  carried  by  the  fixed  frame,  are  carried  by 

a  moving  frame;  that  moving 
frame  beiog  one  of  the  primary 
pieces  from  which  the  second- 
ary piece  receives  its  motion. 
For  example,  a  wheel  may  turn 
about  an  axis  which  is  carried 
by  an  arm  that  turns  about 
another  axis.  The  compound 
motions  of  which  such  second- 
ary pieces  are  capable  have 
been  treated  of  in  Articles  72 
Ylg  167  to  79,  pages  51   to.  62,  and 

Articles  81  to  86,  pages  66  to 
74.  When  such  a  secondary  piece  is  to  drive  or  to  be  driven  by  a 
primary  piece,  or  another  secondary  piece  not  carried  by  the  same 


Fig.  168. 

moving  frame,  special  contrivances,  which  may  be  called  shifting 
trainsy  have  to  be  used  in  order  to  keep  up  the  connection  between 
the  two  pieces  during  their  various  changes  of  relative  position. 
The  following  are  examples : — 

I.  When  two  pieces  turning  about  parallel  axes  are  connected 
by  toothed  gearing,  and  one  of  them  is  free  to  shift  its  position 
along  its  axis  relatively  to  the  other,  the  Long  or  Broad  Pinion 
may  be  used.  In  ^g,  167  A  A  and  B  B  are  a  pair  of  parallel 
axes;  C,  a  spur-wheel  on  A  A;  D,  a  pinion  on  B  B;  and  the 
breadth  of  the  pitch-surface  of  D  is  made  greater  than  that  of  C  by 
a  length  equal  to  the  distance  through  which  D  is  capable  of  being 
shifted  longitudinally. 

II.  When  a  toothed  wheel,  C  C,  fig.  168,  gears  with  a  rack, 
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D  D,  and  either  the  rack  is  to  be  capable  of  turning  about  an  axis, 
B  B,  parallel  to  its  pitch-line,  or  the  axis  A  of  the  wheel  is  to  be 
capable  of  being  moved  round  the  axis  B  B  at  the  end  of  an  arm, 
F  A,  the  Circular  Back  is  to  be  used,  being,  as  represented  in 
the  figure,  a  solid  of  revolution  generated  by  the  rotation  of  the 
trace  of  the  rack-teeth  about  the  axis  B  B.  The  pitch-line  D  D 
becomes  the  trace  of  an  imaginary  pitch-cylinder  generated  by  its 
revolution  about  the  axis  B  B;  and  the  pitch-point  E  is  the  point 
of  contact  of  that  cylinder  with  the  pitch-cylinder  of  the  wheel. 

It  is  easy  to  see  that  by  fixing  a  broad  pinion  on  one  part  of  a 
shaft,  and  a  circular  rack  on  another,  that  shaft  may  receive  at 
the  same  time  two  independent  motions  of  rotation  about  its  axis 
and  translation  along  its  axis  respectively,  from  two  diflferent  spur- 
wheels;  the  result  being  a  helical  motion;  and  this  is  one  of  the 
simplest  of  aggregate  combinations. 

III.  Train-Arm. — ^When  rotation  is  to  be  transmitted  from  a 
fixed  axis  to  a  shifting  axis,  or  fh>m  one  shifting  axis  to  another, 
and  the  relative  motion  of  the  two  axes  is  such  that  their  distance 
apart,  and  the  angle  which  their  directions  make  with  each  other, 
do  not  change, — ^in  other  words,  when  one  of  the  two  axes  revolves 
round  the  oQier  as  if  it  were  carried  by  a  rotating  ann, — the  con- 
nection between  those  axes  may  be  kept  up  by  means  of  one  rigid 
frame,  which  carries  any  combination  or  train  of  mechanism  suitable 
for  transmitting  rotation  from  the  one  axis  to  the  other :  such  a 
frame  is  called  a  Vrain-a/rm, 

The  general  principles  of  the  velocity-ratios  which  are  communi- 
cated by  means  of  train-arms  will  be  stated  further  on;  but  at 
present  one  particular  case  requires  special  mention, — it  is  that  in 
which  the  train  carried  by  the  arm  is  such  that  the  two  axes  con- 
nected by  it  are  parallel,  and  the  angular  velocities  of  the  pieces 
which  turn  about  them  equal  and  in  the  same  direction.  In  fig. 
169  the  plane  of  projection  is  supposed  to  be  normal  to  the  two 
axes  to  be  connected,  A  and  B  the  traces  of  ^ 

those  two  axes,  and  A  B  their  common  per- 
pendicular. A  moveable  frame  or  train-arm 
connects  the  bearings  of  the  axes  with  each 
other,  so  that  the  distance  A  B  is  invariable; 
and  that  frame  carries  a  train  of  mechanism 
such  as  to  transmit  the  angular  velocity  of 
the  piece  which  turns  about  A  unchanged  in  p|g  j^eo. 

velocity  and  direction  to  the  piece  which 
turns  about  B.  For  example,  those  pieces  may  ha/e  pairs  of 
parallel  and  equal  cranks  linked  together  by  coupling-rods;  or 
they  may  be  equal  and  similar  pulleys  connected  by  a  band;  or 
eqiud  and  similar  toothed  wheels,  with  an  intermediate  wheel 
gearing  with  both.     The  result  is,  that  while  the  train-arm  turns 
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Fig.  170. 


into  any  other  position,  such  as  A  5,  the  angular  velocities  of  the 
pieces  whidi  rotate  about  the  axes  A  and  B  respeotiydy  continue 
to  be  equal  in  magnitude  and  identical  in  direction. 

lY.  When  rotation  is  to  be  tomsmitted  between  a  pair  of  axes 
whose  common  perpendicular  alters  in  length  as  well  as  in  direc- 
tion, a  OoMPOUKD  Tbain-abm  may  be  used,  consiBting  of  two  or 
more  train-arms  jointed  together  at  intermediate  axes.  For 
example,  in  fig.  170^  A  and  C  are  the  traces  of  two  such  axes.     B 

is  the  trace  of  an  intermediate  axis, 

^^'- ^..^  connected  by  means  of  two  train-arms 

""\  with  A  and  with  C  reflectively,  so 

\  that  the  distances  A  B  and  B  0  are 
y^  invariable;  while  A  B  can  be  turned 
y''^  into  any  angular  position  about  A, 
such  as  A  6,  and  B  0  into  any  angular 
position  about  B,  such  as  6  c.  Then 
the  relative  position  of  A  and  0  can 
be  altered  either  in  direction  or  in 
distance,  so  long  as  their  distance  apart 
does  not  exceed  A  B  +  B  C;  and  the 
transmission  of  motion  will  still  be  kept  up  by  means  of  the  trains 
that  are  carried  by  the  train-arm& 

Y.  When  motion  is  transmitted  between  two  axes  by  means  of 
a  band,  the  connection  may  be  maintained  during  changes  of  the 
relative  position  of  those  axes  by  means  of  Strainiko  Pullies  and 
Gumma  PuIiUES  bo  arranged  as  to  keep  the  band  tight. 

229.  M«tlM4s  •r  TiMliiM;  P»o»1«m  veaipMtiiig  AgfPUBBifi  Cmm- 

fct«il»«i  Thn  methods  by  which  problems  respecting  aggre- 
gate oomlnnations  ai^  solved  may  be  distinguished  into  two 
classes. 

L  In  one  class  a  piece  which  may  be  regarded  as  a  train-arm^ 
or  moving  firame  (and  whidi  may  be  designated  by  B),  has  a  given 
motion  relatively  to  the  fixed  frame,  A,  of  the  machine;  and  at 
the  same  time  a  secondary  moving  piece,  O,  has  a  given  motion 
relatively  to  R  The  resultant  of  &ose  two  given  motions  is  the 
motion  of  C  relatively  to  A;  and  the  general  rules  for  finding  it  in 
various  cases  have  been  stated  in  Articles  73  to  77^  pages  52  to  56, 
and  Articles  81  to  86,  pages  66  to  74. 

II.  In  the  other  class  cf  methods  the  motions  of  i^ree  points  in 
a  secondary  piece  that  is  free  to  move  in  all  directions,  or,  more 
frequently,  the  motions  of  two  points  in  a  secondary  piece  that  is 
guided  so  as  to  move  in  oiie  plane,  or  about  one  fixed  pointy  are 
given;  and  the  motion  of  the  piece  as  a  whole  is  to  be  deduced 
from  them.  The  general  rules  for  doing  this  have  been  given 
in  Artieles  69  to  71,  pages  45  to  51. 

There  is  no  difference  in  principle  between  the  kind^  of  problems 
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tbafc  are  treated  by  those  two  claaees  of  methods  respectively;  the 
choice  of  methods  is  a  matter  of  convenienoe  only. 

230.  Aggregate  CMMblutioiia  claMcd  acoMMUag  ••  tiMfar  Pai^Mcs 
— Aggrtigate  YfimMtkrm  i  ggi'i  igate  Paths. — The  classification  of  aggre- 
gate combinations  which  will  be  adopted  throughout  the  rest  of 
this  Chapter  is  that  of  Mr.  Willis,  and  is  founded  on  the  purposes 
which  the  combinations  are  designed  to  effect  Those  purposes 
are  distinguished  into  (L)  (Aggregate  vdocUies,  and  (II.)  aggregcUe 
paths. 

I.  When  an  aggregate  vdocity  is  the  object  aimed  at,  the  finial 
piece  of  the  train  is  usually  a  primary  piece,  whose  comparative 
velocity,  by  the  help  of  an  aggregate  combination,  is  made  either 
to  have  a  certain  constant  value  or  to  vary  according  to  a  law 
which  it  might  be  difficult  or  impossible  to  realize  by  means  of  a 
train  of  elementary  combinations  only. 

II.  When  an  aggregate  path  is  the  object  aimed  at,  a  point  in  a 
secondary  piece  is  made,  by  means  of  an  aggregate  combination,  to 
move  in  a  path  of  a  figure  which  may  be  different  from  that  which 
a  point  in  a  primary  piece  would  describe. 

The  only  paths  which  points  in  primary  pieces  can  describe  are 
straight  lines,  circles,  and  screw  lines;*  and  paths  of  all  other 
figures  must  be  described  by  the  help  of  aggregate  combinations. 
Sometimes,  indeed,  it  is  foimd  convenient  to  use  aggregate  com- 
binations for  describing,  either  exactly  or  approximately,  even 
those  elementary  paths  themselves — the  straight  line,  the  circle, 
and  the  screw-lina  For  example,  there  is  a  numerous  dass  of 
aggr^ate  combinations  called  parallel  motions,  whose  object  is  to 
make  a  point  move  sensibly  in  a  straight  line. 

*  In  other  words,  paths  in  which  both  tiie  curvature  and  the  tortuosity 
are  ei&er  aone  or  naifefin.  The  oorvatnie  ef  a  path  is  the  reciprocal  of  the 
radios  cdt  cnrvatore.  The  tortaodiy  is  the  reciprocal  of  the  length,  measured 
along  the  path,  in  the  course  of  which  the  radius  of  curvature  rotates  round 
a  tangent  to  tiie  path  as  an  axis,  through  the  an^le  which  subtends  an  aro 
equal  to  radius.  In  tiie  case  of  a  helo,  or  screw-Sne,  let  r  be  the  radius  of 
t^  ^hnder  on  which  l^e  screw-liBe  is  described,  and  p  the  pitch  of  that 

line;  let  g  =  ^  bethe  radius  of  a  drcle  whose  circumference  is  equal  to 

the  pitch;  let  0  be  the  obliquity  of  the  screw-line  to  a  plane  normal  to  its 
axis;  let  p  be  its  radius  of  curvature;  and  let  tr  be  the  reciprocal  of  the 
tortuoBi^.  Then  ^  =>  r  tan  0;  and  according  to  Article  64,  page  41,  the 
radius  of  curvature  IS 

p  =  r  +  ^  =•  r  sec  «a. 
Also,  it  can  he  shown  that  the  reciprocal  of  the  tortuosity  is 

tr  m  q  +  ^  m  q  coiec  '0  =:  2  r  coeec  2  0  =  p  cotan  $, 
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A  further  subdivision  of  the  purposes  of  aggregate  combinations 
leads  to  the  following  classification : — 

AooREOATE  Velocities. 

Production  of  Uniform  Velocity-Ratios  (as  in  Willis's  Class  A). 
Production  of  Varying  Velocity-Ratios  (as  in  Willis's  Classes 
BandC). 

AOGBEOATE  PATHS. 

Description  of  Curved  Paths,  (Ellipses,  Epicycloids,  &c.) 
Description  of  Sensibly  Straight  Paths  (Pandlel  Motions). 

231.  CoBTcrging  Aggregate  €«BibiBati«iM.— This  term  may  be 
applied  to  denote  those  trains  in  which  the  drivers  in  an  aggregate 
combination  are  themselves  the  followers  in 
it  aggr^ate  combinations.  By  means  of  trains 
H  of  that  kind,  any  number  of  component 
motions  may  be  combined.     Suppose,   for 
example,  that  a  piece,  A,  is  driven  jointly 
by  B  and  C,  and  that  B  is  driven  jointly- 
by  D  and  E,  and  C  by  F  and  G;  then  the 
motion  of  A  is  the  resultant  of  four  com- 
ponent motions,  due  respectively  to  tlie 
actions  of  D,  E,  F,  and  G. 

Section  IL — ProdtusUon  qf  Uniform 
Aggregate  VdocUy-RcOios. 

232.    I^UrereBtiia  PbUct  Midi  WlnAlaM.— 

In  this  combination,  two  pulleys,  B  and  C 
(fig.  171),  of  difierent  radii,  rotate  as  one 
piece  about  a  fixed  axis,  A.  An  endless 
chain,  B  D  E  C  L  K  H,  passes  over  both 
pulleys.  The  rims  of  the  pulleys  are  shaped 
so  as  to  hold  the  chain,  and  prevent  it  from 
slipping.  The  lines  in  the  figure  represent 
the  pitch-lines  of  the  pulleys  and  the  centre 
line  of  the  chain  respectively.  As  to  the 
relation  between  those  lines  and  the  actual 
figures  of  the  pieces,  see  Articles  166,  176, 
pages  180,  190.  One  of  the  bights  or  loops 
in  which  the  chain  hangs,  D  E,  passes  under 
and  supports  the  running  block  F.  The 
other  loop  or  bight,  H  K  L,  hangs  freely; 
and  very  often  the  combination  is  driven  hy 
hauling  upon  the  part  H  K ;  which  therefore 
may  be  called  the  hauling  part.    It  is  evident 
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that  the  velocity  of  the  hauling  part  is  equal  to  that  of  the 
pitch-circle  R  Sometimes  the  compound  pulley  is  driTen  by 
other  means;  as  by  a  second  endless  chain  acting  on  a  sprocket- 
-wheel. 

In  order  that  the  velocity-ratio  may  be  exactly  uniform,  the 
radius  of  the  sheave  F  should  be  an  exact  mean  between  the  radii 
of  B  and  C;  but  it  is  not  necessary  to  follow  this  rule  strictly  in 
practice.  In  stating  the  velocity-ratio,  however,  it  will  be  assumed 
that  the  rule  has  been  observed. 

Let  the  velocities  of  the  pitch-circles  of  B  and  C  be  denoted  by 
B  and  C  respectively.  Then  the  proportion  of  those  velocities  to 
each  other  is 

C      AC 
B  ~  AB 

Let  F  denote  the  velocity  of  the  running  block.  Then,  if  C  were 
a  fixed  point,  and  consequently  C  £  a  '* standing  part''  of  the  chain, 
the  value  of  F  would  be  ^  B,  and  the  direction  of  its  motion  would 
be  upward  (agreeably  to  the  principles  of  Article  201,  page  215). 
Also,  if  B  were  a  fixed  point,  and  B  D  a  standing  part,  the  value 
of  F  would  be  —  ^  C ;  the  negative  sign  being  used  to  denote  down- 
ward motion.  The  actual  value  of  F  is  the  resultant  of  those  two 
components;  that  is  to  say, 

F  =  ?-::-?; 

2      ' 

whence  we  have  the  comparative  motion  of  the  larger  pitch-circle 
B,  and  the  running  block  F,  expressed  by  the  following  velocity- 
ratio  : — 

F_ir        G\      AB  -  AC 
B~"2  L        BJ  ""       2  AB     • 

The  velodly  of  the  running  block  is  the  same  with  that  of  the 

pitch-circle  of  a  pulley  of  the  radius  A  G  =  5 ,  turning 

with  the  same  angular  velocity  with  the  actual  difierential  or 
compound  pulley. 

To  cidculate  the  length  of  chain  required  for  a  differential 
pulley,  take  the  following  sum :  half  the  circumference  of  A  + 
half  tiie  circumference  of  B  +  half  the  drcumferenoe  of  F  + 
twice  the  ^^reatest  distance  of  F  from  A  +  the  least  length  of 
the  loop  H  K  L.  This  last  quantity  is  fixed  according  to 
convenience. 
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The  differential  windlass  or  difiereniial  harrd  (fig.  172)  is  identi- 
cal in  principle  with  the  differential  pulley;  the  difference  in  oon- 
atmction  being,  that  in  the  differential 
windlass  the  running  block  hangs  in  the 
bight  of  a  rope  whose  two  parts  are  wound 
round,  and  have  their  ends  respectively 
^^^  made  fost  to,  two  barrels  of  different  radii, 
which  rotate  as  one  piece  about  the  axis 
A.  The  differential  windlass  is  little  used 
in  {nBctioe,  because  of  ihe  great  length  of 
rope  which  it  requires.  ^Hiat  length  is 
expressed  by  the  following  sum : — ^Twice 
the  least  distance  of  the  running  block 
from  A  +  half  circumference  of  running 

block  +  ^  X  total  distance  through  which 

F  is  lifted;  and  the  last  term  is  often  an 
inconveniently  great  quantity. 
m,  (A,  M.y  505,) — A  compound  screw  con- 
sists of  two  screws  cut  upon  the  same  spindle,  and  each  having 
a  nut  fitted  upon  it  The  screw  turns :  one  of  the  nuts  is  usually 
fixed,  so  that  the  accew  in  turning  in  that  nut  is  made  to  advance  ; 
the  other  nut  slides,  but  does  not  turn;  and  the  sliding  motion  of 
the  second  nut  relatively  to  the  first  nut  is  the  resultant  of  the 
advance  of  the  screw  relatively  to  the  first  nut,  and  of  a  motion 
equal  and  opposite  to  the  advance  of  the  screw  relatively  to  the 
second  nut;  that  is  to  say,  the  second  nut  moves  relatively  to  the 
first  nut  as  if  it  were  acted  upon  by  a  single  screw  of  a  pitdi  equal 
to  the  difference  between  the  pitches  of  the  two  screw-threads  that 
are  cut  on  the  spindle;  supposing  those  threads  to  wind  the  same 
way.  But  if  the  threads  are  coninwry-handed,  for  the  difference 
of  their  pitches  is  to  be  substituted  the  sum. 

Fig.  173  represents  a  differential  acrew:  that  is,  a  compound  screw 


F^.  178. 


in  which  the  threads  wind  i^e  same  way.  N^  and  N^  are  the  two 
nuts;  S^  S^,  the  knger-pitcbed  thread;  Sg  Sg,  the  shorter-pitdied 
thread:  in  the  figure  both  those  threads  are  l^handed.  At  each 
turn  of  the  screw  the  nut  Ng  advances  relatively  to  Nj  through  a 
distance  equal  to  the  difference  of  the  pitchea     The  use  of  the 
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differential  screw  is  to  combine  the  slowness  of  advance  due  to  a  fine 
pitch  with  the  strength  of  thread  which  can  be  obtained  by  means 
of  a  coarse  pitch  only. 

Kg.  174  represents  a  compound  screw  in  which  the  two  threads 
are  contntry-handed;  and  the  effect  of  each  turn  of  the  screw  is  to 
alter  the  £stance  between  the  nuts  N,  and  Ng  by  an  amount 
equal  to  the  sum  of  the  pitches  of  Jbhe  threads,  which  are  usually 
equal  to  each  other.'  This  combination  is  used  to  tighten  the 
couplings  of  railway  carriages. 

234.  BFlc7clic  TraiM  wtth  JQmifmem  ActWib— An  epicyclic  train 
for  producing  an  uniform  aggregate  velocity-ratio  consists  essen- 
tially of  four  parts,  whose  general  arrangement  may  be  held  to  be 
represented  by  the  diagram  in  Fig.  175 — viz.,  the  primary  wheels 
B  and  C,  turning  about  the  same 
axis,  O,  with  diffei-ent  uniform  velo- 
cities; the  train-arm  A,  being  a 
moveable  frame,  turning  with  an 
uniform  velocity  about  the  same 
axis;  and  the  shifting  train  of 
secondary  pieces,  carried  by  the 
train-arm  A,  and  transmitting  an 
uniform  velocity-ratio  from  B  to 
C,  in  the  manner  of  an  ordinary 
tndn.      The   shifting   train    may  Fig.  175. 

consist  of  any  kind  of  mechanism 

belonging  to  Class  A;  such  as  circular  toothed  wheels,  whether 
spur,  bevel,  or  skew-bevel;  screw-gearing;  circular  pulleys  and 
bands;  links  with  equal  parallel  cranks;  and  double  universal  joints. 

The  comparative  motions  of  the  three  primary  pieces.  A,  B,  and 
C,  are  determined  in  the  following  manner : — Let  a,  b,  and  c  re- 
present numbers  proportional  to  the  respective  angular  velocities  of 
those  pieces;  it  being  imderstood  that  rotations  in  one  direction 
are  to  be  considered  as  positive,  and  those  in  the  contrary  direction 
as  negative. 

First,  suppose  that  B  is  fixed  relatively  to  A;  that  is  to  say, 
that  it  simply  turns  along  with  A,  having  the  same  angular 
velocity;  or,  in  symbols,  that  b  =  a;  then  it  is  evident  that  C  must 
turn  along  with  A  also,  with  the  same  angular  velocity;  that  is  to 
say,  on  this  supposition,  we  have  c  =  a. 

Next,  let  B  have  a  different  angular  velocity  from  A;  then 
b  —  a  will  represent  the  angular  velocity  of  B  relatively  to  A. 

Determine,  from  the  construction  of  the  shifting  train,  the  ratio 

*  of  the  velocity  of  C  to  that  of  B,  as  if  the  ti-ain-arm  A  were  fixed; 

and  denote  that  ratio  by  n;  taking  care  to  mark  the  value  of  n  as 

positive  or  negative,  according  as  the  rotations  of  B  and  C  are  in 

similar  or  contrary  directions.     That  ratio  will  also  ^be 
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whicli  the  angular  velocity  of  C  relatively  to  A  bears  to  the  angu- 
lar velocity  of  B  relatively  to  A,  when  the  traiu-arm  A  is  in 
motion ;  that  is  to  say,  in  symbols, 

63^="' <^> 

and  this  is  the  general  equation  of  Hie  action  of  <xn  epicyclic 
train. 

Two  particular  cases  may  be  distinguished,  according  as  the 
wheel  G  or  the  train-arm  A  is  the  follower  in  the  combina- 
tion. 

Case  I. — ^The  wheel  B  and  the  train-arm  A  are  driven  by  means 
of  diverging  trains,  with  angular  velocities  proportional  to  given 
numbers,  6  and  a;  then  the  proportionate  angular  velocity  of  C  is 
given  by  the  following  formula : — 

c  =  n(&-a)  +  asn6  +  (l-n)  a (2.) 

Case  IL — The  primary  wheels  B  and  C  are  driven  by  means  of 
diverging  trains  with  angular  velocities  proportional  to  given 
numbers,  h  and  c;  then  the  proportionate  angular  velocity  of  the 
train-arm  a  is  given  by  the  following  formula : — 

c  —  w6  _      h  c 

^  "  T^^  "  '^i  ■*■  T^i (3.) 

n 

In  some  examples  of  both  cases  one  of  the  primary  wheels  is  fixed. 
Let  B  be  that  wheel;  then  6  =  0;  and  we  have 

i  =  l-"- (4) 

One  of  the  uses  of  epicyclic  trains  is  to  obtain  With  precision 
velocity-ratios  in  toothed  wheel-work  which  are  expressed  by 
numbers  whose  £sictors  are  too  large  to  be  suitable  for  the  teeth 

of  wheels.     For  example,  r  may  be  such  a  ratio;  and  it  may  be 

/« 
possible  to  divide  ^  into  two  parts,  as  expressed  by  the  follow- 
ing formula: — 

j  =  n  +  (l-»)^; 

such  that  each  of  those  parts  is  expressed  by  numbers  whose  factors 
are  not  too  large;  and  then,  by  using  a  train-arm  with  the  velocity- 
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ratio  J,  and  a  fihifblDg  train  with  the  velocity-ratio  w,  the  required 

velocity-ratio  may  be  obtained  with  precision  by  means  of  wheels 
of  moderate  size.* 

Another  use  of  epicyclic  trains  is  to  make  the  train-arm  move, 
for  purposes  of  regulation  (as  in  certain  governors),  with  a 
velocity  proportional  to  the  difference  between  the  velocities  of 
the  primary  wheels  B  and  C.  This  is  best  effected  by  causing  the 
primary  wheels  B  and  C  to  rotate  in  contrary  directions,  and  to 
connect  them  by  means  of  a  shifting  train  such  that,  when  the 
train-arm  is  at  rest,  the  angular  velocities  of  those  wheels  are 
equal  and  opposite.  This  amounts  to  making  n  =  —  1  in  equation 
3,  and  c  =  a  negative  quantity,  say  —  k;  and  then  the  expression 
for  the  angular  velocity  of  the  train-arm  becomes 

2 

For  example,  in  Fig.  176,  O  is  a  vertical  spindle,  about  which  the 
equal  and  similar  bsvel  wheels  B 
and  C  turn  in  opposite  directions. 
A  is  the  train-arm,  being  a  hori- 
zontal spindle  carried  by  a  collar 
which  turns  about  the  vertical 
spindle.  The  shifting  train  consists 
of  a  bevel  wheel  turning  about  the 
spindle  A,  and  gearing  with  the 
wheels  B  and  C  In  order  to  pro- 
duce a  balance  of  forces,  two,  and  Fig.  176. 
sometimes  three  or  four,  equal  and 

similar  horizontal  spindles  like  A  project  from  the  collar,  and  carry 
equal  and  similar  bevel  wheels.  In  the  figure  two  are  shown.  The 
result  is,  that  when  the  wheels  B  and  C  turn  in  opposite  directions 
with  equal  speed,  the  train-arm  stands  still;  but  when  the  velocities 
of  those  wheels  become  unequal,  the  train-arm  turns  in  the  direction 

*  The  Bolntion  of  this  problem  is  to  be  obtaioed  in  any  particular  case  liy 
a  series  of  trials  conducted  generaUy  in  the  following  manner :— Let  n  be  an 

approximation  to  the  ratio  i,  not  containing  factors  exceeding  what  is  con- 
sidered a  convenient  limit  (valnes  of  n  may  be  fonnd  by  the  method  of 
oontinaed  fractions,  Article  117,  page  107).    Then  make  a  =  -r-^ —  >  *°d 

try  whether  the  ratio  r  contains  inconveniently  large  fiBUJtors.    The  trial  is 

to  he  repeated  with  the  various  different  values  of  n,  until  a  satisfieustory 
result  is  arrived  at.  This  method  cazmot  £m1,  provided  it  is  c  only,  and  not 
fr,  which  contains  inconveniently  large  fistctors. 
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of  the  greater  of  the  two  yelodties,  with  a  ^)eed  equal  to  half  their 
difference.  Other  applications  of  epicyclic  trains,  where  the  last 
follower  IB  a  secondary  piece,  will  be  mentioned  under  ttie  head  of 
aggregate  paths. 

Section  III. — Production  of  vart/ing  AggregcUe  Vdoctty-Ratios, 

235.  The  RMipMcatiiis  SudieM  Screw  maj  be  used  where  it  is 
desired  that  there  shall  be  periodic  fluctuations  in  the  ratio  of  the 
speed  of  the  follower  to  that  of  the  driver.  In  this  combination  a 
wheel  is  driven  by  a  rotating  screw,  as  in  flg.  112,  page  164,  which 
screw  has  at  the  same  time  a  reciprocating  motion  along  its  axis. 

236.  BpicycHc  TraUw  wMi  Pcrtodic  Acitoii  are  used  for  the  same 
purpose.  This  is  effected  by  communicating,  by  means  of  suitable 
mechanism,  such  as  a  cam,  or  a  crank  and  liak,  the  required 
reciprocating  motion  to  the  train-arm  A,  fig.  175,  page  243.  The 
angular  velocity  of  the  follower,  C,  is  expressed,  as  in  Article  234, 
by 

c  =  n  6  +  (1  —  n)  a; 

in  which  n  5  is  a  constant  term,  and  (1  —  n)  a  a  periodically 
varying  term;  the  feictor  1  —  n  being  constant,  and  the  factor  a 
periodic. 

236  A. — Th»  SuMUftd-Plaaec  ni«cion  is  a  sort  of  epicyclic  train 
with  periodic  action.      In  fig.  177,  0  is  a  shaft  which  overhangs 


Fig.  177. 
its  bearing,  and  carries  on  its  overhanging  end  a  toothed  wheel,  C  E, 
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called  the  sun-wked,  Tliis  gears  with  aikother  toothed  wheels  D  E» 
called  the  planet-whed,  which  is  made  fast  to  the  coaanectiiig-rod 
D  B,  which  hangs  from  one  eod  of  the  lever  or  walking-beam, 
A  B.  At  the  centre,  D,  of  the  wheel  D  E  is  a  pin  which  is  con- 
nected with  the  shaft  C  by  a  link  or  bridle,  C  D  (shown  by 
dotted  lines);  so  that  it  revolves  round  the  axis  of  C  like  a 
crank-pin,  making  one  revolution  for  each  double-stroke  of  the 
beam  A  B. 

In  the  first  place,  to  determine  the  mean  roUio  of  the  linear 
velocity  of  the  pin  D  to  that  of  the  pitch-circle  of  the  sun-wheel, 
C  E,  it  is  to  be  observed  that  the  latter  velocity  is  at  every  instant 
equal  to  that  of  the  pitch-point  E  in  the  planet-wheel.  Now,  the 
motion  of  the  planet-wheel  is  one  of  translation  in  a  circle  fdong 
with  the  pin  D,  compounded  with  an  angular  oscillation  to  and  fro 
along  with  the  rod  D  B.  Hence  the  mean  linear  velocity  of  D  is 
equ^  to  that  of  the  pitch-circle  of  C  K 

Secondly,  as  to  the  mean  ratio  of  the  angular  velocity  of  the  bridle 
O  D  to  that  of  the  sun-wheel  C  E,  it  is  obvious  that  as  the  mean 
linear  velocities  of  D,  and  of  the  pitch-circle  of  C  E,  are  equal,  their 
mean  angular  velocities  are  inversely  as  the  radii  C  E  and  C  D ;  or 
in  symbols — 

mean  angular  velocity  of  C  D      C  E 
mean  angular  velocity  of  C  £      CD* 

In  the  sun-and-planet  motion,  as  originally  contrived  and  con- 
structed by  Watt,  the  sun-wheel  and  planet-wheel  were  made  of 
equal  radii;  so  that  C  D  was  =  2  C  E;  and  the  sun- wheel  made 
two  turns  for  each  revolution  of  the  planet- wheel  round  it. 

Thirdly,  as  to  the  ratio  of  the  linear  velocities  of  the  points  D 
and  E  at  any  instant ;  this  is  to  be  found  by  producing  D  C  till  it 
cuts  A  B  in  I,  which  will  be  the  instantaneous  axis  of  the  planet- 
wheel;  and  then  taking  the  proportion, 

velocity  of  D      ID 
Tdlocity  of  E  "  IIe' 

The  mean  value  of  this  ratio  is  unity,  aa  already  stated  It  attains 
its  greatest  and  least  values  in  the  two  positions  of  the  combination 
when  B  D  and  C  D  are  in  one  straight  line,  so  that  I  coincides 
with  B;  and  t^en  its  values  are  respectively 

BD  ^       BD 

and  .=r^ 


BD-DE         BD  +  DE 

237.  Bcccatrlc  Clauiiic.— This  is  a  combination  for  producing  a 
periodically  varying  velocity-ratio  by  means  of  a  train  of  circiSar 
wheels^  one  of  wmch  turns  eccentrically  about  an  axis.     It  is 
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nearly,  but  not  exactly,  equivalent  in  its  action  to  a  pair  of  elliptic 
toothed  wheeb  (Article  100,  page  95).  In  fig.  178,  A  is  the  axis 
<^  a  shaft,  which  carries  an  eccentric  circular  toothed  wheeL    This 


Fig.  178. 

gears  with  a  second  toothed  wheel,  centred  on  a  moveable  axis,  C^ 
which  gears  with  a  third  toothed  wheel,  centred  on  a  fixed  axis,  D. 
The  centres  of  the  three  wheels  are  linked  together  by  the  two 
tmn-arms  B  0,  G  D;  so  that  the  wheels  are  kept  always  in 
gearing,  while  the  centre  pin  B  revolves  round  the  axis  A.  Sup- 
pose the  wheels  on  B  and  D  to  be  of  equal  size.  Then,  if  the  train- 
arms  were  fixed,  the  rotation  of  the  first  wheel  about  B  would 
produce  a  rotation  of  the  third  wheel  about  D,  with  equal  speed 
und  in  the  same  direction.  The  effect  of  the  revolving  of  B  about 
A  is  to  combine  that  rotation  of  D  with  an  alternate  increase  and 
diminution  of  speed,  corresponding  to  the  alternate  diminution  and 
increase  of  the  angle  BCD.  The  greatest  and  least  values  of  the 
velocity-ratio  take  place  when  the  line  of  connection,  C  B,  touches 
the  two  sides  of  the  circle  described  by  B  aJbout  A;  that  is  to  say, 
when  that  line  is  in  the  two  positions  marked  C  B  I  and  C  J  K 
respectively.  Let  I  and  J  he  the  points  where  C  B  cuts  the  line 
of  centres,  D  A,  when  in  those  positions;  then  the  two  correspond- 
ing values  of  the  velociiy-ratio  of  D  to  A  are  respectively 

,      AI       ,,       AJ 

238.  Aggregate  Iitekwerk  te  deaenU. — A  combination  in  aggre- 
gate linkwork  is  usually  of  the  following  kind : — A  bar,  or  other 
i-igid  body,  capable  of  moving  parallel  to  a  given  plane,  has  two  of 
its  points  connected  by  means  of  rods  with  two  drivers: — A  third 
point  is  connected  by  means  of  a  rod  with  a  follower.    The  motions 
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of  the  first  two  points,  as  compared  with  those  of  their  drivers,  are 
determined  by  the  principles  of  elementary  combinations  in  link- 
work,  and  so  also  is  the  motion  of  the  follower,  as  compared  with 
that  of  the  third  point;  but  the  determination  of  the  motion  of  the 
third  point  from  that  of  the  first  two  is  a  problem  to  be  solved  by 
the  principles  of  the  motion  of  secondary  pieces,  Article  69,  pages 
45  to  48;  that  is,  by  the  process  of  finding  the  instantaneous  axis, 
or  by  some  equivalent  process. 

In  most  of  the  particular  cases  of  aggregate  velocities  obtained 
by  linkwork  which  occur  in  practice,  the  three  points  in  the  bar 
are  either  situated  in  one  straight  line  to  which  their  motions  are 
perpendicular,  or  are  so  nearly  in  that  position  that  their  com- 
parative motions,  as  determined  on  the  supposition  of  their  being 
in  it  exactly,  are  sufficiently  near  to  the  truth  for  practical 
purposes.     In  such  cases  let  A  and  B,  figs.  179  and  180,  be  the 

I.. 

A    T 2  ^  ..-  '-"T 

J    ♦  ■ '  2 

_ ^'c       "  j    ,^""' 

Kg.  179.  Fig.  180. 

two  points  whose  velocities  at  a  given  instant  are  given,  and  C 
the  third  point.  Draw  A  a  and  B  b  perpendicular  to  A  B,  and  of 
lengths  proportional  to  the  given  velocities,  and  in  th^  proper 
direction;  join  ah;  draw  C  c  also  perpendicular  to  A  B,  cutting 
ab  in  e;  C  e  will  represent  the  velocity  of  C.  The  following 
formula  is  the  symbolical  expression  of  the  same  rule,  in  which 
€%  h,  and  c  denote  the  velocities  of  A,  B,  and  C  respectively : — 

a-BC  +  h'CA 
'  = AB • 

The  formula,  as  it  stands,  is  applicable  to  the  case  in  ^hich  C  lies 
between  A  and  B,  the  velocities  a,  h,  and  e  being  treated  as  posi- 
tive or  native  according  to  their  directions.  When  0  lies 
beyond  B,  S  C  is  to  be  treated  as  n^ative,  and  0  A  as  positive ; 
when  beyond  A,  C  A  is  to  be  treated  as  n^ative,  and  B  0  as 
positive. 

The  velociiy  of  C  may  be  regarded  as  the  resultant  of  two  oom- 

ponents,         ^  ,  which  would  be  its  velocity  if  B  were  fixed;  and 
,  which  would  be  its  velocity  if  A  were  fixed. 

.A.  Jo 

Trains  of  aggregate  linkwork  may  be  used  to  combine  any 
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nnmber  of  component  motiona  For  example,  in  ^.  181,  A,  B,  D, 
and  E  receive  motion  from  four  different  driyers :  C  has  a  motion 

vhofie  components  depend 
on  the  motions  of  A  and  B, 
and  F  a  motion  vhose  com- 
ponents depend  on  the  mo- 
tions of  D  and  £;  and  G  has 
a  motion  whose  ccMnponents 
^g  ^gj  depend  on  the  motions  of 

0  and  Fy  and  there^dre  on 
the  motions  of  A,  B,  D,  and  E,  jointly. 

239.  IfarM^wlr  MmOmm  te  AopresBto  I.iiri&wwk.— By  karmome 
motion  is  to  be  imderstood  the  motion  of  a  point  which  moves  to 
and  fro  in  a  straight  line  in  such  a  manner  that  its  velocity  at  every 
instant  is  equal  to  the  component,  parallel  to  that  straight  line,  of 
another  point  which  revolves  uniformly  in  a  circle.  The  length  of 
the  straight  line  is  called  the  travel  of  the  reciprocating  point,  and  is 
equal  to  the  diameter  of  the  circle.  (As  to  the  component  velocities 
of  a  revolving  point,  see  Article  55,  pages  34,  35.) 

Harmonic  motion  is  exactiy  realized  by  any  point  in  a  slot- 
headed  sliding  rod,  driven  by  an  uniformly  rotating  crank,  as 
explained  in  Article  159,  page  169.  The  angle  which  the  crank 
makes  with  its  dead  points  is  called,  in  mathematical  language,  the 
pluue  of  the  motion.  The  velocity  of  the  reciprocating  point  varies 
proportionally  to  the  sine  of  the  phase;  and  the  distance  of  that 
point  &#m  its  middle  positiotl  varies  as  the  cosine  of  the  phase. 

Harmonic  motion  is  approximately  realized  by  any  point  in  a 
piece,  such  as  a  piston,  wmch  is  driven  by  means  of  a  connecting- 
rod  and  an  uniformly  rotating  crank.  The  extent  of  error  in  that 
approximation  may  be  expressed  either  in  the  form  of  greatest  error 
in  position  or  of  greatest  error  in  vdocvty.  The  greatest  error  in 
position  is  the  distance  of  the  reciprocating  point  from  the  middle 
of  its  travel,  when  the  crank  is  midway  between  its  dead  points  ; 
and  when  tblT  line  of  stroke  passes  through  the  axis  of  the  ctank, 
its  value  may  be  found  either  by  oonstmcting  a  figure,  or  by  the 
following  formula : — 

in  which  I  denotes  the  length  of  the  line  of  connection,  and  e  that 
of  the  crank-arm.  The  eompanraiwe  error  in  pomitiom  is  the  ratio  of 
this  error  to  the  half- travel  c;  that  is  to  say, 

c     y/  ^     ^> 
which,  when  I  is  many  times  greater  than  c^  is  nearly  equal  to 
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^j.     The  greatest  error  in  velocity  is  the  proportionate  exoeas  of 

the  greatest  velocity  of  the  reciprocating  piece  above  that  of  the 
ci-ank-pin,  as  found  by  the  rules  of  Article  188,  pages  199  to  201, 
When  I  is  not  leas  than  2  c,  the  value  of  the  error  in  velocity  is 
given  approximately  by  the  expression 


or  2"^,  nearly. 

When  the  line  of  stroke  does  not  pass  through  the  axis  of  rota- 
tion of  the  crank,  there  are  other  errors  arising  from  the  two  dead 
points  not  being  diametrically  opposite.  Those  errors  may  be  found 
by  applying  the  rules  of  Article  196,  page  198. 

The  present  and  the  following  Article  relate  to  cases  in  which 
two  points  in  a  bar  receive  given  transverse  movements,  which  are 
either  exactly  harmonic,  or  so  nearly  so  that  they  may  be  treated 
as  harmonic  for  practical  purposes^  and  are  also  of  equal  period, 
and  have  a  given  constant  difference  of  phase;  and  it  is  required  to 
find  the  extent  of  travel  and  the  relative  phase  of  the  motion  of  a 
third  point,  situated  either  exactly  or  nearly  in  one  straight  line 
with  the  first  two. 

The  following  is  the  general  rule  for  the  solution  of  all 
such  cases.  Some  of  its  applications  will  be  given  in  the  next 
Article: — 

Rule. — In  ^g,  182  draw  the  straight  line  A  B  to  represent  the 
bar  in  question,  and  let  A  and  6  represent  the  points  whose  motions 
are  given,  and  C  the  point  whose  motion  is  to  be  found.  Perpen- 
dicular to  A  B,  draw  A  a  to  represent  the  haJf-travel  of  A,  and  B  h 
to  represent  the  half-travel  of  B.  These  distances  may  be  laid  off  in 
both  directions,  so  that  a  a  shall  represent  the  whole  travel  of  A, 
and  h  b  that  of  B.  The  difference  of  pliase  of  A  and  B  is  supposed 
to  be  given;  that  is  to  say,  A  moves  as  if  driven  by  a  crank  A'  A" 
(  =  A  a),  and  B  as  if  driven  by  a  crank  B  B"  (  =  B  6),  which  cranks 
rotate  with  the  same  angular  velocity,  and  make  a  given  constant 
angle  with  each  other. 

At  A  and  B  lay  off  the  angles  B  A  D  =  A  B  D,  each  equal  to 
half  the  difference  of  phase;  and  about  the  triangle  A  D  B  describe 
a  circle.  Join  a  5,  a  6,  and  through  the  point  of  intersection,  E, 
draw  the  straight  Une  D  E,  cutting  the  drele  in  F.  Join  F  A, 
F  B;  then  the  angle  A  F  B  will  be  equal  to  the  given  difference  of 
phase.  LayoffFa'  =  Aa,andF6'-  B  6;  then  Pa' and  F 6' will 
re^ftmeat  the  two  cranks  which  actually  or  virtually  drive  A  and 
B,  in  their  angular  position  relatively  to  each  other.  Join  a*  V ; 
this  will  be  pcurallel  to  A  B  (because  it  can  be  shown  by  piano 
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geometry  that  FAB  and  "E  a' If  are  similar  triangles).     Finally, 
draw  the  straight  line  F  C,  cutting  a!  bind;  then  the  point  C  will 
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Fig.  182. 


move  almost  exactly  as  if  it  were  driven  by  a  crank-arm,  C  C, 
equal  in  length  to  F  c',  and  having  the  angular  position  relatively 
to  the  cranks  that  drive  A  and  6  which  F  d  has  relatively  to  F  a' 
and  F  6';  that  is  to  say,  being  in  advance  of  the  crank  which  drives 
A  by  the  angle  a'  F  c',  and  behind  the  crank  which  drives  B  by 
he  angle  V  F  d. 
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The  .travel  of  C  may  be  represented  in  the  figure  by  drawing, 
perpendicular  to  A  B,  the  straight  line  cc  =  2Cc  =  2Fc. 

When  the  extent  of  travel  of  A  and  B  is  the  same,  part  of  tho 
trouble  of  the  construction  is  saved;  for  the  point  F  is  found 
simply  by  laying  off  the  angles  B  A  F  =  A  B  F,  each  equal  to 
half  the  supplement  of  the  difference  of  phase. 

The  construction  which  has  been  described  solves  the  problem 
by  drawing  alone.  Sometimes  it  may  be  convenient  to  use  calcu- 
lation combined  with  drawing;  and  then  the  whole  process  consists 
in  drawing  the  triangle  F  ci  6'  in  any  convenient  position,  with  its 
1^8,  F  a'  and  F  b\  equal  to  the  half-travel  of  the  points  A  and  B 
respectively,  and  its  angle,  a'  F  6',  equal  to  the  difference  of  phase 
of  their  motions,  and  dividing,  by  calculation,  the  base  a'  b'  at  c'  in 
the  same  proportion  in  which  A  B  is  divided  at  C. 

240.  Unk-niaitoM  fer  8iMe-¥«lTM  belong  to  the  kind  of  com- 
binations mentioned  in  the  preceding  Article.  The  bar  which 
receives  harmonic  motion  is  odled  the  link;  it  is  in  general  slightly 
curved,  and  only  sometimes  straight  Two  points  m  it,  marked 
A  and  B  in  figs.  183  to  186,  receive  approximately-harmonic 
motions  from  two  eccentrics,  E  and  F,  on  the  engine-shaft,  O,  called 
respectively  the  forward  and  the  backward  eccentrics.  The  link 
carries  a  slider,  0.  That  slider  is  attached  to  the  head  of  the  slide- 
valve  spindle  either  directly  (as  shown  at  C  in  figs.  183,  184,  and 
185),  or  by  means  of  an  intermediate  rod,  C  X  (as  in  figs.  186, 
1 87).  The  slider  is  capable  of  being  adjusted  to  different  positions  in 
the  link,  either  by  shifting  the  link  (as  in  figs.  183,  184,  and 
185,  which  represent  Stephenson's  link-motion)  or  by  shifting  the 
slider  (as  in  fig.  186,  which  represents  Gooch's  link-motion),  or  by 
shiftLug  the  link  and  the  sUder  at  the  same  time  in  opposite 
directions  (as  in  Allan's  link-motion,  represented  in  fig.  187).  In 
Stephenson's  link-motion  the  form  of  the  link  is  an  arc  of  a  circle, 
concave  towards  the  shaft,  and  of  a  radius  equal  to  the  length  of 
the  eccentric  rods  E  A,  F  B.  In  Oooch's  link-motion  the  figure 
of  the  link  is  an  arc  of  a  circle  described  about  the  head,  X,  of  the 
valve-spindle.  In  Allan's  link-motion  the  link  is  straight,  and  the 
adjustment  of  the  proportions  of  the  mechanism  for  shifting  it  will 
be  described  presently.  In  each  case  the  object  is,  that  the  shifting 
of  the  position  of  the  slid^,  0,  relatively  to  the  link,  A  B,  shall 
not  cause  any  sensible  alteration  of  the  middle  position  of  the 
slide-valve.  In  each  of  the  figures,  O  D  represents  the  crank  of 
the  engine  to  which  the  link-motion  belongs,  the  positions  of  the 
parts  being  those  which  they  take  when  that  crank  is  at  a  dead- 
point 

In  each  of  the  figures,  also,  the  eccentrics  are  represented  simply 
by  points,  E,  F,  which  mark  the  centres  of  the  eccentric  discs. 
It  has  already  been  explained,  in  Article  195,  page  197,  that  an 
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eccentric  is  equivalent  to  a  ciunk  whose  arm  coincides  with  the 
eccentricity;  that  is,  the  distance  from  the  axis  of  rotation  to  the 
centre  of  figure  of  the  disc. 


Fig.  183. 


Fig.  184. 


The  general  problem  in  questions  as  to  the  action  of  link-motions 
is  this :  the  dimensions  of  the  parts  being  givwi,  and  the  angles 
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made  by  the  eccentric-arms  O  E,  O  F,  with  the  crank  O  D ;  also 
the  position  of  the  slider  C  in  the  link  A  B;  to  find  the  length 
and  positions  of  what  may  be  called  the  single  virtual  eccentric-arm 
O  g-,  that  is  to  say,  the  arm  of  a  single  eccentric,  which,  if  con- 
nected with  the  valve-spindle  by  a  rod  marked  ^  C  in  figs.  183 
and  184,  and  ^  c  in  figs.  186  and  187,  would  produce,  approoci- 
mcUdy,  the  same  motion  of  the  valve-spindle  that  the  actual 
mechanism  produces. 

The  solution  of  that  problem  consists  generally  of  two  steps; 
the  first  being  to  find  the  two  virtual  eccentric  arms,  O  e,  Of, 
which,  on  the  supposition  of  the  eccentric  rods,  E  A,  F  B,  being 
indefinitely  long,  or  of  slotted  cross-heads  being  used  instead  of 
eccentric  rods,  would  be  equivalent  in  their  action  to  the  actual 
eccentrics  with  their  oblique  rods;  and  the  second  step  being  to 
find  the  single  virtual  eccentric  arm,  O  g,  whose  action  is  equivalent 
to  the  combined  action  of  those  two,  on  the  same  supposition  of  an 
indefinite  length  of  rod  or  a  dotted  cross-head  being  used.       a 

There  are  two  diJOTerent  arrangements  of  the  eccentric  rods,  which 
are  said  to  be  crossed  or  open  according  as  they  cross  each  other  or 
not  when  the  crank  0  D  is  pointing  away  from  the  cylinder.  In 
figs.  183  and  186  the  rods  are  open;  in  figs.  184  and  187  they  are 
crossed.    The  two  following  rules  apply  to  either  arrangement :  — 

I.  To  find  the  virtual  forward  and  ha^ckwan^d  eccentric  arms. 
Through  A  and  B  draw  straight  lines  parallel  to  the  line  of  stroke, 
O  X,  of  the  valve-spindle,  and  mark  on  those  straight  lines  the 
ends  of  the  travel  of  the  points  A  and  B  respectively,  a\  a',  and 
h\  b\  These  points  are  to  be  found  by  Rule  I.  of  Article  186, 
page  198.  Bisect  a'  a'  in  a,  and  b'  V  in  h.  Join  O  a  and  O  6*; 
these  straight  lines  will  pass  nearly,  though  not  exactly,  through 
the  dead-points  of  the  eccentrics  E  and  F  respectively.  Lay  off 
the  angles  X  O  e  a  a  O  E  and  X  O  /  =  6  O  F,  and  make 
O  e  =  aci  and  0/  =  hi/.  Then  O  e  and  O  /  will  be  the  required 
virtual  forward  and  backward  eccentric  arms. 

II.  To  find  ike  single  virtual  eccentric  arm.  Draw  the  straight 
line  ef  and  in  it  take  the  point  g,  dividing  c/in  the  same  pro- 
portion in  which  the  slider  C  divides  A  B.  O  ^  will  be  the 
required  virtual  single  eccentric  arm. 

The  preceding  rtJes  are  applicable  to  all  the  three  constructions 
of  link-motion.  But  for  each  particular  construction  there  are 
special  rules  by  which  the  process  may  be  simplified,  to  the  extent 
of  dispensing  with  the  whole  or  part  of  the  detailed  process,  except 
for  certain  principal  positions  of  the  slider  in  the  link. 

in.  In  GoocKs  Link-Motion  (fig.  186)  the  link  is  hung  or  attached 
to  a  fixed  pin  by  means  of  the  rod  L  J,  and  the  alteration  of  the- 
position  of  the  slider  C  in  it  is  effected  by  shifting  a  lever  (not 
shown),  one  end  of  which  is  connected,  by  means  of  the  rod  iN  M, 
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^th  the  valve-rod  C  X.  The  restdt  is  that  the  virtual  forward 
and  backward  eccentric  arms  O  e  and  O  /  are  the  same  for  all 
positions  of  the  slider  in  the  link,  and  have  only  to  be  found  once 
for  alL  The  figure  shows  this  motion  with  open  eccentric-rods; 
and  the  angle  e  Of  =EOF  —  aO&;  but  it  is  also  made  with 
crossed  eccentric-rods,  and  then  the  angle  eOf  =  EOF  +  a  Ob. 

IV.  In  Stephenson's  LinJs-Motion  (figs.  183,  184)  the  link  is 
attached  by  the  rod  J  L  to  the  end  of  a  lever  (not  shown);  and  by 
shifting  that  lever  the  position  of  the  link  relatively  to  the  slider 
is  changed  when  requured.  The  consequence  is  that  the  virtual 
eccentric  arms  O  e  and  O  /  are  different  in  length  and  position  for 
€veiy  different  position  of  the  slider  in  the  link;  and  the  application 
of  the  general  Eules  L  and  II.  to  a  variety  of  such  positions  becomes 
a  tedious  process.  The  time  and  labour,  however,  required  for 
that  process  are  to  a  great  extent  saved  by  using  the  following 
approximate  method,  which  is  sufficiently  accurate  for  practical 
purposes : — ^When  the  link-motion  is  in  full  forward  gear-*-th^t  is, 
when  C  coincides  with  A — ^the  actual  forward  eccentric  arm  O  E  is 
itself  the  virtual  eccentric  arm.  When  the  link-motion  is  in  full 
backward  gear — ^that  is,  when  C  coincides  with  B — the  actual 
backward  eccentric  arm  O  F  is  itself  the  virtual  eccentric  arm. 
For  intermediate  positions  proceed  as  follows  (see  fig.  185) : — Draw 
the  link  A  B  in  that  position  in  which  the  straight  line  A  B  is 
parallel  to  the  straight  line  E  F,  and  let  H  be  the  centre  of 
curvature  of  the  link  when  in  that  position ;  its  radius,  H  A  =  H  B, 
being  equal  to  the  length  of  each  of  the  eccentric-rods  E  A,  F  B. 
Then,  if  the  eccentric-rods  a/re  open,  draw  E  K  parallel  to  A  H,  and 
F  K  parallel  to  B  H,  cutting  each  other  in  K;  and  through  the 
three  points  E,  F,  K  describe  a  circle ;  the  arc  E  ^  F  of  that  circle  will 
be  a  very  close  approximation  to  the  curve  that  contains  the  ends 
of  all  the  virtual  single  eccentric  radiL  For  a  given  position,  0,  of 
the  slider,  take  the  point  g,  dividing  the  arc  E  F  in  the  same  pro- 
portion in  which  C  divides  A  B;  and  O  g  will  be  the  required 
virtual  eccentric  radius.  If  the  eccentric-rods  a/re  crossed,  draw  E  K' 
parallel  to  A'  H,  and  F  K'  parallel  to  B'  H,  cutting  each  other  in 
K* ;  and  through  the  three  points  E,  F,  K'  describe  a  circle.  The  arc 
E  ^'  F  of  that  circle  will  be  a  very  close  approximation  to  the  curve 
containing  the  ends  of  all  the  virtual  single  eccentric  radii  In  this 
arc  take  &e  point  gf,  dividing  it  in  the  same  proportion  in  which  C 
divides  the  link ;  and  O  ^' will  be  the  required  virtual  eccentric  radius. 

V.  AUan'8  Link-Motion — Centre  of  the  Shiftrng-Lever, — In  Allan's 
link-motion  {iag.  187)  the  middle  point,  J,  of  the  link,  and  any 
convenient  point,  M,  in  the  valve-rod  C  X,  are  attached  by  rods 
to  the  two  ends  of  a  lever,  N  L,  which  turns  about  axi  axis  at  P; 
and  the  position  of  the  slider  0  in  the  link  A  B  is  adjusted  by 
moving  the  handle  F  Q.      In  order  that  the  motion  may  work 
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coneetly,  the  oentre  of  the  sbifting-lever  must  be  propeilj  placed; 
aad  ibd  foUowisg  ig  the  role  for  finding  its  podtion: — ^In  fig.  IBS, 
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Digitized 


by  Google 


LINK-MOTIONS. 


250 


draw  tlie  isoBceks  triangle  O  A  B^  in  which  A  B  is  the  lei^th  of 

the  link,  and  O  A  and  O  B  are  each  equal  to  the  length  of  an 

eccentric -rod.      About  O 

draw  a  circular  arc  throagh  ypc 

A    and    R       Bisect   the  -^ 

straight  line  A  B  in   J; 

join  O  J,  and  produce  it^ 

making  J  X  equal  to  the 

length    of   the   valve-rod; 

and  mark,  in    J  X,   the 

position  of  the  point  M  to 

which  the  rod  M  N  is  to 

be    attached.      About   X, 

with    the    radius    X    J, 

draw  a  circular  arc,  J  B', 

cutting    the    arc    through 

A   and  B  in  B'.     Make 

K  A  =  B  A,  and  O  A'  = 

O  A;  join  B*  A',  and  bisect 

it  in  J\    Also  join  X  B; 

andiQittakeXM'  =  XM. 

Then  M  M'  and  J  r  will 

be  the  distances  tiirough 

which  M  and  J  are  respec- 

tivdy  to  be  shifted  in  order 

to  shift  the  slider  C  from 

xnid-gear  to  full  gear — ^Uiat 

is,  fimn  J  to  B,  or  to  A,  as 

the  case  may  be.     Xhnaw 

the  strawht  line  M'  J\  cut- 

tii^  M  J  in  R,  and  through 

R  draw  R  P  perpendicular  to  O  X;  then  ilie  axis  of  the  shifting 

lerer  is  to  be  placed  at  a  convenient  point  in  the  line  R  R 

Vl.  Allan's  lAni^Motion-- Virtual  Eceeniric  Arm. — ^Bytheap- 
plieatioQ  of  ihe  g^aeral  Rules  I.  and  II.,  find  the 
virtual  eccentric  arms  in  full  forward  gear,  O  6;  in 
lull  backward  gear,  O/;  and  in  mid-gear,  O  ^ ;  and 
draw  them  in  a  diagram,  as  in  fig.  189.  Then 
through  the  points  e,  g,  and  / draw  a  circular  arc; 
this  inll  be  apfnozimately  the  curve  containing  the 
ends  of  all  the  virtual  eccentric  arms  for  different  positions  of 
the  slider;  and  it  is  to  be  used  like  the  corresponding  curve  for 
Stephenson's  link-motion.  If  the  rods  are  open,  this  arc  will  be 
concave  towards  O,  as  «  g/;  if  crossed,  convex,  as  e  ^  f,  * 

*  On  the  subject  of  link-MotioiM,  see  Zevner's  Schkbersteuerungen,  and 
M*F«riane  Gray'*  Geometry  of  tJu  SMe-  Valve.  ^  I 
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It  is  to  be  remarked  that  in  order  to  show  distinctly  the 
principles  of  the  construction  of  the  figures  illustrating  this  article, 
all  those  dimensions  which  give  rise  to  errors — ^that  is,  to  deviations 
from  the  exact  law  of  harmonic  motion — are  exaggerated;  such  as 
the  lengths  of  the  link  A  B,  and  of  the  eccentric-arms  O  E  and  O  F, 
as  compared  with  that  of  the  eccentric-rods  E  A  and  F  R  In 
ordinary  practice  the  link  is  from  one-third  to  one-fifth,  and  each, 
of  the  eccentric-arms  about  one-twentyfifth  of  the  length  of  an 
;  eccentric-rod;  and  the  effect  of  these  propor- 

tions is  to  make  the  deviation  of  the  resultant 
motion  of  the  slide-valve  from  true  harmonic 
motion  practically  inappreciable. 

241.  Differential  BLameidc  IHetleM. — Two 
primary  pieces,  having  different  motions,  may 
be  regarded  as  constituting  an  aggregate  com- 
bination with  respect  to  the  motion  of  one  of 
them  relatively  to  the  other;  because  that 
motion  is  the  resultant  of  two  components: 
for  example,  if  A  be  taken  to  denote  the  frame, 
and  B  and  C  the  two  primary  pieces,  the  motion 
of  C  relatively  to  B  is  the  resultant  of  the 
motion  of  B  relatively  to  A,  and  of  a  motion 
equal  and  contrary  to  the  motion  of  B  relatively 
to  A-  This  principle  has  been  already  stated 
in  Article  42,  page  21  ,  The  following  is  one 
of  its  most  frequent  applications: — In  fig.  190, 
let  b  and  c  be  two  pieces  which  have  approxi- 
mately harmonic  motions  in  parallel  directions 
and  of  equal  periodic  time,  but  differing  in 
phase,  given  to  them  respectively  by  two  cranks 
or  eccentric-arms,  A  B  and  A  C,  which  turn  as 
one  piece  with  the  same  angular  velocity  about 
axis  A,  the  angle  BAG  being  the  difference 
of  phase.  Then  the  motion  of  the  slide  c  re- 
latively to  the  slide  b  is  approximately  the  same 
with  that  which  would  be  produced  by  a  crank 
or  eccentric-arm,  B  C,  turning  with  the  same 
\  angular  velocity;  that  is  to  say,  it  is  an  ap- 
;  proximately  harmonic  motion  of  the  same 
;  periodic  time  with  the  two  elementary  motions 
\  \^  y  !  of  B  and  C ;  its  half-travel  i?  equal  to  B  C,  and 
^^^^     *— -'     y     £^  phase  at  any  instant  is  that  corresponding  to 

'^"-- '^        the  direction  of  B  C  at  that  instant.  Tliis  is  what 

F|g.  190.  may  be  called  a  differential  harmonic  motion; 

and  upon  such  motions  depends  the  action  of 
double  slide-valves  and  moveable  slide-valve  seats  in  steam  enginea 
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Section  IV. — ProducHon  of  Curved  Aggregate  Paths. 

242.  Cireatar  Aggregate  Patks. — Some  circuit  aggregate  paths 
are  traced  by  means  of  mechanical  combinations,  whidi  are  capable 
also  of  tracing  ellipses,  if  required;  and  these  will  be  described 
farther  on.  The  present  Article  relates  to  combinations  in  which 
circular  paths  alone  are  traced. 

Amongst  such  combinations  may  be  classed  the  coupling-rod 
shown  in  fig.  32,  Article  68,  page  44;  for  every  point  in  or  rigidly 
attached  to  that  rod  traces  a  circle  of  a  radius  equal  in  length  to 
the  crank-arms  by  which  the  rod  is  carried;  and  the  same  takes 
place  in  every  case  in  which  a  secondiuy  piece  has  a  motion  of 
circular  translation  without  rotation.  For  example,  in  ^g,  191,  A 
is  a  centre  pin,  carrying  a  fixed  spur-wheel — ^in  ouier  words,  a  spur- 
wheel  without  rotation.  About  the  axis  of  that  wheel  there  turns 
a  disc,  carrying  a  set  of  diverg- 
ing epicyclic  train&  Each 
epicyclic  train  consiBts  of  a 
spur-wheel,  B,  gearing  with 
the  fixed  wheel  A,  and  an- 
other spur-wheel,  C,  gearing 
with  B.  The  last  spur-wheel, 
C,  is  exactly  equal  in  radius  l 
and  in  number  of  teeth  to  I 
the  fixed  wheel  A;  and  the 
consequence  is,  that  each  of 
the  wheels  marked  C  has  an 
angular  velocity  equal  to  that 
of  A — that  is  to  say,  equal  to 
nothing :  in  other  words,  when 
the  disc  rotates,  the  wheels 
marked  C  have  a  motion  of 
circular  translation  without 
rotation.  Let  E  be  any  point  in  one  of  the  wheels  C;  and  draw  AD 
equal  and  parallel  to  C  E;  then  E  traces  a  circle  round  D,  exactly 
equal  to  the  circle  which  the  centre  C  of  the  wheel  to  which  E 
belongs  traces  round  A  at  the  same  tuna  This  combination  is  used 
in  spinning  wire  rope&  Each  of  the  wheels  C  carries  a  bobbin  from 
which  a  wire  or  a  strand  is  paid  out  as  the  spinning  goes  on;  and 
the  efifect  of  the  absence  of  rotation  in  the  wheels  C  is,  that  the 
wires  or  strands  are  spun  together  without  being  twisted,  which 
would  overstrain  the  material 

The  combination  shown  in  ^g.  192  serves  to  guide  a  point  C 
along  an  arc,  B  0  A,  of  a  circle  of  a  radius  so  great  that  it  would 
be  inconvenient  to  cuide  the  point  C  by  connecting  it  diiSBctly  with 
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the  centre   of  the   circle.     It  is   based  upon    this  well-known 

geometrical  principle : — Let  A  and  B  be  any  two  fixed  points  in  the 

circular  arc  to  be  traced;  then  the  two  chords  C  A,  C  B  make 

with  eadi  other  a  conatoat  an^  at  O — viz., 

the  mpplement  of  one-half  of  i^  angle  which 

the  arc  A  B  sabtends  at  the  centre  of  the 

ciocla     Two  lods  are  fastened  together  at  C, 

so  as  to  make  with  each  other  the  proper  ooa- 

I  flteat  angle;  and  thej  are  guided  hj  paasing 

1/         through  sockets  at  A  and  B,  which  sockets  are 

free  to  turn  about  A  and  B  respectivelj,  but 

not  to  move  otherwise.    Then,  when  the  rods 

are  made  to  slide  through  the  sodcets,  the 

point  C  traoea  the  required  eiroular  arc.     The 

angle  made  bj  the  rods  with  eadi  other  may 

be  made  adjustable  by  means  of  a  screw  or 

nil  otherwise,  so  as  to  vary  the  curvature  of  the 

arc  when  required. 

243.  Spiir*ch«i4al  Wmikm, — An  ej^trochoid  is 
the  curve  traced  by  a  point  in  or  rigidly  at- 
tached to  a  circle  which  rolls  either  inside  or 
outside  of  another  circle  (called  the  baso^rde) ; 
also,  if  two  circles  (aa  the  pifcdb-circles  of  two 
spur-wheels)  turn  in  rolling  contact  with  each 
other  about  fixed  axes,  a  point  rigidly  attached 
to  one  of  those  circles  traces  an  epitrodioid 
upon  a  disc  rigidly  attached  to  the  other. 

When  the  tracing-point  Im  ui  the  dreutn- 
ference  of  the  rolling-cirde,  the  carve  traced 
becomes  that  particular  khid  of  epitrochoid 
that  is  called  an  ^^ieydoid.  Tba  properties 
of  this  curve  have  already  been  explained  in 
Article  78,  page  6^,  with  a  view  to  its  adapta- 
tion to  the  figures  of  the  teeth  of  wheels. 

If  the  circumferences  of  the  rolling-circle  and 
of  the  base  cirole  are  commensurabls  with  e^oh 
V  other,  the  epitrochoid  returns  into  itself,  and 
has  a  finite  number  of  lobes  or  coils — ^vis.,  the 
Vlf.  198.  denominator  of  the  fraction  which,  being  in  its 
least  terms,  expresses  the  ratio  borne  by  tiie 
cirenmfference  of  the  rollii^-cirde  to  that  of  the  base-circle.  If 
those  circnmferences  are  incommensurable,  the  epitrochoid  does 
not  return  into  itself,  so  that  the  number  of  its  lobes  or  coils  is 
indefinite. 

When  ih»  rolling-circle  rolls  outside  a  base-circle  of  equal-radius, 
the  epitrochoid  is  one-lobed,  and  is  called  a  cardioicL 

Digitized  by  VjOOQIC 


ITftOGHOIIlAL  PATHS.  263 

In  the  examples  shown  in  &g^  193, 194,  and  195  tht  xatio  of 
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the  rolling-circle  to  the  base-circle  is  -,  so  that  the  epitrochoids  are 

o 

three-lobed.  Each  figure  shows  an  external  and  an  internal  epitro- 
choid,  traced  by  rolling  the  rolling-circle  outside  and  inside  the 
base-circle  respectively.  The  centres  of  the  base-circles  are  marked 
A;  those  of  the  external  rolling-circles,  B;  those  of  the  internal 
roUingcircles,  b;  and  the  tracing-points  of  the  external  and  in- 
ternal rolling-circles  are  marked  0  and  c  respectively. 

In  ^g,  193  the  tracing-points  are  in  the  circumferences  of  the 
rolling-circles;  and  the  curves  traced  are  epicycloids,  distinguished 
by  having  cusps  at  the  points  where  the  tracing-point  coincides 
with  the  base-circle.  In  ^g.  194  the  tracing-points  are  inside  the 
rolling-circles;  and  the  curves  traced  are  prolate  epUrochoids^ 
distinguished  by  their  wave-like  form.     In  fig.  195  the  tracing- 


Ffg.  195. 


points  are  outside  the  rolling-circles;  and  the  curves  traced  are 
curtate  epUrochoielSy  distinguished  by  their  looped  form. 

An  important  property  of  curves  traced  by  rolling  has  already 
been  mentioned — viz.,  that  at  every  instant  the  straight  line 
joining  the  tracing-point  and  the  pitch-point,  or  point  of  contact  of 
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the  rollisg-carve  and  base-curve,  is  normal  to  the  trdced  curve  at 
the  tracing-point 

The  di£rtance  B  C  or  6  c  may  in  each  case  be  called  the  tradnj' 
arm. 

In  mechanism  for  the  tracing  of  epitrochoids  (used  chiefly  in 
ornamental  turning),  the  rolling  and  base-circles  are  the  pitch-circles 
of  a  pair  of  spur-wheels,  made  with  great  accuracy.  (See  page  290.) 

244.  JBUUed  Patlia  In  Oeaenii. — An  infinite  variety  of  curves 
may  be  traced  by  rolling  diflferent  pairs  of  non-circular  curves  upon 
eadi  other.  In  practice  it  is  most  convenient  to  limit  this  process 
to  pairs  of  non-circular  curves  which  are  capable  of  turning  in 
rolling  contact  about  fixed  parallel  axes;  that  is  to  say,  which  are 
suitable  for  the  pitch-lines  of  wheels,  according  to  the  principles 
explained  in  Article  107,  page  92.  Suppose  any  such  pair  of 
pitch-lines  to  turn  in  rolling  contact  with  each  other;  then  a  point 
rigidly  attached  to  one  of  them  (the  rolling-line)  will  trace  upon  a 
disc  rigidly  attached  to  the  other  (the  base-line)  a  third  curve ;  at 
every  point  in  that  third  or  traced  curve  the  normal  will  be  the 
straight  line  traversing  the  tracing-point  and  the  pitch-point,  or 
point  of  contact  of  the  rolling-line  and  base-line.* 


F!g.  195  a. 

*The  following  rale  gives  an  approximate  method  of  determining  the 
iignres  of  a  rolling-cnrve  and  base-cnrve  suited  for  tracing  one  lobe  of  a  given 
curve,  B  C,  abont  a  given  i)ole,  A  (see  fit;.  195  a)  ;  the  term  pole  being  used  to 
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245.  BUipUe  ^mOn  ineed  ^j  ■•otag  form  a  pariMokr  caae  of 
internal  epitrochoids.  In  fig.  196  is  represented*  rolIiBg-«ircle, 
which  roUfl  inside  a  base-circle  of  exactly  twice  its  rtdins.     Then 


Fig.  19C. 

denote  the  trace  of  the  axis  of  the  base-wheel  upon  the  plane  of  the  given 
curve : — 
Let  A  B  and  A  C  be  the  greatest  and  least  distances  of  the  given  curve 

from  the  pole.    Make  the  line  of  centres  A  D  =  A  E  = ;  and. 


the  tracing-arm  D  B  =  C  E  = 


AB  — AC 


With  the  Ime  of  centres  A  D 


as  radius,  draw  a  circle,  D  E ;  this  will  be  the  path  of  the  axis  of  the  rolling- 
curve.  Take  a  series  of  points,  F,,  F^,  F,,  £c.,  in  the  curve  to  be  traced, 
and  from  each  of  them  lay  off^  to  the  circumference  of  the  circle,  D  E^  a 
distance,  F  G,   equal  to  the  tracing-arm;   thus  finding  a  corresponding 
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(coBBidering  a  qnarter  of  a  reyolntion  at  a  time),  while  the  centre 
of  ihe  roHing-cirde  traces  a  quadrant,  B  6,  of  an  equal  circle  about 
A,  a  point  D  in  the  circumference  of  the  rolling-circle  traces  a 
straight  line  traversing  A,  and  a  point  C,  inside  the  rolling-circle^ 
traces  a  quadrant,  C  c,  of  an  ellipse  whose  semiaxes  are  A  C  = 
AB  +  BC,  andAc  =  CD  =  AB  -  BC;  also  a  point C outside 
the  rolling-circle,  but  rigidly  attached  to  it,  traces  a  quadrant,  C  at, 
of  an  ellipse  whose  semiaxes  are  A  C  =  B  C  +  A  B,  and  A  c'  = 
C  D  =  B  C  —  A  B.  The  former  may  be  called  an  internal,  and  the 
latter  an  extemcUf  ellipse.  The  proportions  of  the  axes  of  either  of 
them  may  be  indefinitely  varied  by  adjusting  the  position  of  the 
tracing-point;  but  in  every  internal  ellipse  the  sum,  and  in  every 
external  ellipse  the  differ^ice,  of  the  semiaxes  is  equal  to  the 
diameter  of  the  rolling-circle — that  is,  to  the  radius  of  the  base-circle. 

This  is  the  principle  of  the  mechanism  commonly  used  for 
turning  ellipses.     (See  Addendum,  page  290.) 

It  is  evident  that  by  having  a  number  of  tracing-points  carried 
by  one  rolling-circle,  several  ellipses  differently  proportioned  and 
in  different  positions  may  be  traced  at  the  same  time. 

246.  A  Trammd  is  a  substitute  for  a  pair  of  rolling-circles 
suited  for  tracing  ellipses;  but  it  is  less  used  in  mechanism  than  in 
drawing  instruments.  It  depends  on  the  following  principles : — 
That  every  point  in  the  circumference  of  the  rolling-circle  in  ^g. 
196  traces  a  straight  line  through  A;  and  that  consequently,  if 
two  points  in  a  rigid  body,  so  chosen  as  to  be  in  the  circumference 
of  one  circle  through  A,  be  so  guided  as  to  move  in  straight  lines 
traversing  A,  the  whole  body  will  move  as  if  it  were  carried  by 
that  circle,  rolling  inside  a  circle  of  twice  the  radius. 

In  Gg,  197,  let  X  X  and  Y  Y  be  the  centre  lines  of  two  straight 
grooves,  cutting  each  other  in  A ;  and  let  B  and  C  be  the  centres 
of  two  pins  which  slide  along  those  grooves  respectively  at  an 
invariable  distance,  B  C, from  each  other.  Through  B,  perpendicular 
to  X  X,  and  through  C,  perpendicular  to  Y  Y,  draw  the  straight 
lines  B  G,  0  G,  cutting  each  other  in  G;  this  point  will  evidently 
be  the  trace  of  the  instcmtaneotts  axis  of  a  rigid  body  attached  to  B 
and  C.     Join  A  G,  bisect  it  in  D,  and  about  D  draw  a  circle 

aeries  of  points,  G,,  Ac.,  in  tiiat  circle.  (Two  only  of  these  points  are 
lettered,  to  prevent  oonfhsion.) 

Praw  ike  mdii  A  Gj,  &c.  Then,  through  the  points  F,,  Ice.,  draw  a 
series  of  normals,  F^  H,,  &c.,  cutting  their  corresponding  radii  in  a  series  of 
points,  Hi,  &c.    These  win  be  points  in  the  base-curve. 

To  coBstmot  the  rolling-curve^  draw,  in  a  separate  diagram,  the  tracing- 
arm  o/  s  G  F ;  draw  the  radii  gh,kc.y  equal  to  the  correspcmding  lines 
Gi  H,,  &c.,  in  the  oridnal  diagram,  and  making  the  angles/^  A„  &c., 
equal  to  the  correeponiOng  angles  F^  Gi  H,,  &c.,  in  the  wimial  diagram; 
then  h^t  &c.,  will  be  points  in  the  requii^  rollinff-curve ;  g  being  the  trace 
of  its  axis,  which  is  at  the  invariable  distance  A  D  from  the  axis  of  the 
bwe^rve;  and/the tr^nng-point  ^^^    ^ ,,GoOgle 
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through  A  and  G.     That  circle  will  also  traverse  B  and  C,  because 
l^e  angles  A  B  G  and  A  C  G  are  right  angles.     Now,  the  length  of 


Fig.  197. 

the  chord  B  C  in  that  circle  is  constant,  and  it  subtends  at  the 
circumference  the  constant  angles  Y  A  X  and  B  G  C ;  therefore 
the  diameter  A  G  of  that  circle  is  constant  in  all  positions  of  the 
pins  B  and  C  as  they  slide  along  the  grooves;  therefore  the  several 
positions  of  the  instantaneous  centre,  G,  are  all  in  one  circle  de- 
scribed about  A;  therefore  the  motion  of  a  rigid  body  attached  to 
the  pins  B  and  0  is  the  same  as  if  it  were  carried  by  the  circle 
A  B  G  0  rolling  inside  a  circle  of  twice  the  radius  described  about 
A.  Hence  the  point  D  in  such  a  rigid  body  traces  a  circle  about 
A;  and  any  other  point,  such  as  E,  traces  an  ellipse  whose  semi- 
axes  are  respectively  equal  to  A  D  +  D  E  and  A  I)  —  D  R  Th^ 
straight  line  G  E  is  at  every  instant  a  normal  to  the  ellipse  traced 
by  the  point  R 

In  the  ordinary  form  of  the  trammel,  represented  in  fig.  Ii98,  the 
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grooves  X  X  and  T  Y  are  at  right  angles  to  each  other;  and  the 
moving  rigid  body  is  a  straight  rod,  B  C  F,  carried  by  two  pins  at 
B  and  0^  which  are  fixed  in  blocks  that  slide  along  the  grooves. 


Fig.  198. 

The  tracing-point  is  moveable,  and  can  be  adjusted  to  any  required 

position  along  the  rod.     When  midway  between  B  and  C,  at  D,  it 

B  C 
traces  a  circle  of  the  radius— 5—;  when  at  any  other  intermedial; 

pointy  such  as  B,  it  traces  an  ellipse  whose  semiaxes  are  equal  re- 
spectively to  E  B  and  E  C;  and  if  the  rod  be  prolonged,  a  point  F 
in  the  prolongation  traces  an  ellipse  whose  semiaxes  are  equal  re- 
spectively to  F  B  and  F  0.  In  each  case  the  axes  of  the  ellipee 
coincide  with  the  centre  lines  of  the  grooves  X  X  and  T  Y. 

When  the  trammel  is  oblique-angled  at  A,  the  positions  of  the 
axes  of  the  ellipse  described  by  a  nven  tracing-point,  E  (fig.  197), 
are  found  as  follows : — Produce  E  D  till  it  cuts  the  virtual  rolling- 
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ciTC^  in  a;  join  B  a,  0  a;  iben  E  a  B  and  E  a  C  will  be  eqnal  to 
tbe  angles  m^de  hj  tbe  longer  axis  with  X  X  and  T  T  respectiyely ; 
and  the  fdiorter  axis  will  of  coturse  be  perpendicnlar  to  the  l<mger.* 
247.  Feathering  Paddie-Wheeia  exemplify  a  class  of  aggregate 
combinations  in  which  linkwork  is  the  means  of  producing  the 
aggregate  motion.  Each  of  the  paddles  is  supported  by  a  pair  of 
journals,  so  as  to  be  capable  of  turning  about  a  moving  axis  parallel 
to  the  axis  of  the  paddle-wheel,  while  its  position  relatively  to 
that  moving  axis  is  regulated  by  means  of  a  lever  and  rod  con- 
necting it  with  another  fixed  axis.  Thus,  in  fig.  199,  A  is  the 
axis  of  the  paddle-wheel;  K  the  other  fixed  axis,  or  eccentric-axis; 
B,  E,  N,  C^  P,  M,  D  the  axis  of  a  paddle  at  various  points  of  its 


Rg.  199. 

TCTolution  round  the  axis  A  of  the  wheel;  B  P,  E  H,  N  Q,  C  R, 
P  S,  M  Ly  D  G,  the  stem-lever  of  the  paddie  in  various  positions  ; 
K  F,  K  H,  K  4  K  R,  K  S,  K  L,  K  G,  various  positions  c^  the 
guide-rod  which  connects  the  stem-lever  with  the  eccentric-axis. 
When  tbe  end  of  the  paddle-shaft  overhangs,  and  has  no  outside 

*  The  olitiqiie-aDgfod  traamd  m  believed  to  be  the  invention  of  Mr. 
£dmmnd  Hani 
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bearing,  the  eccentric-axis  may  be  occnped  by  a  pin  fixed  to  the 
paddle-box  framing;  but  if  the  paddle-shaft  has  an  outside  as  well 
as  an  inside  bearing,  the  inner  ends  of  the*  guide-rods  are  attached 
to  an  eeoefUric  collar,  large  enough  to  contain  the  paddle-shafl  and 
its  bearing  within  it,  and  represented  by  the  small  dotted  circle  that 
is  described  about  £L  One  of  the  rods,  called  the  driving-rod^  is 
rigidly  fixed  to  the  odJar,  in  order  to  make  it  rotate  about  the  axis 
K ;  tibe  remainder  of  the  rods  are  jointed  to  the  collar  with  pin& 

The  object  of  the  combination  is  to  make  the  paddles,  so  long  as 
they  are  immersed,  more  as  nearly  as  possible  edgewise  relatively 
to  ^e  water  in  the  paddle-race;  The  paddle-race  is  assumed  to  be 
a  uniform  current  moving  horizontalfy,  relatiyely  to  the  axis  A, 
with  a  velocity  equal  to  ^at  with  whobch  the  axes  £,  kc,  of  the 
paddle-journals  revolve  round  A.  Let  £  be  the  position  of  a 
paddle-journal  axis  at  any  given  instant;  conceive  the  velocity  of 
the  point  E  in  its  revolution  round  A  to  be  reserved  into  two  com- 
pcmeats, — a  normal  component  perpendkmlar,  and  a  tangential  com- 
ponait  parallel,  to  the  face  of  the  paddle;  Cononve  tliKB  velocity  of 
the  particles  of  water  in  the  paddle-raoetobe  resolved  in  the  same  way. 
Then,  in  order  that  the  paddle  may  more  as  neariy  as  possible  edge- 
wise relatively  to  the  water,  the  normal  components  of  the  velocities 
of  the  journal  E  and  of  the  particles  of  water  should  be  identicaL 

Lei  B  be  the  lowest  point  of  the  drde  described  by  the  paddle- 
journal  axes;  that  is,  let  A  £  be  veriicaL  Draw  the  choini  E  R 
Then  it  is  evident  that  the  compoii^it  velocities  of  the  points  B 
and  £  along  £  B  are  identicaL  But  the  velocity  of  B  is  identical 
in  amount  and  dhrection  with  that  of  tiie  wat»  in  the  paddle-race. 
Therefore  the  face  ci  a  paddle  at  £  should  be  iMnrmal  to  the  chord 
£  B^  or  as  nearly  so  as  possible;  Another  way  of  stating  the  same 
principle  is  to  say  that  a  tangent,  £  C,  to  the  fiice  of  the  paddle 
should  pass  throng  the  higkest  point,  C,  of  the  circle  described  by 
the  pa<^e-joumal  axes.  CAB  being  the  vertical  diameter  of  that 
circle. 

It  is  impossible  to  fulfil  this  condition  exactly  by  means  of  the  com- 
l»nation  ^wn  in  the  figure ;  but  it  is  fulfiUed  with  an  approximation 
sufficient  for  practical  purposes,  so  long  as  the  paddles  are  in  the  water, 
by  means  of  the  following  consiaruction : — Let  D  and  £  be  the  two 
points  where  the  circle  described  by  the  paddle-journals  cuts  the  sur- 
face d  the  water.  From  the  vppermost  point,  C,  oi  that  circle  draw 
the  strait  lines  C  £,  O  D,  to  represent  tangents  to  the  iaee  of  a 
paddle  at  the  instant  when  its  joumak  are  entering  and  leaving 
the  water.  Draw  also  the  vertical  diameter  C  A  B,  to  represent  a 
tangent  to  the  face  of  a  paddle  at  the  instant  when  it  is  most 
deeply  immersed.  Then  draw  the  stem-lever  projecting  firom  the 
paddle  in  its  three  positions,  D  G,  B  F,  £  H.  In  the  figure,  that 
lever  is  drawn  at  right  angles  to  the  face  of  the  paddle;  but  the 
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angle  at  which  it  is  placed  is  to  a  certain  extent  arbitrary,  though 
it  seldom  deviates  much  from  a  right  angle.     The  length  of  the 

stem-lever  is  a  matter  of  convenience :  it  is  usually  about  ■=  of  the 

depth  of  the  face  of  a  paddle.  Then,  by  plane  geometry,  find  the 
centre,  K,  of  the  circle  traversing  the  three  points,  G,  F,  and  H; 
K  will  mark  the  proper  position  for  the  eccentric-axis;  and  a  circle 
described  about  K,  with  the  radius  K  F,  will  traverse  all  the 
positions  of  the  joints  of  the  stem-levers. 

From  the  time  of  entering  to  the  time  of  leaving  the  water, 
jmddles  fitted  with  this  feathering  gear  move  almost  exactly  as 
required  by  the  theory ;  but  their  motion  when  above  the  sur&ce 
of  the  water  is  very  different,  as  the  figure  indicates. 

To  find  whether,  and  to  what  extent,  it  may  be  necessary  to  notch 
the  edges  of  the  paddles,  in  order  to  prevent  them  from  touching 
the  guide-rods,  produce  A  K  till  it  cuts  the  circle  G  F  H  in  L; 
from  the  point  L  lay  off  the  length,  L  M,  of  the  stem-lever  to  the 
circle  D  B  E,  and  draw  a  transverse  section  of  a  paddle  with  the 
axis  of  its  journals  at  M,  its  stem-lever  in  the  position  M  L,  and 
its  guide-rod  in  the  position  L  K.  This  will  show  the  position 
of  the  parts  when  the  guide-rod  approaches  most  closely  to  the 
paddle. 

Some  engineers  prefer  to  treat  the  paddle-raoe  as  undergoing  a 
gradual  acceleration  from  the  point  where  the  paddle  enters  the 
water  to  the  point  of  deepest  immersion.  The  following  is  the  con- 
sequent  modification  in  the  process  of  designing  the  gear : — Let  the 
final  velocity  of  the  paddle-race  be,  as  before,  equal  to  that  of  the 
point  B  in  the  wheel,  and  let  the  initial  velocity  be  equal  to  that 
of  the  point  b,  at  the  end  of  a  shorter  vertical  radius,  A  6.  Let  D 
be  the  axis  of  a  paddle-journal  in  the  act  of  entering  the  water, 
and  E  the  same  axis  in  the  act  of  leaving  the  water.  Join  b  D 
and  B  E;  draw  the  face  of  the  paddle  at  D  normal  to  D  6,  the 
face  of  tiie  paddle  at  B  vertical,  as  before,  and  the  face  of  the 
paddle  at  E  normal  to  E  B.  Then  draw  the  stem-lever  in  its  three 
positions,  making  a  convenient  constant  angle  with  the  paddle- 
face  ;  and  find  the  centre  of  a  circle  traversing  the  three  positions 
of  the  end  of  the  stem-lever;  that  centre  will,  as  before,  mark  the 
proper  position  for  the  eccentric-axis. 

248.  Spherical  EpIirMslioldal  Patlu— Z^raak. — ^A  point  rigidly 
attached  to  a  cone  which  rolls  on  another  cone  describes  a  sphmccU, 
epitrochMy  situated  in  a  spherical  surfitce  whose  centre  is  at  the 
common  apex  of  the  two  cones.  This  sort  of  aggregate  motion  is 
illustrated  by  Mr.  Edmund  Hunt's  Z-crank. 

In  fig.  200,  A  A  is  a  rotating  shaft,  carrying  at  B,  B,  two  crank- 
arms,  which  project  in  opposite  directions,  and  are  connected  with 
ach  other  by  means  of  a  cylindrical  crank-pin,  B  B.     The  shafts 
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ci-ank-arms,  and  crank-pin,  are  all  rigidly  fastened  together;  and 
they  rotate  as  one  piece  ahout  the  axis  A  A. . 

The  crank-pin  is  contained  within  a  hollow  cylindrical  sleeve  or 


,. TS 


tube,  fitting  it  accurately,  but  not  tightly,  and  free  to  rotate, 
relatively  to  the  pin,  about  the  axis  B  B,  but  not  to  shift  longi- 
tudinally. From  that  tube,  and  in  a  plane  normal  to  B  B,  and 
traversing  C,  the  intersection  of  B  B  and  A  A,  there  project  any 
required  number  of  arms,  such  as  C  D,  0  D.  Those  arms  move  as 
one  piece  with  the  tube;  and  each  of  them,  at  its  end  D,  is  con- 
nected, by  means  of  a  ball-and-socket  joint,  with  a  link,  and  through 
the  link  with  a  piston-rod,  which  has  a  reciprocating  sliding  move- 
ment parallel  to  A  A 

The  lower  jmrt  of  iJie  figure  shows  the  position  of  the  mechanism 
after  a  quarter  of  a  revolution  has  been  made  from  the  position 
represented  in  the  upper  part  of  the  figure. 

The  motion  of  the  sleeve,  with  its  arms,  is  compounded  of  a 
rotation  about  the  fixed  axis  A  A,  and  of  a  rotation  with  equal 
speed  in  the  contrary  direction  about  the  revolving  axis  B  B. 

Therefore,  in  the  plane  of  those  axes  at  any  instant  draw  C  E, 
bisecting  the  obtuse  angle  B  C  A,  and  0  E  will  be  the  instantaneous 
axis  of  file  sleeve  and  arms, 
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Draw  0  F,  makiiig  the  angle  A  C  F  »  AC  E;  and  C  G,  making 
the  angle  B  C  G  =  B  €  E.  Then  £  0  F  wiU  be  the  trace  of  a 
fixed  oone,  Slaving  A  0  A  for  its  axis;  and  £  O  G  will  be  the  trace 
of  a  polling  cone,  having  B  C  B  for  its  axis;  and  the  motion  of  the 
sleeve  with  its  arms  wiU  be  the  same  as  if  it  were  rigidly  attached 
to  the  rolling  cone. 

Each  of  the  points  marked  D  describes  a  spherical  epitrochoid, 
shaped  like  a  long  and  slender  figure  of  S,  and  situated  in  the  surfieu^e 
of  a  sphere  of  the  radius  C  D,  whose  teaoe  in  the  figure  is  marked 
by  a  dotted  circle.  The  traos  of  tfae  fixed  coi^  on  ihat  sphere  is 
projected  in  the  figure  by  the  straight  line  £  F;  that  of  the  rolling 
cone,  in  the  upper  part  of  the  figure,  by  the  straight  line  E  G,  and 
in  the  lower  pak  by  a  dotted  ellipae.  The  -centre  of  thd  base  of  the 
rolling  cone  is  marked  H  and  h  in  the  two  parts  of  the  figure 
respectively. 

Saofiov  v. — FaraUd  Motions. 

249.  PanOiel  H^clmM  !■  OmimwL-  A  pwoUd  motion  13  a  com- 
bination of  turning  pieces  in  mechanism,  usually  links  and  levers, 
designed  to  guide  ^e  vxction  of  a  reciprocating  piece  either  exactly 
or  approximately  in  a  «tni%ht  line,  so  as  to  avoid  the  friction  which 
arises  from  the  use  of  stxaught  guides  for  that  parpose.  Its  moat 
common  application  is  to  the  heads  of  piston-rods. 

Some  parallel  motions  are  exact;  that  is,  they  guide  the  piston- 
rod  head  or  other  reciprocating  piece  in  an  exact  straight  line;  but 
these  parallel  motions  cannot  always  be  conveniently  made  use  o£ 
Other  parallel  motions  are  only  approximate;  that  is,  the  path  of 
Uie  piece  whieh  they  guide  is  near  enough  to  a  straight  line  for  the 
practical  object  in  view;  and  these  are  the  most  frequent  They 
are  vsually  designed  upon  the  principle,  that  the  two  extreme 
positions  and  the  middle  position  of  the  guided  point  shall  be 
exactfy  in  one  straight  line;  care  being  taken,  at  the  same  time, 
that  1^  deriations  of  the  intermediate  parts  of  the  path  of  that 
point  from  that  straight  line  shall  be  as  small  as  possible 

There  are  purposes  £or  which  no  merely  approximate  parallel 
motion  is  sufficiently  accurate;  such  as  the  guiding  of  the  tool  in 
a  planing  machine,  whose  motion  ought  to  be  absolutely  straight 

2^0.  Bzftct  Pwallol  ii«iiMM. — ^When  a  wheel  rolls  round  inside 
a  ring  of  exactly  twice  its  radius,  any  point  in  ih/e  pitch-circle  of 
the  wheel  traces  a  straight  line,  being  a  diameter  of  the  pitch- 
circle  of  the  ring  (Article  24:5,  page  266).  This  combination,  then, 
has  sometimes,  thou^  seldom,  been  used  as  an  exact  parallel  motion 
for  a  piston-fx>d ;  ttud  head  of  the  piston-rod  being  jointed  to  a  pin 
at  the  pitdi-circle  of  the  rolling  wheel,  and  the  crank  to  pother 
pin  at  the  centre  of  that  wheel 
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Fig.  201. 


Fig.  201  repreeeiatB  another  exact  parallel  motion,  first  propoeed, 
it  IB  believed,  by  Mr.  Scott  Russell. 

The  arm  0  D  turns  on  the  axis  C,  and  is  jointed  at  D  to  ih& 
middle  of  the  bar  A  D  B,  whose 
length  is  double  of  that  of  C  D,  and 
one  of  whooe  e/nda,  B,  is  jointed  to  a 
^ider^  hiding  in  straight  guides 
along  the  line  C  B.  Draw  B  B 
perpendicular  to  O  B,  outting  O  D 
produced  in  £;  then  £  is  the  in- 
stantaneous axis  of  the  bar  A  D  B; 
and  the  direction  of  motion  of  A  is 
at  every  instant  perpendicular  to  E 
A;  that  is,  A  moves  along  the 
straight  line  A  C  a.  While  the 
stroke  of  A  is  A  C  a,  extending  to 
equal  distances  on  either  side  of  C,  and  equal  to  twice  the  chord  of 
the  arc  D  d,  the  stroke  of  B  is  only  equal  to  twice  the  deflection 
of  that  arc;  and  thus  A  is  guided  through  a  comparatively  long 
stroke  by  the  sliding  of  B  throng  a  comparatively  short  stroke, 
and  by  rotatory  motions  at  the  joints  0,  D,  B.  This  may  be  called 
the  grctsshopper  parallel  motion. 

251.  AppMxlBu&te  GrBMhepi^r  PanOiel  Hotfon. — ^The  point  B, 
instead  of  sliding  between  straight  guides,  may  be  carried  by  the 
end  of  a  lever  which,  in  its  middle  position,  is  parallel  to  a  C  A, 
and  which  is  so  long  that  the  deviation  of  ^e  arc  described  by  B 
from  a  straight  line  is  insensible.     (See  also  page  292.) 

252.  Watt**  Pwralld  MaUaa    Oeacral  I^escripUen. — ^The  general 

construction  of  the  ordinary  form  of  Watt's  approximate  parallel 

motion  is  shown  in  fig.  202.    A  c  is 

one  arm  oii^ae  walking-beam  of  the 

engine,  turning  about  aa  axis  at  the 

fnaim-eexdre  e,     A  B  is  the  main^ 

link,  connecting  the  end  A  of  the 

beam  with  the  piston-rod  B  D.  Tt 

k  t^e  baek-Unk,  equal  and  parallel 

to  the  main-link ;  and  B  T  is  the 

paraUdrbar,  equal  and  parallel  to 

the  part  A  t  of  the  walking-beam, 

and  completxDg  the  paraUdogrctm 

AtTB.  The  piston-rod  head,  B,i« 

to  be  guided  so  that  its  highest,  middle,  and  lowest  positions  shall  be 

in  one  straight  line;  and  thiis  is  effected  by  guiding  in  the  same 

manner  the  point  P,  where  the  straight  line  B  e  cuts  the  badc-link. 

The  guiding  of  the  point  P  is  effected  by  means  of  the  radiuB-bar,  or 


fl&iOt. 


bridle.  C  T,  which  is  a  lever  that  turns  about  an  axis  at^,  and  is 
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jointed  at  T  to  the  back-link.  Fi*oui  the  point  P  a  pnmp-rod  is 
often  hung.  Some  variations  in  detail  will  be  explained  further 
on.  The  links,  bridle,  and  parallel-bar  usually  consist  each  of  a 
pair  of  equal  aod  similar  pieces,  connected  respectively  with  the 
two  sides  of  the  piston-rod  head. 

Fig.  203  shows  on  a  larger  scale  the  principle  according  to 
which  the  point  P  is  guided.  S«  is  the  line  of  stroke  of  that 
point;  Pj,  Pj,  and  P3,  its  upper,  middle,  and  lower  positiona 
T  P  ^  (shown  in  three  positions,  numbered  1,  2,  and  3  respectively) 


Fig.  203. 

is  the  link;  CT  and  ct,  the  two  levers  which  guide  that  link, 
each  shown  in  three  positions.  In  designing  a  parallel  motion 
the  principal  problem  is  to  adjust  the  relative  positions  and  pro- 
portions of  the  levers  and  link,  so  that  the  three  points  P,,  Pp,  and 
P3  shall  lie  in  the  straight  line  S  a.  There  are  also  subordinate 
problems,  of  which  the  first  has  for  its  object  to  make  the  devia- 
tions of  the  point  P  from  the  straight  line  of  stroke,  in  positions 
intermediate  between  P^,  Pg,  and  P3,  as  small  as  possible.  It  will 
be  shown  further  on  that  those  deviations  arise  from  the  varying 
obliquity  of  the  link  T^  to  the  line  of  stroke  Bs;  therefore  each 
lever  should  be  so  placed  relatively  to  the  link  that  the  greatest 
obliquity  of  the  link  shall  be  as  small  as  possible ;  and  for  that 
purpose  the  link,  in  its  positions  of  greatest  obliquity  to  the  right 
and  left  of  the  line  of  stroke  respectively,  should  make  eqtud  angles 
at  opposite  sides  of  that  line  j  which  condition  is  to  be  fulfilled  by 
making  the  middle  position  of  each  lever  perpendicular  to  the 
line  of  stroke,  and  making  that  line  bisect,  in  the  points  M  and  in, 
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the  deflections  TpV  and  t^v  of  the  arcs  described  by  the  points 
T  and  t  respectively.  This  adjustment  is  to  be  made  for  the  beam 
and  link  before  proceeding  to  design  the  parallel  motion  strictly 
so  called ;  that  is,  the  position  and  dimensions  of  the  bridle  rela- 
tively to  the  beam  and  link. 

Another  subordinate  problem  is  to  design  the  parallelogram, 
when  a  second  point,  such  as  £  in  ^g,  202,  is  to  be  guided. 

253.  Watf^  Parallel  in[«Cimi~B«lM  f«r  ]>csigBlB(i. — L  Given  (in 
fig.  204)  the  line  of  jrtroke,  G  D,  of  a  piston-rod,  the  middle  position 
of  its  head,  B,  and  the  centre,  A,  of  a  walking-beam  or  lever,  which, 
in  its  middle  position,  A  D,  is 
perpendicular  to  G  D :  to  find 
the  radius  of  the  lever,  so  that 
the  link  connecting  it  with  B 
shall  deviate  equ^dly  to  the 
two  sides  of  G  D  during  the 
motion;  also^  the  lengUi  of 
the  link. 

Make  D  E  =  ^  stroke;  join 

A  E;  and  perpendicular  to  it 
draw  E  F,  cutting  A  D  pro- 
duced in  F;  A  F  will  be  the 
required  radius.  Join  F  B; 
this  will  be  the  link. 

II.  Given  the  data  and 
results  of  Rule  L ;  also  the 
point,  G,  where  the  middle 
position  of  a  bridle  or  second 
lever,  connected  with  the  same 
link^  cuts  G  D :  to  find  the  second  lever,  so  that  the  two  extreme 
positions  of  B  sliuil  lie  in  the  same  straight  line^  G  B  D,  with  the 
middle  position. 

Throng  G  draw  a  straight  line,  L  G  K,  perpendicular  to  G  D ; 
produce  F  B  till  it  cuts  that  line  in  L;  this  point  will  be  one  end 
of  the  required  second  lever  at  mid-s^ke,  and  F  L  will  be  the 
entire  link.  Then,  in  D  G  lay  off  D  H  =  G  B;  join  A  H,  and 
produce  it  till  it  cuts  L  G  K  in  K;  this  will  be  the  centre  for  the 
second  lever. 

III.  Given  (in  fig.  205)  the  middle  positions,  A  C  and  B  E, 
(parallel  to  each  other)  and  the  extreme  positions,  A  D,  A  D',  B  F, 
B  F,  of  two  levers  centred  at  A  and  B  respectively :  required  the 
radii  of  those  levers,  so  that  a  link  connecting  them  shfdl  deviate 
in  direction  by  equal  angles  alternately  to  the  two  sides  of  a  per- 
pendicular to  A  C  and  B  K 

From  B  let  fall  B  G  perpendicular  to  A  C  (produced  if  necessaiy). 
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Draw  AHbiaectiag  the  angle  CAD. 


Fig.  205. 


Fig.  2«6. 


Alao,  at  the  point  G,  lay  oiS 

the  angle  A  G  H  =  3  E  BF; 

and  let  G  H  cut  A  H  in  H. 
Draw  H  K  perpendicular  to 
H  A,  and  H  L  perpendicular  to 
H  G,  cutting  A  G  in  K  and  L 
respectively.  In  B  £  lay  off 
^B  M  =  G  L.  Join  K  M.  Then 
wilt  A  K  and  B  M  be  the  re- 
quired radii  of  the  levers,  and 
K  M  the  link  connecting 
them. 

IV.  In  the  link  K  M,  found 
by  the  preceding  rule,  to  find 
the  point  whose  middle  and  two 
extreme  positions  lie  in  one 
straight  line;  also  the  length 
of  stroke  of  that  point. 

Through  H  draw  P  H  N  per- 
pendiouliinr  to  A  K  and  B  M. 
The  required  length  of  stroke 
is  4  P  H.  The  required  point 
is  E,  where  P  H  N  cuts  K  M  j 
but  as  the  acuteness  of  the 
angle  of  intersection  causes  this 
method  of  finding  R  to  be  want- 
ing in  preeiBion^  ft  is  better  to 
proceed  as  follows : — Draw  the 
straight  line  A  B,  cutting  N  P 
in  Q;  then  lay  offP  R  =  N  Q; 
B  will  be  the  required  poinl 

V.  Given  (in  fig.  20d  or  ra  Eg, 
206  a)  the  mma^-centrBy  A,  the 
middle  portion  of  the  BMmi' 
lever,  A  P,  the  pistoiirrod  head, 
B,  and  its  kngth  of  stroke; 
thie  lacKus,  A  F,  of  the  lever, 
and  the  main-lijiJc,  ¥  B,  having 
been  found  by  Rule  I.  Let  the 
figure  represent  those  paails  ftt 
mid-stroke;  and  let  it  be  re- 
quired to  construct  a  parallel 
motion  consisting  of  a  piurallelo- 
gram,  C  E  D  F  (in  which  CE  = 
P  D  is  called  the  paralkl-bar, 

Digitized  by  VjOOQIC 


PARALLEL  monOKB. 


270 


and  D  E  =  F  C  the  hack-Unk),  and  a  wdiwhkver,  w  bfidl«,  H  ]^ 
jointed  to  the  angle  E  of  the  paraiklogiaiKL 

Draw  the  straight  line  A  B,  cutting  the  back-link  D  E  in  G : 
then  by  Kule  11.  find  the 

lever  H  E,  such  that  the  ^ if •::Q^ 

middle  and  extreme  posi- 
tions of  G  shall  lie  in  one 
straight  Una 

(The    point   G   shows 
where  a  pump-rod  may,  if 
convenient,  be  jointed  to  ® — 
the  back-link).  " 

Fig.  206  B  represents 
that  case  of  the  application 
of  this  rule  in  which  the 
points  £  and  C  coincide 
with  each  other;  and  it 
requires  no  separate  de- 
scription except  the  sub- 
stitution of  B  for  C  in  the 
Kula     This  construction  ^-  ^^^ ' 

is  the  same  with  that  which 
is  roughly  represented  in 
fig.  202. 

VL  Given  (in  ^g.  207) 
the  main-centre^  A;  also 
the  main-lever  or  walking- 
beam,  A  F,  and  main-link,     ^ 
PB,  found  by  Rule  I.  Let    ^ 
B  be  the  middle  position, 
and  C  and  C  the  two  ex- 
treme   positions,    of    the 
point  where  the  parallel- 
bar  is  jointed  to  the  main- 
link,  whether  at  the  piston-  Fig.  206  b. 
rod  head  or  at  some  other 

point.  Let  A  G  and  A  G'  be  the  two  extreme  positions  of  the 
main-lever.  Let  H  be  a  convenient  point  in  the  straight  line,  B  H, 
pahdlel  to  F  A,  chosen  as  the  centre  for  the  bridle;  and  let  H  J 
be  a  convenient  length  chosen  for  the  radius  of  that  lever;  J  being 
the  middle  position  of  the  point  where  it  is  jointed  to  the  patraUel- 
bar. 

Required,  the  points  where  the  back-link  ought  to  be  jointe<)  to 
the  main-lever,  A  F,  and  the  bridle,  H  J,  respectively. 

About  H,  with  the  radius  H  J,  describe  a  circular  arc ;  then  take 
the  length,  B  J,  of  the  parallel-bar  in  the  eompasses,  axi^l&J  off  the 
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same  length  from  C  and  C  respectively  to  K  and  K'  in  that  arc  : 
C  K  and  C  K'  will  be  the  extreme  pomtions  of  the  Darallel-bar. 
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Fig.  207 


1/ 


Join  H  K,  H  K' :  these  will  be  the  extreme  positions  of  the  bridle. 
Then,  by  Rule  III,  find  the  ends,  M  and  N,  of  the  back-link,  M 1^, 
which  is  to  connect  the  bridle  "vHth  the  main-lever. 

The  two  extreme  positions  of  the  back-link  are  marked  P  Q, 
F  Q'. 

If  it  be  desired  to  joint  a  pump-rod  to  the  back-link,  the  proper 
point  for  that  purpose  may  be  found  by  Rule  IV. 
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254.  Watl'k  Puninel  SI«ii«a~EzteBt  mf  DeTtetiM. — ^The  follow- 
ing i-ule  serves  to  determine 
the  extent  of  the  greatest 
deviation  of  the  guided  point 
in  Watt's  parallel  motion  from 
an  exactly  straight  path.  In 
fig.  208,  let  D  G  be  the  Une  of 
stroke ;  A  F  and  K  L,  the  two 
levers;  P  L,  the  link;  and  B, 
the  guided  point;  the  moving 
parts  being  in  their  middle 
positions.  About  A  and  K 
respectively,  draw  the  circular 
arcs  F  /  and  L  l,  being  the 
paths  of  the  points  F  and  L, 
cutting  the  line  of  stroke  iny* 
and  L  Take  the  length  F  L 
of  the  link  in  the  compasses; 
lay  it  of  from  one  of  those 
arcs  to  the  other,  by  trial,  or 
by  the  eye,  so  as  to  be  parallel 
to  D  G;  and  mark  its  ends,/' 
and  ^. 

Draw  the  straight  liney  T, 
cutting  K  L  in  G';  this  will  be 
the  position  of  the  link  when  its 
deviation  towards  K  is  greatest;  / 

and  G  Q*  will  be  that  deviation.  / 

The  greatest  deviation  towards 
A  will  be  of  equal  extent,  and 
will  take  place  when  the  levers 
make  nearly  equal  angles  with 
their  middle  position  in  the 
contraiy  direction.*  Fig.  208. 

*  To  caleukUe  the  greatest  deviation  approximatelyf  let  the  radii  A  F  and 
K  L  he  denoted  reepectively  by  a  and  a ;  the  distances,  A  D  and  K  G,  of 
the  centres  from  the  line  of  stroke,  by  b  and  b' ;  the  distance  D  O  by  c;  the 
leiu|[th  of  the  link  F  L  by  2;  and  the  greatest  deviation  QG'hyd,  Also 
make 

D/=v^  0*^:7?=./;  and 

^  —  c 
d  =  ^ ^,  very  nearly. (1.) 

7^  J 


Then 
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As  is  d)owD  m  tk*  note^  tbe  fmeti/cm  expveanag  the  propor- 
tion borne  by  the  deviation  to  the  length  d  atroka  varies,  to  a 
roagh  Approximation,  inversely  as  the  length  of  the  Hnk,  inyevsely 
as  the  cube  of  the  mean  of  the  lengths  of  the  levers,  aiid  direetly 
as  the  fourth  power  of  the  stroke ;  and  whea  the  angular  tferoke  is 
42^,  and  the  link  about  equal  in  length  to  the  levers,  that  fraetion 
is  about  T(^th.  In  order  to  make  the  deviation  visible  m  the 
figure,  the  dimensions  which  tend  to  increase  it  are  mxidi  ex- 
aggerated beyond  those  which  are  admissible  in  practice. 

The  rules  of  Article  253  give  the  following  values  for  some  of  the  data 
iu  the  preceding  formula  in  terms  of  the  stroke  a :~ 


J^a/ I  c" +(a  +  o' -  6  -  »')' I 
=  (nearly)c  +  5^(|+|,)* 


When  the  stroke  is  not  too  great,  compared  with  the  leagths  of  the  lewrs, 
we  may  also  put 

/nearly  =/' nearly  =«  ^; 

whence  we  obtain  the  following  approximate  formula,  as  beiag  aear  eBou;|h 
to  the  truth  in  practice,  for  the  proportion  borne  by  the  greatest  deviatiou 
to  the  length  of  stroke : — 

d        ,         8*{h  +  h') 

7'^^^y=iWc~W^ <^) 

For  example,  letb^h'  =  €;  and  let «  =  6;  which  gives  an  aaoalav  stroke 
of  about  56^;  then 

Next,  let  b  =sh'  ssc;  and  let  «  =»  j  6;  which  gives  an  angular  stroke  of 
about  42**;  then 

The  Radius  of  Mean  Curvature  of  the  i>ath  of  the  guided  point  is  found  by 
the  following  formula  :— 

e^  32  J (3.) 
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2o5.   Trmciag  Apgr^ritwtc  Circalar  Arcs  hj  the  Pamllel  Wmtimu, 

— An  intermediate  point  in  the  link  of  a  parallel  motion,  not 
comokliag  with  the  point  whose  path  approximates  to  a  straight 
liB«,  nores  neari  j  in  an  arc  of  a  circle ;  and  this  ikct  may  be  made 
Tisefnl  in  the  approximate  tracing  of  arcs  of  long  radios.  The 
approximfttion  is  not  sofficient  for  pvurposes  which  require  the 
TiCmost  precision,  snch  as  cutting  the  slots  in  curved  lioiks  for  slide- 
valve  gear;  but  where  less  precision  is  necessary,  as  in  shaping 
barrel  staves,  it  might  prove  useful  The  following  are  rules 
relating  to  this  process : — 

I.  To  find  the  radius  of  a  circular  arc  traversing  the  extreme  and 
middle  positions  of  a  given  point  in  the  link  of  a  parallel  motion. 
In  ^g,  209,  let  A  Fand  K  L  be  the  levers,  in  their  middle  position ; 
F  L,  the  link;  B^  the  point  which  is  guided  nearly  in  a  straight 


:::::jc 


y 


1)F 

Fig.  209. 

line;  D  G,  its  line  of  stroke;  /,  another  point  in  the  link.  Per- 
pendicular to  G  D,  draw/rf  a,  cutting  it  in  c?.  In  D  G  produced, 
lay  off  G  /*  =  B  c?;  join  /*  K,  and  produce  it  till  it  cuia/d  a  in  a; 
this  will  be  the  centre  of  the  circular  arc  traversing  the  middle  and 
extreme  positions  of  the  point/;  and  a/ will  be  the  radius  of  that 
arc. 

II.  To  design  a  parallel  motion  which  shall  guide  a  point  ap- 
proximstely  along  a  given  circular  are,  B  D  C,  fi j|^  21 Q,.  of  which  D 
is  the  middle  point  and  A  the  centre. 

Dsaw  the  straight  diord  B  0,  cutting  A  D  in  £;  bisect  the 
deflection  D  £  in  F;  through  F  draw  F  G  parallel  to  B  0  (and 
therefore  perpendicular  to  A  D).  Choose  any  convenient  position, 
I,  for  the  centre  of  motion  of  one  of  the  levers,  andr^raw  I  G 
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parallel  to  D  A.     Lay  off  G  H  =  ^  E  B  =  -  B  C;  join  I H;  and 

perpendicular  to  this  line  draw  H  K,  catting  I  G  produced  in  K  ; 
I  K  will  be  one  of  the  levers.  Join  K  D ;  this  will  be  part  of  the 
link;  and  M,  where  K  D  cuts  F  G,  will  be  the  point  in  the  link 
which  moves  nearly  in  a  straight  line;  but  that  point  is  found  with 
more  precision  as  follows : — Join  I  A,  cutting  G  D  in  L,  and  lay 
off  F  M  =  G  L.     Produce  K  M  D;  and  make  M  N  =  M  K;  then 


-^.\ 


^U^"" 

""""S 

^..''• 

.--- 

..."-" 

Ji 

I.K 

A 

■*p 

\   i 


Fig.  210. 

draw  N  P  parallel  and  equal  to  I  K;  K  N  will  be  the  link,  and 
N  P  the  other  lever,  centred  at  P. 

III.  To  find  approximately  the  greatest  deviation  of  the  point 
which  is  guided  nearly  in  a  circular  arc.  Find  by  the  rule  of  the 
preceding  Article  the  greatest  deviation  of  the  point  which  moves 
nearly  in  a  straight  line.     The  greatest  deviation  of  any  other 
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point  in  the  link,  from  its  approximate  circular  path,  is  proportional 
very  nearly  to  the  product  of  the  lengths  of  the  segments  into  which 
it  divides  the  link.     For  example,  in  fig.  209  we  have 


greatest  deviation  of/ 
greatest  de  viatiom  of  B  ' 


L/'/F  , 


and  in  &g,  210,  g^test  deviation  of  D      KDDN 

^        '  greatest  deviation  of  M      K  M  •  M  N'    ^^^^• 

256.  BoWvu^  Parallel  Biacion. — This  might  also  be  called  the 
W  parallel  motion,  from  its  shape.  It  is  considered  to  be  a  con- 
venient form  for  horizontal  engines.  Two  cases  of  this  combination 
are  shown  in  the  figures :  a  simpler  case  in  fig.  211 ;  a  more  com- 
plex case  in  fig.  212. 

I.  In  Fig.  211,  let  D  E  be  the  straight  line  of  stroke  which  the 
guided  point  is  to  follow  approximately,  and  A  the  middle  of 
that  line.  Draw  two 
isosceles  triangles, 
DBA,  ACE,  with 
equal  legs,  D  B  =  A  B 
=  A  C  =  C  E.  The 
length  of  each  of  these 
legs  should  not  be  less 
thanDAx  0-843;  but 
it  may  be  as  much 
greater  as  the  avail*- 
able  space  will  permit ; 
and  the  greater  it  is 
the  more  accurate  will 
be  the  motion.  Join 
B  C,  which  of  course 
is  =  D  A  =  A  R  Then  ABC  represents  a  rigid  triangular  frame, 
of  which  the  apex  A  is  the  guided  point;  while  the  angles  of  the 
base,  B  and  C,  are  jointed  to  two  levers  or  bridles,  B  D,  C  E, 
which  turn  about  axes  at  D  and  E  respectively.  The  two  extreme 
positions  of  the  triangle  A  B  C  are  marked  respectively  D  B  C  and 
E  B"  C,  the  points  F  and  C  coinciding. 

The  reason  for  prescribing  that  the  length  of  each  leg  of  the 
triangles  shall  not  be  less  than  the  base  x  0*843  is,  that  this  pro- 
portion between  these  lengths  makes  the  points  K,  C^,  and  E  lie  in 
one  straight  line,  and  the  points  C,  K,  and  D  in  another  straight 
line,  in  the  two  extreme  positions  of  the  combination  respectively. 

II.  The  second  arrangement,  fig.  212,  ia  to  be  used  in  those 
cases  in  which  it  may  be  inconvenient  to  have  the  axes  of  motion 
D  and  £  of  the  bridle-levers  traversing  the  line  of  stroke.  Let 
A'  A  A*  be  the  line  of  stroke,  and  A  its  middle  point.  pDrawian 


Fig.  211. 
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iflosodes  tzungle,  A  BO,  of  a  «onveoient  axe  and  figore,  vifch  its 
apex,  A«  at  ihe  middle  point  of  the  stroke,  and  its  base,  B  C,  parallel 
to  the  line  of  stroke.  Draw  the  aane  triangle  i&  its  two  extpeine 
positions,  A'  B'  C  and  A"  B"  (J,  leaning  over  equally  in  opposite 


Fi-.  212. 

directions;  the  sides  A'B'  and  A"  C  may  convenieatly  be  made 
vertical;  but  this  is  not  essential.  Find,  by  plane  geometry,  the 
centre  D  of  a  circular  arc  traversing  the  three  points  B',  B,  B";  also 
the  centre  E  of  a  circular  arc  traversing  the  three  poiats  C',  0,  O. 
D  B  and  E  0  will  be  the  two  bridle-levers,  and  D  and  E  the  bases 
of  their  axes  of  motion. 


Addendum  to  Article  142,  Page  141. 

iBtcrmlctemt  ISeariag — €oBBtcr-l^he«iU — C^emcvm  flt«p> — In  the  inter- 
mittent toothed  wheelwork  described  at  pages  139  to  141,  the  wheels  and  their 
teeth  are  so  designed  that,  during  the  transmission  of  motion,  Hbe  YeUidtj- 
ratio  has  a  constant  value.  In  some  cases,  however,  it  k  Bot  Beoeflsary  that 
the  veloeity-ratio  should  he  oonstant,  provided  onljr  that  the  follower  per- 
forms a  eeitain  jutrt  of  a  revolntion  dor  each  revolutioQ  of  the  drivei;  as  in. 
mechanism  for  covMting  revoliUiona,  The  simplest  mechanism  of  that  sort 
consists  of  a  toothed  wheel  of  the  ntchet  form  (Article  1^  page  207,  ilg. 
145),  driven  by  a  wiper  or  sisigle  tooth  {Artide  164^  page  175),  which  pro- 
jects from  a  rotating  cylinder,  and  hja  its  len^  adjourn  ao  tl^t  ike  are  of 
contact  is  equal  to  the  pitch  of  the  ratchet  wheel  Thk  requires  no  ^[tecial 
explanation.  Bat  there  are  cases  in  which  the  abruptness  of  the  actun  of 
the  wiper  would  be  disadvantageous,  and  in  which  it  is  desiraUe,  in  order 
to  prevent  shocks,  that  the  follower  should  be  set  in  motion  and  topped  by 
insensible  degrees. 

The  following  is  the  most  poecise  method  of  deagning  a  pair  of  wheels 
tnnunf  about  parallel  axes,  in  which  the  follower  is  to  count  the  revolu- 
tions of  the  driver  hy  turning  through  a  certain  aliquot  part  of  a  revolution, 
for  each  revolution  of  the  driver ;  the  action  b^ng  t^olutely  without  diock, 
and  capable  of  taking  ^aoe  in  eitiier  direction.  « 

In  tig.  100  A,  let  A  B  be  the  line  of  eenlares,  A  the  iraoe  of  the  axis  of  the 
driver,  and  B  that  of  the  follower.    In  the  example  shown  in  the  figure,  tho 
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foBawet  is  to  make  one-j^  of  a  revolvtion  lior  cMhveTolstMii  of  the  driver; 
but  ihe  wtme  rsles  ore  apjpticable  to  tm  giren  number  of  aliquot  parts. 

Draw  straight  lines  ra<u«t»^  from  B  (maiked  bjrAots  in  laie  figure),  so  as 
to  divide  the  angular  spaee  round  B  into  twioe  tne  given  number  of  equal 

X 


Fig.  100  a. 

aliquot  parts ;  the  line  of  centres,  B  A,  being  one  of  these  radiating  lines. 
Then  from  A  let  fall  perpendiculars  A  C  and  A  D  on  the  two  radiatiug  lines 
which  lie  nearest  to  uie  line  of  centres,  and  complete  the  regular  polygon  of 
vrhich  B  is  the  centre,  and  A  C  and  A  D  are  two  of  the  haLMd6s.>,^j4f  ^bo 
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figure  this  is  a  regular  pentagon.)  On  the  line  of  centres  lay  off  A  E  =  A  C 
=  A  D;  and  about  B,  with  the  radius  B  £,  describe  a  circle ;  this  circle  will 
cut  the  alternate  radiating  lines  in  a  set  of  points,  such  as  F,  which  will  be 
the  centres  of  the  semicircular  bottoms  of  a  set  of  notches  that  will  gear  in 
succession  with  a  pin  carried  by  the  driver.  Having  assumed  a  convenient 
radius  for  that  pin,  draw  a  circle  to  represent  it  about  the  point  C  as  a 
centre.  The  pin  will  be  carried  by  a  plate  or  arm  projecting  m>m  the  axis 
A,  in  a  different  plane  from  that  of  the  driven  wheel  For  the  bottom  of  the 
notch  C  F  draw  about  F,  as  a  centre,  a  semicircle  of  a  radius  equal  to  that 
of  the  pin  0,  increased  by  an  allowance  sufficient  for  clearance;  and  for  the 
two  sides  of  that  notch  draw  two  straight  lines  touching  that  semicircle, 
and  parallel  and  equal  to  F  C.  Draw  ul  the  other  not<£es  of  the  driven 
wheel  of  the  same  figure  and  dimensions. 

In  the  intervals  between  the  notches  the  rim  of  the  driven  wheel  is  to 
consist  of  a  series  of  equal  hollow  circular  arcs,  described  respectivdy  about 
the  ansles  of  the  polygon  with  a  radius  such  as  to  leave  a  thicluiess  of 
materiid  sufficient  for  strength  and  durability  at  each  side  of  each  of  the 
notdies;  for  example,  the  arc  G  H  K  is  described  about  the  centre  A,  so  as 
to  leave  a  sufficient  thickness  of  material  at  G  and  K. 

The  periphery  of  the  driver  is  to  consist  of  a  cylindrical  surface  extending 
round  the  dead  arc,  H  K  M,  and  fitting  smoothly,  but  not  tightly,  into  eac£ 
of  the  hollows,  such  as  G  H  E,  in  the  rim  of  the  follower;  and  of  a  hollow, 
H  L  M,  of  a  depth  and  figure  such  as  to  dear  the  Aorrw,  such  as  G  and  K, 
of  the  notches  in  the  follower.  The  an^ar  extent  of  that  hollow,  HAM, 
is  to  be  equal  to  the  angle  CAD,  that  is,  to  the  supplement  of  0  B  D,  and 
is  to  lie  so  that  the  radius  A  0  shaU  bisect  it 

The  effect  of  this  construction  is  as  follows : — ^While  the  pin  moves  through 
the  arc  C  E  D,  the  follower  is  driven  through  the  angle  C  B  D ;  and  as  the 
pitch-point  evidently  moves  from  A  to  £,  and  then  back  to  A  a^;ain,  the 
angular  velocity  of  the  follower  gradually  increases  frt>m  nothing  to  a 
maximum,  and  then  gradually  diminishes  to  nothing  again.  At  tiie  point  D 
the  pin  leaves  the  notch,  and  while  it  moves  through  the  arc  DIG,  the 
follower  remains  at  rest,  and  is  kept  steadyby  the  dc^  arc,  M  K  H,  fitting 
into  one  of  the  hollows  in  its  periphery.  When  the  pin  arrives  again  at  C, 
it  enters  and  drives  a  second  notch,  and  so  on.  The  combination  evidently 
works  with  rotation  in  either  direction. 

The  Geneva  Stop  is  the  name  given  to  the  form  of  this  combination  that  is 
employed  when  the  object  is  tmtt  the  follower  shall  stop  the  driver  after  it 
has  turned  through  a  certain  number  of  revolutions  and^^  fractions  of  a  revo- 
lution. For  that  purpose  one  of  the  notches  is  to  be  filled  up,  as  shown  by 
the  dotted  semicircle  at  N,  so  as  to  leave  only  a  recess  fitting  the  pin  in  the 
position  0  or  D.  The  extent  of  rotation  to  which  the  driver  will  then  be 
limited  is  expressed  by  'as  many  revolutions  as  there  are  intervals  in  the 
circumference  of  the  follower,  leas  Hie  angle  CAD;  and  as  the  angle  CAD 
is  the  supplement  of  0  B  D,  this  is  expressed  in  algebraical  symbols  as 
follows :  Tiet  n  be  the  number  of  intervals  in  the  circumference  of  tho 
follower ;  then  the  driver  is  limited  to  the  following  number  of  turns :— 

For  example,  in  the  figure,  we  have  n  =  5 ;  therefore,  if  one  of  the  notches 
is  stopped,  the  rotation  of  the  driver  will  be  limited  to 

5  —  i^  +  ^  =  4*7  turns. 

This  contrivance  is  used  in  watches,  to  prevent  their  being  overwound. 
Very  often  a  hammer-headed  tooth  is  used  instead  of  the  cylindrical  pin  CL 
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This  enables  the  horns  of  the  notchee  to  be  shortened;  but  it  gives  more 
backlash,  and  less  precision  and  smoothness  of  action. 

Addendum  to  Article  154,  Page  161. 

BAeks'te  Screw  Ctearlas^When  a  straight  rack  fl[ears  with  a  screw, 
the  pitch-snrfiEtce  of  the  rack  is  a  plane,  touching^  the  pitch-cylinder  of  the 
screw.  The  traces  of  the  teeth  of  the  rack  on  its  pitch-plane  are  parallel 
straight  lines,  and  are  the  deydopment  on  that  plane  of  the  traoes  of  the 
threMS  of  the  screw  npon  its  pitch-cylinder.  The  principal  rule  to  be  nsed 
in  designing  a  rack  and  screw  is  a  modification  of  Bole  II.  of  Article  154, 
and  is  as  fellows : — 

In  fig.  110  A^  let  the  plane  of  projection  be  the  pitch-plane  of  the  rack; 
and  let  A  I P  be  tiie  projection  of  the  axis 
of  the  screw:  being  also  the  straight  line  in 
which  ihe  pitch-snrfiBces  touch  each  other. 
Let  I  c  represent  the  direction  in  which 
the  rack  is  to  slide;  and  let  the  length  I  e 
represent  the  wtface-velocUy  of  the  rcLcL 
Having  assumed  a  proper  transverse  ob- 
Hqnity  for  the  teeth  of  the  rack,  draw  the 
straight  line  c  P,  to  represent  the  trace  of 
a  tooth.* 

Draw  I  G  perpendicular  to  I  A,  cutting 
PcinO;  then  1 0  will  represent  tAe  «tti/aee- 
velocUy  of  the  screw;  and  c  C  wiU  represent 
M€  ve&ctty  (j/'^ron^oerse  «2u2tn^  of  the  threads 
of  the  screw  on  the  teeth  of  the  rack.  On 
C  c  P  let  fedl  the  perpendicular  I  N;  this 
will  represent  the  common  component  of  the 
sur&ce  velocities.  Also,  the  proportions 
borne  to  each  other  by  the  dividea  pitches 
are  as  follows : — as 

:  lon^tudinal  pitch  of  rack 

:  divided  normal  pitch  of  rack  and  screw 

:  circular  pitch  of  screw 

:  divided  axial  pitch  of  screw. 
Having  assumed  a  convenient  absolute  value  for  the  lon^tudinal  pitch  of 
the  rack,  find,  by  the  help 
of  the  diagram,  the  circular 
pitch  of  ti^  screw ;  multiply 
that  droular  pitch  by  a  con- 
venient number  of  threads, 
for  the  circumference  of  the 
pitch-cylinder,  and  find  its 
radius  by  construction  or 
by  calculation. 

Fig.  110  b  is  a  projection 
of  a  rack,  G  C,  and  screw, 
A  A',  showing  the  traces  dT 
the  teeth  ana  threads  on 
the  pitch-surfEMMs. 

I>nTing  the  action  of  a 
tooth  and  a  thread,  the  llg.llOB. 

•  The  proper  oUUinity  for  the  T»ck.toeih  depends  on  iWotlon,  a  TObJect  belonging  to  the 
DynunioSi  oflibuih^ery;  bat  it  may  here  be  Btal^ 
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pitch-point  tiaveli  along  the  whole  length  of  the  line  of  contact  of  the 
pitch'Snr&ces,  whose  projection  is  A  A'.  In  the  figure  the  breadths  of  those 
8ur£Eioes  are  such,  that  at  any  given  instant  there  are  at  least  three  pitch- 
points. 

The  teeth  and  threads  are  to  be  designed  by  drawing  their  normal  sections, 
as  described  in  Article  155,  pa^e  163.  The  normal  section  of  a  tooth  of  the 
rack  will  be  that  adapted  to  its  normal  pitch.  The  normal  section  of  a 
thread  of  the  screw  is  to  be  found  by  the  help  of  the  osculating  cirdle  of  the 
normal  helix,  as  found  by  Rule  HI.  of  Article  154,  page  161,  Yfhioh.  is  re- 
peated here  for  conyemenoe.  Cki  I  G  in  fig.  110  a  lav  off  I  B  equal  to  the 
radius  of  the  pitch-cylinder;  then,  perpenmcular  to  I  G,  draw  B  D,  cutting 
I  N  in  D ;  th^  perpendicidar  to  I  K,  draw  D  B^  cutting  I  G  in  B ;  1& 
will  be  the  radius  of  curvature  of  the  normal  helix. 

A  screw  and  rack  are  used  in  one  form  of  SeUers^s  {Waning  machine. 


Addendum  to  Article  243,  Page  265,  and  Article  245^ 
Page  267. 

Spltr«cli«tdal  Paths. — In  tracing  epitrochoidal  paths  (including  ellipse) 
it  is  obviously  not  essential  that  there  should  actually  be  two  wheds  having 
the  fixed  and  rolling  circles  respectively  for  their  pitch-circles,  provided 
oulv  that  the  wheel  which  carries  the  tracinr-point  is  carried  by  a  train-arm 
and  driven  by  an  epicyclic  train,  so  as  to  have  the  same  motion  with  the 

imaginary  rolling  circle.     As 

\  to  the  principles  which  regulate 

\  the  motion  of  the  rolling  circle, 

\D  see  Articles  76,  77,  pages  54  to 

^^.,..P- \  56.    As  to  the  action  of  the 

,.'•'*  ****^       V         epicyclic  train,  see  Article  234, 

pages  243,  244.  The  wheel- 
work  of  the  epicyclic  train  may 
be  varied  in  detail  accordinj^  to 
convenience,  so  long  as  it  gives 
the  required  velocity -ratio. 

To  exemplify  this,  let  it  be 
required  to  design  an  instra- 
mest  for  tracii^  ellii|8es  by 
rolling  motion;  and  in  Fig. 
196a,  let  a  be  the  emtre  of 
the  fixed  dide  D,  and  B  tke 
centre  of  the  rolling  circle  C, 
whose  diametw,  A I  (as  akeady 
stated  in  Article  245),  is  tlie 
radius  of  the  fixed  cirde.  The 
simplest  gearing  obviously  con- 
sists of  an  internally  toothed 
fixed  ring  whose  pitch-circle  is 
D,  and  a  spnr-wheel  whose 
pitch-circle  is  G ;  bmt  this  com- 
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bination  ma^r  be  inconvenient  in  practice,  and  it  may  be  desirable  to  use  au 
epicyclic  train  in  outside  gearing.  The  train-arm  will  of  course  be  repre- 
sented by  A  B;  and  tiie  absolute  angular  velocity  of  the  wheel  centred  on  B^ 
which  is  to  carry  the  tracing-arm,  must  be  made  equal  and  contrary  to  thai 

(as  Is  ftlmoet  always  the  caseinpractice),.theaiigIeIePihoD]dbesoiite,siideq«altDliie 
oomplemant  ot  the  aoglo  of  rapogeot  ttie  teetlv-eay  about  86<»,  if  the  teeth  are  amootli and 
greaesr. 
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of  the  tnun-arm.  To  effect  this,  let  (2  be  a  fixed  spnr-wkeel  centred  on  A ; 
let  c  be  a  spur-wheel  centred'  on  B,  and  of  half  the  radios  of  the  fixed  wheel ; 
and  let  e  be  an  idle  whedl  of  any  convenient  radina,  gearing  with  bo&  the 
wheels  before  mentioned.  Then,  if  a^be  taken  to  denote  the  angidar  velocity 
of  the  train-ann,  the  angular  velocity  of  the  fixed  wheel  d  relatively  to  the 
tndn-aam  will  be  «  —  a;  and  the  angular  velocity  of  the  wheel  c,  and  of  the 
tracmjg-ann  which  it  carries,  relatively  to  the  train-arm  will  be  =  —  2  a; 
therefore  the  absolute  angular  velocity  of  the  tracing-arm  will  be  a  —  2  a 
s  —  a;  that  is  to  say,  equal  and  contrary  to  that  of  the  train-arm,  as 
required. 

As  royesontod  in  the  figure,  this  instrument  is  capable  of  tracing  various 
ellipses  m  whidi  eiUier  the  half-sum  or  the  half-dinerence  of  the  semiaxes 
is  =  A  B;  and  it  is  easy  to  see  that  by  jointing  the  train-arm  at  £,  the 
centre  of  the  idle  wheel,  and  providing  uie  means  of  fixing  its  two  divisions, 
A  E  and  E  B,  so  as  to  make  different  angles  with  each  other,  the  distance 
A  B  may  be  varied  within  certain  limits. 

Addeetdtju  to  Abticle  244,  Page  26o. 

Aggregate  Paths  traced  by  CanfllEoaoBs. — ^An  endless  variety  of 
ag^r^ate  paths  may  be  traced  by  means  of  combinations  in  which  rolling 
action  is  combined  with  the  action  of  a  cam. 

Suppose  two  axes,  not  intersecting,  to  be  connected  by  means  of  a  pur, 
or  of  a  train,  of  suitable  wheels,  so  as  to  have  any  reqmired  velocil^-ratio; 
and  suppose  that  along  with  one  axis  there  rotates  a  disc  on  which  an 
aggr^;ate  path  is  to  be  traced ;  and  that  along  with  the  other  axis  there 
rotat^  a  cam  of  any  required  %ure,  which  cam,  bv  acting  on  a  diding  bar, 
causes  the  tracing-point  to  move  along  the  line  of  centres,  or  common  per- 
pendicular of  the  axes,  towards  and  from  the  axis  that  carries  the  disc, 
according  to  a  law  determined  by  the  figure  of  the  cam ;  then  the  tracing- 
point  wiS  trace  on  the  disc  a  curve  whose  figure  will  depend  on  that  of  the 
cam,  and  on  the  velocity-ratio  of  the  cam  ami  disc 

(As  to  the  action  of  cams,  see  Article  161,  pages  170  to  173.) 

Ckmibinati<Hi8  of  this  sort  are  used  in  lathes  for  ornamental  turning.  The 
tradng-pcMnt  is  the  point  of  a  suitable  cutting  tool ;  and  the  cam  which 
T^rnlates  its  motion  is  commonly  called  the  copy-pkUe,  or  shaper-plate,  (See 
Northcott  On  Twrmng,  1868,  Part  IIL)* 

*  To  expreee  by  alMbraleal  lysAols  the  action  of  this  oomhtnuiUfm,  let  fli«  pokr  eqnattoii 
of  tho  pitch-lino  of  ue  cam  be 

r=/(^ (L) 

$  bein^  the  angle  made  by  the  radius  r  with  a  fixed  radios.    Also,  let  a  be  the  length  of  the 
Hne  of  centres,  and  h  the  constant  distance  along  that  line  from  the  pitch-line  of  the  cam  to 
&e  tracing-point 
Let  the  polar  equation  of  the  cnrve  traced  by  that  point  on  the  dlso  be 

r'=^(^; (2.) 

and  let  n  be  the  ratio  borne  by  the  angular  velocity  of  the  cam  to  that  of  the  disc  Then  the 
qnantitieB  in  &e  equations  1  and  2  are  connected  with  each  other  by  the  following  pair  of 
equations:—  ^ 

r-f-fso— 6; (8.) 

Bi^nV (4.) 

Henoe,  if  the  flgore  of  the  cam  is  given— that  is,  if  the  function/  in  equation  1  is  given— the 
figure  of  the  traced  curve  is  determined  by  the  following  equation:— 

r'sa  — 6-/(11^); (».) 

and  If  the  figure  of  the  traoed  curve  is  given— that  is,  if  the  function  ^  in  equation  2  is  given— 
tiie  figore  of  the  cam  is  determined  by  the  following  equation:— 

r  =  a-6-^/iN (^) 
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Addendum  to  Abticle  251,  Page  275. 

▲ppi«3d«iate  Ovsasli^pver  PmmIIqI  BI«ao».— Another  foim  of  approxi- 
mate  Darallel  motion  of  tlie  (rrasshopper  kind  is  designed  as  shown  m  fig. 
^  tt  rr-         20lArLetA,A',A"bethe 

^r^ extreme  and  middle  positions 

of  the  ^ided  point,  lying  in 
one  straight  line.  Draw  the 
straight  nne  A'  B  F  perpen- 
dicoEur  to  A  A'  A";  and  lay- 
off the  intended  length  of  tho 
guiding-bar,  A  B  =  A'  B'  = 
A"  B,  so  as  to  find  the  extreme 
positions,  B  and  F,  of  its 
further  end.  This  aid  may 
be  guided  either  by  straight 
guides,  or  by  a  lever  centxed 
at  a  pointy  0,  equidistant  ftom 
BandF;  that  lever  being  so 
long  as  to  make  the  jwint  B 
describe  a  very  flat  circular 
arc,  deviatmg  very  litUe  from 
a  straight  line. 

Choose  a  convenient  point,  D,  for  the  attachment  of  the  bridle  to  the  bar 
A  B,  and  lav  off  A"  D"  =  A'  F  s  A  D,  so  as  to  find  the  extreme  and  middle 
positions  of  that  point.  Then,  by  plane  seometiy,  find  the  centre  E  of  a 
oironlar  arc  traversing  the  points  I),  ly,  iT ;  E  wiU  be  the  trace  of  the  axis 
(^  motion  of  the  bricQe  E  D.  The  error  of  this  parallel  motion  is  the  less 
the  nearer  D  is  to  the  middle  of  A  B. 


Fig.  201  A. 


Addendum  to  Article  143,  Page  143. 

lavolate  Teeth  for  BlUptic  Wheels  are  desired  \rf  drawing  an  ellipae 
confocal  with  the  elliptic  pitch-line,  and  having  its  migor  axis  smaller  in  a 
fixed  proportion,  and  then  drawing,  for  the  traces  of  the  fronts  and  backs  of 
the  teeth,  involutes  of  the  smaller  ellipse.  Hie  proportion  in  which  this 
ellipse  is  smaller  than  the  pitch-ellipse  should  be  such,  that  every  tangent 
to  the  smaller  ellipse  shall  cut  the  fronts  of  two  teeth  at  least  between  that 
ellipse  and  the  pitch-line.  The  pair  of  smaller  ellipees  in  a  pair  of  elliptic- 
toothed  wheels  are  anal<^us  in  tneir  motion  to  a  pair  of  elliptic  pulleys;  as 
to  which,  see  Article  17^  page  189. 
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CHAPTER  VL 

OP  ADJUamOENTS. 

257.  AdtfatfuMf  ii«flB«4  raJ  ciaMed.— The  word  ^'adjost- 
meuts"  was  introduced  by  Professor  Willis,  in  order  to  compre- 
hend under  one  general  term  all  contrivances  for  varying  at  will 
the  comparative  motions  in  a  machine.  Every  adjustment  may 
be  regarded  as  an  aggregate  combination  in  which  the  action  is 
temporaiy  or  intermittent;  and  the  various  kinds  of  adjustments 
might  have  been  classed  under  the  head  of '' Aggr^ate  Oombina- 
iAonSy"  in  the  preceding  chapter;  but  it  is  more  convenient  to  treat 
of  them  by  themselves.  Various  contrivances  which  belong  to  the 
class  of  adjustments  have  already  been  described  under  the  head  of 
*<  Elementary  Combinations,"  as  well  as  of  aggregate  combinations: 
these  will  be  specified  in  their  order  further  on.  Other  oontriv- 
ances  belonging  to  the  class  of  adjustments  involve  the  application 
of  the  principles  of  dynamics  and  of  the  strength  of  materials,  to 
such  an  extent  that  Uieir  description,  at  all  events  in  detail,  must 
be  reserved  for  later  divisions  of  this  book. 

When  adjustments  are  classed  according  to  the  purposes  to 
which  they  are  applied,  they  may  be  arranged  as  follows : — 

Traversing-Gear  and  Feed-Motions; 
Engaging,  Disengaging,  and  Heversing-Gkar; 
G&u  for  varying  Speed  or  Stroke. 

208.  TniTersliMp-Gcm*  sad  FeedhM^tiMU  !■  <3— ctaL— By  travers- 

ing-gear  is  meant  the  mechanism  by  means  of  which  a  machine, 
consisting  of  framework  and  moving  pieces,  is  shifted  from  place 
to  place  without  being  thrown  out  of  connection  with  the  driver 
from  which  it  receives  its  motion;  such,  for  example,  as  the 
mechanism  by  which  the  truck  in  a  travelling  crane,  that  carries 
the  hoisting  machinery,  is  made  to  move  to  cUfferent  positions  on 
a  travelling  platform,  which  itself  is  capable  of  being  moved  to 
different  positions  on  a  fixed  framework;  or  the  mechanism  by 
which  the  arm  in  a  drilling  machine  is  made  to  move  to  various 
positions,  carrying  with  it  the  boring-tool  and  the  machinery  by 
which  that  tool  is  driven;  or  that  by  which  the  tool-holder  in  a 
shaping  machine  is  turned  into  various  positions,  according  to  the 
varying  direciaons  in  which  the  strokes  of  the  tool  are  to  be  made. 
By  a  feed-motion  is  meant  the  mechanism  in  a  machine-tool  ^by 
•^  30gle 
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means  of  which,  after  a  stroke  has  been  made,  either  the  cutting- 
tool  or  the  vx>rk  (that  is,  the  piece  of  material  operated  upon)  is 
shifted  into  a  new  position,  preparatory  to  making  the  next  cut; — 
for  example,  in  a  lathe  for  turning  a^des,  the  feed-motion  causes 
the  tool  to  shift,  at  each  revolution  of  the  axle  that  is  being  turned, 
through  a  certain  distance  in  a  direction  parallel  to  the  axis  of 
rotation;  and  in  a  sawing  machine,  the  feed-motion  causes  the  log 
of  wood  that  is  being  sawn  to  advance  through  a  certain  distance 
either  during  or  after  each  cut  of  the  saw.  Some  feed-motions 
are  oontinuous  in  their  action;  others  are  intermittent 

It  is  obvious  that  the  genend  principles  of  traversing^gear,  and 
of  those  feed-motions  in  whidi  the  tool  is  8hifted,are  those  (dahiJUng' 
trains,  already  stated  in  Article  228,  pages  235  to  238.  The  con- 
^deration  of  traversing-gear  and  feed-motions  in  detail  belongs  to 
the  subject  of  the  oonstructioii  of  machinery,  and  must  therefore 
be  deferred. 

SBcnON  L — Cff  Engaging,  Disengaging,  and  Eeversing-Gear, 

259.  ciiiMMBi  ■^piB— tiMM  Engaging  and  Disengtging-Gear,  or 
sometimes  Disengaging  and  Be-engaging-Gear,  is  the  name  given  to 
those  oontrivances  by  means  of  which  the  connection  be^e^i  a 
follower  and  its  driver  can  be  begun  and  stopped  at  will; — ^in  other 
words,  by  means  of  which  the  combination  can  be  thrown  into  gear 
and  out  of  gear  when  required.  For  brevity's  sake,  sodi  eon- 
trivanoes  may  be  called  simply  Disengagements.  Disengagements 
may  be  classed  in  different  way&  According  to  one  mode  of 
classification,  they  are  distinguished  into  those  which,  in  the  com- 
munication of  motion,  act  by  pressure,  and  those  which  act  by 
friction.  Disengagements  which  act  by  pressure  are  precise  and 
definite  in  their  action;  that  is,  the  connection  between  the  pieces 
that  are  thrown  into  gear  at  a  given  instant  is  established  at  once, 
in  a  certain  definite  position  of  the  pieces,  and  with  a  certain 
definite  velocity-ratia  Disengagements  which  act  by  friction 
are  to  a  certain  extent  indefinite  in  their  action;  that  is,  the 
velocity-iutio  corresponding  to  the  complete  establishment  of  the 
connection  is  produced  by  degrees;  and  the  relative  position  of  the 
pieces  when  the  connection  is  completely  established  is  uncertain. 
In  certain  cases  the  definite  action  of  the  former  class  of  disen- 
gagements is  necessary:  in  other  cases  it  is  unnecessary;  and  in 
these  the  frictional  class  of  disengagements  have  a  great  advantage, 
because  of  their  avoiding  the  shocks  and  straining  actions  which 
accompany  sudden  changes  of  velocity.  The  principles  upon 
which  such  straining  actions  depend  bdong  to  the  dynamics  of 
machinery. 

By  another  mode  of  classification,  disengagements  are  arranged 
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according  to  the  kind  of  mechanism  of  which  they  consist,  as 
follows : — 

I.  Diaengagementa  by  means  of  Cov/plings;  where  two  pieces 
that  turn  about  one  axis  are  coupled  or  uncoupled  at  pleasure;  so 
that  when  coupled,  they  turn  as  one  piece.  These  may  transmit 
motion  either  by  pressure  or  by  Mction. 

II.  I)ueng<igemera8toith  Boiling  Contaci. — ^These  always  trananit 
motion  by  Motion. 

IIL  Dtaengagemenia  toUh  Sliding  CanUtct. — ^These  transmit  motion 
by  pressure  j  and  in  most  cases  they  act  by  throwing  toothed 
wheels  or  screws  into  and  out  of  gear. 

IV.  i>t8en^^a9eme7ito  5^  ^ovM^  transmit  motion  by  friction. 

V.  Diaengagementa  hy  Linkworh  transmit  motion  by  pressure. 

VI.  Diaengagementa  unih  ffydraiulic  Connection  transmit  motion 
by  the  pressure  of  a  fluid;  and  they  are  made  to  act  by  the  opening 
and  shutting  of  valves. 

Reveraing-Gear  usually  consists  simply  of  a  double  set  of 
engaging  and  disengaging-gear;  that  is  to  say,  an  arrangement  of 
mechanism  by  means  of  which  the  follower  can,  when  required,  be 
thrown  into  gearing  with  one  or  other  of  two  drivers  that  drive  it 
in  opposite  directions,  or  may  be  disengaged  from  both. 

It  is  obvious  that  all  the  combinations  in  which  the  oonnection 
is  intermittent  (enumerated  in  Article  219,  page  231)  are 
examples  of  self-acting  disengagements;  and  that  some  of  them 
(such  as  the  escapements  described  in  Article  164,  pages  176  to 
179)  are  examjdes  of  self-acting  reversing-gear. 

260.  Cfaitch.— A  clutch  is  a  sort  of  coupling,  in  which  one 
rotating  piece  drives  another  piece  that  turns  about  the  same  axis, 
by  means  of  two  or  more  projecting  claws  or  horns,  that  fit  into 
corresponding  recesses,  or  lay  hold  of  corresponding  horns,  on  the 
second  piece.  In  a  disengaging  clutch  the  driving  piece  is  a 
cylindrical  box  or  collar  with  suitable  horns,  which  is  capable  of 
easily  sliding  lengthwise  upon  a  rotating  shaft,  and  is  made  to 
rotate  constantly  along  with  the  shaft,  by  having  in  its  internal 
cylindrical  sur&ce  a  slot  or  longitudinal  groove,  fitting  a 
longitudinal  key  or  feather  that  projects  from  the  shaft.  In  the 
outer  cylindricfd  surface  of  the  clutch  is  a  circular  groove,  into 
which  Uiere  fit  easily  the  rounded  ends  of  the  prongs  of  a  forked 
hand-lever,  by  means  of  which  the  clutch  can  be  shifted  lengthwise 
on  the  shaft  through  a  distance  sufficient  to  engage  its  horns  with 
or  disengage  them  from  those  of  the  following  piece.  The  following 
piece  may  be  another  length  of  shaft,  turning  about  the  same  axis; 
or  it  may  be  a  wheel  or  a  pulley,  loose  upon  the  same  shaft  with 
the  dutch. 

Sometimes  the  acting  faces  of  the  clutch,  instead  of  being  planes 
traversing  the  axis  of  rotation^  are  inclined  backwards  aSsPe^rds  the 
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direction  of  motion  at  an  angle  of  15^,  or  thereabootL  The 
effects  of  this  are,  that  a  certain  forward  pressure  most  be  oontinu- 
ally  exerted  by  the  lever  on  the  clutch  when  in  gear,  in  order  to 
make  it  keep  its  hold;  and  that  any  sudden  acceleration  of  one  of 
the  parts  of  the  coupling  causes  the  clutch  to  lose  its  hold,  and 
thus  prevents  the  transmission  of  a  shock  to  the  machinery  which 
is  driven  by  means  of  it. 

261.     FrictI— CItcli— Fricti— C— — — FricttoM  ■ccfw    grictf— 

i»isca.~In  the  JHciionrdtUch  the  following  piece  is  a  circular  disc» 
having  a  hoop  which  grasps  it,  and  which  can  be  ti^^tened  or 
slackened  by  means  of  screws  until  the  friction  between  the  hoop 
and  the  disc  is  just  sufficient  to  transmit  the  required  power. 
The  hoop  has  two  projecting  horns,  corresponding  to  those  of  the 
clutch.  When  this  combination  is  thrown  into  gear,  the  clutch 
instantly  communicates  its  own  velocity  to  the  hoop;  but  the  hoop 
at  first  slips  on  the  disc,  which  is  set  in  motion  by  degrees  j  and 
thus  dangerous  shocks  are  avoided. 

In  iike/rietion-canea  the  driver,  as  in  the  case  of  the  dutch,  is  a 
<nrlindrical  box,  turning  along  with  the  shaft,  and  capable  of  being 
shifted  len^hwise  by  means  of  a  hand-lever;  but  instead  of  horns, 
it  has  a  disc  with  a  rim  turned  to  a  very  accurate  and  smooth 
convex  conical  surfistce.  The  follower  is  a  disc  whose  rim  is  turned 
to  a  concave  conical  suiface,  exactly  fitting  that  of  the  driver. 
When  the  driver  is  pushed  forward  by  means  of  the  lever,  so  as  to 
press  the  two  conical  surfaces  together,  it  gradually  imparts  its  rota- 
tion to  the  follower  by  means  of  the  friction  of  those  surfieuses.  On 
drawing  back  the  dnver  by  means  of  the  lever,  the  connection 
immediately  ceases. 

The  angle  of  obliquity  of  the  conical  surfaces  should  be  just 
great  enough  to  prevent  any  risk  of  their  becoming  jammed  against 
each  other,  so  as  to  prevent  disengagement;  and  for  that  purpose 
an  angle  of  10°  or  thereabouts  is  sufficient. 

In  the  fricUorud  sector  coupling  (invented  by  Mr.  Bodmer) 
the  follower  is  a  cylindrical  box,  loose  on  the  shaft,  and  carrying  a 
circular  disc-plate  with  a  hoop-shaped  rim.  The  inner  cylindrical 
suiface  of  that  rim  is  turned  true  and  smooth.  The  driver 
consists  of  a  boss  fixed  on  and  turning  with  the  shaft,  and  canying 
an  expanding  disc  composed  of  two  sectors,  with  true  and  smooth 
^lindrical  rims,  fitting  the  inner  surfiice  of  Uie  rim  of  the  followers. 
Those  sectors  can  be  simultaneously  moved  from  or  towards 
the  shaft  by  means  of  right  and  left-handed  screws,  turned  by 
levers  and  links;  the  links  lie  parallel  to  the  shaft,  and  are  jointed 
to  a  collar  which  is  shifted  by  means  of  a  forked  lever,  as  in  the 
ordinary  clutch.  When  the  sectors  are  moved  outwards,  they  fit 
tightly  to  the  inside  of  the  hoop-shaped  rim  of  the  follower,  and 
by  their  friction  communicate  to  it  the  rotation  of  the  shaft 
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'When  moved  inwards,  they  cease  to  touch  that  rim,  and  the 
connection  ceases.  (See  Fairbaim  On  MUltoork,  Part  II,  Edition  of 
1863,  pn,  91,  92.) 

In  Mr.  B.  D.  Napier^s  disengaging-gear  the  pushing  forward 
in  the  usual  way  of  a  cylindrical  dutch-box  causes  two  segmental 
pieces  to  grasp  between  them  a  drum  that  rotates  with  the  shaft,  and 
90  to  communicate  rotation  to  a  disc  to  which  they  are  attached. 

In  the  friction'diae  disengagement  (Mr.  Weston's  invention)  a 
set  of  fiat  discs  are  made  to  turn  along  with  the  shaft  by  means  of 
grooves  and  feathers,  and  are  capable  of  shifting  longitudinally  to 
a  small  extent.  Between  each  pair  of  that  first  set  of  discs  is 
placed  a  disc  belonging  to  a  second  set,  which  are  loose  on  the 
shaft,  but  are  made  to  turn  along  with  it  when  required,  by  press- 
ing them  between  the  discs  of  the  first  set.  The  second  set  of  discs, 
by  means  of  grooves  and  feathers  at  their  outer  edges,  carry  along 
with  them  in  their  rotation  a  wheel  or  a  pulley  concentric  with 
the  shaft. 

262.  PtocMgagc—cf  acilag  hj  BaUIng  CMitact. — ^A  pair  of 
wheeb  acting  on  each  other  by  rolling  contact  may  be  engaged  and 
disengaged  when  required  by  pressing  them  together  and  drawing 
them  asunder,  the  axis  of  one  of  them  being  made  moveable  for 
that  purpose;  and  this  is  practised  in  grooved  fictional  gearing  of 
the  kind  described  in  Article  111,  page  150. 

The  principle  of  another  method  of  effectinff  engagement  and 
disengagement  by  wheels  in  rolling  contact  is  ^own  in  fig.  213. 


Fig.  218. 

A  and  B  are  the  traces  of  the  fixed  axes  of  a  pair  of  smooth  wheels, 
whose  surfeu^es  do  not  touch  each  other :  A  b«ing  the  driver  and  B 
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the  follower.  0  is  the  trace  of  tlie  moreable  axis  of  an  mtannediate 
idle  wheel,  which  drives  B,  and  is  driven  by  A;  D  being  the  pitch- 
point  of  A  and  C,  and  E  the  pitch-point  of  C  and  B.  ^e  straight 
line  D  £  is  the  common  line  of  connection  of  the  three  whe^ ; 
and  as  pressure  only,  and  not  tension,  can  be  transmitted  along 
that  line  from  the  £isb  wheel  to  the  third  wheel,  the  oonnectioii 
ceases  if  the  motkm  is  reversed.  To  disengage  the  wheds  while 
in  motion  forwards,  the  axis  C  is  shifted  so  as  to  put  an  end  to 
the  contact  at  D  or  at  E,  or  at  both  those  points. 

The  angles  of  obliquity,  C  D  E  »  0  £  D,  which  the  line  of 
connection  D  £  makes  with  the  two  lines  <k  centres,  A  G  aad 
B  0,  ought  to  be  a  little  greater  than  the  ''  angle  of  repose  "  of  the 
surfaces  of  the  wheels,  in  order  that  the  wheel  0  may  not  become 
jammed  between  the  wheels  A  and  B;  but  it  ought  not  to  be 
greater  than  is  jnst  sofiicient  to  prevent  the  risk  of  jamming;  in 
order  that  tiie  ibroe  with  whidi  C  most  be  pressed  towards  A  and 
B  may  not  become  unnecessarily  great.  The  value  of  that  force 
and  of  the  angles  of  obliquity  will  be  considered  under  the  head 
of  the '' Dynamics  of  Machinery ;"  meanwhile,  in  aaticipaiioa  ox  that 
division  of  this  treatise,  the  f<^wing  values  ace  given  of  the  a&gie 
of  repose  for  difierent  sur&oes : — 

Cylindrical  surfaces  without  grooves. 

Metal  on  Metal;  dry,  10°;  slimy,  8"*;  greasy,  4', 

Metal  on  Oak;  dry,  28";  wet,  14°. 

MetolonElm;  dry,  13°. 

Leather  on  Metal ;  dry,  29^° ;  wet,  20° ;  greasy,  13°. 

Leather  on  Oak,  17°. 

Grooved  metal  sur&ces,  as  in  frictional  gearing;  about  28°. 

The  constmction,  therefore,  for  designing  this  disengagement  is  as 
follows : — Construct  an  is(^celes  triangle  ODE,  with  the  angles  at 
D  and  E  each  a  little  greater  than  the  angle  of  repose;  produce 
C  D  and  C  E,  laying  off  upon  them  D  A  and  E  B  proportional  to 
the  radii  of  the  wheels  to  be  connected ;  join  A  R  Then  the  pro- 
portions borne  respectively  by  A  D,  B  E,  and  C  D,  to  A  B,  will 
be  those  which  the  radii  of  the  wheels  are  to  bear  to  the  line  of 
centres. 

263.  ]>iaeM8ageiiiCBts  aadi  ReTenlBg-Gcar  acting  hj  Sliding  Can- 
tact. — A  pair  of  toothed  wheels,  whether  spur,  bevel,  or  skew- 
bevel,  may  be  thrown  into  or  out  of  gear  by  shifting  one  of  them 
along  its  axis.  This  sort  of  disengagement  belongs  to  the  class  in 
which  motion  is  transmitted  by  pressure;  so  that  the  velocity-ratio 
and  the  relative  position  of  the  pieces  are  definite,  and  the  com- 
munication of  motion  abrupt.  Another  way  of  making  it  act  is 
to  have  the  wheels  always  in  gearing  with  each  other,  and  to 
effect  the  engagement  and   disengagement  c^  one  of  them  by 
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means  of  a  dutch  upon  the  shaft  that  carries  it;  as  in  Article  260, 
page  295. 

Hie  most  o<Hnmon  kind  o£  revening-gear  idnch  aicts  by  means 
of  toothed  wheels  is  shown  in  fig.  214;  A  is  the  diiving-shaft, 
carrying  a  bevel-wheel  which  drives  in  oontraiy  directions  a  pair  of 
bevd-wheels,  B,  0,  that  torn  loose 
on  the  driven  shaft,  D  D.  A 
double  dutch,  E,  sliding  along 
a  feather  on  the  latter  shaft,  is 
made,  by  means  of  a  collar  and- 
lever,  to  lay  hdd  <^  the  one  or 
the   other  of   the    bevd-wheels 


V 


]pi= 


Fig.  214. 


B,  0,  according  to  the  direction  in 

whidi    the    ^afb   D    D  is    to  

rotate.  3> 

264.  BiMMpiflMMM    wmA  Bc- 
ToraiiiC-OcMr    hj     BM«*i     When 

rotation  is  transmitted  from  one 

shaft  to  another  by  means  of  a 

belt  and  a  pair  of  pulleys,  the 

form  of  engaging  and  disengaging- 

gear  emdoved  is  the  ''/oat  and 

loose  piiuey^  already  described  in 

Artide  170,  pages  184  and  185. 

The  fork  mentioned  there  is  called 

a  hdt-gidde^  or  hd^Mfier.    It  is 

evident  that  the  contrivance  of  the  fast  and  loose  pulley  is  applicable 

to  belts  alone,  and  not  to  cords  and  chains. 

Bevenvng-gea/r  by  means  of  belts  with  fast  and  loose  pull^s  is 
arruBged  in  the  following  way:  on  the  driven  shaft  is  one  fast 
pull^,  between  two  loose  pulleys,  one  for  each  of  the  two  belts, 
whi<^  run  in  opposite  directions.  In  the  act  of  reversing  the 
motum,  care  should  be  taken  that  the  belt  which  has  been  dnving 
the  &st  pulley  is  shifbed  completely  on  to  its  own  loose  pulley 
before  any  part  of  the  other  belt  is  shifbed  on  to  the  fast  pulley. 

A  method  of  ^igaging  and  disengaging  connection  by  bands, 
applicable  to  cords  as  well  as  to  bdts,  is  to  tighten  and  slacken  the 
band  when  required,  by  means  of  a  straining  pulley,  as  already 
described  in  Artide  174,  page  188. 

265,  mMBCBgcBMBls  Mid  MeTtniu^'Ciear  actia^  %r  lilnkwark. — 

Amcmgst  disengagements  acting  by  linkwork  are  all  the  examples 
of  intermittent  Imkwork  described  in  Article  194  to  197,  pages 
206  to  213;  and  in  most  of  those  examples,  besides  the  periodical 
disengagement  which  takes  place  at  each  return  stroke,  there 
exists  also  the  means  of  making  a  permanent  disengagement,  by 
fixing  the  click  or  catch  so  as  to  prev^it  it  from  takii^fi^old  of  the 
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teetL      In  fig.  146,  page  207  (described  at  page  208),  is  an 
example  of  reversing-gear  in  linkwork. 

In  ordinary  linkwork  (as  distinguished  from  olick-and-ratcbet- 
work)  the  means  of  disengagement  consist  in  connecting  the  link 
with  the  pin  at  one  of  the  connected  points  by  means  of  a  gab 
(as  at  A,  fig.  215);  that  is,  a  deep  notch  wi^b  plane  sides  and  a 

semi-cylindrical  bottom,  fit- 
^  ting  the  pin  accurately  but 

^  easily,    lie  link  is  thrown 

out  of  gear  when  required,  by 
moving  the  gab  dear  of  the 
pin,  either  by  hand  or  by 
suitable  mechanism.  Sometimes  the  gab  is  provided  with  spread- 
ing jaws,  to  enable  it  the  more  easily  to  lay  hold  of  the  pin  when 
the  connection  is  to  be  re-engaged. 

Another  case  of  disengagement  by  linkwork  is  that  of  the  hooks 
in  a  Jacqtutrd  loom.  At  each  shot  or  stroke  of  the  loom  there  are 
certain  threads  of  the  warp  that  have  to  be  raised  and  lowered 
again,  while  other  threads  remain  at  rest ;  the  order  and  arrange- 
ment of  threads  so  treated  being  varied  at  each  shot,  in  a  manner 
depending  on  the  pattern  to  be  woven.  In  fig.  216,  B  0  is  a  hook, 
of  which  the  lower  end  is  connected  with  a  thread :  the  hook  is 
j^^  kept  in  a  nearly  vertical  posi- 

tion by  passing  easily  through 
a  hole  at  D  in  a  horizonUl 
slidiog-bar,    D  E,  called  a 
^^  needle;  and  the  hooked  upper 

end,  a^  B,  overhangs  a  hori- 
zontal bar  or  rail.  A,  which  is 
can-ied  by  a  frame  having  a 
vertical  reciprocating  motion, 
of  the  extent  represented  by 
A  A'.  In  the  position  shown 
by  full  lines  and  capital  letters 
the  hook  stands  ready  to  be 
lifted  by  the  rail  A;  but  when 
the  needle  is  drawn  back  to 
the  position  d  e,  ihe  hook  is 
Y  made  to  assume  the  position 

Fig.  216.  C  db,  shown  in  dotted  lines, 

in  which  it  stands  disengaged 
from  the  rail,  and  remains  at  rest  during  the  next  stroke.  The 
needles  are  usually  drawn  back  by  means  of  spring?,  and  pushed 
forward  by  the  forward  stroke  of  a  drum,  F,  which  turns  about  a 
horizontal  axis,  and  has  also,  along  with  that  axis,  a  reciprocating 
motion  in  the  direction  of  the  length  of  the  needles.     The  drum  is 
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of  the  form  of  a  polygonal  prism,  usnallj  square,  as  in  the  figure; 
its  acting  &ce  is  covered  with  an  oblong  card  (of  pasteboard  or 
sheet  metal),  having  holes  in  it  opposite  the  ends  of  those  needles 
which  Bie  noi  to  he  pushed  forward.  The  drum  does  not  rotate 
daring  its  forward  stroke,  when  it  is  pushing  the  needles;  but 
during  the  return  stroke  a  catch  pulls  it  round  so  as  to  bring  a 
new  face  opposite  the  needles,  with  a  new  card  upon  it,  having  a 
proper  arrangement  of  holes  for  the  next  stroke.  The  cards,  in 
sufficient  number  to  produce  the  entire  pattern,  are  linked  together 
at  their  longer  edges,  so  as  to  form,  as  it  were,  a  fiat  chain,  which 
hangs  over  the  drum,  by  whose  rotation  they  are  brought  round 
one  by  one  to  act  on  iche  ends,  E,  of  the  needles. 

The  Jacquard  Apparatus,  of  drum,  cards,  needles,  and  hooks,  may 
be  applied  to  many  purposes  besides  that  of  lifting  the  threads  of  a 
warp. 

266.  l>l—fg«— f  •ctteg  hj  nj4*mmUc  C— — ti«B— Talrgs.— 
When  the  driver  and  follower  are  two  pistons,  and  the  former  trans- 
mits motion  to  the  latter  by  means  of  an  intervening  mass  of  fluid 
(as  in  Articles  207  to  211  A,  pages  221  to  227),  the  engagement 
and  disengagement  are  effected  by  opening  and  closing  a  valve  iu 
the  passage  through  which  the  displaced  fluid  flows:  as  has 
been  already  stated  in  Article  211,  page  224.  If  the  forward 
motion  of  the  driving  piston  is  to  go  ou  while  the  valve  is  closed, 
some  other  outlet  must  be  opened  for  the  fluid  which  it  displaces. 

A  reversing  action  takes  place  in  hydraulic  connection,  when  a 
stream  of  fluid  is  admitted,  by  means  of  suitable  valves,  so  as  to  act 
alternately  on  the  two  sides  of  a  piston,  as  in  a  double-acting  water- 
pressure  engine. 

In  all  cases  in  which  the  motion  of  a  piston  driven  by  a  fluid  is 
reversed,  an  outlet,  with  a  suitable  valve,  must  be  provided  for  the 
escape  from  the  cylinder,  during  the  return  stroke,  of  the  mass  of 
fluid  by  which  the  previous  forward  stroke  was  produced. 

267.  Prtacipin  •r  Um  AcU«b  of  ▼alTea.^It  would  be  Out  of 
place  here  to  describe  in  detail  the  various  kinds  of  valves  used  in 
machinery;  and  therefore  a  summary  only  of  the  general  principles 
of  their  construction  and  action,  so  fisir  as  those  principles  can  be 
considered  as  forming  part  of  the  C^eometry  of  IVuushines,  will  now 
be  given,  chiefly  abrKlged  from  A  Manual  o/ihe  Steam  Engine  and 
other  Prime  McfimB. 

.  Valvee  in  general^  considered  with  reference  to  the  means  by 
which  they  are  moved,  may  be  divided  into  three  principal  classes : 
— Yalves,  sometimes  called  docks,  which  are  opened  and  shut  by 
the  pessure  of  the  fluid  that  traverses  their  openings,  and  are 
usually  intended  for  the  purpose  of  permitting  the  passage  of  the 
fluid  in  one  direction  only,  and  stopping  its  return; — valves  moved 
by  hand; — and  i^ves  moved  by  mechanism.      Wh^n  a  piston 
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drives  a  fluid,  as  in  ordinazy  pnmps,  the  valves  are  nsuallj  moved 
bj  the  fluid :  when  the  fluid  drives  the  piitcm,  it  is  in  general 
necessary  that  the  valves  i^ould  be  moved  by  hand  or  by  mechan- 
ism. In  water-pressure  engines  that  work  occasionally  and  at 
irregular  intervals,  such  as  hydraulic  hoists  and  cranes,  the  valves 
are  usually  opened  and  shut  by  hand;  in  those  which  work  periodi- 
cally and  continuously,  they  are  moved  by  mechanism  connected 
with  the  engine.  Valves,  when  considered  with  reference  to  the 
kind  of  motion  by  which  they  open  and  shut  the  portSy  or  orifices 
to  which  they  are  fitted,  may  be  distinguished  into  Drop-vaives, 
which  are  opened  and  shut  by  being  lifted  up  and  set  down;  Flap- 
valves,  which  turn  on  a  hinge;  and  Slide-valves. 

The  seat  of  a  valve  is  the  fixed  surface  on  which  it  rests,  or 
against  which  it  presses. 

Th^face  of  a  valve  is  that  part  of  its  surfieice  which  comes  in 
contact  with  the  seat. 

When  a  valve  occurs  in  the  course  of  a  pipe  or  passage,  the  valve- 
box  or  chamber,  being  that  part  of  the  passage  in  which  the  valve 
works,  should  always  be  of  such  a  shape  as  to  allow  a  free  passage 
for  the  fluid  when  the  valve  is  open,  so  that  the  fluid  may  pass  the 
valve  with  as  little  change  of  area  of  the  stream  as  possible ;  and  if 
necessary  for  that  purpose,  the  valve-chamber  may  be  made  of 
larger  diameter  than  the  rest  of  the  passage. 

A  valve  moved  by  mechanism  has  almost  always  a  periodical 
reciprocating  motion,  by  which  it  is  alternately  opened  and  shut. 
The  simplest  mode  by  which  that  motion  can  be  given  is  by  a 
crank,  or  an  eccentric,  carried  by  some  continuously-rotating  piece, 
and  acting  through  a  rod ;  as  in  Articles  1 84  to  1 86,  pages  1 9  6  to  1 98 ; 
and  such  is  the  ordinary  way  of  moving  slide-valves.  Drop-valves 
are  sometimes  worked  by  the  same  kind  of  mechanism,  with  the 
addition  of  a  contrivance  for  setting  them  down  very  gently,  of  the 
kind  described  in  Article  190,  pages  202,  203;  or  by  means  of 
cams  or  wipers  (Articles  160  to  164,  pages  170  to  175). 

The  principal  forms  of  valves  are  the  following: — 

L  The  Bonnel-Valve  or  Conioal  Valve  is  the  simplest  form  of 
drop-valve,  and  is  a  flat  or  slightly  arched  circular  plate  whose 
face,  being  formad  by  its  rim,  is  sometimes  a  frustum  of  a  cone, 
and  sometimes  a  zone  of  a  sphere,  the  latter  figure  being  ihe  best. 
Its  seat,  being  the  rim  of  the  circular  orifice  which  the  valve  doses, 
is  of  the  same  figure  with  the  fisu;e  or  rim  of  the  valve,  and  the 
valve-face  and  its  seat  are  turned  and  ground  to  fit  eadi  other 
exactly,  so  that  when  the  valve  is  closed  no  fluid  can  pass.  The 
thickness  of  a  valve  oi  this  form  is  usually  from  a  fifth  to  a  tenth 
of  its  diameter,  and  the  mean  inclination  of  its  rim  about  4d^. 

To  ensure  that  the  valve  shall  rise  and  fidl  vertically,  and  always 
return  to  its  seat  in  closing,  it  is  sometimes  provided  wtth  a  spindle, 
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moyixtg  tluough  a  ring  or  cylindrical  socket.  A  knob  on  the  end 
of  the  spindle  prevents  the  valve  from  rising  too  high.  When  the 
valve  is  to  be  moved  by  hand  or  by  meeha^oism,  the  spindle  may 
be  continned  through  a  stuffing-box,  and  ocmnected  with  a  handle 
or  a  lever,  so  as  to  be  the  means  of  transmitting  motion  to  the 
valve. 

IL  The  £aU  Clack  is  a  drop-valve  of  the  form  g£  an  accnrately- 
tumed  sphere.  When  of  large  size,  it  is  in  general  hollow,  in  order 
to  reduce  its  weight.  Its  £su;e  is  its  entire  surface :  its  seat  is  a 
spherical  zone. 

III.  The  Divided  Conical  Valve  is  composed  of  a  series  of  con- 
centric rings.  The  largest  ring  may  be  considered  as  a  bonnet- 
valve,  in  which  there  is  a  circular  orifice,  forming  a  seat  for  a 
smaller  bonnet- valve,  in  which  there  is  a  smaller  circular  orifice, 
forming  a  seat  for  a  still  smaller  bonnet-valve,  and  so  on.  This 
arrangement  enables  a  large  opening  for  the  passage  of  fluid  to  be 
fonned  with  a  moderate  upwaid  motion  of  eadi  division  of  the  valve. 

rV.  The  Double-beat  Valve  is  a  drop-valve  so  contrived  as  to 
enable  a  large  passage  for  a  fluid  to  be  opened  and  shut  easily  under 
a  high  pressure.  Fig.  217  represents  a  section  of  the  valve,  with 
its  seats  and  chamber,  and  fig.  218  a  plan  of  the  valve  alone. 

The  valve  shown  in  the  figure  is  for  the  purpose  of  opening  and 
shutting  the  communication  between  the  pipes  A  and  K 


Rg.  217. 


Ilg.218. 


The  pipe  B  is  vertical,  and  its  upper  rim  carries  one  of  the  two 
valve-seats,  which  are  of  the  form  of  the  frustum  of  a  cone,  and 
eadd  jnarkad  o. 
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A  frame  0,  oomposed  of  radiating  partitions,  fixed  to  and  resting 
on  the  upper  end  o£  the  pipe  B,  carries  a  fixed  circular  disc,  whose 
rim  forms  the  other  conicfll  valve-seat. 

The  valve  D  is  of  the  form  of  a  turban,  and  has  two  annular 
conical  fiices,  which,  when  it  is  shut,  rest  at  once  on  and  fit  equally 
dose  to  the  two  seats,  a,  a.  When  the  valve  is  raised,  the  fluid 
passes  at  once  through  thie  cylindrical  opening  between  the  lower 
edge  of  the  valve  and  the  upper  edge  of  the  pipe  B,  and  through 
the  similar  opening  between  the  upper  edge  of  the  valve  and  the 
rim  of  the  circular  disc. 

The  greatest  possible  opening  of  the  valve  is  when  its  lower  edge 
is  midway  between  the  disc  and  the  rim  of  the  pipe  B,  and  is  givea 
by  the  following  formula : — 

Let 

di  be  the  diameter  of  the  pipe  B ; 

d^f  that  of  the  disc ; 

A,  the  dear  height  from  the  pipe  to  the  disc,  less  the  thickness  of 
the  valve ; 

A,  the  greatest  area  of  opening  of  the  valve;  then 

A  =  31416  ^L^.  A; (1.) 

and  in  order  that  this  may  be  at  least  equal  to  the  area  of  the  pipe 
B,  viz.,  '7854  cQ,  we  should  have 

^^''^  =  2i^r^' <2.) 

which,  if,  as  is  usual,  d^  ss  d^  gives 

A  at  least  =  ^; (2  a.) 

but  A  is  in  general  considerably  greater  than  the  limit  fixed  by  this 
rula 

If  the  upper  and  lower  seats  are  of  equal  diameter,  the  valve  is 
called  an  equUibrvumrvalve;  and  this  is  the  kind  of  double-beat 
valve  most  commonly  used  in  steam  enginea  In  water-pressure 
engines,  pumps,  and  hydraulic  apparatus  generally,  the  lower  valve- 
seat  is  genersdly  made  a  little  larger  than  the  upper. 

y.  A  common  Flap-  Valve  is  a  lid  which  opens  and  shuts  by 
turning  on  a  hinge.     The  face  and  seat  are  planes. 

A  pair  of  flap- valves  placed  hinge  to  hinge  constitute  a  "huUerfli/ 
dack,*^  The  chamber  of  a  flap-valve  should  be  of  considerably 
greater  diameter  than  the  valve. 

YL  A  FleadMe  Flap-  Valve  consists  of  a  piece  of  some  flexible 
material,  such  as  waterproof  canvas  or  India  rubber.  It  may  be 
rectangular,  so  as  to  have  one  edge  fixed  to  the  seat^  and  the 
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opposite  edge  attached  to  a  bar,  by  moviug  which  it  is  opened  and 
shut;  or  it  maj  be  circular,  and  fixed  to  the  seat  at  the  centre; 
and  this  is  the  form  usually  adopted  for  self-acting  flexible  flap- 
valves  in  pumps.  The  seat  of  the  flap  consists  of  a  flat  horizontal 
grating,  or  a  plate  perforated  with  holes.  To  prevent  a  circular 
flap-vidve  from  rising  too  high,  it  is  usually  provided  with  a  guard, 
which  is  a  thin  metal  cup  formed  like  a  s^ment  of  a  sphere,  grated 
or  perforated  like  the  valve-seat,  to  which  it  is  bolted  at  the  centre. 
When  the  valve  is  raised  by  a  current  from  below,  it  applies  itself 
to  the  bottom  of  the  cup.  When  the  current  is  reversed,  the  fluid 
from  above,  pressing  on  the  valve  through  the  holes  in  the  cup, 
drives  it  down  to  its  seat  again. 

yil.  The  Disc-and-Pivot  Valve,  or  ThrotUe-Valve,  consists  of  a 
thin  flat  metal  plate  or  disc,  which,  when  shut,  fits  closely  the 
opening  of  a  pipe  or  passage,  generally  circular  in  section,  but 
sometimes  rectangular.  The  valve  turns  upon  two  pivots  or 
journals,  placed  at  the  extremities  of  a  diameter  traversing  its 
centre. 

When  the  valve  is  turned  so  as  to  lie  edgeways  along  the  pas- 
sage, the  current  of  fluid  passes  with  very  little  obstruction :  when 
it  is  turned  transversely,  the  current  is  stopped,  or  nearly  stopped. 
By  placing  the  valve  at  various  angles,  various  openings  can  be 
made.  If  the  valve,  when  shut^  is  perpendicular  to  the  axis  of  the 
pipe,  the  opening  for  any  given  inclination  of  the  valve  to  that 
axis  is  proportional  to  the  coversed-sine  of  the  inclination.  If  the 
valve  is  oblique  when  shut,  the  opening  at  a  given  inclination  is 
proportional  to  the  difference  between  the  sine  of  that  indinaUon 
and  the  sine  of  the  indinaUon  when  shut 

The  face  of  this  valve  is  its  rim;  its  seat  is  that  part  of  the 
internal  surface  of  the  passage  which  the  rim  touches  when  the 
valve  is  shut;  and  those  surfaces  ought  to  be  made  to  fit  very 
accurately,  without  being  so  tight  as  to  cause  any  difficulty  in 
opening  the  valve. 

One  of  the  journals  of  the  valve  usually  passes  through  a  bush 
or  a  stuffing-box  in  the  pipe,  so  as  to  afibrd  the  means  of  commu- 
nicating motion  to  the  valve  from  the  outside. 

VIII.  Slids'  Valves. — ^The  seat  of  a  slide-valve  consists  of  a  plane 
metal  sur&ce,  very  accurately  formed,  part  of  which  is  a  rim  sm> 
rounding  the  orifice  or  porty  which  the  valve  is  to  close,  and  from 

J  to  ^  of  the  breadth  of  that  orifice,  while  the  remainder  extends 

to  a  distance  from  the  orifice  equal  to  the  diameter  of  the  valve,  in 
order  that  the  valve,  when  in  such  a  position  as  to  leave  the  port 
completely  open,  shall  still  have  every  part  of  its  fisice  in  contact 
with  the  seat. 
The  valve  is  of  such  dimensions  as  to  cover  the  port  together 
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with  that  portion  of  the  seat  which  forms  a  rim  sarroanding  the 
pOTt.  The  face  of  the  valve  must  be  a  tme  piane,  so  as  to  slide 
smoothly  on  the  seat  As  to  the  periodical  motion  of  slide- 
valves,  see  the  next  Article. 

RoUaing  tMde-whbm  are  sometimes  used,  in  which  i&e  valve  «ad 
its  seat  are  a  pair  of  circular  plates,  having  one  <Mr  more  equal  and 
similar  orifices  in  them.  The  passage  is  opened  bj  turning  the 
valte  about  its  centre  nntil  its  op^iings  are  opposite  to  those  of 
the  seat^  and  shut  by  turning  it  so  that  its  openings  are  opposite 
solid  portions  of  the  seat    (See  page  314.) 

IX.  A  PisUyrirValve  is  a  piston  moving  to  and  fro  in  a  cylinder, 
whose  internal  sur&ce  is  the  valve-aeat.  The  port  is  foimed  by  a 
ring  or  zone  of  openings  in  the  cylinder,  communicating  wit£  a 
passage  whidi  surrounds  it;  and  by  moving  the  piston  to  either 
side  of  those  openings,  that  passive  is  pat  in  communication  with 
the  opposite  end  of  ^e  valve-cylinder. 

X.  Cocks, — ^This  term  is  sometimes  applied  to  all  valves  whidi 
are  opened  and  shut  by  hand;  but  its  proper  application  is  to  those 
valves  which  are  of  the  form  of  a  frustum  of  a  cone,  or  conoid, 
turning  in  a  seat  of  the  same  figure. 

In  Uie  most  common  form  of  cock,  the  seat  is  a  hollow  cone  of 
slight  taper,  having  its  axis  at  right  angles  to  the  pipe  in  whose 
course  it  occurs.  The  valve  is  a  cone  fitting  the  seat  accurately, 
and  having  a  transverse  passage  through  it  of  the  same  figure  and 
size  with  the  boro  of  the  pipe,  so  tha^>  in  one  position  it  fcrms 
simply  a  continuation  of  the  pipe,  and  offers  no  obstruction  to  the 
current,  while,  by  turning  it  into  different  angular  positioQ^  the 
opening  may  be  closed  either  partially  or  wholly. 

268.  Periodical  vitimm  •€  BMc  Taiyo,— The  motion  of  a  slide- 
valve  driven  by  a  crank  or  an  eccentric  is  a  case  <^  espproximiUe 
hanrumio  nwtum,  as  already  described  in  Article  239,  page  250; 
and  in  most  cases  which  occur  in  practice,  it  may  be  treated,  wi^- 
out  material  error,  as  if  it  wero  exact  harmonic  motion :  that  ie 
to  say,  the  travd  or  length  of  stroke  of  the  dide  is  twice  the 
eccentric-arm ;  the  slide  is  in  its  middle  position  when  the  eccentric- 
arm  is  sensibly  at  right  angles  to  the  line  of  its  dead-pointB; 
in  other  words,  when  the  phase  of  its  revolution  is  sensibly  90*^; 
and  the  dispiaeement  of  the  slide  finom  its  middle  position  at 
any  given  instant  is  sensibly  equal  to  the  eccentric-arm  multifdied 
by  the  cosine  of  the  phase.  For  example,  in  fig.  220  (page  308), 
the  straight  line  F  A  L,  bisected  in  A,  represents  twice  the  eccen- 
tric-arm ;  so  that  A  F  and  A  L  respectively  represent  the  displace- 
ments of  the  slide  at  the  two  dead-points  of  the  revolution  of  the 
eccentric,  when  the  phase  is  respectively  0^  and  180^  On  those 
two  lines  as  diameters  describe  two  equal  ciroles,  A  H  F  O  A, 
and  ANLPA;  then,  when  the  phase  is  =  .*^FAD,  the  dis- 

Digitized  by  VjOOQiC 


MOTION  OF  ffl«IBE-TALTE.  307 

is  =  AG;  and  vrhem.  the  pbase  tlb  -  .^V AM,  tbe 
displacement  is  s  AN,  in  tlie  contnoy  directioQ  to  that  of  tiie 
displacement  A  G. 

IJnder  the  geometiy  of  madiineiy  «re  comprehended  ^e  rtdes 
by  whidi  the  morement  of  the  sHde-valye  of  an  engine  is  made  to 
bear  certain  relations  to  that  of  the  crank  with  which  the  piston 
is  connected.     The  following  are  terms  used  in  those  rales: — 

The  two  opposite  ades  of  the  p^t,  or  oblong  opening  in  the 
seat  of  a  alid^yalTe,  are  distrngnisfaed  as  the  indtecHcm-^ide  and  the 
editdion-mde ; — ^the  former  being  the  side  at  which  the  flnid  enters 
the  port;  the  latter,  the  aide  at  which  it  is  disduorged. 

The  lap,  or  cover,  of  a  sHde-valye  at  one  of  its  edges  is  the  extent 
to  which  Uiat  edge  overlaps  the  adjoining  edge  of 
the  port  which  it  covers  when  the  slide-valve  is  ^^ 
in  its  middle  position.     In  fig.  219  is  a  section 
of  part  of  a  vertical  slide-valve  and  its  port; 
W  is  the  lower  port  of  a  cylinder;   X,  the 
lower  half  of  the   slide-valve,  in    its    middle 
position;  U  is  the  indticUon-side,  and  Y  the 
eduction-dde,  of  the  port;  C  is  the  induction-         Fig.  219. 
edge,  and  P  the  eduction-edge  of  the  valve;  TJ  0 
is  the  lap  on  the  indudion-eide,  and  Y  P  the  lap  on  the  eduction- 
side:  the  hollow  part  of  the  valve  opposite  X  is  <»lled  the  exhavM- 
cavity. 

It  is  evident  that  the  opening  and  closing  of  the  port  at  either 
side  take  place  at  the  instants  wl^n  the  displacement  of  the  slide 
in  a  direction  away  from  that  side  is  equal  to  the  li^  at  that  side; 
and  that  the  port  remains  open  at  that  side  so  long  as  the  displace- 
ment in  the  proper  direction  is  greater  than  the  lap.  Thus,  the 
port  W  remains  open  at  the  side  XJ,  so  long  as  the  displacement  of 
the  slide  towards  P  is  greater  than  XJ  C;  and  at  the  side  Y,  so 
long  as  the  displacement  of  the  slide  towards  0  is  greater  than 
Y  P.  If  the  lap  at  either  side  is  nothing,  the  opening  and  closing 
at  that  side  take  place  in  the  middle  position  of  the  slide ;  and  the 
port  remains  open  at  that  side  during  half  a  revolution  of  the 
eccentria 

The  instant  at  which  the  port  is  first  opened  at  the  induction- 
side  is  called  the  instant  of  admieeion;  that  at  which  it  is  closed, 
of  suppression,  or  cut-off;  that  at  which  it  is  first  opened  at  the 
eduction-side,  the  instant  of  rdease;  that  at  which  it  is  closed  at 
the  educticm-side,  the  instant  of  compression. 

By  the  aaigulaa'  advance  of  the  eccentric  is  to  be  understood  the 
angle  at  which  the  eccentric-arm  stands  in  advance  of  that  position, 
which  would  bring  the  slide-valve  to  mid-stroke  when  the  crank  is 
at  its  dead-points :  in  other  words,  the  excess  above  90**  of  the 
phase  of  the  eccentoc  when  the  phase  of  the  crank  is  0^ ;  or  in. 
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symbols^  phase  of  eccentric  —  phase  of  crank  —  90^.  When  the 
slide  is  at  its  middle  position  at  the  same  instant  at  which  the 
crank  is  at  a  dead-point,  the  angular  advance  is  nothing. 

BuLE  L — Given,  the  positions  of  the  crank  at  the  instants  of 
admission  and  cut-off;  to  find  the  proper  angular  advance  of  the 
eccentric,  and  the  proportion  of  the  lap  on  the  induction-side  to 
the  half-travel  of  the  slide.* 

In  fig.  220,  let  A  B  and  A  0  be  the  positions  of  the  crank  at 
the  begmning  and  end  of  the  forward  stroke ;  let  the  arrow  show 
the  direction  of  rotation ;  let  X  a;  be  perpendicular  to  BO;  let 
A  D  be  the  position  of  the  crank  at  the  instant  of  cut-o£^  and 


A  E  its  position  at  the  instant  of   admission.      Draw  A  F, 
bisecting  the  angle  E  A  D;  A  F  will  represent  the  position  of  ihe 

*The  method  used  in  this  and  the  following  roles  is  that  of  Professor  Dr. 
Zeuner,  of  the  Swiss  Federal  Polytedmio  School  at  Zdrich,  pnhUahed  in  his 
treatiBe  on  Slide-valve  Gearing,  entitled,  Die  8chkber»teuerimgen, 
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crank  at  the  instant  when  the  slide  is  at  the  fonoard  end  of  its 
stroke;  and  FAX  will  be  the  angular  advance  of  the  eccentric 

Lay  off  the  distance  AF  to  represent  the  half-travel;  and  on 
A  F  as  a  diameter  describe  the  circle  A  H  F  G,  catting  A  D  in 

G  and  A  E  in  H;  then  -j-rs  =  -j-^  will  be  the  required  ratio  of 

lap  at  iJis  induction'Side  to  hal/'travd;  and  A  G  =  A  H  will 
represent  that  lap,  on  the  same  scale  on  which  A  F  represents  the 
half-travel. 

On  the  same  scale^  I  K  represents  the  tcidth  of  opening  of  the 
valve  at  the  beginning  of  the  etrokcy  sometimes  called  the  ^'lead  of 
the  slide.^*  Strictly  speaking,  this  is  the  lead  of  the  induction-edge 
of  the  slide  only;  the  lead  of  the  centre  of  the  slide  being  A  S; 
that  is,  its  distance  from  its  middle  position  at  the  beginning  of  the 
forward  stroke. 

Bulb  II. — Given,  the  data  and  results  of  the  preceding  rule,  and 
the  position,  A  M,  of  the  crank  at  the  instant  of  release;  to  find 
the  ratio  of  lap  on  the  eduction-side  to  half-travel,  and  the  position 
of  the  crank  at  the  instant  of  compression.  Produce  F  A  to  L, 
making  AL=:AF;  on  ALas  a  diameter  draw  a  circle  catting 

AN 
A  M  in  N ;  then  -j—j  will  be  the  required  ratio  of  lap  at  eduction- 
side  to  half  travel. 

About  A  draw  the  circular  arc  N  P,  cutting  the  circle  A  L 
again  in  P;  join  A  P;  then  A  P  will  be  the  required  position  of 
the  crank  at  the  instant  of  compression. 

HuLE  III. — Given,  the  data  and  results  of  Bule  L,  and  the 
position,  A  Q,  of  the  crank  at  the  instant  of  compression ;  to  find 
the  ratio  of  lap  at  the  eduction-side  to  half-travel,  and  the  position 
of  the  crank  at  the  instant  of  release.  Produce  F  A  as  before ; 
onAL  =  FAasa  diameter  draw  a  circle  cutting  A  Q  in  P ; 

AP 

Yj  will  be  the  required  ratio  of  lap  at  tne  eduction-side  to  half- 
travel. 

About  A  draw  the  circular  arc  P  N,  cutting  the  circle  A  L 
again  in  K;  join  A  N;  A  N  will  be  the  position  of  the  crank  at 
the  instant  of  release.       ^ 

Rule  IV. — Given,  the  angular  advance  of  the  eccentric,  the 
half-travel  of  the  slide,  and  the  lap  at  both  sides;  to  find  the 
positions  of  the  crank  at  the  instants  of  admission,  cut-off,  release, 
and  compression.  Draw  the  straight  lines  BAG  and  X.Ax  per- 
pendicular to  each  other;  and  take  B  and  0  to  represent  the  dead- 
points.  Let  the  arrow  denote  the  direction  of  rotation.  Draw 
F  A  L,  making  the  angle  F  A  X  =  the  angular  advance  of  the 
eccentric;   and  make  A  F  =  A  L  =  half-traveL    Oa^A  F  md 
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A  L  as  diameters,  draw  circles.  About  A,  with  a  radios  equal  to 
the  lap  at  the  inductkm-side,  draw  aa  aro  cutting  the  drcLe  oa 
A  F  ia  H  and  G;  also,  with  a  radius  equal  to  the  lap  at  the 
eduetion-side,  draw  an  aro  cutting  the  drde  on  A  L  ia.  N  and  P. 
Draw  the  straight  lines  AHE,AGD,ANM,  APQ.  These 
will  represent  respectively  the  positions  o£  the  crank  at  the  instants 
o£  admission,  cut-c^f  release,  and  comjfression. 

The  eccentric  may  act  on  the  slide,  not  directly,  but  through  a 
train  of  levers  and  linkwork.  The  effect  of  this  on  the  application 
of  the  rules  is  merely  to  substitute  for  the  actual  ecoentrio-arm  a 
virtual  eccentric-arm  equal  to  the  half-travel  of  the  sUde. 

The  effects  of  the  link-motion,  of  double  slides,  and  of  move- 
able slide-valve  seats,  in  modifying  the  length  and  position  of  the 
virtual  eccentric-arm,  have  been  already  described  in  Articles  239 
to  241,  pages  250  to  260. 

SBonoir  n. — Cf  Adjustments /or  Changing  Speed  and  SbY)ke. 

269.  o«Bcna  BxpiauttoHifc— All  methods  of  changing  the  velo- 
city-ratio of  an  elementary  combination  in  a  machine  operate  by 
changing  the  position  of  their  line  of  connection ;  for  on  the  posi- 
tion of  that  line  the  velocity-ratio  depends,  accwduig  to  the  principle 
already  explained  in  Article  91,  page  78.  In  some  cases  the 
combination  contains  two  or  more  pairs  of  acting  surfinces  (such  as 
wheels  or  pulleys),  one  or  other  of  which  can  be  thrown  into  gear 
according  to  the  velocity-ratio  required;  and  then  it  is  in  general 
necessary  to  stop  the  motion  in  order  to  change  the  velocity-ratio. 
In  other  cases  there  are  contrivances  for  changing  the  velocity-ratio 
by  degrees  while  the  machine  is  in  motion. 

In  the  case  of  linkwork  the  change  of  vdodty-ratio  is  ofben 
connected  with  a  change  of  length  of  stroke. 

Many  of  the  most  ordinary  and  useful  adjustments  for  changing 
speed  have  already  been  described  under  the  head  of  elementary 
or  of  aggregate  combinations;  and  in  such  cases  it  will  be  suffi- 
cient in  the  present  section  to  refer  to  the  place  where  the  detailed 
description  is  to  be  found. 

Adjustments  for  changing  speed,  like  engaging  and  disengaging- 
gear,  may  in  most  cases  be  distinguished  into  two  dasses,  aooording 
as  the  oonnectionis  made  by  pressure  or  by  Motion.  In  the  former 
OBse  ihe  change  <3i  vdocity-ratio  is  definite,  and  in  moot  instances 
Boddea;  in  the  latter  case,  gradual,  and  to  a  certain  extent  indefinite. 

270.  CkragiiiK  «VM«  !^  giicrt—  Whecte.— To  obtain  duu^ies  of 
iq^eed  by  means  <^  friction-wheels^  a  paor  of  paralldi  shafts  are  to  be 
provided  with  as  many  pairs  of  whedb  as  there  are  to  be  different 
veiociiy-i»tio8 ;  each  pair  of  wheels  beang  connected  with  each 
^ther,  not  directly,  but  by  means  of  an  xntemedie^  idle  mhoe^ 
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"which  can  be  thrown  into  or  out  of  gear  at  pleasure,  as  in  the 
seoond  method  of  disengagement  described  in  Article  262,  page 
297 ;  ^e  only  difference  being  that  whereas  in  that  Article  the 
two  principal  wheels  of  the  pair  are  described  as  bdng  equal,  in 
the  present  ease  thej  will  in  general  be  unequal  The  rule  as  to 
the  obliquity  of  the  line  of  connection  is  the  same.  (See  page  298.) 

A  combination  of  Mction-wheels  in  which  the  yelocitj-ratia 
is  changed  by  degrees  during  tiie  ^ 
motion,  is  shown  in  fig.  221.    (It      ^ 
forms  part  of  Morin's  Integrating 
Dynamometer.)    A  is  a  plane  cir- 
cular disc,  turning  about  an  axis    * 
perpendicular  to  its  own  plane.     B 
is  a  wheel  driven  by  the  friction  of  Hg.  221. 

the  disc  against  its  edge ;  and  it  turns 

about  an  axis  that  cuts  the  axis  of  A  at  right  angles.  The  angu- 
lar velocity  of  B  varies  proportionally  to  its  distance  from  the 
centre  of  A,  and  is  varied  by  altering  that  distance. 

271.  ciMMgtMg  Speed  by  Teethed  Wheels.— The  ordinary  method 
of  producing  precise  And  definite  changes  of  the  angular  velocity- 
ratio  of  two  rotating  shafts  is  by  means  of  cJumge-wheels :  that  is 
to  say,  there  are  several  pairs  or  trains  of  wheels,  suited  to  a  cer- 
tain series  of  velocity-ratios;  and  one  or  other  of  those  pairs  or 
trains  of  wheels  is  thrown  into  gear  according  to  the  comparative 
speed  that  is  wanted  at  the  time. 

Sometimes  the  wheels  are  made  so  as  to  be  put  on  the  shafts 
and  taken  off  at  pleasure.  If  an  intermediate  idle  wheel  is  not 
used,  between  two  shafts  connected  by  pairs  of  change-wheels,  there 
must  be  as  many  pairs  of  change-wheels  as  there  are  different 
velocity-ratios;  beoiiuse  the  sum  of  the  geometrical  radii  of  each 
pair  must  be  equal  to  the  line  of  centres;  but  by  the  help  of  an 
intermediate  idle  wheel,  any  two  wheels  which  are  not  so  large  as 
to  touch  each  other  may  be  put  into  connection;  so  that  by  a 
pxiper  choice  of  numbers  of  teeth,  the  number  of  different  ratios 
may  be  made  equal  to  the  product  of  the  number  of  different 
wheds  iihzt  can  be  fitted  on  one  shaft  into  the  number  that  can 
be  fitted  on  the  other  after  the  first  has  been  fitted. 

Ohange-wheels  are  frequently  arranged  so  as  to  be  thrown  into 
or  out  of  gear  by  shifting  the  whole  series  longitudinally  along 
with  the  sl^  that  carries  them.  For  example,  in  fig.  222  A  A 
and  BB  are  a  pair  of  parallel  axes;  and  the  transverse  lines 
mariced  1,  2,  3,  &c,  represent  the  radii  of  two  series  of  change- 
wheels  carried  by  shafts  turning  about  those  axes  respectively. 
To  each  whed  of  one  series  there  corresponds  a  wheel  in  the  other 
series,  marked  with  tlw  same  figure ;  and  any  sudi  pair  can  be 
thrown  into  gear  when  required,  by  shifting  the  shaft  AJongitudi- 
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oallj.  To  place  the  wheels  on  the  shafts  so  as  to  oocupj  the  least 
possible  space,  the  following  roles  are  to  be  observed : — ^Let  b  denote 
the  breadth  of  the  rim  of  a  wheel,  plus  a  small  allowance  for  clear- 
ance. Kange  the  radii  of  the  wheels  on  A  in  such  a  manner  that 
the  greatest  shall  be  in  the  middle,  with  a  diminishing  series  on 
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Fig.  222. 

each  side  of  it.  Then,  commencing  at  the  two  ends  of  the  double 
series,  make  the  two  endmost  intervals  betw^n  the  middle  planes 
of  the  wheels  on  the  axis  A  (1  2  and  7  6  in  the  figure),  each  =  h\ 
the  pair  of  intervals  next  them  (2  3  and  6  5  in  the  figure),  each 
=  2  6;  the  next  pair  (3  4  and  6  4),  each  =  3  5;  and  so  for  any 
number  of  intervals  that  may  be  required.  Then  make  the  in- 
terval between  the  middle  planes  of  each  pair  of  wheels  on  the  axis 
B  greater  by  one  breadth,  b,  than  the  corresponding  interval  on  the 
axis  A. 

272.  Cliaagiag  Speed  by  Ban  is  uidl  PaUeys* — ^The  most  convenient 
way  of  changing  the  velocity-ratio  of  rotation  of  a  pair  of  shafts, 
where  absolute  precision  in  the  ratio  is  not  required,  is  by  means  ' 
of  "speed-canes,^*  which  have  already  been  described  in  Article  175, 
page  185.  When  a  series  of  pulleys  is  used  with  radii  changing 
step  by  step,  the  motion  must  be  stopped  in  order  to  shift  the  hejkd 
from  one  pair  of  pulleys  to  another;  and  thb  is  applicable  to  cords 
as  well  as  to  belts.  When  tapering  conoidal  pulleys  are  used,  the 
belt  can  be  shifted,  and  the  velocity-ratio  gradually  changed,  whUe 
the  machineiy  is  in  motion;  and  this  is  applicable  to  belts  only. 

273.  ciMiHsing  stroke  te  l^iakworic — ^The  principles  upon  which 
the  length  of  stroke  in  linkwork  depends  have  been  explained  in 
Article  186,  page  197.  When  a  piece  receives  a  reciprocating 
motion  from  a  lever,  a  crank,  or  an  eccentric,  the  simplest  way  of 
changing  the  length  of  stroke  is  to  change  the  distance  of  the  con- 
nect^ point  in  the  lever,  crank,  or  eccentric,  from  its  axis  of 
motion.  In  the  case  of  a  continuously  rotating  crank  or  eccentric, 
this  can  be  done  by  means  of  an  adjusting  screw,  the  motion  being 
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stopped  when  an  alteration  is  to  be  made;  but  in  the  case  of  a 
reciprocating  lever,  the  ^in  to  which  the  connecting-rod  is  jointed 
may  be  carried  by  a  stud,  capable  of  sliding  in  a  slot  in  the  lever, 
and  having  its  position  in  that  slot  adjusted  by  means  x)f  a  rod  and 
a  handle  which  can  be  shifted  while  the  machinery  is  in  motion. 
Sufficient  examples  of  the  latter  kind  of  action  have  already  been 
given  under  the  head  of  link-motions,  in  Article  240,  pages  253  to 
260. 

Fig.  223  represents  a  train  of  linkwork  proposed  by  Willis,  for 
adjustingthe  velocity-ratio 
and  comparative  length  of 
stroke  of  two  reciprocating 
points.  The  points  to  be 
connected  are  marked  D 
aud  E;  and  D  A  and  E  A 
are  their  lines  of  stroke, 
intersectiug  each  other  in 
A.  A  £  is  a  train-arm 
centred  at  A,  and  capable 
of  being  adjusted  to  any 
required  angular  position. 
At  B,  the  other  end  of  the 
train-arm,  is  centred  the 
reciprocating  lever  B  C, 
equal  in  length  to  B  A,  and 
connected  with  the  points 
D  andEby  the  links  C  D 
andCE. 


Fig.  228. 


While  the  lever  B  C  oscillates  through  a  small  angle  to  either 
side  of  B  A,  the  motions  of  D  and  E  are  very  nearly  equal  to  the 
component  motions  of  C  along  A  D  and  A  E  respectively;  that  is 
to  say,  wo  have,  at  any  given  instant,  the  following  proportion 
very  nearly  exact : — 

Velocity  of  C :  velocity  of  D  :  velocity  of  E 
::         BA         :         BE         :        BG; 

in  which  B  F  and  B  G  denote  the  lengths  of  perpendiculars  let 
fall  from  B  on  A  D  and  A  E  respectively ;  and  the  same  propor- 
tions hold  very  nearly  for  the  lengths  of  stroke  of  those  three 
points;  hence  those  proportions  can  be  made  to  assume  any  re- 
quired value  while  the  mechanism  is  in  motion,  by  adjusting  the 
position  of  the  train-arm  A  R 

274.  ciMUigiiMt  Speed  with  KydnuiUe  €«miecti«B.^The  com- 
parative speed  of  a  piston  driven  by  a  fluid  may  be  altered  by 
altering  the  number  of  driving-pistons  which  force  the  fluid  into 
the  cyUnder  of  the  driven  piston  at  the  same  time.    For  example. 

Digitized  by  VjOOQIC 


314  GEOMETRY  OF  MACHINEET.      * 

in  some  hydraulic  presses  it  is  desirable  to  dimmish  step  by  step 
the  ratio  which  the  velocity  of  ih»  press-plunger  bears  to  that  ot 
the  pump-|dungers;  and  diat  is  done  by  forcing  water  into  the 
press-cylmder  at  first  by  means  of  sereral  pumps  at  once,  and 
diminii^ing  their  numbar  as  the  process  goes  on,  until  at  last  only 
one  is  kept  at  work. 


Addendum  to  Abtiole  267,  Page  306. 

siMe-TalTM. — ^Another  class  of  rotating  sUde-Talves  is  that  in 
whi<^  the  seat  of  the  Talve  forms  part  of  a  cylindrical  sur&ce, 
usually  concave;  tilie  face  of  the  valve  forms  an  arc  of  a  correspond- 
ing cylindrical  surface,  convex  when  the  seat  is  concave ;  and  the 
reciprocating  motion  of  the  valve  takes  place  by  rocking,  or  oscillat- 
ing rotation,  about  tiie  axis  of  the  cylindrical  auifAces.  The  ^'  Cor- 
Has"  valves  are  an  example  of  this. 

A  straight-sliding  slide-valve  and  its  seat  are  also  sometimes  of 
a  cylindrical  form,  the  reciprocating  motion  taking  place  parallel 
to  the  axis  of  the  cylinder. 

There  are  instances  of  plane-faced  slide-valves  which  have  motions 
of  curvilinear  translation,  produced  by  aggregate  combinatioBB  of 
linkwork:  for  example,  Hunt's  slide-valves. 
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275.  Nmtmf  n<  mHiO^B  •€  the  Sai^ect^Iii  the  present  P^rt 
of  this  work,  machines  are  to  be  considered  not  merely  as  modify- 
ing motio&9  but  also  as  modifying  force,  and  transmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  ai  the  principles  of  dynamics  to  tndns  of  mech- 
anism; and  therefore  mnch  of  the  present  part  of  this  treatise 
-will  consist  <^  references  back  to  Part  I.* 

There  are  two  fundamentally  different  ways  of  considenng  a 
machine,  each  of  which  mnst  be  employed  in  snocession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

L  la  ihd  first  (dace  is  considered  the  action  cf  the  maddne 
dming  a  certain  period  of  time,  with  a  view  to  the  determination 
of  its  JSfWcmrcY;  that  is,  the  ratio  which  the  tu^kd  part  of  its 
work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  is  either  uniform  or  p^iodical ;  and  there- 
fore the  principle  of  the  equality  of  energy  and  work  is  fulfilled, 
either  constancy,  or  periodically  at  the  end  of  each  period  or  cycle 
of  changes  in  i^e  motion  of  the  machine. 

IL  In  the  second  place  is  to  be  considered  the  action  of  the 
machine  during  intervals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodio 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
asts,  tad  of  the  periodic  or  reciprocating  forces  by  which  such 
changes  are  produced. 

The  present  Chapter  contains  a  summary  of  the  principles  of 
^fynamics — ^that  word  being  taken  in  the  comprehensive  sense  in 
whidi  it  is  used  in  Thomson  and  Tait's  NcUmraL  FhUaiO]phy,  to 

*  A  kzge^ortion  of  the  present  Part,  and  espedally  of  the  second  Chapter^ 
although  oriffmaUy  written  for  this  work,  has  already  appeared  at  an  Intro- 
duction to  A  Manual  qf  the  Steam  Engine  and  other  Prime  Movers:  for  that 
book  woidd  have  been  incomplete  witibont  an  explanation  of  the  dynamical 
principles  of  the  action  of  machines  in  gciieraL  _  . 
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denote  the  science  of  forces,  whether  employed  in  balancing  each 
other  or  in  producing  motion.  The  ensuing  Chapters  will  contain 
the  special  application  of  those  principles  to  machine& 

276.  ForcM— Acii«M  »■«  Be-«cUon.— Every  force  is  an  action 
exerted  between  a  pair  of  bodies,  tending  to  alter  their  condition 
as  to  relative  rest  and  motion;  and  it  is  exerted  equally^  and  in 
contrary  directions,  upon  each  body  of  the  pair.  That  is  to  say, 
if  A  and  B  be  a  pair  of  bodies  acting  mechanically  on  each  other, 
the  force  exerted  by  A  upon  B  is  equal  in  magnitude  and  contrary 
in  direction  to  the  force  exerted  by  B  upon  A.  This  principle  is 
sometimes  called  the  equality  of  action  amd  re-adian.  It  is  analo* 
gous  to  that  of  relative  motion,  explained  in  Article  42,  page  21. 

The  forces  chiefly  to  be  considered  in  machines  are  the  follow- 
ing:— 

I.  Gravity y  exerted  between  the  parts  of  the  machine,  fixed  and 
moving,  and  the  whole  mass  of  the  earth.  The  action  of  the  earth 
on  the  machine  alone  requires  to  be  considered  in  practice;  for 
although  the  re-action  of  the  machine  on  the  earth  is  equal  and 
opposite,  the  enormous  mass  of  the  earth,  as  compared  with  the 
machine,  causes  the  effects  of  that  re-action  to  be  inappreciabla 
This  is  die  only  case  in  which  re-action  may  be  disregarded. 

II.  Forces  exerted  between  parts  of  the  machine  and  contigtunta 
external  bodiee,  solid  or  fluid.  Sometimes  those  bodies  support 
the  foundations  of  the  machine:  sometimes  they  drive  the 
machinery ;  as  when  the  impulse  or  the  pressure  of  a  fluid  drives 
an  engine:  sometimes  they  are  moved  by  it;  as  in  the  lifting  of 
loads,  the  overcoming  of  friction  against  external  bodies,  the 
working  of  machine  tools,  &c 

IIL  Forces  exerted  between  a  moving  piece  and  the  fram/e^  at 
their  bearing  surfistces.  These  forces  may  be  distinguished  into 
pressure  and  friction.  By  the  pressures  exerted  by  the  bearings 
the  moving  piece  is  kept  in  its  proper  place  and  path;  by  friction 
its  motion  is  resisted.  The  equal  and  opposite  re-actions  of  the 
moving  piece  on  the  frame  tend  to  strain  the  irame;  and  the 
making  of  the  frame  so  as  to  be  capable  of  bearing  them  involves 
questions  of  strength,  belonging  to  the  Third  Part  of  this  treatise. 

IV.  Forces  exerted  between  connected  moving  pieces.  These  too 
may  be  distinguished  into  pressure  and  friction. 

When  exerted  along  the  line  of  connection,  they  serve  to  trans- 
mit motion  and  motive  power;  when  exerted  transversely  to  it, 
they  produce  either  a  straining  effect,  or  a  waste  of  mechanical 
work,  or  both.  Here  the  equality  of  action  and  re-action  is  of 
great  importance.  The  force  which  is  exerted  between  a  driver 
and  a  follower  along  their  line  of  connection  is  a  driving /orce^ 
otherwise  called  an  effort,  as  regards  the  motion  of  the  follower, 
and  a  resistance  as  regards  the  motion  of  the  driver. 
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V.  Forces  exerted  between  the  different  parts  of  one  piece, 
whether  fixed  or  moving.  These  constitute  the  stress,  by  which 
the  piece  resists  the  tendency  of  the  forces  applied  to  it  externallj 
to  overstrain  it  or  to  break  it;  and  they  belong  to  the  subject  of 
the  Third  Part. 

277.  ForcM»  h«w  Determined  nmd  EzpreMed. — ^A  force,  as  re- 
spects one  of  the  two  bodies  between  which  it  acts,  is  determined, 
or  made  known,  when  the  following  three  things  are  known 
respecting  it:— ^«^,  the  plctce,  or  part  of  the  body  to  which  it 
is  applied;  secondly,  the  direcUon  of  its  action;  thirdly,  its 
magnittuie. 

The  Place  of  the  application  of  a  force  to  a  body  may  be  the 
whole  of  its  volume,  as  in  the  case  of  gravity;  or  the  surface  at 
which  two  bodies  touch  each  other,  or  the  bounding  surface 
between  two  parts  of  the  same  body,  as  in  the  case  of  pressure, 
tension,  shearing  stress,  and  friction. 

Thus  every  force  has  its  action  distributed  over  a  certain  space, 
either  a  volume  or  a  surface ;  and  a  force  concentrated  at  a  single 
point  has  no  real  existence.  Nevertheless,  in  investigations  respect- 
ing the  action  of  a  distributed  force  upon  the  position  and  move- 
ments, as  a  whole,  of  a  rigid  body,  or  of  a  body  which  without 
error  may  be  treated  as  rigid,  like  the  solid  parts  of  a  machine, 
fixed  or  moving,  that  force  may  be  treated  as  if  it  were  con- 
centrated at  a  point  or  points,  determined  by  suitable  pro- 
cesses; and  such  is  the  use  of  those  numerous  propositions  in  statics 
which  relate  to  forces  concentrated  at  points;  or  single  forces,  as 
they  are  called. 

The  DiREcnoN  of  a  force  is  that  of  the  motion  which  it  tends 
to  produce.  A  straight  line  drawn  through  the  point  of  applica- 
tion of  a  single  force,  and  along  its  direction,  is  the  lute  of  action 
of  that  force. 

The  Maqhitudes  of  two  forces  are  equal  when,  being  applied  to 
the  same  body  in  opposite  directions  along  the  same  line  of  action, 
they  balance  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  stating 
in  numbero  its  ratio  to  a  certain  unit  or  standard  of  force,  which 
for  practical  purposes  is  usually  the  weight  (or  attraction  towards 
the  earth),  at  a  certain  latitude,  and  at  a  certain  level,  of  a  known 
mass  of  a  certain  material  Thus  the  British  unit  of  force  is  the 
siamdard  po/imd  awnrdupois;  which  is  the  weight,  in  the  latitude 
of  London,  of  a  certain  mece  of  platinum  kept  in  a  public  office. 
(See  the  Act  18  and  19  Vict.,  cap.  72;  also  a  paper  by  Professor 
W.  H.  Miller,  in  the  Fhilosophical  TransactUms  for  1856.) 

For  the  sake  of  convenience,  or  of  compliance  with  custom,  other 
units  of  weight  are  oocasionaUy  employed  in  Britain,  bearing  certain 
ratios  to  the  standard  pound;  such  as — 
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The  grain  =  tdVc  of  a  pound  avoirdnpooai 
Tbe  troj  poimd  =  5,760  grains  =  0*82285714  poond  aToiitbpioi& 
The  hundredweight  =112  pounds  avoirdapois. 
The  ton  =  2,240  pounds  avoirdupois. 

The  FreDch  staadard  of  weight  is  the  kUogramma,  which  is  the 
weighty  in  the  latitude  of  Paris,  of  a  certain  piece  of  platinum,  kept 
in  a  public  office.  It  was  originally  intended  to  be  the  weight  of 
a  cubic  decimetre  of  pure  water,  measured  at  the  temperature  at 
which  the  density  of  water  is  greatest — \iz.,  4^*1  centigrade,  or 
39'^'4s  Fahrenheit,  and  under  the  pressure  which  supports  a  baro- 
metric column  of  760  millimetres  of  mercury;  but  it  is  in  reality  a 
little  greater. 

A  copiparison  of  French  and  British  measures  of  wei^t  and  of 
size  is  given  in  a  table  at  the  end  of  Una  volume. 

A  kilogramme  is  2*20462125  lbs.  avoirdupois. 
A  pound  avoirdupois  is  0*4535926525  of  a  kilogramme. 

For  scientific  purposes,  forces  are  sometimes  expresaed  in 
AbsoliUe  Units.  The  "Absolute  Unit  of  Force"  is  a  term  used  to 
denote  the  force  which,  acting  on  an  unit  of  mass  for  an  unit  of 
time,  produces  an  unit  of  velocity. 

The  unit  of  time  employed  is  always  a  second. 

The  unit  of  velocity  is  in  Britain  one  foot  per  second;   in 

France  one  m^tre  per  second* 
The  unit  of  mass  is  the  mass  of  so  much  matter  aa  weighs  cske 
unit  of  w^ht  near  the  level  <^  the  sea,  aad  in  scnne 
definite  latitude. 
In  Britain  the  latitude  chosen  is  that  of  London;  in  Franoe, 

that  of  Paris. 
In  Britain  the  unit  of  weight  chosen  is  sometimes  a  grain, 
sometimes  a  pound  avoirdupois;  and  it  is  equal  to  2^*187 
of  the  corresponding  absolute  units  of  foroei    in  France  the 
unit  of  weight  chosen  is  either  a  gramme  or  a  kilogramme, 
and  it  is  equal  to  9^8087  of  the  ocMreqponding  abedfaite 
units  <£  force.    Each  of  those  oo-efficaents  is  doM^ed  by  tfe 
letter  g. 
A  single  force  may  be  represented  in  a  drawing  by  a  sbraii^t 
line;  the  position  of  the  line  showing  the  line  of  action  of  the  foroe^ 
and  an  arrow-head  its  direction ;  a  point  in  the  line  maiiiDg  the 
point  of  a^^cation  of  the  force;  and  the  length  of  the  line  repre- 
senting the  magnitude  of  the  f (»roe. 

277  A.  ■>■■»■!■  •r  F«ne  wmk  Umm^-^Jf  by  the  mit  of  force 
is  understood  the  weight  of  a  certain  standard,  snoli  as  the 
avoirdupois  pound,  then  the  mass  of  that  standard  is  1  -f-  ^;  and 
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the  unit  of  mass  is  g  times  the  mass  of  the  stonclard;  and  this 
is  the  most  convenient  system  for  caknlations  connected  with 
mechanical  ei^ineering,  and  is  therefore  followed  in  the  present 
work- 
But  if  we  take  for  the  nnit  of  mass,  the  mass  of  the  standard 
itself  then  the  unit  of  force  is  the  ai^sohiie  wnH;  and  the  weight  of 
the  standard  in  such  nnits  is  expressed  hj  g',  for  ^  is  the  velodtj 
which  a  body's  own  w'eight,  acting  unbalanced,  impresses  on  it 
in  a  second.  This  is  the  system  employed  in  many  scientific 
writings,  and  in  particular,  in  Thomson  and  Tait's  Naiwral  PhUo- 
aopky.  It  has  great  advantages  in  a  scientific  point  of  view;  but 
its  use  in  calculations  for  practical  purposes  would  be  inconvenient, 
because  of  the  prevailing  custom  of  expressing  forces  in  terms  of 
the  standard  of  weight 

278.  Wi— hBt  mmk  emwnfwmSL  F»gc—  Their  Hbgiriimie. — ^The 
Besci/caiitt  of  any  combination  of  forces  applied  to  one  body  is  a 
sin^^e  force  cimable  of  balancing  that  single  force  which  balances 
the  combined  forces;  that  is  to  say,  the  r^ultant  of  the  combined 
forces  is  equal  and  directly  (^iposed  to  the  force  which  balances  the 
combined  forces,  and  is  equivalenl  to  the  combined  forces  so  far  as 
the  balance  of  the  body  is  concerned.  The  combined  forces  are 
called  com^^om&tnlta  of  their  resultant. 

The  resultant  of  a  set  of  mutually  balanced  forces  is  nothing. 

The  ma^^Jbjdea  and  direcUana  of  a  resultant  force  and  of  its  com- 
ponents are  related  to  each  other  exactly  in  the  same  manner  with 
the  velodtiee  and  directions  of  resultant  and  component  motions; 
and  all  the  rules  of  Article  41,  pages  18  to  21^  are  applicable  to 
forces  as  well  as  to  motions,  and  need  not  be  repeated  here. 

As  to  the  posUion  of  the  resultant,  if  the  components  act  through 
one  pointy  the  resultant  acts  through  that  point  also ;  but  if  the 
components  do  not  act  through  one  pointy  the  position  of  the 
resultant  is  to  be  found  by  methods  which  will  be  stated  further 
on. 

The  following  are  additional  rules  as  to  resultant  and  component 
forces  not  explicitly  given  in  Arti<^  41 : — 

I.  If  the  component  forces  act  along  one  line,  all  in  the  same 
direction,  their  resultant  is  equal  to  their  sum;  if  some  act  in  one 
direction  and  some  in  the  contrary  direction,  the  resultant  is  their 
algebraical  sum;  that  is  to  say,  add  together  separately  the  forces 
which  act  in  the  two  contrary  directions  respectively ;  the  difference 
of  the  two  sums  will  be  the  amount  of  the  resultant,  and  its 
direction  will  be  the  same  with  that  of  the  forces  whose  sum  is 
the  greater.  This  principle  applies  also  to  the  magmiudes  and 
direSione  of  parallel  forces  not  acting  in  one  line. 

n.  Triangle  of  Forces, — Given,  the  directions  of  three  forces 
which  balance  ctt^  other,  acting  in  one  plane  and  through  one 
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point ;  constnict  a  triangle  whose  sides  make  the  same  angles  with 
each  other  that  the  directions  of  the  forces  do;  the  proportions  of 
the  forces  to  each  other  will  be  the  same  with  those  of  the  cor- 
responding sides  of  that  triangle.  Unless  three  forces  act  in  one 
plane  and  through  one  point,  they  cannot  balance  each  other. 

To  solve  the  same  question  bj  calculation;  let  A,  B,  C,  stand 
for  tiie  magnitudes  of  tiie  three  forces;  A  O  B^  B  O  0,  C  O  A,  for 
the  angles  between  their  directions;  then  * 

8inBOC:8inOOA:8inAOB::A:B:C. 

Each  of  those  three  forces  is  equal  and  opposite  to  the  resultant 
of  the  other  two. 

III.  Polygon  of  Forces. — ^To  find  the  resultant  of  any  number 
(F|,  F^  F3,  &c,  fig.  224),  of  forces  in  difierent  directions^  acting 
through  one  point,  O.  Commence  at  the  point  of  application,  and 
construct  a  chain  of  lines  representing  the  forces  in  magnitude, 
and  parallel  to  them  in  direction,  (O  A  =  and  ||  F^,  A  B  =  and 

Let  D  be  the  end  of  that  chain;  join 
O  D;  this  will  represent  the  required 
resultant;  and  a  force  (F^)  equal  and 
opposite  to  O  D  will  balance  the  given 
forces.  This  rule  applies  to  the  pro- 
jections  of  the  forces  on  any  given 
plane. 

To  solve  the  same  question  by  cal- 
Fig.  224.  culation  instead  of  by  construction  : — 

IV.  (When  the  forces  act  in  one 
plane.)  Assume  any  two  dii^ections  at  right  andes  to  each  other 
as  axes;  resolve  each  force  into  two  components  (A,  T)  along  those 
axes;  take  the  resultants  of  those  components  along  the  two  axes 
separately  (S  X,  2  T);  these  will  be  the  rectangwair  components 
of  tike  reauUami  liqfcdl  the  forces;  that  is  to  say, 


»='\/{(2X)«  +  (2Y)»}j 


and  if  «  be  the  angle  which  B  makes  with  X, 

2X     .  2Y 

cos  •  =  -g-;  sm  •  =  ^-. 

Y.  (When  the  forces  act  in  different  planes.)  Assume  any 
three  directions  at  right  angles  to  each  other  as  axes;  resolve  each 
force  into  three  components  (X,  Y,  Z)  along  those  axes;  take  the 
resultants  of  the  components  along  the  three  axes  separately  (2  X, 
2  Y,  2  Z)  j  these  will  be  the  reckmgtUar  components  of  the  resultcaU 
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of  all  the  farces;  and  its  magnitade  and  direction  will  be  given  by 
the  following  equations: — 

^=V  {(2X)«+(SY)«+(2Z)«}. 

2X         ^      2Y  2Z 

cos  •  =  -j^;  cos  ^  »  -^;  cosy  =  -^. 

279.  €««piea.— In  ^g,  225,  let  F,  F  represent  a  couple  of  equal, 
parallel,  and  opposite  forces,  applied  to  a  rigid  body,  and  not  acting 
in  the  same  line;  L,  the  perpendicular  a 
distance  between  their  lines  of  action; 
then  F  is  the  farce  of  the  couple,  L  the  , 
arm,  span,  or  leverage;  and  the  product 
force  X  leverage  ^  F  L  is  the  statical 
momeni  of  the  couple,  which  is  right  or 
left-handed  accordiug  as  the  couple  tends  ^  -^  225 
to  impress  right-handed  or  lefb-handed 

rotation  on  the  body  (Article  48,  page  25).  All  the  forces  which 
produce  and  resist  the  motion  of  rotating  pieces  in  a  machine 
act  in  couples.  Couples  of  equal  moment  acting  in  the  same 
direction  and  in  the  same  plane,  or  in  parallel  planes,  are  equivalent 
to  each  other. 

Comparison  of  Measures  of  Statical  Moment. 

Kflogrammbtres. 

Inch-lb.  = o'oii52i 

12=  I    Ft-lb.  = 0-138254 

,112=         9J  =       I  Inch-cwt.  = 1*29037 

i>344  =      112    =     12  =     I    Foot-cwt  = 15*4844 

2,240  =      i86|  =    20  =     i|  =     I  Inch-ton  = 25-8074 

26,880  =  2,240    =  240  =  20    =  12  =  I  Foot-ton  =309-689 

L  To  find  the  resultant  moment  of  any  number  of  couples 
acting  on  a  rigid  body  in  the  same  plane,  or  in  parallel  planes. 
Take  the  sums  of  the  right-handed  and  left-handed  moments 
separately ;  the  difference  between  those  sums  will  be  the  result- 
ant moment,  which  will  be  right-handed  or  lefb-handed  according 
to  the  direction  of  the  momenta  whose  sum  is  the  greater. 

IL  To  represent  the  moment  of  a  couple  by  a  single  line.  Upon 
any  line  perpendicular  to  the  plane  of  the  couple,  set  off  a  length 
proportional  to  the  moment  (O  M,  ^g.  225),  in  such  a  direction 
that  to  a  spectator  looking  from  O  towards  M  the  couple  shall 
seem  right-handed.     The  line  0  M  is  called  the  axis  of  the  couple. 

CoufSes  as  represented  by  their  axes  are  compounded  and  re- 
solved like  velocities,  and  like  single  forces,  by  the  Hules  of 
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Hg.  226. 


Artide  41,  pages  18  to  21,  and  by  those  of  Article  278,  page 
319. 

IIL  To  find  the  resultant  of  a  single  force,  F,  applied  to  a  rigid 
body  at  O,  and  a  couple,  M,  acting  on  the  same  body  in  the  same 

or  in  a  parallel  plane.  Concei  vo 
the  force  F  to  be  shifted  in 
that  plane,  parallel  to  itself,  to 
the  left  if  the  couple  is  right- 
handed,  to  the  right  if  the  couple 
is  left-handed,  through  a  dis- 
tance, O  A,  found  by  dividing 
M  by  F.  The  shifted  single 
force,  F  acting  through  A,  will 
be  the  resultant  required. 
(The  combination  of  a  single 
force  with  a  couple  acting  in  a  plane  perpendicular  to  the  line  of 
action  of  the  force  cannot  be  ftirther  simplified.) 

IV.  To  resolve  a  single  force  into  a  single  force  acting  in  a  dif- 
ferent but  parallel  line,  and  a  couple.  In  fig.  227,  let  F  be  the 
given  force  acting  in  the  line  E  D,  and  B  a  given  point  not  in  E  I). 
Through  B  conceive  a  pair  of  equal  and  contrary  forces  to  act  in 
a  line  parallel  to  E  D;  viz.,  +  F'  equal  to  F  and  in  the  same 
direction;  and  —  F  equal  to  F  and  in  the  con- 
trary direction;  also,  let  fall  B  A  perpendicular 
to  E  D.  Then  the  original  force  F  acting  through 
A  is  resolved  into  the  equal  and  parallel  force  F' 
acting  through  B,  and  the  couple  of  forces  F  and 
—  F',  with  the  arm  A  B  and  moment  F  x  A  B; 
which  couple  is  right  or  left-handed  according  as 
B  lies  to  the  right  or  left  of  F,  relatively  to  a 
spectator  looking  in  the  direction  towards  which 
Facta 

F  X  A  B  is  called  tlie  moment  of  the  force  F 
rdativdy  to  tits  point  B;  or  relatively  to  the 
axis  O  X  traversing  B  in  a  direction  perpen- 
dicular to  the  plane  of  F  and  A  B;  or  relatively 
to  a  plane  traversing  B  perpendicularly  to  A  B. 
280.  PkhMcI  Forces. — I.  To  find  the  resultant  of  two  parallel 
forces.  The  resultant  is  in  the  same  plane  with,  and  parallel  to, 
the  components.  It  is  their  sum  or  difierence,  aooording  as  they 
act  in  the  same  or  contrary  directions;  and  in  the  latter  case  its 
direction  is  that  of  the  greater  component  To  find  its  line  of 
action  by  construction,  proceed  as  follows  : — Fig.  228  representing 
the  case  in  which  the  components  act  in  the  same  direction,  fig. 
229  that  in  which  they  act  in  contrary  directions.  Let  A  D  and 
B  £  be  the  components.    Join  A  E  and  B  D,  cutting  each  other 


F^.  227. 
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in  F.     In  B  D  (produced  in  fig.  229)  take  B  G  =  D  F.   Through 
G  draw  a  line  parallel  to  the  components;  this  will  be  the  line  of 


action  of  the  resultant.  To  find  its  magnitude  hj  construction: 
parallel  to  A  E,  draw  B  C  and  D  H,  cyitting  the  line  of  action 
of  the  resultant  in  C  and  H;  C  H  will  represent  the  resultant 
required;  and  a  force  equal  and  opposite  to  C  H  will  balance  A  D 
and  BR 

To  find  the  line  of  action  of  the  resultant  by  calculation;  make 
either 


BG  = 


AD    DB 

OH      ' 


orDG  = 


BE'DB 
CH 


When  the  two  given  parallel  forces  are  opposite  and  equal,  they 
form  a  couple,  and  have  no  single  resultant 

II.  To  find  the  relative  proportions  of 
three  parallel  forces  which  balance  each  other, 
acting  in  one  plane:  their  lines  of  action 
being  given.  Acrosa  the  three  lines  of  action, 
in  any  convenient  position,  draw  a  straight  j 
line  A  0  B,  fig.  230,  and  measure  the  duh 
tances  between  the  points  where  it  cuts  the  ^ 
lines  of  action.  Then  each  foroe  will  be  pro- 
portional to  the  distance  between  the  lines 
of  action  of  the  other  twa  The  direction  of 
the  middle  force,  0,  is  contrary  to  that  of  the 
other  two  forces,  A  and  B. 

In  symbols,  let  A^  B,  and  C  be  the  forces;  then, 


Fig.  210. 
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A  +  B  +  C  =  0;AB:BC:CA::C:A:B. 

Each  of  the  three  forces  is  equal  and  opposite  to  the  resultant  of 
the  other  two;  and  each  pair  of  forces  are 
equal  and  opposite  to  the  components  of  the 
third.  Hence  this  rule  serves  to  resolve  a 
given  force  into  two  parallel  components 
acting  in  given  lines  in  the  same  plane. 

IIL  To  find  the  relative  proportions  of  four 

parallel  forces  which  balance  each  other,  not 

acting  in  one  plane :  their  lines  of  action  being 

given.     Conceive  a  plane  to  cross  the  lines  of 

Fig.  281.  action  in  any  convenient  position ;  and  in 

fig.  231  or  fig.  232,  let  A,  B,  C,  D  represent 

the  points  where  the  four  lines  of  action  cut  the  plane.     Draw  the 

six  straight  lines  joining  those  four  points  by 

pairs.    Then  the  force  which  acts  through  each 

point  will  be  proportional  to  the  area  of  the  triangle 

^B  formed  by  the  other  three  points. 

In  fig.  231  the  directions  of  the  forces  at  A,  B, 

^         and  0  are  the  same,  and  are  contrary  to  that  of 

Fig.  2S2.       the  force  at  D.     In  fig.  232  the  forces  at  A  and  D 

&ct  in  one  direction,  and  those  at  B  and  C  in  the 

contrary  direction. 

In  symbols, 

A  +  B  +  C  +  D  =  0; 

BCD:CD  A:D  AB:  ABC 

:  :      A     :      B       :      C      :      D. 

Each  of  the  four  forces  is  equal  and  opposite  to  the  resultant 
of  the  other  three;  and  each  set  of  three  forces  are  equal  and 
opposite  to  the  components  of  the  fourth.  >  Hence  the  rule  serves 
to  resolve  a  force  into  three  parallel  components  not  acting  in  one 
plana 

IV.  To  ^nd  the  EemlUint  of  any  number  of  Pa/raUd  Forces.  For 
the  magnitude  and  direction  of  the  resultant  take  the  algebraical 
sum  of  the  components  as  if  they  acted  along  one  line  (Article 
278,  page  319).  This  may  be  denoted  by  R  =  2  F.  For  the 
position  of  the  resultant  proceed  as  follows : — ^In  any  plane  per- 
pendicular to  the  lines  of  action  of  the  parallel  forces  take  an  axis 
of  moments  in  any  convenient  position.  Multiply  each  component 
force  (F)  by  its  perpendicular  distance  (x)  from  that  axis,  so  as  to 
obtain  its  moment  (F  x)  relatively  to  the  axis.  Mark  those 
moments  as  positive  or  negative  according  to  the  direction  in  which 
they  tend  to  turn  the  body  to  which  they  are  applied  about  the 
axis;  and  take  their  algebraical  sum,  which  will  be  the  resullaiU 
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momerU  (M  =  2  *  F  a?).  Divide  the  resultant  moment  by  the  result- 
ant force;  the  quotient  will  be  the  perpendicular  distance  of  the 
line  of  action  of  the  resultant  from  the  axis  of  moments;  yiz : — 

M     SFo; 

The  algebraical  sign  of  this  distance  will  indicate  its  direction. 

Take  another  axis  of  moments  in  the  same  plane,  and  per- 
pendicular to  the  first  axis;  and  by  a  similar  operation  find  the 
perpendicular  distance  of  the  resultant  from  the  second  axis. 
The  position  of  the  resultant  will  then  be  completely  deter- 
mined. 

If  It  =  0,  the  resultant  is  a  couple.  If  M  =  0^  the  line  of 
action  of  the  resultant  traverses  the  axis  of  moments. 

281.  Sp«ciflc  OniTitsr— MeaTiDeM-~]>eMltT— BnlkiacM. — I.  Specifio 

Gravity  is  the  ratio  of  the  weight  of  a  given  bulk  of  a  given  sub- 
stance to  the  weight  of  the  same  bulk  of  pure  water  at  a  standard 
temperature.  In  Britain  the  standard  temperature  is  62^  Fahr.  = 
IG^-GT  Cent  In  France  it  is  the  temperature  of  the  maximum 
density  of  water  =  3°-94  Cent  =  39**-!  Fahr. 

In  rising  from  39°'l  Fahr.  to  62**  Fahr.,  pure  water  expands  in 
the  ratio  of  1-001118  to  1;  but  that  difference  is  of  no  consequence 
in  calculations  of  specific  gravity  for  engineering  purposes. 

II.  The  Heamineas  of  any  substance  is  the  weight  of  an  unit  of 
volume  of  it  in  units  of  weight  In  British  measures  heaviness  is 
most  conveniently  expressed  in  Jhs,  avoirdupois  to  the  cubic  foot;  in 
French  measures,  in  kilogrammes  to  the  cubic  decim^e  (or  to  the  litre). 
The  values  of  the  heaviness  of  water  at  39°-l  Fahr.,  and  at  62** 
Fahr.,  are  respectively  62*425  and  62-355  lbs.  to  the  cubic  foot 

III.  The  Density  of  a  substance  is  either  the  number  of  units  of 
mass  in  an  unit  of  volume,  in  which  case  it  is  equal  to  the  heavi- 
ness,—or  the  ratio  of  the  mass  of  a  given  volume  of  the  substance 
to  the  mass  of  an  equal  volume  of  water,  in  which  case  it  is  equal 
to  the  specific  gravity.  In  its  application  to  gases,  the  term 
*'  Density  "  is  of^n  used  to  denote  the  ratio  of  the  heaviness  of  a 
given  gas  to  that  of  air,  at  the  same  temperature  and  pressure. 

lY.  The  BuUciness  of  a  substance  is  the  number  of  units  of 
volume  which  an  unit  of  weight  fills;  and  is  the  reciprocal  of  the 
heamness.  In  British  measures  bulkiness  is  most  conveniently 
expressed  in  cubic  feet  to  the  lb,  avoirdupois ;  in  French  measures, 
in  cubic  decimetres  (or  in  litres)  to  the  kilogramme. 

Bise  of  temperature  produces  (with  certain  exceptions)  increase  of 
bulkiness.  The  following  are  examples  of  rates  of  expansion  in  bulk, 
in  rising  from  the  freezing  to  the  boiling  point  of  water:  that  is 
from  (f  Cent  or  32**  Fahr.,  to  100°  Cent  or  212°  Fahr.  The  linear 
expansion  of  a  solid  body  is  one-third  of  its  expansion  in  V^^v^^ip 
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Perfect  gases,  0'365 ;  air  at  ordinary  pressures,  0366 ;  water, 
0*04775;  spirit  of  wine,  01 112  ;  mercury,  0-018153  ;  oil,  linseed 
and  olive,  0*08 ;  wrought  iron  and  steel,  0*0036 ;  cast  iron,  00033  ; 
copper,  0-Q055j  bronze,  00054;  brass,  0  0065:  brick,  common, 
0-0106 ;  fire-brick,  0-0015 ;  glass,  0-0027. 

Tablb  of  Hsayinebs  and  Speoifio  G&avitt. 

Weight  of  ft  enblo 
foot  in 

Gases,  at  sa**  Fahr.,  and  under  one  atmosphere : —  ^  aToirdnpoii 

Air, 0-080728 

Carbonic  acid, 0-12344 

Hydrogen, 0005592 

Oxygen, 0-089256 

Nitrogen, 0-078596 

Steam  (ideal), 0-05022 

Liquids,  at  32**  Fahr.  (except  Water,       ^^^£*^°"°         gS^, 

which  is  taken  at  39°-I  Fahr.) : —  Ibe.  avoirdupota.        pun  water  =  L 

Water,  pure,  at  39''-i, 62*425  i-ooo 

„      sea,  ordiniury, 64-05  1-026 

Alcohol,  pure, 49'38  0-791 

„        proofspirit, 57'i8  0-916 

-^ther, 4470  0-716 

Mercury, 848-75  i3*59<5 

Naphtha, 52*94  0848 

Oil,  linseed, 58-68  0*940 

„    olive, 57-12  0-915 

„    whale, 57-62  0-923 

„    of  turpentine, 54'3i  0-870 

Petroleum, 54"8i  0878 

Solid  Mineral  Sttbstakces,  uon-metallic : — 

Brick, 125  to  135  2  to  2*167 

Brickwork, 112  i-8 

Coal,  anthracite, ; 100  1-602 

„     bituminous, 77*4  to  89-9  1-24  to  1-44 

Coke, 62-43to  103-6  i -00  to  i -66 

Glass,  crown,  average, 156  25 

„     flint,           „       187  3-0 

„     green,         „       169  27 

„     plate,          „       169  2-7 

Granite, 164  to  172  2-63  to  276 

Limestone  (including  marble),  169  to  175  2*7  to  28 

„          magnesian, 178  2-85 

Masonry, 116  to  144  1-85  to  2.3 
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Solid  Mdveral  Substances,  non-  woightofacnbio  2P*«f5? 

.    „.                ^.          -                 '  foot  in  gravity, 

metalllO — COrihnued,  Um.  AToirdapolB.  pore  water  =  1. 

Mortar, 109  175 

Sand  (damp), 118  1*9 

„    (dry), 88-6  1-42 

Sandstone,  average, 144  2*3 

y,         various  kinds, 130  to  157  2*08  to  2*52 

Metals,  solid : — 

Brass^ca^ 487  to  524-4  7-8  to  8*4 

»      ^"^ 533  854 

Bronze, 524  8*4 

Copper,  cast, 537  86 

„       sheets 549  8-8 

„       hammered, 556  8*9 

Gold, 1186  to  1224  19  to  19*6 

Iron,  cast,  various, 434  to  456  6-95  to  7*3 

„       ^average, 444  711 

Iron,  -wrought,  various, 474  to  487  7*6  to  7-8 

„            average,... s 480  7*69 

Lead, 712  11-4 

Platinum, 1311  to  1373  ^^  ^  22 

Silver, 655  lo-g 

Steel, 487  to  493  7*8  to  7-9 

Tin, 456  to  468  7-3  to  75 

Zinc, 424  to  449  6*8  to  7*2 

Timber: — • 

Ash, 47  0753 

Bamboo, 25  0*4 

Beech, 43  0*69 

Box, 60  0*96 

Elm, 34  0*544 

Fir:  Red  Pine, 30  to  44  0-48  to  07 

„      Spruce, 30  to  44  0*48  to  07 

„       American  Yellow  Pine,  29  0*46 

„      Larch, 3^  *o  35  0-5  to  056 

Mahogany,  Honduras, 35  0-56 

„          Spanish, 53  0-85 

Oak,  European, 43  to  62  0*69  to  0*99 

„     American,  Bed, 54  0*87 

Teak, 41  to  55  066  to  0-88 

Willow, 25  0*4 

Yew, 50  08 

•  The  Timber  in  eveiy  case  is  sapposed  to  be  dryv<^___i 
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Weight  of  Cubes,  Bods,  Plates,  Bars,  aed  SPHSBsa. 

A.  B.  C.  D.  E.  F. 

OdMo  Bod.  ^S?*   iiP^ft    Cubte     ^t^ 

Inoh.       Iftloiig      Iftxl  *^fi"-     foot      i£^ 

Ite.  Ite.  IbB.  lbs.  Ibi. 

Brass, caBt, average,...  0-298  281  358  43-0  516  0-156 

„    wire, 0308  2-91  370  44-4  533  0162 

Bronze, 0303  286  364  43-7  524  0-159 

Copper,  sheet, 0-318  2-99  3-81  45-75  549  0166 

„      hammered,....  0*322  3-03  386  46-3  556  0-168 

Iron,  cast,  average,....  0-257  2-42  3-08  37-0  444  0-134 

Iron,'wrought,average,  0-278  2-62  333  40-0  480  0-146 

Lead,.. 0-412  3-88  4-94  59-3  712  0216 

Steel,  average, 0-283  ^'^7  3*40  40^'8  490  0-148 

Tin,average, 0-267  2-52  3-21  38-5  462  0-140 

Zinc,  average, 0252  2-38  3-03  363  436  0-132 

282.  CeaiM  •£  OniTity— M^BtcDt  •f  Weiffht.— KuLE  L — The  centre 
of  gravity  of  a  body  of  uniform  heaviness  is  its  centre  of  magnitude. 
(S^  supplement  to  this  Chapter,  page  334.) 

KuLE  IL — ^To  find  the  moment  of  a  body's  weight  relatively  to 
a  ^yen  plane  ofmomenis  ;  multiply  the  weight  by  the  perpendicular 
clistance  of  the  body's  centre  of  gravity  from  the  given  plane. 

Note. — In  comparing  together  or  combining  the  moments  of 
weights  which  lie  some  at  one  side  and  some  at  the  other  side  of  a 
plane  of  moments,  those  moments  are  to  be  distinguished  into 
positive  and  negative,  according  to  the  sides  of  the  plane  at  which 
the  weights  lie. 

BuLE  III. — To  find  the  common  centre  of  gravity  of  a  set  of 
detached  bodies;  find  their  several  moments  relatively  to  a  con- 
venient fixed  plane ;  find  the  restUtarU  of  th6se  moments  by  adding 
together,  separately,  the  positive  and  negative  moments,  and  taking 
the  difference  between  the  two  sums,  which  will  be  positive  or 
negative  according  as  the  positive  or  negative  sum  is  the  greater. 
Divide  that  resultant  moment  by  the  total  weight ;  the  quotient 
will  be  the  perpendicular  distance  of  the  common  centre  of  gravity 
irom  the  fixed  plane ;  and  its  positive  or  negative  sign  will  show  at 
which  side  of  the  plane  that  centre  lies.  If  necessary,  repeat  the 
same  process  for  a  second  and  a  third  fixed  plane,  so  as  to  deter- 
mine the  position  of  the  required  centre  completely.  The  two  or 
three  planes  (as  the  case  may  be)  are  usuaUy  taken  perpendicular 
to  each  other. 

BuLE  IV. — To  find  the  centre  of  gravity  of  a  body  consisting  of 
parts  of  unequal  heaviness;  find  separately  the  centres  of  those 
parts,  and  treat  them  as  detached  weights  by  Bule  III. 
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283.  The  Ccatre  •#  PreMwre  in  a  plane  surface  is  the  point 
tmversed  by  the  resultant  of  a  pressure  that  is  exerted  at  that 

SUlfBLCe. 

RniiB. — Conceive  that  upon  the  pressed  sur&ce  as  a  base,  there 
stands  a  prismatic  solid  of  a  height  at  each  point  of  that  sur£Eu;e 
proportional  to  the  intensity  of  the  pressure;  the  point  in  the 
pressed  sur&ce  at  the  foot  of  a  perpendicular  from  the  centre  of 
magnitude  of  the  solid  (see  supplement  to  this  Chapter)  will  be  the 
centre  of  pressure. 

When  the  intensity  is  uniform,  the  centre  of  pressure  is  at  the 
teniae  ofmagnUvde  of  the  pressed  sur&ce. 

284.  The  C^catre  •£  Bn«7aBC7  of  a  solid  wholly  or  partly  immersed 
in  a  liquid  is  the  centre  of  gravity  of  the  mass  of  Hquid  displaced. 
The  resultant  pressure  of  the  liquid  on  the  solid  is  equal  to  the 
weight  of  liquid  displaced,  and  is  exerted  vertically  upwards 
through  the  centre  of  buoyancy. 

285.  The  BemltaDt  •r  a  BIflirlbated  Faroes — I.  To  find  the 
resultant  of  a  body's  weight;  find  the  centre  of  gravity  of  the  body  ; 
the  resultant  will  be  a  single  force  equal  to  the  weight,  acting 
vertically  downwards  through  the  centre  of  gravity. 

II.  To  find  the  resultant  of  a  pressure;  find  the  centre  of 
pressure  (as  in  Article  283);  the  resultant  will  be  a  single  force 
equal  in  amount  to  the  pressure,  and  acting  in  the  same  direction 
and  through  the  centre  of  pressure.  The  amouM  of  the  pressure 
is  equal  to  the  area  of  the  pressed  surface,  multiplied  by  the  mean 
interuiiy  of  the  pressure,  and  is  also  equal  to  the  weight  of  the 
imaginary  prismatic  solid  mentioned  in  Article  283. 

286.  The  imumtHj  •rPrMmre  is  expressed  in  units  of  weight  on 
the  unit  of  area :  as  pounds  on  the  square  inch,  or  kilogrammes 
on  the  square  m^tre;  or  by  the  height  of  a  column  of  some 
fluid ;  or  in  atmosphereSf  the  unit  in  this  case  being  thb  average 
pressure  of  the  atmosphere  at  the  level  of  the  sea.  (See  Article 
302.) 

287.  PrtedplM  BebitiBg  tm  Tarieti  ]VI«u«b. — An  unbalanced  force 
applied  to  a  body  produces  change  of  momentum  equal  in  amount 
to  and  coincident  in  direction  with  the  impulse  exerted  by  the 
force.  iTnpuUe  is  the  product  of  the  force  into  the  time  during 
which  it  acts  in  seconds.  Momentum  is  the  product  of  the  mass  of 
a  body  into  its  velocity  in  units  of  distance  per  second.  As  to  the 
units  of  force  and  of  mass,  see  Article  277a,  page  318.  A  body 
receiving  an  impulse  re-^icts  against  the  body  giving  the  impulse, 
with  an  equal  and  opposite  impulse.  The  following  are  rules  based 
on  the  equality  of  impulse  and  momentum : — 

I.  To  find  what  impiUse  is  required  to  produce  a  given  change 
in  the  velocity  of  a  given  mass;  multiply  the  mass  by  the  change 
in  its  velocity,  in  units  of  distance  per  second.  ^  I 
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(If  the  change  consists  in  acceleration^  the  impulse  must  be 
forward;  if  in  retardation,  backward.) 

II.  To  calculate  what  unbalanced  effort  or  unbalanced  resist- 
ance, as  the  case  may  be,  is  required  to  produce  a  given  increase  or 
diminution  of  a  bod/s  speed  in  a  given  time  or  in  a  given  distance. 

Case  I. — If  the  time  is  given ;  multiply  the  weight  of  the  mass 
by  its  change  of  velocity;  divide  by  g,  and  by  the  time  in  seconds. 

Case  II. — If  the  distance  is  given;  multiply  the  weight  of  the 
mass  by  the  change  in  the  half-square  of  its  velocity,  and  divide  by 
g,  and  by  the  distance.     (For  values  of  ^,  see  page  318.) 

III.  To  find  the  re-action  of  an  accelerated  or  retarded  body; 
find  the  force  required  to  produce  the  change  of  velocity;  the 
re-action  will  be  equal  and  opposite. 

The  momentum  and  re-action  of  a  body  of  any  figure  undergoing 
translaticn  are  the  same  as  if  its  whole  mass  were  concentrated  at 
its  centre  of  gravity. 

The  principles  of  this  and  the  following  Article  will  be  further 
explained  and  exemplified  in  the  next  Chapter. 

288.  HeriBted  lll«tiMi  and  CeairiAisia  F«rce. — ^To  make  a  body 
move  in  a  curve,  some  other  body  must  guide  it  by  exerting  on  it 
a  deviating  force  directed  towards  the  centre  of  curvature.  The 
revolving  body  re-acts  on  the  guiding  body  with  an  equal  and 
opposite  centri/iLgal  force. 

To  find  the  deviating  and  centrifugal  force  of  a  given  mass 
revolving  with  a  given  vModty  in  a  circle  of  a  given  radius : — 
multiply  the  weight  of  the  mass  by  the  square  of  its  linear  velocity, 
and  divide  by  the  radius;— or  othenoise:  multiply  the  mass  by  the 
square  of  its  angular  velocity  of  revolution,  and  multiply  by  the 
radius : — the  resnilt  will  be  the  value  of  the  deviating  and  centri- 
fugal forces  in  absolute  units,  which  may  be  converted  into  unitg 
of  weight  by  dividing  by  g. 

The  resultant  centrifugal  force  of  a  rigid  body  of  any  shape  is  the 
same  in  amount  and  direction  (though  not  the  same  in  distribution) 
as  if  the  whole  mass  were  collected  at  its  centre  of  gravity. 

288  X.  VaUlBv  B««iM. — ^The  following  rules  apply  to  a  body  fall- 
ing without  sensible  resistance  irom  the  air: — 

I.  To  find  the  velocity  acquired  at  the  end  of  a  given  time ; 
multiply  the  time  in  seconds  by  g  (see  page  318). 

IL  To  find  the  height  of  &11  in  a  given  time;  multiply  the 
square  of  the  time  in  seconds  by  ^  ^  =  16*1  feet  =  4*904  mdtres. 

III.  To  find  the  height  of  fell  corresponding  (or  "  due ")  to  a 
given  velocity;  divide  the  half-square  of  the  velocity  by  g, 

IV,  To  find  the  velocity  due  to  a  given  height;  multiply  the 
height  by  2  g,  and  extract  the  square  root. 

^/2a  =  8025  feet  =  4*429  metres,  r^^^^i^ 
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Table  of  Heights  dub  to  Yelocities,- 

V  =  Velocity  in  feet  per  second. 
A  =  Height  in  feet  ==  «*  -r-  64'4. 

This  table  is  exact  for  latitude  54f',  and  near  enough  to  exact- 
ness for  practical  purposes  in  all  parts  of  the  earth's  sur&ce. 

V  h  V  h  V  h 

54  45-280 
5<5  48-695 
58  52235 
60  5590^ 
62  59-688 
64  63-602 
64*4  64*400 
66  67640 
68  71-800 
70  76-087 
72  80496 
74  85-029 
76  89-688 
78  94-472 
80         99-379 

82  104*41 

84  109-56 

86  114-84 

88  120-25 

90  12578 

92  131-43 

94  137*20 

96  143*10 

98  149*13 

100  155*28 


Supplement  to  Chapter  I. 

Rvlesfor  the  Mensuration  of  Figwrea  and  finding  of  Centres  of 
Magnitude, 

289.  T«  nesMiM  mmj  Plane  Area.— Draw  an  axis  or  base-line, 
A  X,  in  a  convenient  position.  The  most  convenient  position  is 
usually  paraUel  to  the  greatest  length  of  the  area  to  be  measured. 
Divide  the  length  of  the  figure  into  a  convenient  number  of  equal 
intervals,  and  measure  breadths  in  a  direction  perpendicular  to  the 
axis  at  the  two  ends  of  that  length,  and  at  the  points*  c^  division, 


I 

•01553 

27 

11-320 

2 

•06211 

28 

12-174 

3 

•13975 

29 

13059 

4 

•24845 

30 

13*975 

5 

•38820 

31 

14-922 

6. 

•55901 

32 

15*901 

7 

76087 

32-2 

16100 

8 

•99379 

33 

16-910 

9 

1-2578 

34 

17*950 

10 

15528 

35 

19022 

II 

1-8789 

36 
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13 
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14 
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39 
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15 
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40 
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16 
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41 
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42 
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18 
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43 
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19 
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44 
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45 
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21 
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46 
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22 
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47 

34*301 

23 
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48 
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24 

8-9441 

49 
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25 
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50 

38820 

26 

10-497 

52 
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which  breadths  will,  of  conrse,  be  one  more  in  nnmber  than  the 
intervals.  (For  example,  in  fig.  233,  the  length  of  the  figure  is 
divided  into  ten  equal  intervals,  and  eleven  breeuiths  are  measured 
at  bo,  b^  kc)  Then  the  following  rules  are  exact,  if  the  sides 
of  the  figure  are  bounded  bj  straight  lines,  and  hy 
parabolic  curves  not  exceeding  the  third  degree,  and 
are  approximate  for  boundaries  of  anj  other  figures. 

Rule  A.  {"Simpson's  Fvr«t  Eule"  to  be  used 
when  the  number  of  intervals  is  even.)— Add  together 
the  two  endmost  breadths,  twice  every  second  inter- 
mediate breadth,  snd /our  times  each  of  the  remain- 
ing intermediate  breadths;  multiply  the  sum  by  the 
common  interval  between  the  breadths,  and  divide  by 
3;  the  result  will  be  the  area  required. 

For  two  intervals  the  multipliers  for  the  breadths 
are  1,  4,  1 ;  for  four  intervals,  1,4,  2,  4,  1 ;  for  six 
intervals,  1,  4,  2,  4,  2,  4,  1 ;  and  so  on.  These  are 
called  "  Simpson's  Multipliers.'' 
Fig.  238.  BuLE  B.  {" Simpson's  Second  Rule"  to  be  used 
when  the  number  of  intervals  is  a  multiple  of  3.) — 
Add  together  the  two  endmost  breadths,  twice  every  third  inter- 
mediate breadth,  and  thrice  each  of  the  remaining  intermediate 
breadths;  multiply  the  sum  by  the  common  interval  between  the 
breadths,  and  by  3;  divide  the  product  by  8;  the  result  will  be 
the  area  required. 

'^ Simpson's  multipliers"  in  this  case  are,  for  three  intervals, 
1,  3,  3,  1;  for  six  intervals,  1,  3,  3,  2,  3,  3,  1;  for  nine  intervals, 
1,  3,  3,  2,  3,  3,  2,  3,  3,  1;  and  so  on. 

Bulb  C.  ("  Merr^idcPs  Trapezoidal  Eule,''  for  calculating  sepa- 
rately the  areas  of  the  parts  into  which  a  figure  is  subdivided  by 
its  equidistant  ordinates  or  breadth&) — ^Write  down  the  breadths 
in  their  order.  Then  take  the  differences  of  the  successive  breadths, 
distinguishing  them  into  positive  and  n^;ative  according  as  the 
breadths  are  increasing  or  diminishing,  and  write  them  opposite 
the  intervals  between  the  breadths.  Then  take  the  differences 
of  those  differences,  or  second  differences,  and  write  them  opposite 
the  intervals  between  the  first  differences,  distinguishing  them  into 
positive  and  negative  according  to  the  following  principles : — 

Elnt  Differences.  Second  Difference. 

Positive  increamng,  or  )  Positive. 

Negative  diminishing,  J  

Negative  increasing,  or  )  -Kt^tlyr^ 

Positive  diminishing,     / JNegativa 

Ih  the  column  of  second  differences  there  will  now  be  two  blanks 
opposite  the  two  endmost  breadths :  those  blanks  are  to^  filled  up 
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with  nombers  each  forming  an  arithmetical  progression  with  the 
two  adjoiniog  second  differences  if  these  are  unequal,  or  equal  to 
them  if  they  are  equal 

Divide  each  second  difference  by  12;  this  gives  a  correction, 
which  is  to  be  subtracted  from  the  breadth  opposite  it  if  the  second 
difference  is  posUivey  and  added  to  that  breadth  if  the  second 
difference  is  negative. 

Then  to  find  the  area  of  the  division  of  the  figure  contained 
between  a  given  pair  of  ordinates  or  breadths;  mutUply  the  half 
sum  of  the  corrected  breadthe  by  the  interval  between  tliem. 

The  area  of  the  whole  figure  may  be  found  either  by  adding 
together  the  areas  of  all  its  divisions,  or  by  adding  together  the 
halves  of  the  endmost  corrected  breadths,  and  the  whole  of  the 
intermediate  breadths,  and  multiplying  the  sum  by  the  common 
interval 

In  symbols,  let  y  be  an  actual  breadth,  and  f/  the  corresponding 

corrected  breadth ;  then  y'  =  y  -  rs  A*  y. 

Rule  D.  {"Common  Trapezoidal  Etde"  to  be  used  when  a 
rough  approximation  is  sufiicient.) — Add  together  the  halves  of  the 
endmost  breadths  and  the  whole  of  the  intermediate  breadths,  and 
multiply  the  sum  by  the  common  interval 

290.  T«iiiMMHretheT«iBne«faB7S«iM*— Method  I.  ^yZay^r^. 
— Choose  a  straight  axis  in  any  convenient  position.  (The  most 
convenient  is  usually  parallel  to  the  greatest  length  of  the  solid.) 
Divide  the  whole  length  of  the  solid,  as  marked  on  the  axis,  into  a 
convenient  number  of  equal  intervals,  and  measure  the  sectional 
area  of  the  solid  upon  a  series  of  planes  crossing  the  axis  at  right 
angles  at  the  two  ends  and  at  the  points  of  division.  Then  treat 
those  areas  as  if  they  were  the  breadths  of  a  plane  figure,  applying 
to  them  Rule  A,  B,  or  C  of  Article  289,  page  332 ;  and  the  result 
of  the  calculation  will  be  the  volume  requir^  If  Rule  C  is  used, 
the  volume  will  be  obtained  in  separate  layers. 

Method  II.  By  Prisms  or  Cohmns  ("  Woollens  Etde''), — ^Assume 
a  plane  in  a  convenient  position  as  a  base,  divide  it  into  a  network 
of  equal  rectangular  divisions,  and  conceive  the  solid  to  be  built  of 
a  set  of  rectangular  prismatic  columns,  having  those  rectangular 
divisions  for  their  sectional  areaa  Measure  the  thickness  of  the 
solid  at  the  cen^  and  at  the  middle  of  each  of  the  sides  of  each  of 
those  rectangular  columns;  add  together  the  doubles  of  all  the 
thicknesses  before-mentioned,  which  are  in  the  interior  of  the  solid, 
and  the  simple  thicknesses  which  are  at  its  boundaries;  divide  the 
sum  by  six,  and  multiply  by  the  area  of  one  rectangular  division 
of  the  base.     > 

291.  T«]lI«Mnw  the  I««Bsili«raBT  Carre. — Divide  it  into  short 
arcs,  and  measure  each  of  them  by  Rule  I  of  Article/^!,  page  28. 
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292.  Ccvtre  •r  MasBitode— Oeneval  Prf«ofpl««* — By  the  mo/gni- 
tude  of  a  figure  is  to  be  understood  its  lengthy  area,  or  Yolume, 
according  as  it  is  a  line,  a  surface,  or  a  solid. 

The  Centre  of  Magnitude  of  a  figure  is  a  point  such  that,  if  the 
figure  be  divided  in  any  way  into  equal  parts,  the  distance  of  the 
centre  of  magnitude  of  the  whole  figure  from  any  given  plane  is 
the  mean  of  the  distances  ci  the  centres  of  magnitude  of  the  several 
equal  parts  from  that  plane. 

The  Geometrical  Moment  of  any  figure  relatively  to  a  given  plane 
is  the  product  of  its  magnitude  into  the  perpendicular  distance  of 
its  centre  from  that  plane. 

I.  Symmetrical  Figure, — If  a  plane  divides  a  figure  into  two 
symmetrical  halves,  the  centre  of  magnitude  of  the  figure  is  in  that 
plane ;  if  the  figure  is  symmetrically  divided  in  the  like  manner 
by  two  planes,  the  centre  of  magnitude  is  in  the  line  where  those 
planes  cut  each  other;  if  the  figure  is  symmetrically  divided  by 
three  planes,  the  centre  of  magnitude  is  their  point  of  intersection; 
and  if  a  figure  has  a  cerUre  of  figure  (for  example,  a  circle,  a  sphere, 
an  ellipse,  an  ellipsoid,  a  parallelogram,  dsc),  iJiat  point  is  its  centre 
of  magnitude. 

II.  Compou/nd  Figure. — ^To  find  the  perpendicular  distance  ffom 
a  given  plane  of  the  centre  of  a  compound  figure  made  up  of  parts 
whose  centres  are  known.  Multiply  the  magnitude  of  each  part 
by  the  perpendicular  distance  of  its  centre  fron^  the  given  plane ; 
distiDguish  the  products  (or  geometrical  fnoments)  into  positive  or 
negative,  according  as  the  centres  of  the  parts  lie  to  one  side  or  to  the 
otlier  of  the  plane;  add  together,  separately,  the  positive  moments 
and  the  negative  moments :  take  the  difference  of  the  two  sums,  and 
call  it  positive  or  negative  according  as  the  positive  or  n^^ative 
sum  is  the  greater;  this  is  the  resultant  moment  of  the  compound 
figure  relatively  to  the  given  plane;  and  its  being  positive  or  nega- 
tive shows  at  which  side  of  the  plane  the  required  oentre  lies. 
Divide  the  resultant  moment  by  the  magnitude  of  the  compound 
figure ;  the  quotient  will  be  the  distance  required. 

The  centre  of  a  figure  in  three  dimensions  is  determined  by 
finding  its  distances  from  three  planes  that  are  not  parallel  to  each 
other.  The  best  position  for  those  planes  is  perpendicular  to  each 
other ;  for  example,  one  horizontal,  and  the  other  two  cutting  each 
other  at  right  angles  in  a  vertical  line.  To  determine  the  centre 
of  a  plane  figure,  its  distances  from  two  planes  perpendicular  to  the 
plane  of  the  figure  are  sufficient. 

293.  CMire  •£  m  pimm  Ajtmu^To  find,  approximately,  the  oentre 
of  any  plane  area. 

KuLE  A. — Let  the  plane  area  be  that  represented  in  fig.  233  (of 
Article  289,  page  332).  Draw  an  axis,  A  X,  in  a  convenient 
position,  divide  it  into  equal  intervaJs,  measure  broths  at  the 
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ends  and  at  the  points  of  division^  and  calculate  the  area,  as  in 
Article  289. 

Then  multiply  each  breadth  by  its  distance  from  one  ^nd  of  the 
axis  (as  A) ;  consider  the  products  as  if  they  were  the  breadths  of 
a  new  figure,  and  proceed  by  the  rules  of  Article  289  to  calculate 
the  area  of  that  new  figure.  The  result  of  the  operation  will  be 
the  geometrical  momerU  of  the  original  figure  relatively  to  a  plane 
perpendicular  to  A  X  at  the  point  A 

Divide  the  mamerU  by  the  area  of  the  original  figure;  the 
quotient  will  be  the  distance  of  the  centre  required  from  the  plane 
perpendicular  to  A  X  at  A. 

Draw  a  second  axis  intersecting  A  X  (the  most  convenient 
position  being  in  general  perpendicular  to  A  X),  and  by  a  similar 
process  find  the  distance  of  the  centre  from  a  plane  perpendicular 
to  the  second  axis  at  one  of  its  ends;  the  centre  will  then  be 
completely  determined. 

KuLE  B. — If  convenient,  the  distance  of  the  required  centre 
from  a  plane  cutting  an  axis  at  one  of  the  intermediate  points  of 
division,  instead  of  at  one  of  its  ends,  may  be  computed  as  follows : — 
Take  separately  the  moments  of  the  two  parts  into  which  that 
plane  divides  the  figure;  the  required  centre  will  lie  in  the  part 
which  has  the  greater  moment.  Subtract  the  less  moment  from 
the  greater;  the  remainder  will  be  the  remttarU  moment  of  the 
whole  figure,  which  being  divided  by  the  whole  area,  the  quotient 
will  be  the  distance  of  the  required  centre  from  the  plane  of 
division. 

Eemare. — ^When  the  resultant  moment  is  =  0,  the  centre  is  in 
the  plane  of  division. 

Kule  C. — To  find  the  perpendicular  distance  of  the  centre  from 
the  axis  A  X.  Multiply  each  breadth  by  the  distance  of  the 
middle  point  of  that  breadth  from  the  axis,  and  by  the  proper 
"Simpson's  Multiplier,"  Article  289,  page  331;  distinguish  the 
products  ilito  right-handed  and  left-handed,  according  as  the  middle 
points  of  ihe  breadths  lie  to  the  right  or  left  of  the  axis;  take 
separately  the  sum  of  the  right-handed  products  and  the  sum  of 
the  left-handed  products;  the  required  centre  will  lie  to  that  side 
of  the  axis  for  which  the  sum  is  the  greater;  subtract  the  less  sum 
from  the  greater,  and  multiply  the  remainder  by  ^  of  the  common 
interval  if  Simpson's  first  rule  is  used,  or  by  f  of  the  common 
interval  if  Simpson's  second  rule  is  used ;  the  product  will  be  the 
resultant  moment  relatively  to  the  axis  A  X,  which  being  divided 
by  the  area,  the  quotient  will  be  the  required  distance  of  the  centre 
from  that  axis.* 

*  The  rules  of  this  Article  are  ezpreesed  in  symbols,  as  follows :— Let  x  and 
y  he  the  perpendicular  distanoea  of  any  point  in  the  plane  area  from  two 
planes  perpendicular  to  the  area  and  to  each  other,  and  xq  and  yo  the  per* 
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294.  Ceirtre  •fa  T^iante. — To  find  the  perpendicular  distance  of 
the  centre  of  magnitude  of  any  solid  figure  from  a  plane  perpen- 
dicular to  a  given  axis  at  a  given  pointy  proceed  as  in  Rale  A  of 
the  preceding  Article  to  find  the  moment  relatively  to  the  plane, 
substituting  sectional  areas  for  breadths;  then  divide  the  moment 
bj  the  volume  (as  found  bj  Article  290) ;  the  quotient  will  be  the 
required  distance. 

To  determine  iHie  centre  completely,  find  its  distancee  from  three 
planes,  no  two  of  which  are  parallel  In  general  it  is  best  that 
those  planes  should  be  perpendicular  to  each  other.  • 

295.  CcMlM  •£  mmgmitude  •r  •  Cnrred  lilac — EuLB  A. — To  find 

approximatdy  the  Cenire  of  Maqni- 
tude  of  a  very  Flat  Curved  Line, — 
In  fig.  234,  let  A  D  B  be  the  arc. 
Draw  the  straight  chord  A  £,  which 

Rg.  284.  bisect  in  C  j  draw  C  D  (the  d^leo- 

tion  of  the  arc)  perpendicular  to 
A  B;  firom  D  lay  off  D  E  =  ^  C  D;  E  will  be  very  nearly  the 
centre  required. 

This  process  is  exact  for  a  cydoidal  arc  whose  chord,  A  B,  is 
parallel  to  the  base  of  the  cycloid  For  other  curves  it  is  approxi- 
mate. For  example,  in  the  case  of  a  circular  arc,  it  gives  D  E  too 
small ;  the  error,  for  an  arc  subtending  60*^,  being  about  rhr  of  the 
deflection,  and  its  proportion  to  the  deflection  varying  nearly  as 
the  square  of  the  angular  extent  of  the  ara 

Rule  B. — When  the  Curved  Line  is  not  very  fiai^  divide  it  into 
very  flat  arcs ;  find  their  several  centres  of  magnitude  by  Rule  A, 
and  measure  their  lengths ;  then  treat  the  whole  curve  as  a  com- 
pound figure,  agreeably  to  Rule  II.  of  Article  292,  page  334. 

296.  SFMsiai  FigwM. — ^I.  Triangle  (6g.  235). — From  any  two  of 
the  angles  draw  straight  lines  to  the  middle 
points  of  the  opposite  sides;  these  lines  will 
cut  each  other  in  the  centre  required; — or 
otherwise, — ^from  any  one  of  the  angles  draw 
a  straight  line  to  the  middle  of  the  opposite 

'^,  285.  side,  and  cut  off  one-third  part  from  that  line, 

commencing  at  the  side. 
II.  QuADBiiATERAL  (fig.  236). — Draw  the  two  diagonals  A  C  and 
B  D,  cutting  each  other  in  K  If  the  quadrilateral  is  a  parallelo- 
gram, E  will  divide  each  diagonal  into  two  equal  parts,  and  will 
itself  be  the  centre.  If  not,  one  or  both  of  the  diagonals  will  be 
divided  into  unequal  parts  by  the  point  E     Let  B  D  be  a  diagonal 

pendicnlar  distanoea  of  the  centre  of  magnitade  of  the  area  from  the  same 
planes;  then 

Jfxdxdy^         Sfydoady 
^*      f/dxdy'^^       f/dxdy' 
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Kg.  236. 


that  is  unequally  divided.  From  D  lay  off  D  F  in  that  diagonal 
=  B  K  Then  the  centre  of  the  triangle  F  A  C,  found  as  in  the 
preceding  rule,  will  be  the  centre  required 

III.  RiANE  Polygon. — Divide  it  into 
triangles;  find  their  centres,  and  measure 
their  areas;  then  treat  the  polygon  as  a 
compound  figure  made  up  of  the  triangles, 
by  Rule  IL  of  Article  292,  page  334. 

IV.  Prism  oe  Cylinder  with  Plane 
Parallel  Ends. — Find  the  centres  of  the 
ends;  a  straight  line  joining  them  will  be 
the  axis  of  die  prism  or  cylinder,  and  the 
middle  point  of  that  line  will  be  the  centre  required. 

V.  Tetrahedron,  or  Triangular  Pyramid  (fig.  237). — Bisect 
any  two  opposite  edges,  as  A  D  and  ^ 

B  C,  in  E  and  F;  join  E  F,  and  bisect 
it  in  G ;  this  point  will  be  the  centre 
required. 

VI.  Any  Pyramid  or  Cone  with  a 
Plane  Base. — Find  the  centre  of  tho 
base,  from  which  draw  a  straight  line 
to  the  summit;  this  will  be  the  axis  of 
the  pyramid  or  cone.  From  the  axis 
cut  off  one-fourth  of  its  length,  begin- 
ning at  the  base;  this  will  give  the 
centre  required. 

VII.  Any  Polyhedron  or  Plane-paced  Solid. — Divide  it  into 
pyramids;  find  their  centres  and  measure  their  volumes;  then 
treat  the  whole  solid  as  a  compound  figure  by  Rule  II.  of  Article 
290. 

VIII.  Circular  Arc— In  fig.  238,  let  A  B  be  the  arc,  and  C 
the  centre  of  the  circle  of  which  it  is  part 
Bisect  the  arc  in  D,  and  join  C  D  and  A  B. 
Multiply  the  radius  C  D  by  the  chord  A  B, 
and  divide  by  the  length  of  the  arc  A  D  B; 
lay  off  the  quotient  C  E  upon  C  D ;  E  will  be 
the  centre  of  magnitude  of  the  arc. 

IX.  Circular  Sector,  C  A  D  B,  fig.  238. 
— Find  C  E  as  in  the  preceding  rule,  and 
make  C  F  =  |  C  E;  F  will  be  the  centre  re- 
quired. 

X.  Sector  op  a  Flat  Ring.— Let  r  be  the  external  and  /  the 
internal  radius  of  the  ring.     Draw  a  circular  arc  of  the 


Fig.  237. 


same 
r8  -  r'8 


angular  extent  with  the  sector,  and  of  the  radius  -5  •  ^ — y^, 
and  find  its  centi-e  of  magnitude  by  Rule  VIII. 
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Section  I. — 0/ Resistance  and  Work 

297.  The  AeOmm  •r«  iii»chiB«  is  to  prodace  Motion  against  Resist- 
ance. For  example,  if  the  machine  is  one  for  lifting  solid  bodies, 
Buch  as  a  ciane,  or  fluid  bodies,  such  as  a  pump,  its  action  is  to 
produce  upward  motion  of  the  lifted  body  against  the  resistance 
arising  from  gravity;  that  is,  against  its  own  weight:  if  the 
machine  is  one  for  propulsion,  such  as  a  locomotive  engine,  its 
action  is  to  produce  horizontal  or  inclined  motion  of  a  load  against 
the  resistance  arising  from  friction,  or  from  friction  and  gravity 
combined :  if  it  is  one  for  shaping  materials,  such  as  a  planing 
znachine,  its  action  is  to  produce  relative  motion  of  the  tool  and  of 
the  piece  of  material  shaped  by  it,  against  the  resistance  which  that 
material  offers  to  having  part  of  its  surface  removed ;  and  so  of 
other  machines. 

298.  Work.  {A.  M.y  513.) — The  action  of  a  machine  is  measured, 
or  expressed  as  a  definite  quantity,  by  multiplying  the  motion  which 
it  produces  into  the  resistance,  or  force  directly  opposed  to  that 
motion,  which  it  overcomes;  the  product  resulting  from  that 
multiplication  being  called  work. 

In  Britain,  the  distances  moved  through  by  pieces  of  mechanism 
are  usually  expressed  in  feet;  the  resistances  overcome,  in  pounds 
avoirdupois;  and  quantities  of  work,  found  by  multiplying  dis- 
tances in  feet  by  resistances  in  pounds,  are  said  to  consist  of  so 
many  footpounds.  Thus  the  work  done  in  lifting  a  weight  of  one 
pound,  through  a  height  of  one  foot,  is  one  foot-pound;  the  woric 
done  in  lifting  a  weight  of  twenty  pounds,  through  a  height  of  one 
hundred  feet,  is  20  x  100  =  2,000  foot-pounds. 

.  In  France,  distances  are  expressed  in  metres,  resistances  overcome 
in  kilogrammes,  and  quantities  of  work  in  what  are  called  kUo- 
gra/m/m^tres,  one  kilogrammltre  being  the  work  performed  in  lifting 
a  weight  of  one  kilogramme  through  a  height  of  one  mdtre. 

The  foUowing  are  the  proportions  amongst  those  units  of  distance> 
resistance,  and  work,  with  their  logarithms  ;-* 
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LogarlthniflL 

One  m^tr©  =  3-2808693  feet, 0-515989 

One  foot  =  030479721  metres, i*4840ii 

One  kilogramme        =  2-20462  lbs.  avoirdupois, 0-343334 

One  lb.  avoirdupois  =  0-453593  kilogramme, 1-656666 

One  kilogrammdtre  =  7*23308  foot-pounds, .....0*859323 

One  foot-pound         =  0-138254  kilogramm^tres, 1-140^77 

299.  The  Bat«  of  Work  of  a  machine  means,  the  quantity  of  work 
which  it  performs  in  some  given  interval  of  time,  such  as  a  second, 
a  minute,  or  an  hour  {A.  M,,  661).  It  may  be  expressed  in  units 
of  work  (such  as  foot-pounds)  per  second,  per  minute,  or  per  hour, 
as  the  case  may  be;  but  there  is  a  peculiar  unit  of  power  api«o- 
pidated  to  its  expression,  called  a  bx)BS&-vowebl,  which  i%  in  Britain, 

550  foot-pounds  per  second, 
or  33,000  foot-pounds  per  minute, 
or  1,980,000  foot-poundB  per  hour. 

This  is  also  called  an  actual  or  real  horse-power,  to  distinguish  it 
&om  a  nominal  horse-power,  the  meaning  of  which  will  aftei-wards 
be  explained.  It  is  greater  than  the  performance  of  any  ordijiary 
horse,  its  name  having  a  conventional  value  attached  to  it 

In  France,  the  term  fobge  de  cheval,  or  CHEYAXrYABEUBy  is 
applied  to  the  following  rate  of  work : — 

loot-lbs. 
75  kilogramm^tres  per  second   s  542^ 

€ft  4,500  kilogrammdtres  per  minute  =        32,549 
or  270,000  kilogrammdtres  per  hour      s   iy952,932 

being  about  one-seventieth  part  less  than  the  British  horse-power. 

300.  Telocity. — If  the  velocity  of  the  motion  which  a  machine  causes 
to  be  performed  against  a  given  resistance  be  given,  iJien  the  pro- 
duct of  that  velocity  into  l£e  resistance  obvioiisly  gives  the  rate  of 
work,  or  effective  power.  If  the  velocitv  is  civen  in  feet  per  second, 
and  the  resistance  in  pounds,  then  their  product  is  the  rate  of  work 
in  foot-pounds  per  second,  and  so  of  minutes,  or  hours,  or  other 
units  of  time. 

It  is  usually  most  convenient,  for  purposes  of  calculation,  to 
express  the  velocities  of  the  parts  of  machines  either  in  feet  per 
second  or  in  feet  per  minute.  For  certain  dynamical  calculations 
to  be  afterwards  referred  to,  the  second  is  the  more  convenient 
unit  of  time :  in  stating  the  performance  of  machines  for  practical 
purposes,  the  minute  is  the  unit  most  commonly  employed. 
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Comparison  of  Different  Measures  of  Vdocity, 


HOes 
per  hour. 

Feet                   Feet               Feet 
per  second.        per  minate.        per  hour. 

X 

o-68i8 

=   1-46         =88         =  5280- 
=    1                 =60          =    3600 

0-01136 

=   o-oi6       =        1          =60 

1  nautical  mile  \ 
per  hour,  or  > 
"knoV ) 

0*0001893 
=  1-1508 

_   0-00027   -       o*oi6  -         I 
=    1-683       -    101-27    =   6076 

The  units  of  time  being  the  same  in  all  civilized  countries,  the  pro- 
portions amongst  their  units  of  velocity  are  the  same  with  those 
amongst  their  linear  measures. 

301.  W«rk  1«  Ter«»  of  Angnlar  IIIoU«h.  {A.  M,y  593.)— When  a 
resisting  force  opposes  the  motion  of  a  part  of  a  macnine  which 
moves  round  a  fixed  axis,  such  as  a  wheel,  an  axle,  or  a  crank,  the 
product  of  the  amount  of  that  resistance  into  its  leverage  (that  is, 
the  perpendicular  distance  of  the  line  along  which  it  acts  from  tho 
fixea  axis)  is  called  the  momenty  or  statical  moment,  of  the  resist- 
ance. If  the  resistance  is  expressed  in  pounds,  and  its  leverage  in 
feet,  then  its  moment  is  expressed  in  terms  of  a  measure  which 
may  be  called  a  foot-pound,  but  which,  nevertheless,  is  a  quantity 
of  an  entirely  different  kind  from  a  foot-pound  of  work.  (See  p.  32 1 . ) 

Suppose  now  that  the  body  to  whose  motion  the  resistance  is 
opposed  turns  through  any  number  of  revolutions,  or  parts  of  a 
revolution;  and  let  T  denote  the  angle  through  which  it  turns, 
expressed  in  revolutions,  and  parts  of  a  revolution ;  also,  let 

2  «•  =  6-2832 

denote,  as  is  customary,  the  ratio  of  the  circumference  of  a  circle  to 
its  radiua  Then  the  distance  through  which  the  given  resistanco 
is  overcome  is  expressed  by 

the  leverage  x  2  «•  x  T ; 

that  is,  by  the  product  of  the  circimifei-ence  of  a  circle  whose  radius 
is  the  leverage,  into  the  number  of  turns  and  fractions  of  a  turn 
made  by  the  rotating  body. 

The  distance  thus  found  being  multiplied  by  the  resistance  over- 
come, gives  the  work  performed;  that  is  to  say. 

The  work  performed 
=  the  resistance  x  ^*«  leverage  X  2  »  x  li. 
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But  the  product  of  the  resistance  into  the  leverage  is  what  is  called 
the  momeni  of  the  resistance,  and  the  product  2  «•  T  is  called  the 
angular  motion  of  the  rotating  body;  consequently, 

Tlie  work  performed 
=  ike  moment  of  the  resistance  x  ^  angvla/r  m/otion. 

The  mode  of  computing  the  work  indicated  by  this  last  equation 
is  often  more  convenient  than  the  direct  mode  already  explained  in 
Article  298. 

The  angular  motion  2  v  T  of  a  body  during  some  definite  unit  of 
time,  as  a  second  or  a  minute,  is  called  its  angvlar  vdocity;  that  is 
to  say,  cmgular  velocity  is  tlie  product  of  the  turns  a/ndjraciions  of  a 
turn  made  in  an  unit  of  time  into  the  ratio  (2  «•  =  6*2832)  o/tlie 
circumference  of  a  circle  to  its  radive.     Hence  it  appears  that 

The  rate  of  work 
=  tlie  moment  of  die  resistcmce  x  ^  amgula/r  velocity, 

302.  Work  in  Terms  of  Pr<«M«re  and  Tola«e.  {A.  M,,  517.) — If 
the  resistance  overcome  be  a  pressure  uniformly  distributed  over  an 
area,  as  when  a  piston  drives  a  fluid  before  it,  then  the  amount  of 
that  resistance  is  equal  to  the  intensity  of  the  pressure,  expressed 
in  units  of  force  on  each  unit  of  area  (for  example,  in  pounds  on 
the  square  inch,  or  poimds  on  the  square  foot)  multiplied  by  the 
area  of  the  surface  at  which  the  pressure  acts,  if  that  area  is  per- 
pendicular to  the  direction  of  the  motion ;  or,  if  not,  then  by  the 
projection  of  that  area  on  a  plane  perpendicular  to  the  direction  of 
motion.  In  practice,  when  the  area  of  a  piston  is  spoken  of,  it  is 
always  understood  to  mean  the  projection  above  mentioned. 

Now,  when  a  plane  area  is  multiplied  into  the  distance  through 
which  it  moves  in  a  direction  perpendicular  to  itself,  if  its  motion 
is  straight,  or  into  the  distance  through  which  its  centre  of  gravity 
moves,  if  its  motion  is  curved,  the  product  is  the  volume  of  the 
space  traversed  by  the  piston. 

Hence  the  work  performed  by  a  piston  in  driving  a  fluid  before 
it,  or  by  a  fluid  in  driving  a  piston  before  it,  may  be  expressed  in 
either  of  the  following  ways : — 

Resistance  x  distamee  Pra/oersed 

=  intensity  of  pressure  x  o/r^  X  distance  traversed; 

=  intensity  ofpresswre  x  volume  troMrsed, 

In  order  to  compute  the  work  in  foot-pounds,  if  the  pressure  \s 
stated  in  pounds  on  the  square  foot,  the  area  should  be  stated  in 
square  feet,  and  the  volume  in  cubic  feet;  if  the  pressure  is  stated  in 
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pounds  on  tbe  square  inch,  the  area  should  be  stated  in  square  inches, 
and  the  volume  in  units,  each  of  which  is  a  prism  of  one  foot  in. 

length  and  one  square  inch  in  area;  that  is,  of  r^j  of  a  cubic  foot 

in  volume. 

The  foUowing  table  gives  a  comparison  of  various  units  in  which 
the  intensities  of  pressures  are  commonly  expressed.    (A,  M,,  86.) 

Pounds  on  the  Pounds  on  tha 

square  foot  sqnaie  inch. 

One  poxmd  on  the  square  inch, 144  1 

One  pound  on  the  square  foot, i  jk^ 

One  inch  of  mercury  (that  is,  weight 

of  a  coltimn  of  mercury  at  32^ 

Fahr.,  one  inch  high), 7^73  0*4912 

One  foot  of  water  (at  39°-l  Fahr.),         62*425  o'4335 

One  inch  of  water, 5-2021  0'036ia5 

One  atmosphere,  of  29-922  inches 

of  mercury,  or  *j6o  millimetres,    21 16-3  147 

One  foot  of  air,  at  3T  Fahr.,  and 

under  the  pressure  of  one  atmo- 
sphere,   0*080728  0*0005606 

One  kilogramme   on  the  square 

m^tre, 0*204813  ox>oi4223i 

One  kilogramme   on   the   square 

millimetre,  204813  1422*31 

One  millimetre  of  mercury, 27847  0*01934 

303.  Aii«w«ic«i  Bz^KMiMM  Ute  w«Hu  (A.  if.,  515,  517, 593.)— 
To  express  the  results  of  the  preceding  articles  in  algebraical  sym- 
bols, let 

8  denote  the  distance  in  feet  through  which  a  resistance  is  over- 
come in  a  given  time ; 

"R,  the  amount  of  the  resistance  overcome  in  pounds. 
Also,  supposing  the  resistance  to  be  overcome  by  a  piece  which 
turns  about  an  axis,  let 

T  be  the  number  of  turns  and  fractions  of  a  turn  made  in  the 
given  time,  and  t  =  2  «•  T  =  6*2832  T  the  angular  motion  in  the 
given  time ;  and  let 

I  be  the  leverage  of  the  resistance ;  that  is,  the  perpendicular 
distance  of  the  line  along  which  it  acts  &om  the  axis  of  motion; 
so  that  8  =  il,  and  "Rlh  the  statical  moment  of  the  resistance.  Sup- 
posing the  resistance  to  be  a  pressure,  exerted  between  a  piston  and 
a  fluid,  let  A  be  the  area  or  projected  area  of  the  piston,  and  p  the 
intensity  of  the  pressure  in  pounds  per  unit  of  area% 
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Then  the  following  expressions  all  give  qnantities  of  work  in  the 
given  time  in  foot-pounds : — 

"Rs;   i'Rl;  pAa;  ipAl. 

The  last  of  these  expressions  is  applicable  to  a  piston  taming  on 
an  axis,  for  which  I  denotes  the  distance  from  the  axis  to  the  centre 
of  gravity  of  the  area  A. 

304.  w«rk  a«miaM  ««  Obli««e  F«ree.  (A,  M.y  511.)~The  resist- 
ance directly  due  to  a  force  which  acts  agsdnst  a  moving  body  in  a 
direction  oblique  to  that  in  which  the  body  moves,  is  foimd  by 
resolving  that  force  into  two  components,  one  at  right  angles  to  the 
direction  of  motion,  which  may  be  called  a  IcUercU  force,  and  which 
must  be  balanced  by  an  equal  and  opposite  lateral  force,  unless  it 
takes  effect  by  altering  the  direction  of  the  body's  motion,  and  the 
other  component  directly  opposed  to  the  body's  motion,  which  is 
the  resistance  required.  That  resolution  is  effected  by  means  of  the 
well  known  principle  of  the  parallelogram  of  forces  as  follows : — 

In  ^g.  239,  let  A  repi-esent  the  point  at  which  a  resistance  is  over- 
come, A  B  the  direction  in  which 
that  point  is  moving,  and  let  A  F 
be  a  line  whose  direction  and 
length  represent  the  direction  and 
Fis.2d9.  magnitude   of   a  force  obliquely 

opposed  to  the  motion  of  A, 
From  F  upon  B  A  produced,  let  fall  the  perpendicular  FK ;  the 
length  of  that  perpendicular  will  represent  iJie  magnitude  of  the 
lateral  component  of  the  oblique  force,  and  the  length  AR  will 
represent  the  direct  component  or  resistance. 

The  work  done  against  an  oblique  resisting  force  may  also 
be  calculated  by  resolving  the  motion  into  a  direct  component 
in  the  line  of  action  of  the  force,  and  a  transverse  component, 
and  multiplying  the  whole  force  by  the  direct  component  of  the 
motion. 

305.  •■■■Mrti—  •r  Qmuitiiirs  •r  Wofk* — la  every  machine,  resist- 
ances are  overcome  during  the  same  interval  of  time,  by  differ- 
ent moving  pieces,  and  at  different  points  in  the  same  moving 
piece;  and  the  whole  work  performed  during  the  given  interval  is 
found  by  adding  together  the  several  products  of  the  resistances 
into  the  respective  distances  through  which  they  are  simultaneously 
overcome.  It  is  convenient,  in  a^braical  symbols,  to  denote  the 
result  of  that  summation  by  the  symbol — 

2-R«j (1.) 

b  which  2  denotes  the  operation  of  taking  the  sum  of  a  set  of 
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quantities  of  the  kind  denoted  by  the  symbols  to  whicb  it  is  pre- 
iixed. 

When  the  resistances  are  overcome  by  pieces  turning  upon  asiea, 
the  above  sum  may  be  expressed  in  the  form — 

2'iB.l; (2.) 

end  so  of  other  modes  of  expressing  quantities  of  work. 

The  following  are  particular  cases  of  the  summation  of  quantities 
of  work  performed  at  different  points : — 

I.  In  a  shifting  piece,  or  one  which  has  the  kind  of  movement 
called  translation  orJy,  the  velocities  of  every  point  at  a  given  in- 
stant are  equal  and  parallel ;  hence,  in  a  given  interval  of  time,  the 
motions  of  all  the  points  are  equal;  and  the  work  performed  is  to 
be  found  by  multiplying  the  sum  of  the  resista/nces  into  the  motion 
as  a  common  factor ;  an  operation  expressed  algebraically  thus — 

»5»; (3.) 

II.  For  a  turning  piece,  the  angular  motions  of  all  the  points 
during  a  given  interval  of  time  are  equal;  and  the  work  performed 
is  to  be  found  by  multiplying  the  sum  of  the  moments  of  the  resi^- 
ances  reHaHvely  to  the  axis  into  the  angular  motion  as  a  common 
factor — an  operation  expressed  algebrai^ly  thus — 

tS-RZ; (4.) 

The  sum  denoted  by  2  •  R  Z  is  the  total  m>omenJb  of  resistofnce  of  tho 
piece  in  question. 

III.  In  every  train  of  mechofnism,  the  proportions  amongst  the 
motions  performed  during  a  given  interval  of  time  by  the  several 
moving  pieces,  can  be  determined  from  the  mode  of  connection  of 
those  pieces,  independently  of  the  absolute  magnitudes  of  those 
motions,  by  the  aid  of  the  science  called  by  Mr.  Willis,  Pure 
Mechanism,  This  enables  a  calculation  to  be  performed  which  is 
called  reducing  the  resistances  to  the  driving  point;  that  is  to  say, 
determining  the  resistances,  which,  if  they  acted  directly  at  the 
point  where  the  motive  power  is  applied  to  the  machine,  would 
require  the  same  quantity  of  work  to  overcome  them  with  the 
actual  resistances. 

Suppose,  for  example,  that  by  the  principles  of  pure  mechanism 
it  is  foimd,  that  a  certain  point  in  a  machine,  where  a  resistance  R 
is  to  be  overcome,  moves  with  a  velocity  bearing  the  ratio  n :  1  to 
the  velocity  of  the  driving  point  Then  the  work  performed  in 
overcoming  that  resistance  will  be  the  same  as  if  a  resistance  n  R 
were  overcome  directly  at  the  driving  point  If  a  similar  calcula- 
tion be  made  for  each  point  in  the  machine  where  resistance  is 
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overcome,  and  the  results  added  together,  as  the  following  symbol 
dt;notes : — 


3  -TiR,. 


.(5.) 


that  sum  is  the  equivalent  resistance  at  the  driving  point;  and  if  in 
a  given  interval  of  time  the  driving  point  moves  through  the  dis- 
tance 8,  then  the  work  performed  in  that  time  is — 


8^    nK. 


.(6.) 


The  process  above  described  is  often  applied  to  the  steam  engine, 
by  reducing  all  the  resistances  overcome  to  equivalent  resistances 
acting  directly  against  the  motion  of  the  piston. 

A  simiLav  method  may  be  applied  to  the  moments  of  resistances 
overcome  by  rotating  pieces,  so  as  to  reduce  them  to  equivalent 
moments  at  the  driving  axle.  Thus,  let  a  resistance  B,  with  the 
leverage  I,  be  overcome  by  a  piece  whose  angular  velocity  of  rota- 
tion bears  the  ratio  n  :  1  to  that  of  the  driving  axle.  Then  the 
equivalent  moment  of  resistance  at  the  driving  axle  is  n  B  ^ ;  and 
if  a  similar  calculation  be  made  for  each  rotating  piece  in  the 
machine  which  overcomes  resistance,  and  the  results  added  to- 
gether, the  sum — 

2'nlil (7.) 

is  the  total  equivalent  mxmverd  ofresistamx^  at  the  driving  axle;  and 
if  in  a  given  interval  of  time  the  driving  axle  turns  through  the 
arc  i  to  radius  unity,  the  work  performed  in  that  time  :' 


I  2  •  n  R  I (8.) 

IV.  Centre  of  Gravity, — The  work  performed  in  lifting  a  body 
is  the  product  of  the  umglU  of  the  body  into  tJie  height  through  which 
its  centre  of  gravity  is  lifted     (See  Article  282,  page  328.) 

If  a  machine  lifts  the  centres  of  gravity  of  several  bodies  at  once 
to  heights  either  the  same  or  different,  the  whole  quantity  of  work 
performed  in  so  doing  is  the  sum  of  the  several  products  of  the 
weights  and  heights ;  but  that  quantity  can  ako  be  computed  by 

multiplying  the  sum  of  all  Hue 
ujeights  into  the  height  through 
whtcJb  tlieir  common  centre  of 
gravity  is  lifted, 

306.   BeprcM»iilaU««  of  Work 
br  an  Area. — ^As  a  quantity  of 
work  is  the  product    of   two 
quantities,  a  force  and  a  motion. 
Fig.  240.  it  may  be  represented   by  the 

area  of  a  plane  figure,  which  is  the  product  of  two  dimensions. 
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Let  the  base  of  the  rectangle  A,  fig.  240,  represent  one  foot  of  motion, 
and  its  height  one  pound  of  resistance;  then  will  its  area  represent 
one  foot-pound  of  work. 

In  the  larger  rectangle,  let  the  base  OS  represent  a  certain 
motion  8,  on  ^e  same  soJe  with  the  base  of  the  unit-area  A;  and 
let  the  height  O  K  represent  a  certain  resistance  K,  on  the  same 
scale  with  the  height  of  the  unit-area  A;  then  will  the  number  of 
times  that  the  rectangle  O  S  •  O  R  contains  the  unit-rectangle  A, 
express  the  number  of  foot-pounds  in  the  quantity  of  work  R«, 
which  is  performed  in  overcoming  the  resistance  K  through  the 
distance  a. 


807.  WortKagvfaMTanrtnv 

let  distances  as  before,  be  re- 
presented by  lengths  measured 
along  the  base  line  O  X  of  the 
figure;  and  let  the  magnitudes 
of  the  resistance  overcome  at 
each  instant  be  represented  by 
the  lengths  of  ordmates  drawn 
perpendicular  to  O  X,  and  paral- 
lel   to   O  Y  :  —  For    example. 


(ii.i/.,515.)— Infig.241, 


Fig.  241. 


when  the  working  body  has  moved  through  the  distance  repre- 
sented by  O  S,  let  the  resistance  be  represented  by  the  ordinate  S  K. 

If  the  resistance  were  constant,  the  summits  of  those  ordinates 
would  lie  in  a  straight  line  parallel  to  O  X,  like  R  B  in  fig.  240; 
but  if  the  resistance  varies  continuously  as  the  motion  goes  on,  the 
summits  of  the  ordinates  will  lie  in  a  line,  straight  or  curved,  such 
as  that  marked  ERG,  fig.  241,  which  is  not  parallel  to  O  X. 

The  values  of  the  resistance  at  each  instant  being  represented  by 
the  ordinates  of  a  giren  line  ERG,  let  it  now  be  required  to  deter- 
mine the  work  performed  against  that  resistance  during  a  motion 
rq)resented  by  O  F  =  «. 

Suppose  the  area  O  E  G  F  to  be  divided  into  bands  by  a  series  of 
parallel  ordinates,  such  as  A  C  and  B  D,  and  between  the  upper 
ends  of  those  ordinates  let  a  series  of  short  lines,  such  as  C  D,  be 
drawn  parallel  to  O  X,  so  as  to  form  a  stepped  or  serrated  outline, 
consisting  of  lines  parallel  to  OX  and  O  Y  alternately,  and  approxi- 
Tnatmg  to  the  given  continuous  line  E  G. 

Now  conceive  the  resistance,  instead  of  varying  continuously,  to 
remain  constant  during  each  of  the  series  of  divisions  into  which 
the  motion  is  divided  by  the  parallel  ordinates,  and  to  change 
abruptly  at  the  instants  between  those  divisions,  being  represented 
for  each  division  by  the  height  of  the  rectangle  which  stands  on 
that  division :  for  example^  during  the  division  of  the  motion  re- 
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presented  by  A B,  let  the  resistance  be  represented  hy  AC,  and  so 
for  other  divisions. 

Then  the  work  performed  during  the  division  of  the  motion  re- 
presented by  AB,  on  the  supposition  of  alternate  constancy  and 
abrupt  variation  of  the  resistance,  is  represented  by  the  rectangle 
ABAC;  and  the  whole  work  performed,  on  the  same  supposition, 
during  the  whole  motion  O  F,  is  represented  by  the  sum  of  all  the 
rectangles  lying  between  the  parallel  ordinates;  and  inasmuch  as 
the  supposed  mode  of  variation  of  the  resistance  represented  by  tlie 
stepped  outline  of  those  rectangles  is  an  approximation  to  the  real 
mode  of  variation  represented  by  the  continuous  line  E  G,  and  is  a 
closer  approximation  the  closer  and  the  more  niimerous  the  pai*allel 
ordinates  are,  so  the  sum  of  the  rectangles  is  an  ap|»-oximation  to 
the  exact  representation  of  the  work  performed  against  the  conti- 
nuously varying  resistance,  and  is  a  closer  approximation  the  closer 
and  more  numerous  the  ordinates  are,  and  by  making  the  ordinates 
numerous  and  close  enough,  can  be  made  to  differ  from  the  exact 
representation  by  an  amount  less  than  any  given  difEerenca 

But  the  sum  of  those  rectangles  is  also  an  approximation  to 
the  area  O  E  G  F,  bounded  above  by  the  continuous  line  E  G,  and  is 
a  closer  approximation  the  closer  and  the  more  numerous  the  ordi- 
nates are,  and  by  making  the  ordinates  numerous  and  close  enough, 
can  be  made  to  differ  fi^m  the  area  O  E  G  F  by  an  amount  less 
than  any  given  difference. 

There/ore  the  a/rea  OEGF,  hounded  hy  the  strcdgTU  line  OF,  wJdch 
represents  the  moHon,  hy  the  line  E  G,  whose  ordinates  represent  the 
values  of  the  reststcmce,  cmdhy  the  two  ordinates  O  E  and  F  G,  repre- 
sents eooacAy  the  work  performed,     (See  Article  289,  page  331.) 

The  MEAN  BESISTANOE  during  the  motion  is  found  by  dividing 
the  area  O  E  G  F  by  the  motion  OT'. 

308.  ihwflii  Work  and  liost  Work. — The  useful  work  of  a  ma- 
chine is  that  whidi  is  performed  in  effecting  the  purpose  for  which 
the  machine  is  designed.  The  lost  work  is  that  whidi  is  performed 
in  producing  effects  foreign  to  that  purpose.  The  resistances  over- 
come in  performing  those  two  kinds  of  work  are  called  respectively 
useful  reeistcmoe  and  prejudicial  resistance. 

The  useful  work  and  the  lost  work  of  a  machine  together  make 
up  its  total  or  gross  work. 

In  a  pumping  engine,  for  example,  the  useful  work  in  a  given 
time  is  the  product  of  the  weight  of  water  lifted  in  that  time  into 
the  height  to  which  it  is  lifted :  the  lost  work  is  that  performed  in 
overcoming  the  friction  of  the  water  in  the  pumps  and  pipes,  the 
friction  of  the  plungers,  pistons,  valves,  and  mechanism,  and  the 
resistance  of  the  air  pump  and  other  parts  of  the  engine. 
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For  example,  tHe  useful  work  of  a  marine  steam  engine  in  a 
given  time  is  the  product  of  the  resistance  opposed  by  the  water  to 
the  motion  of  the  ship,  into  the  distance  through  which  she 
moves :  the  lost  work  is  that  performed  in  overcoming  the  resist- 
ance of  the  water  to  the  motion  of  the  propeller  through  it,  the 
friction  of  the  mechanism,  and  the  other  resistances  of  the  engine, 
and  in  raising  the  temperature  of  the  condensation  water,  of  the 
gases  which  escape  by  the  chimney,  and  of  adjoining  bodies. 

There  are  some  cases,  such  as  those  of  muscular  power  and  of 
windmills,  in  which  the  useful  work  of  a  prime  mover  can  be 
determin^,  but  not  the  lost  work. 

309.  FricUoB.  (Partly  extracted  and  abridged  from  ii.  if.,  189, 
190,  191,  204,  and  669  to  685).--The  most  &quent  cause  of  loss 
of  work  in  machines  is  friction — ^being  that  force  which  acts  be- 
tween two  bodies  at  their  surfiEu^  of  contact  so  as  to  resist  their 
£^;liding  on  each  other,  and  whidi  depends  on  the  force  with  which 
the  bodies  are  pressed  together.  The  following  law  respecting  the 
fiiction  of  solid  bodies  has  been  ascertained  by  experiment  :^ 

The  friction  which  a  given  pair  qf  solid  bodies,  with  their  mirfaces 
in  a  given  condition,  a/re  capable  of  exerting,  is  mmply  proportional 
to  the  force  with  which  Hiey  are  pressed  together. 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressure  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  surfiEtoe  of  contact.  At  and  beyond  that 
limit  the  friction  increases  more  rapidly  than  the  pressure;  but 
that  limit  ought  never  to  be  attamed  at  the  beiuings  of  any 
machine.  For  some  substances,  especially  those  whose  surfaces 
are  sensibly  indented  by  a  moderate  pressure,  such  as  timber,  the 
friction  between  a  pair  of  sur^M^es  which  have  remained  for  some 
time  at  rest  relatively  to  each  other,  is  somewhat  greater  than  that 
between  the  same  pair  of  surfaces  when  sliding  on  each  other. 
That  excess,  however,  of  the  friction  of  rest  over  the  friction  of 
motion,  is  instantly  destroyed  by  a  slight  vibration;  so  that  the 
friction  of  motion  is  alone  to  be  taken  into  account  as  causing  con- 
tinuous loss  of  work. 

Aa  to  materials  for  hearings,  see  pages  462,  463,  464. 

The  Motion  between  a  pair  of  beanng  surfaces  is  calculated  by 
multiplying  the  force  with  which  they  are  directly  pressed  together, 
by  a  factor  called  the  coefficient  of  friction,  which  has  a  special 
value  depending  on  the  nature  of  the  materials  and  the  state  of  the 
surfaces  as  to  smoothness  and  lubrication.  Thus,  let  K  denote  the 
friction  between  a  pair  of  surfaces;  Q,  the  force,  in  a  direction  per- 
pendicular to  the  sur&ces,  with  which  they  are  pressed  together  ; 
and/ the  oo-effident  of  friction;  then 
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R=/Q. (1.) 

The  co-efficient  of  friction  of  a  given  pair  of  surfaces  is  the  tan- 
gent of  an  angle  called  the  cmgle  ^  repose^  being  the  greatest  anglo 
which  an  oblique  preasure  between  l^e  surfaces  can  make  with  a 
perpendicular  to  them^  without  making  them  slide  on  each  other. 

The  following  is  a  table  of  the  angle  of  repose  ^,  the  co-efficien  v 
of  friction  /=  tan  ^,  and  its  reciprocal  1  xf^  for  the  materials  ex 
mechanism— <x>nden8ed  from  the  tables  of  General  Morin,  and 
other  sources,  and  arranged  in  a  few  comprehensive  classes.  Tho 
values  of  those  constants  which  are  given  in  the  table  have  re- 
ference to  th^  friction  of  motion,*    (See  page  399.) 


No. 


SUBFAOKS. 

Wood  OQ  wood,  diy,. 

„  „     soaped, 

Metals  CO  oaky  diy, 

M  tl      ^^  

„  „      soapy, 

Metakonelm,  dry, 

Hemp  on  oak,  dry,*. 

Leather  on  oak, 

Leather  on  metals,  dr}% 

II  ti        ^^ 

»  tt        greasy, 

Tl  II        oily, 

Metals  on  metals,  dry, , 

i>  II       w^ 

Smooth  sorfiioes,  occasionally  greased, 
„  „        contfamally  greased, 

„  „        best  results,  ... 

Bronze  on  Ugnnm  vita,  constantly  wet, 


/ 


1:/ 


14**  to  264^ 
11J°  to  2^ 
26i**  to  81* 
181<»tol4l* 

llj'' 
111°  to  14* 

28** 

ISJ*' 
IS**  to  19J* 

29J* 

20** 
IS*' 

sp 

8j«tollJ* 

16i*> 
4*>  to  4J*» 

80 

1  JO  to  2* 

80? 


•88 


•26  to  -6 

•2  to  -04 

•6  to  -6 

•24  to -26 

•2 
•2  to -25 

•63 

•83 
•27  to 

•66 

•86 

•23 

•16 
•15  to  -2 

•8 
•07  to  •OS 

•06 
•03  to  -036 

•06? 


4to2 

6  to  26 

2  to  1^67 

4-17  to  8-85 

6 

5  to  4 

1-89 

8 

3^7  to  2-86 

1-79 

2-78 

4-35 

6-67 

6-67  to  5 

888 

14-3  to  12-6 

20 

38-8  to  27-6 
20? 


*  In  a  paper,  of  which  an  abstract  appeared  in  the  Comptes  Rendu»  of  the 
French  Academy  of  Sciences  for  the  26th  of  April,  1858,  M.  H.  Bochet 
describes  a  aeries  of  experiments  which  have  led  nimto  the  oonclnaion,  that 
the  Motion  between  a  pair  of  snriacee  of  iron  is  not,  as  had  formerly  been 
believed,  absolutely  independent  of  the  velocity  of  sliding,  but  that  it 
diminishes  slowly  as  that  velocity  increases,  aooording  to  a  law  ezpiesBed  by 
the  following  formula.     Let 

R  denote  the  friction ; 

Q,  the  pressure ; 

V,  the  velocity  of  sliding,  in  metres  per  second  »  velocity  in  feet  per  second 
X  0*3048; 

/,  a,  7,  constant  co-efficients ;  then 

R_^/+  yav 
Q  ^   1  +  at;. 

The  following  are  the  values  of  the  oo-efficients  deduced  by  M.  Bochet  from 
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310.  vngmeatm, — ^Three  results  in  the  preceding  table,  Nos.  16, 17. 
and  18,  have  reference  to  smooth  firm  sur&ices  of  any  kind,  greased 
or  lubricated  to  such  an  extent  that  the  friction  depends  chiefly  on 
the  continual  supj^  of  unguent,  and  not  sensibly  aa  the  na^iure  of 
the  solid  surfaces;  and  this  ought  almost  always  to  be  the  case  in 
madiineiy.  Unguents  should  be  thick  for  hea^y  pressures,  that 
they  may  resist  being  forced  out,  and  thin  for  light  pressures,  that 
their  viscidity  may  not  add  to  the  resistance. 

Unguents  may  be  divided  into  four  dasses,  as  follows : — 

I.  Water,  whidi  acts  as  an  unguent  on  sur&ces  of  wood  and 
leather.  It  is  not,  however,  an  unguent  for  a  pair  of  metallic 
surfaces;  for  when  applied  to  them,  it  increases  their  firiction. 

ir.  Oily  ungiientSy  con&dsting  of  animal  and  v^etable  fixed  oils, 
as  tallow,  lard,  lard  oil,  seal  oU,  whale  oil,  olive  oil  The  v^etable 
drying  oils,  such  as  linseed  oil,  are  unfit  for  unguents,  as  they 
absorb  oxygen,  and  become  hard.  The  animal  oils  are  on  the 
whole  better  than  the  vegetable  oils. 

IIL  Soapy  unguents,  composed  of  oil,  alkaU,  and  water.  For  a 
temporary  purpose,  such  as  lubricating  the  ways  for  the  launch  of 
a  ship,  one  of  the  best  unguents  of  this  class  is^ft  soap,  made  &om 
whale  oil  and  potash,  and  used  ei:ther  alone  or  mixed  with  tallow. 
But  for  a  permanent  purpose,  such  as  lubricating  railway  carriage 
axles,  it  is  necessary  that  the  unguent  should  contain  less  water 
and  more  oil  Or  fetty  matter  than  soft  soap  does,  otherwise  it 
would  dry  and  become  stiflf  by  the  evaporation  of  the  water.  The 
best  grease  for  such  purposes  does  not  contain  more  than  firom  25 
to  30  per  cent,  of  water;  that  which  contains  40  or  50  per  cent, 
is  bad. 

IV.  Bituminous' unguents,  in  which  liquid  mineral  hydrocarbons 
are  used  to  dissolve  and  dilute  oily  and  fatty  substances. 

The  intensity  of  the  pressure  between  a  pair  of  greased  surfaces 
ought  not  to  be  so  great  as  to  force  out  the  unguent  The  follow- 
ing formula  agrees  very  fairly  with  the  results  of  practice : — 

Let  t;  be  the  velocity  of  sliding,  in  feet  per  second ;  p,  the  greatest 
proper  intensity  of  jwessure,  in  lbs.  on  the  square  inch;  then 

44800 
^'~60v  +  20' 
p  ought  not  in  any  case  to  exceed  1200. 

hia  experiments,  for  iron  Burfaces  of  wheels  and  skids  rubbing  longxtndinally 
on  iron  rails : — 

/,  for  dry  sar&ces,  0  3,  0*25,  0*2;  for  damp  surfaces,  014. 

a,  for  wheels  sliding  on  rails,  0*03 ;  for  skids  sliding  on  rails,  0*07. 

y,  not  yet  detenaisifid,  but  treated  meanwhile  as  inappreciably  smalL 
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As  to  the  measarement  of  Motion,  see  Article  348,  page  395. 

310  a.  ViietfMi  of  a  BMidL — ^A  flexible  band  may  be  used  either 
to  exert  an  effort  or  a  reaistanoe  upon  a  drum  or  pulley.  In  either 
case,  the  tangential  force,  whether  effort  or  resistance,  exerted 
between  the  band  and  the  pulley,  is  their  mutual  friction,  caused 
by  and  proportional  to  the  normal  pressure  between  them. 

In  fig.  242,  let  C  be  the  axis  of  a  pulley  A  B,  round  an  arc  of 
which  there  is  wrapped  a  band,  Tj  A  B  Tg ;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  slide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  which 
the  pulley  slides,  or  tends  to  slide,  relatively  to 
the  band. 

Let  Tj  be  the  tension  of  the  free  part  of  the 
band  at  that  side  toioa/rda  which  it  tends  to  draw 
the  pulley,  or  from  which  the  pulley  tends  to 
ditiw  it;  Tg,  the  tension  of  the  free  part  at  the 
other  ade;  T,  the  tension  of  the  band  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley ;  tf,  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley ;  d  6,  the  ratio  of  an 
indefinitely  smaU  element  of  that  arc  to  the 
radius ;  R  =  T,  —  Tg,  the  total  friction  between  v^ 

the  band  and  the  pulley;  d  R,  the  elementary  Fig.  242. 

portion  of  that  friction  due  to  the  elementary 
arc  d  $1  fy  the  co-efficient  of  friction  between  the  materials  of  tho 
band  and  pulley. 

Then  it  is  known  that  the  normal  pressure  at  the  elementary  arc 
d^\&Td  6',  T  being  the  mean  tension  of  the  band  at  that  elemen- 
tary arc;  consequently,  the  friction  on  that  arc  is 

c;R=/TdA 

Now,  that  friction  is  also  the  difference  between  the*  tensions  of  the 
band  at  the  two  ends  of  the  elementary  arc;  or 

dTl  =  dB>=zfTd6i 

which  equation  being  integrated  throughout  the  entire  arc  of  con- 
tact, gives  the  following  formulsB : — 

R=:Ti-T2=:Ti(l   -«-/0  =  T2(«/«-l).J 

When  a  belt  connecting  a  pair  of  pulleys  has  liie  tensions  of  its 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  the 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  by 

igitized  by  VjOOQIC 


352  DTKAMICS  OP  MACHIKERT. 

means  of  the  belt;  it  is  found  that  the  advancing  side  of  the  belt 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  so 
that  the  mean  tension  remains  unchanged.  The  ratio  which  it 
bears  to  the  force,  R,  to  be  transmitted,  is  given  by  this  formula : — 

T,  +  T,        ef^^l 

2R     ""  2(«/«-  1) ^^'^ 

If  the  arc  of  contact  between  the  band  and  pulley,  expressed  in 
turns  and  fractions  of  a  turn,  be  denoted  by  n^ 

^  =  2  »  n;  e/«  =  102-7288/«. (3.) 

that  is  to  say,  6^^  is  the  arUilogarithmy  or  natural  number,  corre- 
sponding to  the  common  logarithm  2 '7288 /n. 

The  ^ue  of  the  co-efficient  of  friction,  /,  depends  on  the  state 
and  material  of  the  rubbing  surfaces.  For  leather  belts  on  iron 
pulleys,  the  table  of  Article  309,  page  349,  shows  that  it  ranges 
fix>m  '56  to  *15.  In  calculating,  by  equation  2  of  this  Article,  the 
proper  mean  tension  for  a  belt,  the  smallest  value,/ =  *15,  is  to 
be  taken,  if  there  is  a  probability  of  the  belt  becoming  wet  with  oil. 
The  experiments  of  Messrs.  Henry  R  Towne  and  Robert  Briggs, 
however  (published  in  the  Journal  of  the  Franklin  Institute  for 
1868),  show  that  such  a  state  of  lubrication  is  not  of  ordinary 
occurrence;  and  that  in  designing  machinery,  we  may  in  most 
cases  safely  take/=  0-42.  Professor  Reuleaux  (Conatructionslelire 
fur  Maschinenbau)  takes  /  =  0*25.  The  following  table  shows 
the  values  of  the  co-efficient  2*7288/  by  which  n  ia  multiplied  in 
equation  3,  corresponding  to  different  values  of/;  also  the  corre- 
sponding values  01  various  ratios  amongst  the  forces,  when  the  arc 
of  contact  is  half  a  circumference : — 


/= 

2-7288/  = 

015 
0-41 

0-25 

0-68 

0-42 
115 

0-56 
1-53 

jCt  tf  =  «■,  and  n  = 

i;  then 

1-603 

2-66 

216 

2-188 

184 

1-34 

3758 

i-3<5 

0-86 

5-821 

1-21 

0-71 

In  ordinary  practice,  it  is  usual  to  assume  Tj  =  R;  T^  =  2  R; 
Tp  +  Tg  -4-  2  R  =  1-5.     This  corresponds  to/  =  022  nearly. 

For  a  wire  rope  on  cast-iron,  /  may  be  taken  as  =  0*15  nearly; 
and  if  the  groove  of  the  pulley  is  bottomed  with  gutta-percha, 
0'25. 

When  an  endless  band  runs  at  a  very  high  velocity,  its  centri- 
fugal force  has  an  indirect  effect  on  the  friction,  which  will  be 
considered  further  on.     (See  page  441.) 
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311.  The  W«rk  IPtmi&rmtd  agaiaat  VriciioB  in  a  giyen  time, 
between  a  pair  of  rubbing  surfaces,  is  the  product  of  uiat  friction 
into  tbe  distance  through  which  one  surface  slides  over  the  other. 

When  the  motion  of  one  sur&ce  relatively  to  the  other  consists 
in  rotation  about  an  axis,  the  work  performed  may  also  be  cal- 
culated by  multiplying  the  relative  angular  motion  of  the  surfiEMXis 
to  radius  imity  into  the  moment  o//ricti4m  ;  that  is,  the  product  of 
the  Motion  into  its  leverage,  which  is  the  mean  distance  of  the 
rubbing  sur£Bu;es  from  the  axis. 

For  a  cylindrical  journal,  the  leverage  of  the  friction  is  simply 
the  radius  of  the  journal 

For  a  flat  pivot,  the  leverage  is  two-thirds  of  the  radius  of  the 
pivot 

For  a  coUar,  let  r  and  r'  be  the  outer  and  inner  radii;  then  the 
leverage  of  the  friction  is 

For  "Schide^s  amtirfriction  pivot^  whose  longitudinal  section  is 
the  curve  called  the  "  tractrix,"  the  moment  of  friction  is/  x  the 
load  X  the  external  ladius.  This  is  greater  than  the  moment  for 
an  equaUy  smooth  flat  pivot  of  the  same  radius;  but  the  anti-fric- 
tion pivot  has  the  advantage,  inasmuch  as  the  wear  of  the  sur&ces 
is  uniform  at  eveiy  point,  so  that  they  always  fit  each  other  accu- 
rately, and  the  pressure  is  always  uniformly  distributed,  and  never 
becomes,  as  is  the  case  in  other  pivots,  so  intense  at  certain  points 
as  to  force  out  the  unguent  and  grind  the  surfaces. 

In  the  cup  amd  ball  pivot,  the  end  of  the  shaft,  and  the  step  on 
which  it  presses,  present  two  recesses  facing  each  other,  into  which 
are  fitted  two  shallow  cups  of  steel  or  hard  bronze.  Between  the 
concave  spherical  surfaces  of  those  cups  is  placed  a  steel  ball,  being 
either  a  complete  sphere,  or  a  lens  having  convex  sui^GMses  of  a 
somewhat  less  radius  than  the  concave  suiSsuses  of  the  cups.  The 
moment  of  friction  of  this  pivot  is  at  first  almost  inappreciable, 
from  the  extreme  smallness  of  the  radius  of  the  circles  of  contact 
of  the  ball  and  cups;  but  as  they  wear,  that  radius  and  the  moment 
of  friction  increase. 

By  the  rolling  of  two  surfaces  over  each  other  without  sliding,  a 
resistance  is  ca^ed,  which  is  called  sometimes  "  rolling  friction," 
but  more  correctly  roUing  resistance.  It  is  of  the  nature  of  a  couple 
i-esisting  rotation;  its  moment  is  found  by  multiplying  the  normal 
pressure  between  the  rolling  sur&ces  by  an  arm  whose  length 
depends  on  the  nature  of  the  rolling  surfaces;  and  the  work  lost 
in  an  unit  of  time  in  overcoming  it  is  the  product  of  its  moment 
by  the  angular  vdod^y  of  l^e  roUing  sur^ices  relatively  to  each 
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other.   TbQfoVLovnDg«n9ipyeo>simB.i»T9i^ 
qfajbei : — 

Oak  upon  oak, ^ o-oq6  (Coulomb). 

Lignum-vitfiB  on  oak, 0*004         — 

Casiriron  on  cast-iron, 0002  (Tredgold). 

The  work  lost  in  friction  produces  heat  in  the  proportion  of  one 
British  thermal  unit,  being  so  much  heat  as  raises  the  temperature 
of  a  pound  of  water  one  degree  of  Fahrenheit,  for  every  772  foot- 
pounds of  lost  work. 

The  heat  produced  by  friction,  when  moderate  in  amount,  is 
useful  in  softening  and  Hquefying  unguents;  but  when  excessive, 
it  is  prejudicial  by  decomposing  the  unguents,  and  sometimes  even 
by  softening  the  metal  of  the  bearings,  and  raising  their  tanpera- 
ture  so  hig^  as  to  set  fire  to  neighbouring  combustible  matters. 

Excessive  heating  is  prevented  by  a  constant  and  copious  supply 
of  a  good  unguent  When  the  vdocity  of  rubbing  is  about  four 
or  five  feet  per  second,  the  elevation  of  temperature  is  found  to  be, 
with  good  fisitty  and  soapy  unguents,  40°  to  50*^  Fahrenheit,  with 
good  mineral  unguents,  about  30°.  The  effect  of  friction  upon 
the  efficiency  of  machines  will  be  considered  farther  on,  in 
Section  IV. 

312.  Work  or  Aec«i«nuioii.  {A.  if .,  12, 521-33, 536, 547, 549, 554, 
589,  591,  593,  595-7.V— In  order  that  the  velocity  of  a  body's 
motion  may  be  changed,  it  must  be  acted  upon  by  some  other  body 
with  a  force  in  l^e  direction  of  the  change  of  velocity,  whidi  force 
is  proportional  directly  to  the  change  of  velocity,  and  to  the  mass 
of  the  body  acted  upon,  and  inversely  to  the  time  occupied  in  pro- 
ducing the  change.  If  the  change  is  an  acceleration  or  increase  of 
velocity,  let  the  first  body  be  called  the  drwen  bodf/,  and  the  second 
the  driving  body.  Then  the  force  must  act  upon  the  driven  body 
in  the  direction  of  its  motion.  Every  force  being  a  pair  of  equal 
and  opposite  actions  between  a  pair  of  bodies,  the  same  force  which 
acc^rates  the  driven  body  is  a  reeistanee  as  respects  the  driving 
body.     (See  Article  287,  page  329.) 

For  example,  daring  the  commencement  of  the  stroke  of  the 
piston  of  a  steam  engine,  the  velocity  of  the  piston  and  of  its  rod  is 
accelerated;  and  that  accderation  is  produced  by  a  certain  part  of 
the>  pressure  between  the  steam  and  tke  piston,  being  the  excess  of 
that  pressure  above  the  whole  resistance  which  the  piston  has  to 
overcome.  The  piston  and  its  rod  constitute  the  driv^  body;  the 
steam  is  the  driving  body;  and  the  same  part  of  the  pressure  which 
aooderates  the  piston,  acts  as  a  resisCainoe  to  the  motion  of  the 
steam,  in  addition  to  the  resistance  which  would  have  to  be  over* 
come  if  the  velocity  of  the  piston  were  unifi>rm. 
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The  resistance  due  to  aoceleratioii  is  computed  in  the  following 
manner : — It  is  known  by  experiment,  that  if  a  body  near  the 
earth's  surface  is  accelerated  by  the  attraction  of  the  earth, — ^that 
is,  by  its  own  weight,  or  by  a  force  equal  to  its  own  weight,  its 
velocity  goes  on  continually  increasing  very  nearly  at  the  rate  of 
32*2  fed  per  second  of  addiiianal  vehcUyyfor  each  second  dwring 
tMeh  the  force  acte.  This  quantity  vanes  in  different  latrtudes,  and 
at  different  elevations,  but  the  value  just  given  is  near  enough  to 
the  truth  for  purposes  of  mechanical  engineenng.  For  brevity's 
sake,  it  is  usually  denoted  by  the  symbol  g-,  so  ^t  if  at  a  given 
instant  the  velocity  of  a  body  is  Vi  feet  per  second,  and  if  its  own 
weight,  or  an  equal  force,  acts  freely  on  it  in  the  direction  of  its 
motion  for  t  seconds,  its  velocity  at  the  end  of  that  ^ime  will  have 
increased  to 

r,=:«?i  +  ^« (1.) 

If  the  acceleration  be  at  any  different  rate  per  second,  Ike  force 
necessa/ry  to  produce  that  cusceleration,  bemg  the  resistcmce  on  the 
driving  body  due  to  ^  aeederaiionofthe  driven  body,  bears  the  same 
proportion  to  the  driven  body's  weiglU  vMch  the  actual  rate  of  accele- 
ration bears  to  the  rate  of  aoeeleratwn  produced  by  grcaniy  acting 
freely,     (In  metres  per  second,  ^  =  981  nearly.) 

To  express  this  by  symbols,  let  the  weight  of  the  driven  body  bo 
denoted  by  W.  Let  its  velocity  at  a  given  instant  be  Vi  feet  per 
second ;  and  let  that  velocity  increase  at  an  uniform  rate,  so  that 
at  an  instant  t  seconds  later,  it  is  Vs  feet  per  second. 

Let/denote  the  rate  of  acceleration;  then 

/=^'; (2) 

and  the  force  K  necessary  to  produce  it  will  be  given  by  the  pro- 

portion, 

*^  j,:/::W:R; 

that  is  to  mj, 

^^/w^w(.,-.o 

g  9^  ^ 

W 

The  fjEMjtor  — ,  in  the  above  expression,  is  called  the  mass  of  the 
g 
driven  body;  and  being  the  same  for  the  same  body,  in  what  place 
soever  it  may  be,  is  held  to  represent  the  quantity  of  matter  in  the 
body.     (See  Article  277a,  pi^e  3ia) 

The  product of  the  mass  of  a  body  into  its  velocity  at  " 
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instant,  is  called  its  momentum;  so  that  the  resistance  due  to  a 
given  acceleration  is  equal  to  the  iauarease  o/momentum  divided  hy 
the  time  which  thai  increase  occupiea, 

Kthe  product  of  the  force  by  which  a  body  is  accelerated,  equal 
and  opposite  to  the  resistance  due  to  acceleration,  into  the  time 
during  whidi  it  acts,  be  called  impulse,  the  same  principle  may  be 
otherwise  stated  by  saying,  that  the  iricrease  o/moTnentum  is  equal 
to  the  impulse  by  vMch  it  is  caused. 

If  the  rate  of  acceleration  is  not  constant,  but  variable,  the  force 

B  varies  along  with  it     In  this  case,  the  value,  at  a  given  instant 

d  9) 
of  fche  rate  of  acceleration,  is  represented  by/  =  -=-y  and  the  ooi>- 

rebponding  value  of  the  force  is 

g        9     dt  ^  ^ 

The  WORK  PERFORMED  in  accelerating  a  body  is  the  product  of 
the  resistance  due  to  the  rate  of  acceleration  into  the  distance 
moved  through  by  the  driven  body  while  the  acceleration  is  going 
on.  The  resistance  is  equal  to  the  mass  of  the  body,  multiplied  by 
the  increase  of  velocity,  and  divided  by  the  time  which  that 
increase  occupies.  The  distance  moved  through  is  the  product  ot 
the  mean  velocity  into  the  same  time.  Therefore,  the  work  per- 
formed is  equal  to  the  mass  of  the  body  multiplied  by  the  increase 
of  the  velocity,  and  by  the  mean  velocity;  that  is,  to  the  mass  oj 
the  body,  muUiplied  by  the  irierease  of  the  half-sqiutre  of  its  velocity. 

To  express  this  by  symbols,  in  the  case  of  an  umform  rate  of 
acceleration,  let  a  denote  the  distance  moved  through  by  the  driven 
Dody  during  the  acceleration;  then 

'='-^^; (5.) 


which  being  multiplied  by  equation  3,  gives  for  the  work  of  accel- 
eration, 

W    v,"Vi    Vf-h  vi  W    vl-vj 

^*= y  — 7~  •  ~r'  •  ^  -y  •  ~r' w 

In  the  case  of  a  variable  lute  of  acceleration,  let  v  denote  the  mean 
Telocity,  and  d  s  the  distance  moved  through,  in  an  interval  of  time 
jlt  BO  diort  that  the  increase  of  velocity  dv  ia  indefinitely  small 
stuupared  with  the  mean  velodiy.    Then 
own  ^  ^ 

ds  =  vdt; (7.) 
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wliich  being  multiplied  by  equation  4,  gives  for  the  work  of  accel* 
eration  during  the  interval  d  t, 

■p  .„      W     dv  ,, 

Kad:= —   • -r-   >vdt 

g       dt 

=  1^  '^dvi (a) 

and  the  irdegr<aion  of  this  expression  (see  Article  11  a)  gives  for 
the  work  of  acceleration  during  a  finite  interval^ 

/it..=^/..,=|.4^ „, 

being  the  same  with  the  result  already  arrived  at  in  equation  6. 

From  equation  9  it  appears  that  the  work  performed  in  producing 
a  given  accderation  depends  on  the  inUial  and  final  vdodHes,  Vi  and 
v^,  and  not  on  the  intermediate  changes  o/vdocUy. 

If  a  body  &lls  freely  under  the  action  of  gravity  from  a  state  of 
rest  through  aheight  h,  so  that  its  initial  velocity  is  0,  and  its  final 
velocily  v,  the  work  of  acceleration  performed  by  the  earth  on  the 
body  is  simply  the  product  W  A  of  the  weight  of  the  body  into  tho 
height  of  fSalL     Comparing  this  with  equation  6,  we  find — 

*=F, ^'^-^ 

This  quantity  is  called  the  height,  or  faU,  due  to  the  velocity/  v ; 
and  frx>m  equations  6  and  9  it  appears  tibat  the  work  performed  in 
prodtMng  a  given  accderation  is  the  same  toith  thai  performed  in 
lifting  the  driven  body  through  the  difference  of  the  heights  due  to  its 
initial  and  final  velocities. 

If  work  of  acceleration  is  performed  by  a  prime  mover  upon 
bodies  which  neither  form  part  of  the  prime  mover  itself^  nor  of  the 
machines  which  it  is  intended  to  drive,  that  work  is  lost;  as  when 
a  marine  engine  performs  work  of  acceleration  on  the  water  that  is 
struck  by  the  propeller. 

Work  of  fikcceleration  performed  on  the  moving  pieces  of  the 
prime  mover  itself,  or  of  the  machinery  driven  by  it,  is  not  neoeo- 
sarily  lost,  as  will  afterwards  appear. 

313.  Saainuitimi  •f  W«ffk  mt  AeceleratlMi— HmmiU  mt  iMttlm — 
If  several  pieces  of  a  machine  have  their  velocities  increased  at  the 
same  time,  the  work  performed  in  accelerating  them  is  the  sum 
of  the  several  quantities  of  work  due  to  the  acceleration  of  the 
respective  pieces;  a  result  expressed  in  symbols  by 


^fW  vi^vl 


ig'     2     } t^) 

Digitized  by  VjOOQIC 


358  DYNAMICS  OP  MACHINERY. 

The  process  of  finding  that  sum  ia  facilitated  and  abridged  iu 
certain  cases  by  special  methods. 

I  AcodercOed  IiotaU(m—M(ment  of  Inertia.— Let  a  denote  the 
angular  velocity  of  a  solid  body  rotating  about  a  fixed  axis;— that 
is,  as  explained  in  Article  46,  the  velocity  of  a  point  in  the  body 
whose  radius-vector,  or  distance  from  the  axis,  is  unity. 

Hien  the  velocity  of  a  particle  whose  distance  ficom  the  axis 
isr,  is 

^^  =  a  r; ^ ^2.) 

and  if  in  a  given  interval  of  time  the  angular  velocity  is  accelerated 
from  the  value  «i  to  the  value  a„  the  increase  of  the  velocity  of  the 
particle  in  question  is 

«,  -  «i  =  r(a.  -  a,) (3.) 

liCt  to  denote  the  wei^t,  and  —  tiie  mass  of  the  particle  in  ques- 

tion.  Then  the  work  performed  in  accelerating  it,  being  equal  to 
the  product  of  its  mass  into  the  increase  of  the  half-square  of  its 
velocity,  ia  also  equal  to  the  product  of  its  mass  into  the  square  qfits 
radvus-vedor,  and  into  the  increase  of  the  half-square  of  the  angular 
ffdocity;  that  is  to  say,  in  s3rmbols, 

7  '"2-=    7-"~2- t^-) 

To  find  the  work  of  acceleration  for  the  whole  body,  it  is  to  be  con- 
ceived to  be  divided  into  small  particles,  whose  velocities  at  any 
given  instant,  and  also  their  accelerations,  are  proportional  to  their 
distances  from  the  axis ;  then  the  work  of  acceleration  is  to  be  found 
for  each  partide,  and  the  results  added  together.  But  in  the  sum  so 
obtained,  Hie  increase  of  the  half-square  of  the  angular  velocity  is  a 
common  factor,  having  the  same  value  for  each  partdde  of  the  body; 
and  tke  rate  of  aocekration  produced  by  gravity,  g  =  32*2,  is  a 
common  divisor.  It  is  therefore  sufficient  to  add  together  thepro' 
ducts  of  the  weight  of  each  particle  (w)  into  the  square  of  its  radius- 
vector  (r^,  and  to  multiply  the  sum  so  obtained  {2 '  w  ^)  by  the  in- 
crease of  the  haif'Sqwure  of  Hie  angular  velocity  f  -  (aj  »  4))  >  g^ 

dmde  by  the  rate  of  aecdera/tion  due  to  gravity  (g).  The  result) 
vi&>— 

(w    y±zJl\^±:L^    .    2wf- (5.) 

\g  2      f  2g  ^   ^ 

is  the  work  of  acceleration  sought.  In  fact,  the  sum  ^wf*  ia  the 
weight  of  a  body,  which,  if  coticentrated  at  the  distance  \mty  from 
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the  aads  of  rotation,  vxndd  require  Hie  8oms  work  to  produce  a  given 
increase  qfangiUar  velocity  whick  ike  acttuU  body  requires. 

The  term  moment  op  inertia  is  applied  in  some  -writings  to  the 
sum  3  to  r",  and  in  others  to  the  corresponding  maaa  zwf^-^g. 
For  purposes  of  mechanical  engineering,  the  sum  a  w  r*  is,  on  the 
whole,  the  most  conyenient,  bemng  as  it  does  the  same  relation  to 
angnlar  acceleration  -which  weight  does  to  acceleration  of  linear 
velocity. 

The  Radma  ofOyra/tion,  or  Meom  Radius  of  a  rotating  body,  is  a 
line  whose  square  is  the  mean  of  the  squares  of  the  distances  of  its 
particles  from  the  axis;  and  its  value  is  given  by  the  foUowing 
equation; — 

e=i^ (6.) 

3  W 

80  that  if  we  put  W  =  s  «?  for  the  weight  of  the  whole  body,  the 
moment  of  inertia  may  be  represented  by 

l  =  We- '. (7.) 

The  following  are  additional  rules  relating  to  moments  of  inertia 
and  radii  of  gyration : — 

Eule  II. — Given,  the  moment  of  inertia  of  a  body  about  an 
axis  traversing  its  centre  of  gravity  in  a  given  direction;  to  find 
its  moment  of  inertia  about  another  axis  parallel  to  the  first; 
multiply  the  mass  (or  weight)  of  the  body  by  the  square  of  the  per- 
pendicular distance  between  the  two  axes,  and  to  the  product  add 
the  given  moment  of  inertia. 

BuLE  III. — Given,  the  separate  moments  of  inertia  of  a  set  of 
bodies  about  parallel  axes  traversing  their  several  centres  of  gravity  ; 
required,  the  combined  moment  of  inertia  of  those  bodies  about  a 
common  axis  parallel  to  their  separate  axes;  multiply  the  mass  (or 
weight)  of  each  body  by  the  square  of  the  perpendicular  distance  of 
its  centre  of  gravity  from  the  common  axis ;  add  together  all  the 
products,  and  all  the  separate  moments  of  inertia;  the  sum  will  be 
the  combined  moment  of  inertia. 

Rule  IV. — ^To  find  the  square  of  the  radius  of  gjrration  of  a 
body  about  a  given  axis;  divide  the  moment  of  inertia  of  the  body 
about  the  given  axis  by  the  mass  (or  weight)  of  the  body. 

BuLE  V. — ^Given,  the  square  of  the  radius  of  gyration  of  a 
body  about  an  axis  traversing  its  centre  of  gravity  in  a  given 
direction ;  to  find  the  square  of  the  radius  of  gyration  of  the  same 
body  about  another  axis  parallel  to  the  first;  to  the  given  square 
\dd  the  square  of  the  perpendicular  distance  between  the  two 
axeSi 
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Table  op  Squares  op  Radh  op  Gyration. 


Boot. 


AXB. 


Babzis.* 


L  Sphere  of  radios  r, 

IL  Spheroid  of  revolution — polar  semi* 
axis  a,  equatorial  radios  r, 

IIL  Ellipsoid— semi-axes  0,  (,  c, 

IV.  Si)herical  shell — external  radios  r, 
internal  r^, 

V.  Spherical  shell,  insensibly  thin — ^ra- 
dius r,  thic^ess  dr, 

VL  Circolar  cylinder— length  2a,  radios 
n 

VII.  Elliptic  cylinder— length  2a,  trans- 
verso  semi-axes  6,  c, 

VIIL  Hollow  circolar  cylinder— lensth  2a, 
external  radios  r,  internal  r, 

IX.  Hollow  circolar  cylinder,  insensibly 
thin— length  2a,  radios  r,  thick- 
ness (/r, 

X.  Circolar  cylinder— length  2a,  radios 
r, 

XI.  Elliptic  cylinder— length  2a,  trans- 
verse semi-axes  b,  c, 

Xn.  Hollow  circolar  cylinder — ^length  2a, 
external  radios  r,  internal  r', 

XIIL  Hollow  circolar  cylinder,  insensibly 
thin— radios  r,  thickness  dr, 

XIV.  Bectangolar  prism — dimensions  2a, 
i2A.2c. 

XV.  Kbombic  i)ri8m— length  2a,  diagonals 
26,  2c 

XVT.  lUiombic  prism,  as  above, 


Diameter 

2r« 
6 

Polar  axis 

2r« 
5 

Axis,  2a 

6«  +c« 
5 

Diameter 

2  (r»  -  r'*) 
5(r»-t-*) 

Diameter 

2r« 

Longitodinal 
axis,  2a 

"2 

Longitodinal 
axis,  2a 

6«+c« 

4 

Longitodinal 
axis,  2a 

2 

axis,  2a 

r« 

Transverse 
diameter 

r«       a* 
4   +T 

Transverse 
axis,  26 

4^3 

Transverse 

r«  +  »^«  ^  a' 

diameter 

4       ^   3 

Transverse 
diameter 

"2  +T 

Axis,  2a 

3 

Axis,  2a 

6«+c* 
6 

Diagonal,  26 

c«      a« 
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314.  CeniTO  •f  Percns«i«H — BqalraleMt  Sloii^to  Peadalam— E^olrft- 
leai  Fir-wlMel. — In  calculations  respecting  the  rotation  of  a  rigid 
body  about  a  given  axis,  it  is  often  convenient  to  conceive  that  for 
the  actual  body  there  is  substituted  its  equivcUent  simple  pendtUttm; 
that  is,  a  body  having  the  same  total 
mass,  but  concentrated  at  two  points,  of 
which  one  is  in  the  axis :  also  the  same 
statical  moment,  and  the  same  moment 
of  inertia. 

The  following  are  the  rules  for  doing  ^ 
this : — 

I.  To  find  the  centre  of  percussion  of 
a  given  body  turning  about  a  given  axis. 

In  ^,  243,  let  X  X  be  the  given  axis, 
and  G  the  centre  of  gravity  of  the  body. 
From  G  let  fall  G  C  perpendicular  to 
X  X  Through  G  draw  G  D  parallel 
to  X  X,  and  equal  to  the  radius  of 
gyration  of  the  body  about  the  axis  G  D.  Join  C  D.  Then  will 
C  E  =  C  D  =  JWWT~CW  =  the  radius  of  gyration  of  the 
body  about  X  X,  From  D  draw  D  B  perpendicular  to  C  D, 
cutting  C  G  produced  in  B.  Then  will  B  be  the  centre  of  percus- 
sion of  the  body  for  the  axis  X  X. 

GD2 

To  find  B  by  calculation;  make  G  B  =   ^  ^  • 

C  is  the  centre  of  percussion  for  an  axis  traversing  B  parallel  to 

II.  To  convert  the  body  into  an  "  equivalent  simple  pendulum" 
for  the  axis  X  X,  or  for  an  axis  through  B  parallel  to  X  X ;  divide 
the  mass  of  the  body  into  two  parts  inversely  proportional  to  G  C 
and  G  B,  and  conceive  those  parts  to  be  concentrated  at  C  and  B 
respectively,  and  rigidly  connected  together. 

(Let  W  be  the  whole  mass,  and  C  and  B  the  two  parts;  then 
WGB   ^      W-GC 


W-GC\ 


^="CBr 

(The  "  equivalent  simple  pendulum  "  has  the  same  weight  with 
the  given  body,  and  also  the  same  moment  of  weight,  and  9ie  same 
moment  of  inertia,  with  the  given  body,  relatively  to  an  axis  in  the 
given  direction  X  X,  traversing  either  C  or  B.) 

IIL  Equivalent  Ring,  or  Equivalent  Fly-whed. — When  the  givea 
axis  traverses  the  centre  of  gravity,  G,  there  is  no  centre  of  per- 
cussion. The  moment  of  the  body's  weight  is  nothing,  and  its 
moment  of  inertia  is  the  same  as  if  its  whole  mass  were  concentrated 
in  a  ring  of  a  radius  eqiial  to  the  radius  of  gyration  of  the  body. 
That  rinff  may  be  called  the  "  equivalent  ring,"  or  "  equivalent 
fly-wheeL  ^         , 
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31d.  BeJwcedi  laertte.^ — If  in  a  certain  machine,  a  moiring 
piece  whose  we^ht  is  W  has  a  velocity  alwajrs  bearing  the 
ratio  71 :  1  to  the  velocity  of  the  driving  pointy  it  is  evident  tiiat 
when  the  driving  point  undergoes  a  given  acceleration,  the  work 
performed  in  producing  the  corresponding  acceleration  in  the  piece 
in  question  is  the  same  with  that  whidi  would  have  been  required 
if  a  weight  n'  W  had  been  concentrated  at  the  driving  pduit 

If  a  similar  calculation  be  performed  for  each  moving  piece  in  the 
machine^  and  the  results  added  together,  the  sum 

2  •  n»  W (L) 

gives  the  weight  which,  being  concentrated  at  the  driving  pointy 
would  require  the  same  work  for  a  given  acceleration  of  the  driving 
point  that  the  actual  machine  requires ;  so  that  if  i^i  is  the  initial, 
and  Va  the  final  velocity  of  the  dming  point,  the  work  of  accelera- 
tion of  the  whole  machine  is 

^JI^  .  Sw«W ^2.) 

This  operation  may  be  called  the  reditedon  of  the  inertia  to  ^ 
driving  point.  Mr.  Moseley,  by  whom  it  was  first  introduced  into 
the  theory  of  machines,  calls  the  expression  (1.)  the  "  oheffideiU  qf 
steadiness,**  for  reasons  which  will  afterwards  appear. 

In  finding  the  reduced  inertia  of  a  machine,  the  mass  of  each 
rotating  piece  is  to  be  treated  as  if  concentrated  at  a  distance  firom 
its  axis  equal  to  its  radius  of  gyration  ^;  so  that  if  v  represents  the 
velocity  of  the  driving  point  at  any  instant,  and  a  the  corresponding 
angular  vdocity  of  the  rotating  piece  in  question,  we  are  to  make 

^  =  ^ .....(3.) 

in  performing  the  calculation  expre^ed  by  the  formula  (1.) 

316.  Sniuuiiurr  of  Varioaa  Kinds  of  Work. — In  order  to  present  at 
one  view  the  symbolical  expression  of  the  various  modes  of  perform- 
ing work  described  in  the  preceding  articles,  let  it  be  supposed  that  in 
a  certain  interval  of  time  d  t  the  driving  p(Hnt  of  a  machine  moves 
through  the  distance  de;  that  during  the  same  time  its  omitre  of 
gravity  is  elevated  through  the  height  dh;  that  reaistanoes,  any 
one  of  which  is  represented  by  B,  are  overcome  at  points,  the  re- 
spective ratios  of  whose  velocities  to  that  of  the  driving  point  are 
denoted  by  n ;  that  the  weight  of  any  piece  of  the  mechanism  is  W,  and 
that  n'  denotes  the  ratio  of  its  velocity  (or  if  it  rotates,  the  ratio  of 
the  velocity  of  the  end  of  its  radius  of  gyration)  to  the  velocity  of 
the  driving  point;  and  that  the  driving  pointy  whose  mean  veloGity 
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d  8 

is  V  =  -^.,  undergoes  the  acceleration  d  v.     Then  the  wliole  work 

performed  during  the  interval  in  question  is 

dh'^W  +  d8'^nB.  +  '!^  .  2w'"W...(l.) 

The  mean  toted  resistcunce,  reduced  to  the  driving  poiiU,  may  bo 
computed  by  dividing  the  above  expression  by  the  motion  of  tho 
driving  point  d$=^vdt,  giving  the  following  result : — 

dh      ^  ,„  ,   ^     ^   ,     dv       -,-.,r«.  ^«% 

:T-.2W+SwB+--r-  .  ^nfW (2.) 

de  gdt 

Section  IL — O/Deviaiing  and  Centrifugal  Force. 

317.  l^erlatlBf  Force  of  m  Slacle  Bodtf.  (A.  M.,  537.) — ^It  is  part 
of  the  first  law  of  motion,  that  if  a  body  moves  under  no  force^  or 
balanced  forces,  it  moves  in  a  straight  line.    {A,  M.,  610,  512.) 

It  is  one  consequence  of  the  second  law  of  motion,  that  in  order 
that  a  body  may  move  in  a  curved  path,  it  must  be  continually 
acted  upon  by  an  unbalanced  force  at  right  angles  to  the  direction 
of  its  motion,  the  direction  of  the  force  being  that  towards  which 
the  path  of  the  body  is  curved,  and  its  magnitude  bearing  the  same 
ratio  to  the  weight  of  the  body  that  the  height  due  to  the  body's 
Telocity  bears  to  half  the  radius  of  curvature  of  its  path. 

This  principle  is  expressed  symbolically  as  follows : — 

Halfndiiisof     Height  doe  Body's  DeriatiDg 

corratore.        toTelcdtj.  weight.  force. 

r        ;        ^        ::       W        :        Q  =  :^. (1.) 

2  2g  gr  "-   ' 

In  the  case  of  projectiles  and  of  the  heavenly  bodies,  deviating 
force  is  supplied  by  that  component  of  the  mutual  attraction  of 
two  masses  which  acts  perpendicular  to  the  direction  of  their  rela- 
tive motion.  In  machines,  deviating  force  is  supplied  by  the 
strength  or  rigidity  of  some  body^  which  guides  the  revolving  mass, 
making  it  move  in  a  curve. 

A  pair  of  free  bodies  attracting  each  other  have  both  deviated 
motions,  the  attraction  of  each  guiding  the  other;  and  their  devia- 
tions of  motion  relatively  to  their  common  centre  of  gravily  are 
inversely  as  their  masses. 

In  a  machine,  oach  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  from  its  position,  in  a  direction  from 
the  centre  of  curvature  of  tiie  path  of  the  revolving  body;  and  that 
tendency  is  resisted  by  the  strength  and  stifihess  of  the  guiding 
body^  and  of  the  frame  with  which  it  is  connected. 
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318.  Ceatriflmal  F«rc«  {A,  M,,  538)  is  the  force  with  which  a 
revolving  body  reacts  on  the  body  that  guides  it,  and  is  equal  and 
opposite  to  the  deviating  force  with  which  the  guiding  body  acts 
on  the  revolving  body. 

In  £Eict,  as  has  been  already  stated,  eveiy  force  is  an  action 
between  two  bodies;  and  deviating  force  and  centrifugal  force  are 
but  two  different  names  for  the  same  force,  applied  to  it  according 
as  the  condition  of  the  revolving  body  or  that  of  the  guiding  body 
is  under  consideration  at  the  time. 

319.  A  BeT«lTiiig  Peadhitaai  is  one  of  the  simplest  practical  appli- 
cations of  the  principles  of  deviating  force,  and  is  described  hero 
becaiise  its  use  in  regulating  the  speed  of  prime  movers  will  after- 

wai^ds  have  to  be  referred  to.  It  consists  of  a 
ball  A,  suspended  from  a  point  C  by  a  rod  C  A 
of  smsdl  weight  as  compared  with  the  ball,  and 
revolving  in  a  circle  about  a  vertical  axis  C  B. 
The  tension  of  the  rod  is  the  resultant  of  the 
weight  of  the  ball  A,  acting  vertically,  and  of  its 
centrifugal  force,  acting  horizontally ;  and  there- 
fore the  rod  will  assume  such  an  inclination  that 

height  B  C  _  weight  _  g'r     .,  v 

radius  AB  ~  centrifugal  force  ~  tr^  *"^  '^ 

where  r  =  A  B.     Let  T  be  the  number  of  turns  per  second  of  the 
pendulum,  and  a  its  angular  velocity;  then 

r  =  ar  =  2TTr; 

and  therefore,  making  B  C  =  A, 

h  ^i^  ^J  -   -J 

/•    *u  w.  ^     4.T     A    x0-8154foot      9-7848  inches      ,^. 
=  (m  the  latitude  of  London) =^ =  ^ •••("•) 

320.  DeHatlBC  F«rce  In  Terns  ^f  Angalmr  Telodtf.  (A.  if.,  540.) 
— ^When  a  body  revolves  in  a  circular  path  round  a  nxed  axis,  as 
is  almost  always  the  case  with  the  revolving  parts  of  machines,  the 
radius  of  curvature  of  its  path,  being  the  perpendicular  distance  of 
the  body  from  the  axis,  is  constant;  and  the  velocity  v  of  the  body 
is  the  product  of  that  radius  into  the  angular  velocity;  or  symboli- 
cally, 

V  ss  ar  =  2  V  T  r. 

If  these  values  of  th^  velocity  be  substituted  for  t;  in  equation  1  of 
Article  317,  it  becomes — 
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Q« 


Wa^r     W-4»«T2r 


.(1.) 


9  9 

321.  Rcmiiaiit  Centriitagai  Forte.  \A,  M.y  603.)— The  whole  cen- 
trifugal force  of  a  body  of  any  figmre,  or  of  a  system  of  connected 
bodies,  rotating  about  an  axis,  is  the  same  in  amawnt  and  directitm 
as  if  the  whole  mass  weie  concentrated  at  the  centre  of  i^ravity  of 
the  system.  That  is  to  say,  in  the  formula  of  Article  320,W  is  to 
be  held  to  represent  the  weight  of  the  whole  body  or  system,  and  r 
the  perpendicular  distance  of  its  centre  of  gravity  from  the  axis; 
and  the  line  of  action  of  the  resultant  centrifugal  force  Q  is  always 
paraUd  to  r,  although  it  does  not  in  every  case  coineide  with  r. 

When  the  axis  of  rotation  traverses  the  centre  of  gravity  of  the 
body  or  system,  the  amount  of  the  centriftigal  force  is  nothing; 
that  is  to  say,  the  rotating  body  does  not  tend  to  pull  its  axis  as  a 
whole  out  of  its  place. 

The  centrifugal  forces  exerted  by  the  various  rotating  pieces  of 
a  machine  against  the  bearings  of  their  axles  are  to  be  taken  into 
account  in  determining  the  lateral  pressures  which  cause  friction, 
and  the  strength  of  the  axles  and  friunework. 

As  those  centrifugal  forces  cause  increased  friction  and  stress, 
and  sometimes,  also,  by  reason  of  their  continual  chuige  of  direc- 
tion, produce  detrimental  or  dangerous  vibration,  it  is  desirable  to 
reduce  them  to  the  smallest  possible  amount;  and  for  that  purpose, 
unless  there  is  some  special  reason  to  the  contrary,  the  axis  of  ro- 
tation of  every  piece  which  rotates  rapidly  ought  to  traverse  its 
centre  of  gravity,  that  the  resultant  centrifrigal  force  may  be  no- 
thing. ( 

322.  CeatriAigal  €«np1«— PenaaMeai  Axis. — It  is  not,  hoWjever, 
sufficient  to  annul  the  effect  of  centrifugal  force,  that  there  should 
be  no  tendency  to  shift  the  axis  as  a  whole;  there  should  also  be 
no  tendency  to  tti/m  it  into  a  new  angular  position. 

To  show,  by  the  simplest  possible  example^  that  the  latter  ten- 
dency may  exist  without 
the  former,  let  the  axis  of 
rotation  of  the  system 
shown  in  fig.  245  be  the 
centre  line  of  an  axle  rest- 
ing in  bearings  at  E  and  F. 
At  B  and  D  let  two  arms 
project  perpendicularly  to 
that  axle,  in  opposite  direc- 
tions in  the  same  plane, 
carrying  at  their  extremi-  ^fr  ^^^* 

ties  two  heavy  bodies  A  and  0.    Let  the  weights  of  the  arms  be 
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insensible  as  compared  with  the  weights  of  those  bodies;  and  let 
the  weights  of  the  bodies  be  inversely  as  their  distances  from  the 
axis ;  that  is,  let 

A  •  AB  =  C  •  CD. 

Let  AC  be  a  straight  line  joining  the  centres  of  grsvity  of  A 
and  C,  and  catting  the  axis  in  G;  then  G  is  the  common  centre  of 
gravity  of  A  and  C^  and  being  in  the  axis,  the  resultant  centrifdgal 
force  is  nothing. 

In  other  words,  let  a  be  the  angular  velocity  of  the  rotatioQ^ 
then 

The  centrifugal  force  exerted  on  the  axis  by  A 

o«  A'AB 

"^         ' 

The  centrifugal  force  exerted  on  the  axis  by  0 

_  q'C'CD 

"  9         ' 

and  those  forces  are  equal  in  magnitude  and  opposite  in  direction; 
so  that  there  is  no  tendency  to  remove  the  point  G  in  any  direc- 
tion. 

There  is,  however,  a  tendency  to  turn  the  axis  ahaui  the  point  G, 
being  the  product  of  the  common  magnitude  of  the  couple  of  cen- 
trifugal forces  above  stated,  into  their  leverage;  that  is,  the  perpen- 
dicular di£(faanoe  B  D  between  their  lines  of  action.  That  product 
is  called  the  moTneiU  of  the  centrifugal  couple;  and  is  represented  by 

QBD; (1.) 

Q  being  the  common  magnitude  of  the  equal  and  opposite  centri- 
fugal forces. 

That  couple  causes  a  couple  of  equal  and  opposite  pressures  of 
the  journals  of  the  axle  against  their  bearings  at  £  and  F,  in  the 
directions  represented  by  the  arrows,  and  of  the  magnitude  given 
by  the  formula — 

'^■m- -; <^> 

these  pressures  continually  change  their  directions  as  the  bodies 
A  and  C  revolve;  and  they  are  resisted  by  the  strength  and 
ligidily  of  the  bearings  and  £remia  It  is  desirable,  when  practi- 
cable, to  reduce  them  to  nothing ;  and  for  that  purpose,  the  points 
B,  G,  and  D  should  coincide;  in  which  case  the  centre  line  of  the 
axle  E  F  is  said  to  be  a  permanent  axis. 

When  there  are  more  than  two  bodies  in  the  rotating  syrtem^ 
the  centrifii^  couple  is  found  as  follows  ;-- 
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Let  X  X',  ^g,  246,  represent  the  axis  of  robatiaa ;  G,  the  centre 
of  gravity  of  the  rotating  body  or  system,  situated  in  tiiat  axis ;  so 
that  the  resultant  eentruugal  force  is  nothing. 

Let  W  be  any  one  of  the  parts  of 
which  the  body  or  system  is  com- 
posed, so  that,  the  weight  of  that 
part  being  denoted  by  W,  the 
weight  of  the  whole  body  or  sys- 
tem may  be  denoted  by  2  •  W. 

Let  r  denote  the  perpendictdar 
distance  of  the  centre  of  W  from 
the  axis ;  then 

WVr 
IT' 
is  the  centrifogal  force  of  W,  pnll-  Rg.  246. 

ing  the  axis  in  the  direction  xW. 

Assume  a  pair  of  axes  of  co-<»dinates,  QZ,  G  Y, 
perpendicular  to  X  X  and  to  each  other,  and  fixed 
relatively  to  the  rotating  body  or  system— that  is, 
rotating  along  with  it. 

From  W  let  feU  Wy  perpendicular  to  the  plane 
of  GX  and  GY,  and  paraUel  to  GZ;  also  W7, 
perpendicular  to  the  plane  of  GX  and  GZ,  and 
parallel  to  G  Y ;  and  make  rig.  247. 

^=zW^  =  y;  ^=,W^  =  z;   G^  =  x. 
^  Then  the  centrifugal  force  which  W  exerts  on  the  axis,  and  which 
M  proportional  to  r,  may  be  resolved  into  two  components,  in  the 
direction  of,  and  proportional  to,  y  and  «  respectively,  viz.  :— 

' — 5^  parallel  to  GY,  and 
9 

parallel  to  G  Z: 

9                              ' 
and  those  two  component  forces,  being  both  appHed  at  the  end  of 
^e  lever  G  a;  =  a;,  exert  numents,  or  tendencies  to  turn  the  axis 
X  X'  about  the  point  Z,  expressed  as  follows : 

. H^,  tending  to  turn  G  X  about  G  Z  towards  G  Y; 

,  tending  to  turn  G  X  about  G  Y  towards  G  Z. 

In  the  same  manner  are  to  be  found  the  several  moments  of  the 
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centrifugal  forces  of  all  the  other  parts  of  which  the  body  or  system 
consists;  and  care  is  to  be  taken  to  distinguish  momentB  which 
tend  to  turn  the  axis  touxurds  G  Y  or  G  Z  from  those  which  tend  to 
turn  it  from  those  positions,  by  treating  one  of  these  classes  of 
quantities  as  positive,  and  the  other  as  negative. 

Then  by  adding  together  the  positive  moments  and  subtracting 
the  negative  moments  for  all  the  parts  of  the  body  or  system,  are 
to  be  found  the  two  sums, 

-  .  ^'Wyx;  -  .  ^'Wzx; (3.) 

9  9 

which  represent  the  total  tendencies  of  all  the  centrifugal  forces  to 
turn  the  axis  in  the  planes  of  G  Y  and  G  Z  respectively. 

In  fig.  247  lay  down  G  Y  to  represent  the  former  moment,  and 
G  Z,  perpendicular  to  G  Y,  to  represent  the  latter.  Then  the  disr 
gonal  G  M  of  the  rectangle  G  Z  M  Y  will  represent  the  resultant 
moment  of  what  is  called  the  OENTBiFnGAL  Couple,  and  the  direc- 
tion of  that  line  will  indicate  the  direction  in  which  that  couple 
tends  to  turn  the  axis  GX  about  the  point  G.  Its  value,  and  its 
angular  position,  are  given  by  the  equations. 


G 

tan^ 


-:YGM  =  O^^GY  j  


The  condition  which  it  is  desirable  to  fulfil  in  all  rapidly  rotating 
pieces  of  machines,  that  the  axis  of  rotation  shall  be  a  permaneTU 
0X18,  is  fulfilled  when  each  of  the  sums  in  the  formula  3  is  nothing; 
that  is,  when  J 

S-Wya;  =  0-  S-W«a;  =  0, (5.) 

The  question,  whether  the  axis  of  a  rotating  piece  is  apennanent 
axis  or  not,  is  tested  experimentally  by  making  the  piece  spin  round 
rapidly  with  its  shaft  resting  in  beanngs  which  are  suspended  by 
chains  or  cords,  so  as  to  be  at  liberty  to  swing.  If  the  axis  is  not 
a  permanent  axis,  it  oscillates;  if  it  is,  it  remains  steady. 

When  the  axis  of  rotation  traverses  the  centre  of  gravity  of  the 
piece,  there  is  said  to  be  a  standing  balance;  when  it  is  also  a 
permanent  axis,  there  is  said  to  be  a  running  balance. 

Section  III. — Of  Effort,  Energy,  Power,  and  ^cieney. 

323.  Effort  is  a  name  applied  to  a  force  which  acts  on  a  body  in 
the  direction  of  its  motion  {A,  M,,  511). 

If  a  force  is  applied  to  a  body  in  a  direction  making  an  acute 


Digitized 


by  Google 


!  =  F  -sin  ^  j 


EFFORT — ^UNIFORM  SPEED.  369 

angle  with  the  direction  of  the  body's  motion,  the  component 
of  that  oblique  force  along  the  direction  of  the  body's  motion  is  an 
effort.  That  is  to  say,  in  fig.  248,  let  A  B  represent  the  direction 
in  which  A  is  moving;  let  A  F  repre-  ,1,^^     ^ 

sent  a  force  applied  to  A,  obliquely  to  A  p         b 

that  direction;  from  F  draw  FP  per-  N.       I  ' 

pendicular  to  A  B;   then  A  P  is  the  >J 

effort  due  to  the  force  AF.     The  trans-  J 

verse  component  PF 10  a  lateral  forcOy  ^^ 

like  the  transverse  component  of  the  oblique  resisting  force  in 

Article  304 

To  express  this  algebraically,  let  the  entire  force  A  F  =  F,  the 
effort  A  P=  P,  the  lateral  force  PF  =  Q,  and  the  ajagle  of  obli- 
quity P  A  F  =  ^.     Then 

Q°i -:.-'. f <■■> 

324.  CMidiUM  mt  UBifMB  Speed.  {A.  M,,  510,  512,  537.)— Ac- 
cording to  the  first  law  of  motion,  in  order  that  a  body  may  move 
uniformly,  the  forces  applied  to  it,  if  any,  must  balance  each  other; 
and  the  same  principle  holds  for  -^  machine  consisting  of  any  num- 
ber of  bodies.  ' 

When  the  direction  of  a  body's  motion  varies,  but  not  the  veiocUy, 
the  lateral  force  required  to  produce  the  change  of  direction  depends 
on  the  principles  set  forth  in  Section  2 ;  but  i£e  condition  of  balance 
still  holds  for  the  forces  which  act  along  the  direction  of  the  body's 
motion,  that  is,  for  the  efforts  and  renstancea;  so  that,  whether  for 
a  single  body  or  for  a  machine,  the  condition  of  uniform  velocity  is, 
that  the  efforts  shall  balance  the  resistances. 

In  a  machine,  this  condition  must  be  fulfilled  for  each  of  the 
single  moving  pieces  of  which  it  consists. 

It  can  be  shown  from  the  principles  of  statics  (that  is,  the  science 
of  balanced  forces),  that  in  any  body,  system,  or  machine,  that  con- 
dition is  fulfilled  when  the  sum  ofdU  products  of  the  ^orts  into  the 
velocities  o/their  respective  points  0/ action  is  equal  to  the  sum  o/tlie 
products  o/the  resistances  into  the  velocities  of  the  points  where  they 
are  overcome. 

Thus,  let  V  be  the  velocity  of  a  driving  point,  or  point  where  an 
effort  P  is  applied ;  r'  the  velocity  of  a  working  point,  or  point  where 
a  resistance  It  is  overcome ;  the  condition  of  uniform  velocity  for  any 
body,  system,  or  machine  is 

3  •  P  V  =  3  •  R  t/ (1.) 

If  there  be  only  one  driving  point,  or  if  the  velocities  of  all  the 
2b 
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driTing  points  be  alike^  thea  P  being  the  total  effort,  tJie  single 
product  r  V  may  be  put  in  in  place  of  the  sum  2  •  P  r ;  reducing 
the  above  equation  to 

Pt?  =  3  •  Rt/ (2.) 

Beferring  now  to  Article  305,  let  the  machine  be  one  in  which  the 

eomparaUve  or  proportiancUe  velocities  of  all  the  points  at  a  given 

instant  aie  known  independently  of  their  absolute  velocities,  from 

the  construction  of  the  machine ;  so  that,  for  eiBmple,  the  velocity 

of  the  point  where  the  resistance  B  is  overcome  beais  to  that  of 

the  driving  point  the  ratio 

f/ 
-=n; 

then  the  condition  of  imiform  speed  may  be  thus  expressed : — 

P=2-wIl; (3.) 

ih&t  isy  the  total  ^(^  is  egnud  to  the  sumo/the  resistaiicesreckLc^ 
the  drvoing  point 

325.  E«e>fr-P«t««iiBi  BaergT.  (A.  M.,  514,  517, 593,  660.)— 
Energy  means  capacity  /or  performing  work,  and  is  expressed,  like 
work,  by  the  product  of  a  force  into  a  space. 

The  energy  of  an  effort,  sometimes  called  "potenUdl  energy  **  (to 
distinguish  it  from  another  form  of  energy  to  be  afterwards  referred 
to),  is  the  product  o/ihe  effort  into  the  distance  through  which  it  is 
capable  ofac^lMi/gX^  Thus,  if  a  weight  of  100  pounds  be  placed  at  an 
elevation  of  20  feet  above  the  ground,  or  above  the  lowest  plane 
to  which  the  circumstances  of  Ihe  case  admit  of  its  descending, 
that  weight  is  said  to  possess  potential  energy  to  the  amount  of 
100  X  20  =  2,000  foot-pounds;  which  means,  that  in  descending 
from  its  actual  elevation  to  the  lowest  point  of  its  course,  the 
weight  is  capable  0/ performing  work  to  that  amount. 

To  take  another  example,  let  there  be  a  reservoir  containing 
10,000,000  gallons  of  water,  in  such  a  position  that  the  centre  of 
gravily  of  the  mass  of  water  in  the  reservoir  is  100  feet  above  the 
lowest  point  to  which  it  can  be  made  to  descend  while  overcoming 
resistanca  Then  as  a  gallon  of  water  weighs  10  lbs.,  the  weight  of 
the  store  of  water  is  100,000,000  lbs.,  wMch  being  multiplied  by 
the  height  through  which  that  weight  is  capable  of  acting,  100  feet, 
gives  10,000,000,000  foot-pounds  for  the  potential  energy  of  the 
weight  of  the  store  of  water. 

326.  B«Mriltf  •f  Baergy  Bzerted  wmA  Wok  PcrAnted. — ^When 
an  effort  actually  does  drive  its  point  of  application  through  a 
certain  distance,  energy  to  the  amount  of  the  product  of  the  effort 
into  that  distance  is  said  to  be  exerted;  and  the  potential  enecgy. 
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or  enercy  "which  remams  eapcMe  of  being  exerted,  is  to  that  amount 
diminisnecL 

When  the  energy  is  exerted  in  driving  a  machine  at  bh  uniform 
speed,  it  is  equal  to  the  toork  perjbrmed. 

To  express  this  algebraically,  let  t  denote  the  time  during  which 
the  energy  is  exerted,  v  the  velocity  of  a  driving  point  at  which  an 
effort  P  is  applied,  a  the  distance  through  which  it  is  driven,  t/  the 
velocity  of  any  working  point  at  which  a  resistance  R  is  overcome^ 
tf  the  distance  through  which  it  is  driven;  then 

B  =  vt;  e^=v'  t; 

and  multiplying  equation  1  of  Article  324  by  the  time  t,  we  obtain 
the  following  equation : — 

2Pt?«  =  2Rt/«  =  2'P»=  2-R«'; (1.) 

which  expresses  the  equality  of  energy  exerted^  and  work  per- 
formed, for  constant  efforts  and  resistances. 

When  the  efforts  and  resistances  vary,  it  is  sufficient  to  refer  to 
Article  307,  to  show  that  the  same  principle  is  expressed  as 
follows: — 

sj  P df «  =  2  I  Rdef; (2.) 

where  the  symbol  i  expresses  the  operation  of  finding  the  work 

performed  against  a  varying  resistance,  or  the  energy  exerted  by  a 
varying  effort,  as  the  case  may  be;  and  the  symbol  2  expresses  the 
operation  of  adding  together  the  quantities  of  energy  exerted,  or 
work  performed,  as  the  case  may  be,  at  different  points  of  the 
machine. 

327.  TatiMw  FkdMw  •€  Hmngf.T-A  quantity  of  energy,  like  a 
quantity  of  work,  may  be  computed  by  multiplying  either  a  force 
into  a  distance,  or  a  statical  moment  into  an  angular  motion,  or  the 
intensity  of  a  pressure  into  a  voluma  These  processes  have  already 
been  explained  in  detail  in  Articles  301  and  302,  pages  340  to  341. 

328.  The  B1MI17  Bz«Me4  ta  PMdacins  AccekwatlMi  {A,  M.,  549) 
is  equal  to  the  work  of  acceleration,  whose  amount  has  been  inves- 
tigated in  Articles  312  and  313,  pages  354  to  357. 

329.  The  AccelcnuiBg  Btfrn  {A.  M.j  554)  by  which  a  given  in- 
crease of  velocity  in  a  given  mass  is  produced,  and  which  is  exerted 
by  the  driving  body  a^inst  the  driven  body,  is  equal  and  Opposite 
to  the  resistance  due  to  acceleration  which  the  driven  body  exerts 
against  the  driving  body,  and  whose  amount  has  been  given  in 
Articles  312  and  313.  Befening,  therefore,  to  equations  4  and  8 
of  Article  312,  we  find  the  two  following  expressions,  the  first  of 
which  gives  the  accelerating  effort  required  to  produce  a  given 
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acceleration  dvixkA  body  whose  weight  is  W,  when  the  iknB  dt  in 
which  that  acceleration  is  to  be  produced  is  given,  and  the  second, 
the  same  accelerating  effort,  when  the  distance  ds  =  vdtm  which 
the  acceleration  is  to  be  produced  is  given : — 

(3) 

Beferrinff  next  to  Article  313,  page  357,  we  find  from  equations 
5, 6,  and  7,  uiat  the  work  of  acceleration  corresponding  to  an  increaae 
d^  a  in  the  angular  velocity  of  a  rotating  bodj  whose  moment  of 
inertia  is  I,  is 

I  *  d  (a*)     lad  a 

— — i — c  as • 

2g  g 

Let  Jt  be  the  tirney  and  d%  =  adiike  angtdar  moUon  in  which 
that  acceleration  is  to  be  produced;  let  Pbe  the  acceleratinff  effort^ 
and  I  its  leverage,  or  the  perpendicular  distance  of  its  line  of  action 
from  the  aids;  then,  according  as  the  time  dt,  or  the  angle  diyia 
given,  we  have  the  two  following  expressions  for  the  aeoderaling 
couple: — 

P/  =  i.|^ (3.) 

g    dt  ^  ' 

g'   di       g'2di ^  *^ 

Lastly,  referring  to  Article  315,  page  362,  equation  2,  we  find,  that 
if  a  train  of  mechanism  consists  of  various  parts,  and  if  W  be  the 
weight  of  any  one  of  those  parts,  whose  velocity  t/  bears  to  that  of 

the  driving  point  v  the  ratio  —  =  n,  then  the  accelerating  effort 

which  must  be  applied  to  the  driving  point,  in  order  that,  during 
the  interval  dt,  in.  which  the  driving  point  moves  through  the 
distance  da  ^  v  dt,  that  point  may  undergo  the  acceleration  d v, 
and  each  weight  W  the  corresponding  acceleration  ndv^^ia  given 
by  one  or  other  of  the  two  formulse — 

T^^J^.p, (5.) 

g        dt  ^    ' 


n'W    vdv_  an'W    d^v^ 
g      '    de  g      '  2de 


(6) 
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330.  Work  IHurliMS  ReimrdKa«B— Eacrgy  Stored  tmd  Rottored. 
(-4.  M,,  528,  549,  550.)--In  order  to  cause  a  given  retardation,  or 
diminntion  of  the  velocity  of  a  given  body,  in  a  given  time,  or 
while  it  travei*8es  a  given  distance,  resistance  must  be  opposed  to 
its  motion  equal  to  ttie  effort  whidi  would  be  required  to  produce 
in  the  same  time,  or  in  the  same  distance,  an  acceleration  equal  to 
the  retardation. 

A  moving  body,  therefore,  while  being  retarded,  overcomes  f9- 
tistance  and  per/orma  work;  and  that  work  is  equal  to  the  eneigy 
exerted  in  pixnlucing  an  acceleration  of  the  same  body  equal  tc  the 
retardation. 

It  is  for  this  reason  that  it  has  been  stated,  in  Article  312,  that 
the  work  performed  in  accelerating  the  speed  of  the  moving  pieces 
of  a  machine  is  not  necessarily  lost;  for  those  moving  pieces,  by 
returning  to  their  original  speed,  are  capable  of  performing  an 
equal  amount  of  work  in  overcoming  resistance;  so  that  the  per- 
formance of  such  work  is  not  prevented,  but  only  deferred.  Hence 
energy  exerted  in  acceleration  is  said  to  be  stored;  and  when  by  a 
subsequent  and  equal  retardation  an  equal  amount  of  work  is  per- 
formed, that  energy  is  said  to  be  restored 

The  algebraical  expressions  for  the  relations  between  a  retarding 
resistance,  and  the  retardation  which  it  producQ3  in  a  given  body 
by  acting  during  a  given  time  or  through  a  ffiven  space,  are  ob- 
tained from  the  equations  of  Article  329  simply  by  putting  R,  the 
symbol  for  a  resistance,  instead  of  P,  the  symbol  for  an  effort,  and 
—  cf  V,  the  symbol  for  a  retardation,  instead  of  d  v,  the  symbol  for 
an  acceleration. 

331.  The  Actmi  Baeru  {A.  M,,  547,  589)  of  a  moving  body  is 
the  work  which  it  is  capable  of  performing  against  a  retarding 
resistance  before  beine  brought  to  rest,  and  is  equal  to  the  eneigy 
which  must  be  exerted  on  the  body  to  bring  it  itom  a  state  of  rest 
to  its  actual  velodiy.  The  value  cf  that  quantily  is  Reproduce  of 
the  Ufeight  of  the  body  into  the  height  fiom  which  it  must  faU  to 
acquire  its  actual  velocity;  that  is  to  say, 

2g  ^'-^ 

The  toted  actaal  energy  of  a  system  of  bodies,  each  moving  with 
its  own  velocity,  is  denoted  by 

~Tr' ^-^ 

and  when  those  bodies  are  the  pieces  of  a  machine,  whose  velocities 
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'bear  definite  latioa  (any  one  oi  which  ib  denoted  by  n)  to  the  velo- 
city of  the  driving  point  v,  their  total  actual  energy  is 

^•=«'^' (3.) 

being  ihe  product  of  (he  redvjced  inertia  (or  co-efficient  of  steadiness^ 
as  Mr.  Moseley  oeJIs  it)  into  ihe  height  due  to  the  vdodty  of  the 
drvovngpoinL 

The  actual  energy  of  a  rotating  body  whose  angular  velocity  is  o^ 
and  moment  of  inertia  a  W  r*  =  I,  ia 

?LI.     (4) 

that  isy  ihe  product  of  ihe  momeni  of  inertia  into  the  height  due  to  the 
vdodty,  ^  of  a  point,  tchoae  didance  Jrom  (he  axia  qf  rotation  is 


When  a  given  amount  of  enei^  is  alternately  stored  and  re- 
stored by  alternate  increase  and  diminution  in  the  speed  of  a  ma- 
chine, the  actual  energy  of  the  machine  is  alteniately  increased  and 
diminished  by  that  amounts 

Actual  energy,  like  motion,  is  rdaiive  only.  That  is  to  say,  in 
computing  the  actual  energy  of  a  body,  which  is  the  capacity  it 
possesses  of  performing  work  upon  certain  other  bodies  by  reaeon 
of  its  motion,  it  is  the  motion  rwUiody  to  those  other  bodies  that  is 
to  be  taken  into  account. 

For  example,  if  it  be  wished  to  determine  how  many  turns  a 
wheel  of  a  locomotive  engine,  rotating  with  a  given  velocity,  would 
make,  before  being  stopped  by  the  Jnction  <fii8  bearings  oifdy,  sup- 
posing it  lifted  out  of  contact  with  the  rails, — the  actuial  energy  of 
that  wheel  is  to  be  taken  rdatiwdy  to  ^  frame  of  the  engine  to 
which  those  bearings  are  fixed,  and  is  simply  the  actual  energy  due 
to  the  rotation.  But  if  the  wheel  be  supposed  to  be  detached  from 
the  engine,  and  it  is  inquired  how  high  it  wiU  ascend  up  a  perfectly 
smooth  imdimed  pUme  before  being  stopped  by  the  attraction  of  the 
earth,  then  its  actual  energy  is  to  be  taken  relatively  to  the  earth; 
that  is  to  say,  to  the  eneigy  of  rotation  already  mentioned,  is  to  be 
added  the  energy  due  to  the  trandation  or  forward  motion  of  the 
wheel  along  with  its  axis. 

332.  A  BeciprocaUag  Force  {A,  M.,  556)  is  a  force  which  acts 
alternately  as  an  effort  and  as  an  equal  and  opposite  resistance, 
according  to  the  direction  of  motion  of  the  body.  Such  a  force  is 
the  weight  of  a  moving  piece  whose  centre  of  gravity  alternately 
rises  ai^  fiiUs;  and  bu<£  is  the  elasticity  of  a  perfectly  elastio  body. 
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The  work  whidi  a  body  performs  in  moTing  against  a  reciprocatiiig 
force  is  employed  in  increasing  its  own  potential  energy^  and  is  not 
lost  by  the  body;  so  that  by  the  motion  of  a  body  alternately 
against  and  with  a  reciprocating  force,  energy  is  Oored  and  fi0- 
stored,  as  well  as  by  alternate  acceleration  and  retardation. 

Let  s  W  denote  the  weight  of  the  whole  of  the  moving  pieces 
of  any  machine,  and  h  a  height  through  which  the  common  centre 
of  gravity  of  them  all  is  altornately  nosed  and  lowered.  Then  tho 
quantity  of  energy —  A  a  W 

is  stored  while  the  centre  of  gravity  is  rising,  and  restored  while  it 
is  falling. 

These  principles  are  illustrated  by  the  action  of  the  plunges  of 
ft  single  acting  pumping  steam  engina  The  weight  of  those 
plungers  acts  as  a  resistance  while  they  are  being  lifted  by  the 
pressure  of  the  steam  on  the  piston;  and  the  same  weight  acts  as 
effort  when  the  plungers  descend  and  drive  before  them  the  water 
with  which  the  pump  barrels  have  been  filled.  Thus,  the  eneigy 
exerted  by  the  steam  on  the  piston  is  stored  during  the  up-etroke 
of  the  plungers ;  and  during  their  down-stroke  the  same  amount  of 
enei^  is  restored,  and  employed  in  performing  the  work  of  raising 
water  and  overcoming  its  friction.  /  . 

333.  Periodical  hi^ob.  (A.  M,j  553.>^If  a  body  moves in  such 
a  manner  that  it  periodically  returns  to  its  original  velocity,  then 
at  the  end  of  each  period,  the  entire  variation  of  its  actual  energy 
is  nothing;  and  if,  during  any  part  of  the  period  of  motion,  energy 
has  been  stored  by  acceleration  of  the  body,  the  same  quantity  of 
energy  exactly  must  have  been  during  another  part  of  the  period 
restored  by  retardation  of  the  body. 

If  the  body  abo  returns  in  the  course  .of  the  same  period  to  the 
same  position  relatively  to  all  bodies  which  exert  reciprocating 
forces  on  it — ^for  example,  if  it  returns  periodically  to  the  same 
elevation  relatively  to  the  earth's  surface— any  quantity  of  energy 
which  has  been  stored  during  one  part  of  the  period  by  moving 
against  reciprocating  forces  must  have  been  exactly  restored  during 
another  part  of  the  period. 

Hence  <U  the  end  of  each  period,  the  equality  of  energy  and  noork, 
and  the  balance  of  mean  effort  and  mean  resistance,  holds  with 
respect  to  the  drimng  effort  and  the  resistances,  exactly  as  if  the  speed 
were  uniform  and  the  reciprocating  forces  mdl;  and  all  tiie  equa- 
tions of  Articles  324  and  326  are  applicable  to  periodic  motion,  pro- 
vided that  in  the  equations  of  Article  324,  and  equation  1  of  Article 
326,  P,  E,  and  v  are  held  to  denote  the  mean  values  of  the  efforts, 
resistances,  and  velocities, — that  s  and  sf  are  held  to  denote  spaces 
moved  through  in  one  or  more  entire  pefnodSj^^ssiA  that  in  equa- 
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tion  2  of  Article  326,  the  integrations  denoted  by  /  be  beld  to 

extend  to  one  or  more  erUire  periods. 

These  principles  are  illustrated  by  the  steam  engine.  The  velo- 
cities of  its  moving  parts  are  continually  varying,  and  those  of 
some  of  them,  such  as  the  piston,  are  periodically  reversed  in  direc- 
tion. But  at  the  end  of  each  period,  called  a  revoliUion,  or  double- 
stroke,  every  part  returns  to  its  original  position  and  velocity ;  so 
that  the  egualUy  of  energy  and  wonc,  and  the  equality  of  the  mean 
effort  to  the  meam,  resistance  reduced  to  the  drivhig  point, — ^that  is, 
the  equality  of  the  mean  effective  pressure  of  the  steam  on  the  pis- 
ton to  the  mean  total  resistance  reduced  to  the  piston — ^hold  for 
one  or  any  whole  number  of  complete  revoltitions,  exactly  as  for 
uniform  speed. 

It  thus  appears  that  (as  stated  at  the  commencement  of  this 
Part)  there  are  two  fundamentally  different  ways  of  considering  a 
periodically  moving  machine,  each  of  which  must  be  employed  in 
succession,  in  order  to  obtain  a  complete  knowledge  of  its  work- 
ing. 

''  I.  In  the  first  place  is  considered  the  action  of  the  machine 
during  one  or  more  whole  periods,  with  a  view  to  the  determina- 
tion of  the  relation  between  the  mean  resistances  and  mean  efforts, 
and  of  the  efficienct;  that  is,  the  ratio  which  the  usefid  part  of 
its  work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  is  either  uniform  or  periodical 

'<  IL  In  the  second  place  is  to  be  considered  the  action  of  the 
machine  during  intervals  of  time  less  than  its  period,  in  order  to 
determine  the  law  of  the  periodic  changes  in  the  motions  of  the 
pieces  of  which  the  machine  consists,  and  of  the  periodic  or  recip- 
rocating forces  by  which  such  changes  are  produced." 

334.  smnteg  aad  8i«ppt^  ^A.  M.,  691.)— The  starting  of  a 
machine  consists  in  setting  it  in  motion  from  a  state  of  rest,  and 
bringing  it  up  to  its  proper  mean  velocity.  This  operation  requires 
the  exertion,  besides  the  energy  required  to  overcome  the  mean 
resistance,  of  an  additional  quantity  of  energy  equal  to  the  actual 
energy  of  the  machine  when  moving  with  its  mean  velocity,  as 
found  according  to  the  principles  of  Article  331,  page  373. 

If,  in  order  to  stop  a  machine,  the  effort  of  the  prime  mover  is 

simply  suspended,  the  machine  will  continue  to  go  until  work  has 

.  been  performed  in  overcoming  resistances  equal  to  the  actual  eneigy 

due  to  the  speed  of  the  machine  at  the  time  of  suspending  the  effort 

of  the  prime  mover. 

In  order  to  diminish  the  time  required  by  this  operation,  the 
resistance  may  be  increased  by  means  of  the  friction  of  a  brake. 
Brakes  will  be  further  described  in  the  sequel, 

335.  The  EiiiclcBcy  of  a  machine  is  a  fraction  expressing  the  ratio 

Digitized  by  VjOOQIC 


EFFICIENCY  AND  COUNTER-EFFICIENCY.  377 

of  the  useful  work  to  the  whole  work,  which  is  equal  to  the  energy 
expended  The  CouNTER-EFFiaENCY  is  the  reciprocal  of  the 
efficiency,  and  is  the  ratio  in  which  the  energy  expended  is  greater 
than  the  useful  work.  The  object  of  improvements  in  machines  is 
to  bring  their  efficiency  and  counter-efficiency  as  near  to  unity  as 
possible. 

As  to  useful  and  lost  work,  see  Article  308.  The  algebraical  ex- 
pression of  the  efficiency  of  a  machine  having  uniform  or  periodical 
motion,  is  obtained  by  introducing  the  distinction  between  useful 
and  lost  work  into  the  equations  of  the  conservation  of  energy. 
Thus,  let  P  denote  the  mean  effi)rt  at  the  driving  point;  «,  the  space 
described  by  it  in  a  given  interval  of  time,  being  a  whole  number 
of  periods  of  revolutions;  B^,  the  mean  useful  resistance;  s^,  the 
"space  through  which  it  is  overcome  in  the  same  interval;  R^,  any 
one  of  the  wasteful  resistances;  «2>  ^h©  space  through  which  it  is 
overcome;  then 

P«  =  R,«x  +  a  •  B,8,; (1.) 

and  the  efficiency  of  the  machine  is  expressed  by 

(2) 


^  *l Rl  8i 


In  many  cases  the  lost  work  of  a  machine,  B^  ^  consists  of  a  con* 
stant  part,  and  of  a  part  bearing  to  the  useful  work  a  proportion 
depending  in  some  definite  manner  on  the  sizes,  figures,  arrange- 
ment, and  connection  of  the  pieces  of  the  train,  on  which  also  de- 
pends ihe  constant  part  of  the  lost  work.  In  such  cases  the  whole 
enei^  expended  and  the  efficiency  of  the  machine  are  expressed  by 
the  equations 

Pi»  =  (l+A)Ri*i+B; 

R.^1  1 


^s    'l  +  A  +  ^ 


(3.) 


and  the  first  of  these  is  the  mathematical  expression  of  what  Mr. 
Moseley  calls  the  ''  modulus"  of  a  machine. 

The  usefdl  work  of  an  intermediate  piece  in  a  train  of  mechanism 
consists  in  driving  the  piece  which  follows  it,  and  is  less  than  the 
energy  exerted  upon  it  by  the  amount  of  the  work  lost  in  overcom- 
ing its  own  MotioiL  Hence  the  efficiency  of  such  an  intermediate 
piece  is  the  ratio  of  the  work  performed  by  it  in  driving  the  foUow- 
mg  piece,  to  the  ener^  exerted  on  it  by  the  preceding  piece;  and  it 
is  evident  that  the  efficiency  of  a  macnine  is  the  product  of  the  effi- 
dendee  of  the  eeriee  of  moving  pieeea  which  tranamit  energy  from  the 
driving  point  to  the  working  point.   The  same  principle  applies  to  a 
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train  of  mceesstve  machines,  each  driving  that  which  follows  it;  and 
to  counter-efficiency  as  well  as  to  effidenoy. 

336.  Power  Mid  B«pct  Mf—  Powijb — ^The  power  of  a  machine 
is  the  energy  exerted,  and  the  ^ect,  the  useful  work  performed,  in 
some  interval  of  time  of  definite  l^igth,  such  as  a  second,  a  minute, 
an  hour,  or  a  day. 

The  xmit  of  power  called  conventionally  a  home-power^  is  550 
foot-pounds  per  second,  or  33,000  foot-pounds  per  minute,  or 
1,980,000  foot-pounds  per  hour.  The  effect  is  equal  to  the  power 
multiplied  by  the  efficiency;  and  the  power  is  equal  to  the  effect 
multiplied  by  the  counteivefficienoy.  The  loss  of  power  is  the  dif- 
ference between  the  effect  and  the  power.  As  to  the  French 
"  Force  de  Cheval,"  see  Article  299,  page  339.  It  is  equal  to 
0*9863  of  a  British  horse-power;  and  a  British  horse-power  is 
10139  force  de  cheval 

337.  Ocaerai  B^vatioB. — The  following  general  equation  pre- 
sents at  one  view  the  principles  of  the  action  of  machines,  whether 
moving  uniformly,  periodiadly,  or  otherwise : — 

/Prf«  =  2 /Rd«'=i=  A2W  +  2 -^^^^l::!^; 

where  W  is  the  weight  of  any  moving  piece  of  the  machine; 

hy  when  positive,  the  elevation,  and  when  n^ative,  the  depres- 
sion, which  the  common  centre  of  gravity  of  all  the  moving  pieces 
undergoes  in  the  interval  of  time  under  consideration;  v^  the 
velocity  at  the  beginning,  and  v^  the  velocity  at  the  end,  of  the 
interval  in  question,  with  which  a  given  particle  of  the  machine  of 
the  weight  W  is  moving; 

g,  the  acceleration  which  gravity  causes  in  a  second,  or  32*2  feet 
per  second,  or  9*81  metres  per  second. 


/' 


R  d  a'y  the  work  performed  in  overcoming  any  resistance  during 
the  interval  in  question ; 

P  c? «,  the  energy  exerted  during  the  interval  in  question. 


/' 


The  second  and  third  terms  of  the  right-hand  side,  when  positive, 
are  energy  stored  ;  when  negative,  en&rgy  restored. 

The  principle  represented  by  the  equation  is  expressed  in  words 
as  follows : — 

The  energy  exerted,  added  to  the  energy  restored,  is  equal  to  the 
energy  stored  added  to  the  work  performed. 

338.  The  Prinelple  •£  TiitMa  TeleelUee,  when  applied  to  the 
uniform  motion  of  a  machine,  is  expressed  by  equation  3  of  Article 
324,  already  given  in  page  369 ;  or  in  words  as  follows : — The  effort 
is  equal  to  the  sum,  of  Hie  resistances  reduced  to  the  drivinq  point; 
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that  is,  each  multiplied  by  the  ratio  of  the  velocity  of  its  workiDg 
point  to  the  velocity  of  the  driving  point.  The  same  principle, 
when  applied  to  reciprocating  forces  and  to  re-actions  due  to 
varying  speed,  as  well  as  to  passive  resistances,  is  expressed  by 
means  of  a  modified  form  of  the  general  equation  of  ^tide  337, 
obtained  in  the  following  manner : — Let  n  denote  either  the  ratio 
borne  at  a  given  instant  by  the  velocity  of  a  given  working  point, 
where  the  resistance  It  is  overcome,  to  the  velocity  of  the  driving 
point,  or  the  mean  value  of  that  ratio  during  a  given  interval  of 
time;  let  n"  denote  the  corresponding  ratio  for  the  vertical  ascent 
or  descent  (according  as  it  is  positive  or  n^^tive)  of  a  moving 
piece  whose  weight  is  W;  let  n*  denote  the  corresponding  ratio 
for  the  mean  velocity  of  a  mass  whose  weight  is  W,  undergoing 

acceleration  or  retardation,  and  -=-   either  the  rate  of  acceleration 

at 

of  that  mass,  if  the  calculation  relates  to  an  instant,  or  the  mean 

value  of  that  rate,  if  to  a  finite  interval  of  time.     Then  the  effort 

at  the  instant,  or  the  mean  effort  during  the  given  interval,  as  the 

case  may  be,  is  given  by  the  following  equation : — 

gdt 

If  the  ratio  w',  which  the  velocity  of  the  mass  W  bears  to  that  of 

...  dif    vl  dv     ,        d  V 

the  dnving  pomt,  is  constant,  we  may  put  -jj  =  —rj-,  where  -,- 

at       dt  dt 

denotes  the  rate  of  acceleration  of  the  driving  point;  and  then  the 
third  term  of  the  foregoing  expression  becomes  — ->-  2  *  n'*  W,  as  in 

formula  2  of  Article  316,  page  363. 

339.  F«rcM  te  tlie  HeclMuacal  P«wcn»  aegleetlMS  Frlettoa— Par- 
chaM. — ^The  mechanical  powers,  considered  as  means  of  modifying 
motion  only,  have  been  considered  in  Articles  221  to  224,  pages 
231  to  234.  Wh«[i  friction  is  neglected,  any  one  of  the  mechan- 
ical powers  may  be  regarded  as  an  unifirnnly-moviaig  simple 
machine^  vn  which  one  effort  balancea  one  resistance;  and  in  which, 
consequently,  according  to  the  principle  of  virtual  velocities,  or 
of  the  equsdity  of  energy  exerted  and  work  done,  the  ^ort  cmd 
resistance  are  to  each  other  inversely  as  the  velocities  along  their  lines 
of  action  of  the  points  where  they  are  applied. 

In  the  older  writings  on  mechanics,  the  effort  is  called  the 
power,  and  the  resistance  the  weight;  but  it  is  desirable  to  avoid 
the  use  of  the  word  "power"  in  this  sense,  because  of  its  being 
very  commonly  used  in  a  different  sense — ^viz.,  the  rate  at  which 
energy  is  exerted  by  a  prime  mover;  and  the  substitution  of 
"resistance"  for  "weight"  is  made  in  order  to  express  the  fact. 
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that  the  principle  just  stated  applies  to  the  oyercoming  of  all  sorts 
of  resistance,  and  not  to  the  lifting  of  weights  only. 

The  weight  of  the  moving  piece  itself  in  a  mechanical  power 
may  either  be  wholly  supported  at  the  bearing,  if  the  piece  is 
balanced;  or  if  not,  it  is  to  be  regarded  as  divided  into  two 
parallel  components,  one  supported  directly  at  the  bearing,  and 
the  other  being  included  in  the  effort  or  in  the  resistance,  as  the 
case  may  be. 

The  relation  between  the  effort  and  the  resistance  in  any 
mechanical  power  may  be  deduced  from  the  principles  of  statics; 
viz. : — In  the  case  of  the  leveb  (including  the  wheel  and  axle\  from 
the  balance  of  couples  of  equal  and  opposite  moments;  in  the 
case  of  the  inclined  plane  (including  the  toedge  and  the  screw)^ 
from  the  parallelogram  of  forces ;  and  in  the  case  of  the  pulley, 
from  the  composition  of  parallel  forces.  The  principle  of  virtual 
velocities,  however,  is  more  convenient  in  calculation. 

The  total  load  in  a  mechanical  power  is  the  resultant  of  the 
effort,  the  resistance,  the  lateral  components  of  the  forces  acting  at 
the  driving  and  working  points,  and  the  weight  directly  carried  at 
the  bearings ;  and  it  is  equal  and  directly  opposed  to  the  re-action 
of  the  bearings  or  supports  of  the  machine. 

By  the  purchase  of  a  mechanical  power  is  to  be  understood  the 
ratio  borne  by  the  resistance  to  the  effort,  which  is  equal  to  the 
ratio  borne  by  the  velocity  of  the  driving  point  to  that  of  the 
working  point.  This  term  has  already  been  explained  in  connec- 
tion with  the  pulley,  in  Article  201,  pages  215,  216. 

The  following  are  the  results  of  the  principle  of  virtual  velocities, 
as  applied  to  determine  the  purchase  in  the  several  mechanical 
powers : — 

L  Lever. — The  effort  and  resistance  are  tc  each  other  in  the 
inverse  ratio  of  the  perpendicular  distances  of  their  lines  of  action 
from  the  axis  of  rotation  or  fulcrum;  so  that  the  purchase  is  the 
ratio  which  the  perpendicular  distance  of  the  effort  from  the  axis 
bears  to  the  perpendicular  distance  of  the  resistance  from  the  axis. 

Under  the  head  of  the  lever  may  be  comprehended  all  turning 
or  rocking  primary  pieces  in  mechs^ism  which  are  connected  with 
their  drivers  and  followers  by  linkwork. 

IL  Wheel  and  Axle. — ^The  purchase  is  the  same  as  in  the  case 
of  the  lever;  and  the  perpendicular  distances  of  the  lin^  of  action 
of  the  effort  and  of  the  resistance  from  the  axis  are  the  radii  of  the 
pitch-circles  of  the  wheel  and  of  the  axle  respectively. 

Under  the  head  of  the  wheel  and  axle  may  be  comprehended 
all  turning  or  rocking  primary  pieces  in  mechanism  which  are 
connected  with  their  drivers  and  followers  by  means  of  rolling 
contact,  of  teeth,  or  of  bands.    By  the  "  wheel "  is  to  be  understood 
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the  pitch-cylinder  of  that  part  of  the  piece  which  is  driven ;  and  by 
the  "axle,"  the  pitch-cylinder  of  that  part  of  the  piece  which  drivea 

III.  Inclxned  Plane,  and  IV.  Wedge. — Here  the  purchase,  or 
ratio  of  the  resistance  to  the  eflfort,  is  the  ratio  borne  by  the  whole 
velocity  of  the  sliding  body  (represented  by  BC  in  fig.  165,  page 
233,  and  Cc  in  fig.  166,  page  234)  to  that  component  of  the 
velocity  (represented  by  B  D  in  fig.  165,  page  233,  and  0  e  in  ^g. 
166,  page  234)  which  is  directly  opposed  to  the  resistance:  it 
being  understood  that  the  effort  is  exerted  in  the  direction  of 
motion  of  the  sliding  body. 

The  term  inclined  plane  may  be  used  when  the  resistance  to 
the  motion  of  a  body  that  slides  along  a  guiding  surface  consists 
of  its  own  weight,  or  of  a  force  applied  to  a  point  in  it  by  means 
of  a  link;  and  the  term  wedge,  when  that  resistance  consists  of  a 
pressure  applied  to  a  plane  surface  of  the  moving  body,  oblique 
to  its  direction  of  motion. 

V.  SoBEW. — Let  the  resistance  (R)  to  the  motion  of  a  screw 
be  a  force  acting  along  its  axis,  and  directly  opposed  to  its  advance; 
and  let  the  effort  (P)  which  drives  the  screw  be  applied  to  a  point 
rigidly  attached  to  the  screw,  and  at  the  distance  r  from  the  axis, 
and  be  exerted  in  the  direction  of  motion  of  that  point  Then, 
while  the  screw  makes  one  revolution,  the  working  point  advances 
against  the  resistance  through  a  distance  equal  to  the  pitch  (p); 
and  at  the  same  time  the  driving  point  moves  in  its  helical  paui 
through  the  distance  J  (4  t^h^+j^]  therefore  the  purchase  of 
the  screw,  n^lecting  friction,  is  expressed  as  follows : — 

R      N/4»^r2-f  «2 


P  P 

_  length  of  one  coil  of  path  of  driving  point 
""  pitch 

VI.  Pulley.  (See  Articles  200  and  201,  pages  214  to  216.)— 
In  the  pulley  without  friction,  the  purchase  is  the  ratio  borne  by 
the  resistance  which  opposes  llie  advance  of  the  running  block  to 
the  effort  ex^iied  on  the  hauling  part  of  the  rope;  and  it  is  ex- 
pressed by  the  number  of  plies  of  rope  by  which  the  running  block 
is  connected  with  the  fixed  block. 

VII.  The  Hydraulic  Press,  when  friction  is  neglected,  may 
be  included  amongst  the  mechanical  powers,  agreeably  to  the 
definition  of  them  given  at  the  beginning  of  this  Article.  By  the 
I'esistance  is  to  be  understood  the  force  which  opposes  the  outward 
motion  of  the  press-plunger.  A,  ^.  159,  page  224;  and  by  the 
effort,  the  force  which  drives  inward  the  pump-plunger,  A'.  The 
intensity  of  the  pressure  exerted  between  each  of  the  ti^o  plungers 
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and  the  flnid  is  tiie  same;  therefore  the  amoant  of  the  pressnre 
exerted  between  each  plunger  and  the  fluid  is  proportional  to  the 
area  of  that  plunger;  so  that  the  purchase  of  the  hydraulic  press  is 
expressed  as  follows : — 

II  __  A  transverse  area  of  press-plunger 

P  ""  A'  ""  transverse  area  of  pump-plunger ' 

and  this  is  the  reciprocal  of  the  ratio  of  the  velocities  of  those 
plungers,  as  already  shown  in  Article  209,  page  223. 

The  purchase  of  a  train  of  mechanical  powers  is  the  product  of 
the  purchases  of  the  several  elementary  parts  of  that  train. 

The  object  of  producing  a  purdiase  expressed  by  a  number  greater 
than  tmity  is,  to  enable  a  resistance  to  be  overcome  by  means  of  an 
effort  smaller  than  itself,  but  acting  throu^  a  greater  distance; 
and  the  use  of  such  a  purchase  is  found  chiefly  in  machines  driven 
by  muscular  power,  because  of  the  eflbrt  being  limited  in  amount. 

Section  IY.— 0/*  Dynamom^ers, 

340.  py— — ncri  are  instruments  for  measuring  and  recording 
the  energy  exerted  and  work  performed  by  machines.  They  may 
be  dassed  as  follows : — 

L  Instruments  which  merely  indioaie  the  force  exerted  between 
a  driving  body  and  a  driven  body,  leaving  the  distance  throup;h 
which  that  force  is  exerted  to  be  observed  independently.  The 
following  are  examples  of  this  class : — 

a.  The  weight  of  a  solid  body  may  be  so  suspended  as  to  balance 
the  resistance,  as  in  Scott  Kussell's  experiments  on  the  resistance 
of  boats.     {Edin,  Trana.^  xiv.) 

b.  The  weight  of  a  column  of  liquid  may  be  employed  to  balance 
and  measure  the  eflbrt  required  to  drag  a  carriage  or  other  body, 
as  in  Milne's  mercurial  dynamometer. 

c  The  available  energy  of  a  prime  njover  may  be  wholly  ex- 
}^nded  in  overcoming  friction,  which  is  measured  by  a  weight,  as 
in  Pron/s  dynamometer  (described  further  on). 

d.  A  spring  balance  may  be  interposed  between  a  prime  mover 
and  a  body  whose  resistance  it  overcomes. 

II.  Instruments  which  record  at  once  the  force,  motion^  and 
work  of  a  machine,  by  drawing  a  line,  straight  or  curved,  as  the 
case  may  be,  whose  abscisssB  represent  the  distances  moved  through, 
its  ordinates  the  resistances  overcome,  and  its  area  the  work  per- 
formed (as  in  fig.  241,  page  346). 

A  dynamometer  of  this  class  consists  essentially  of  two  principal 
parts :  a  spring  whose  deflection  indicates  the  force  exerted  between 
a  driving  body  and  a  driven  body;  and  a  band  of  paper,  or  a  card, 
moving  at  right  angles  to  the  direction  of  deflection  of  the  spring 
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with  a  Telocity  bearing  a  known  constant  proportion  to  the  velo- 
city with  which  the  resistance  is  overcome.  The  spring  carries  a 
pen  or  pencil^  which  marks  on  the  paper  or  card  the  required  line. 
The  following  are  examples  of  this  class  of  instruments : — 

a,  Morin*s  Traction  Dynamometer. 

b,  Morin's  and  Him's  Itotatoiy  Dynamometers. 

c,  The  Steam  Engine  Indicator. 

III.  Instruments  called  IntegraUng  Dynamometers,  which  re- 
cord the  work  performed,  bat  not  the  resistance  and  motion 
sei^rately.  ^      ^ 

341.  Pg— y«>Fricti— lUmiMiiw  %^ 
measures  the  useful  work  performed  M 
by  a  prime  mover,  by  causing  the 
whole  of  that  work  to  be  expended      vw>y 
in    overcoming   the  friction   of  a      *""'^ 
brake.     In  fig.  249,  A  represents  a  Fig.  249. 

cylindrical  drum,  driven  by  the 
prime  mover.  The  block  D,  attached  to  the  lever  B  C,  and  the 
smaller  blocks  with  which  the  chain  E  is  shod,  form  a  brake  which 
embraces  the  drum,  and  which  is  tightened  by  means  of  the  screws 
F,  F,  until  its  friction  is  sufficient  to  cause  the  drum  to  rotate  at 
an  uniform  speed.  The  end  0  of  the  lever  carries  a  scale  G,  in 
which  weights  are  placed  to  an  amount  just  sufficient  to  balance 
the  friction,  and  keep  the  lever  horizontal.  The  lever  ought  to  be 
so  loaded  at  B  that  when  there  are  no  weights  in  the  scale,  it  shall 
be  balanced  upon  the  axis.  The  lever  is  prevented  from  deviating 
to  any  inconvenient  extent  from  a  horizontal  position  by  means  of 
safety-stops  or  guards,  H,  K. 

The  weight  of  the  load  in  the  scale  which  balances  the  friction 
being  multiplied  into  the  horizontal  distance  of  the  point  of  suspen- 
sion 0  from  the  axis,  gives  the  moment  qf/rietum,  which  being 
multiplied  into  the  angular  velocity  of  the  drum,  gives  the  rate  qf 
uaefut  work  or  effective  power  of  the  prime  mover. 

As  the  whole  of  that  power  is  expended  in  overcoming  the  fric- 
tion between  the  drum  and  the  brake,  the  heat  produced  is  in 
general  considerable;  and  a  stream  of  water  must  be  directed  on 
the  rubbing  surfaces  to  abstract  that  heat. 

The  friction  dynamometer  is  simple  and  easily  made;  but  it  is 
ill  adapted  to  measure  a  variable  effiart;  and  it  requires  that  when 
the^  power  of  a  prime  mover  is  measured,  its  ordinary  work  should 
be  interrupted,  which  is  inconvenient  and  sometimes  impracti(»tbla 

342.  IlMrlM*»  TnMttoM  H^jmmmmmutr.'-ThB  descriptions  of*  this 
and  some  other  dynamometers  invented  by  General  Morin  are 
abridged  from  his  works,  entitled  Sur  qudques  Appareila  dynamo- 
metriqu£8  and  Notione  fondamentalee  de  Mkaniqw. 

Fig.  250  is  a  plan  and  fig.  250  a  an  elevation  of  a  dynamometer 
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for  recording  by  a  diagram  the  work  of  dragging  a  load  horizontally, 
a  a,  6  5  are  a  pair  of  steel  springs,  through  which  the  tractive 
force  is  transmitted,  and  which  serve  by  their  deflection  to  measure 


that  force.  They  are  connected  together  at  the  ends  by  the  steel 
linkB/,/,  The  effort  of  the  prime  mover  is  applied,  through  the 
link  r,  to  the  gland  d,  which  is  fixed  on  the  middle  of  the  fore- 
most spring;  the  eq\ial  and  opposite  resistance  of  the  vehicle  is 
applied  to  the  gland  c,  which  is  fixed  on  the  middle  of  the  after- 
most spring.  When  no  tractive  force  is  exerted,  the  inward  faces 
of  the  springs  are  straight  and  parallel;  when  a  force  is  exerted, 
the  springs  are  bent,  and  are  drawn  apsirt,  through  a  distance  pro- 
portional to  the  force.  The  springs  are  protected  against  being 
bent  so  fJEur  as  to  injure  them  by  means  of  the  safety  bridles  i,  t, 
with  their  bolts  e,  e.  Those  bridles  are  carried  by  the  after-gland, 
and  their  bolts  serve  to  stop  the  foremost  spring  when  it  is  drawn 
forward  as  far  as  is  consistent  with  the  preservation  of  elasticity 
and  strength. 

The  frame  of  the  apparatus  for  giving  motion  to  the  paper  band 
is  carried  by  the  after-gland.  The  principal  parts  of  that  apparatus 
are  the  following: — 

I,  store  drum  on  which  the  paper  band  is  rolled,  before  the  com- 
mencement of  the  experiment,  and  off  which  it  is  drawn  as  the 
experiment  proceeds; 
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g^  taking-up  dram,  to  wbich  one  end  of  the  paper  band  is  glued, 
and  which  draws  along  and  rolls  up  the  paper  band  with  a  velocity 
proportional  to  that  of  the  vehicle.  Fixed  onr  the  axis  of  this  drum 
is  a  fusee  having  a  spiral  groove  round  it,  whose  radius  gradually 
increases  at  the  same  rate  as  that  at  whidi  the  effective  radius  of 
the  drum  g  is  increased  during  its  motion  by  the  rolling  of  succes- 
sive coils  of  paper  upon  it  The  object  of  this  is  to  prevent  that 
increase  of  the  effective  radius  of  the  drum  from  accelerating  the 
speed  of  the  paper  band ; 

n  is  a  drum  which  receives  through  a  train  of  wheelwork  and 
endless  screws  a  velocity  proportional  to  that  of  the  wheels  of  the 
vehicle,  and  which,  by  means  of  a  cord,  drives  the  fusee.  The 
mechanism  is  usually  so  designed  that  the  paper  moves  at  one- 
fiftieth  of  the  speed  of  the  vehicle. 

Between  the  drums  I  and  g  there  are  three  small  rollers  to  sup- 
port the  paper  band  and  keep  it  steady. 

One  of  the  safety  bridles  carries  a  pencil,  k,  which,  being  at  rest 
relatively  to  the  frame  of  the  recording  apparatus,  traces  a 
straight  line  on  the  band  of  paper  as  the  latter  travels  below 
the  pencil  That  line  is  called  the  zero  line,  and  corresponds  to 
O  X  in  fig.  241,  page  346. 

An  arm  fixed  to  the  forward  gland  carries  another  pencil,  whose 
position  is  adjusted  before  the  experiment,  so  that  when  there  is 
no  tractive  force  its  point  rests  on  the  zero  line.  During  the  ex- 
periment, this  pencil  traces  on  the  paper  band  a  line  such  as 
ERG,  fig.  241,  whose  ordinate  or  distance  from  any  given  point 
in  the  zero  line  is  the  deflection  of  the  pair  of  springs,  and  pro- 
portional to  the  tractive  force,  at  the  corresponding  point  in  the 
journey  of  the  vehicle. 

The  areas  of  the  diagrams  drawn  by  this  apparatus,  representing 
quantities  of  work,  may  be  found  either  by  the  method  described 
in  Article  289,  page  331,  or  by  an  instrument  for  measuring  the 
areas  of  plane  figures,  called  the  FlanvmeUry  or  PUUometer^  of  which 
various  forms  have  been  invented  by  Ernst,  Sang,  Clerk  Maxwell, 
AmsUer,  and  others. 

A  third  pencil,  actuated  by  a  clock,  is  sometimes  caused  to  mark 
a  series  of  dots  on  the  paper  band  at  equal  intervals  of  time,  and 
BO  to  record  the  changes  of  velocity. 

When  one  vehicle  (such  as  a  locomotive  engine)  drags  one  or 
more  others,  the  apparatus  may,  if  convenient,  be  turned  hind  side 
before,  and  carried  by  the  foremost  vehicle.  In  such  a  case  the 
motion  of  the  band  of  paper  ought  to  be  derived,  not  &om  a  driving- 
wheel,  which  is  liable  to  slip,  but  from  a  beaiing-wheel. 

When  the  apparatus  is  used  to  record  the  tractive  force  and 
work  performed  in  towing  a  vessel,  the  apparatus  for  moving  the 
paper  band  may  be  driven  by  means  of  a  wheel  or  fan,  acted  upon 
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hy  the  water;  in  wHoh  case  the  ratio  of  the  velocity  of  the  band 
to  that  of  the  vessel  should  be  determined  by  experiment 

Owing  to  the  varieties  which  exist  in  the  elasticity  of  steel,  the 
relation  between  the  deflections  of  the  springs  and  the  tractive 
forces  can  only  be  roughly  calculated  beforehand,  and  should  be 
determined  exactly  by  direct  experiment — ^t^at  is,  by  hanging 
known  weights  to  the  springs,  and  noting  the  deflections. 

The  best  form  of  longitudinal  section  for  each  spring  is  that 
which  gives  the  greatest  flexibility  for  a  given  strength,  and  con- 
siflts  of  two  parabolas,  having  their  vertices  at  the  two  ends  of  the 
spring,  and  meeting  base  to  base  in  the  middle ;  that  is  to  say,  the 
thiclmess  of  the  spring  at  any  given  point  of  its  length  should  be 
proportional  to  the  square  root  of  the  distance  of  that  point  from 
the  nearest  end  of  the  spring.     To  express  this  by  a  formula,  let 

c  be  the  half-length  of  the  spring; 

A,  the  thickness  in  the  middle; 

sc,  l^e  distance  of  any  point  in  the  spring  from  the  end  nearest 
to  it; 

h%  the  thickness  at  that  point;  then 


h' 


=^Vf (1) 


The  breadth  of  each  spring  should  be  uniform,  and,  according  to 
General  Morin,  should  not  exceed  from  1^  to  2  inches.  Let  it  be 
denoted  by  b. 

The  following  is  the  formula  for  calculating  beforehand  the 
probable  joint  deflection  of  a  given  pair  of  springs  under  a  given 
tractive  force : — 

Let  the  dimensions  c,  h,  b  be  stated  in  inches^  and  the  foroe  P 
in  pounds. 

Let  y  denote  the  deflection  in  inches. 

Let  E  denote  the  modiUus  of  dasticily  of  steel,  in  pounds  on  the 
square  inch.  Its  value,  for  diflerent  specimens  of  steel,  varies  from 
29,000,000  to  42,000,000,  the  smaller  values  being  the  most  com- 
mon.     Then 

y^wbh^ <^-> 

The  deflection  should  not  be  permitted  to  exceed  about  one* 
tenth  part  of  the  length  of  the  springs. 

348.  Moflte**  BMatwy  i^rwuMOHMter  is  represented  in  figs.  251, 
251  a,  and  is  designed  to  record  the  work  performed  by  a  prime 
mover  in  transmitting  rotatory  motion  to  any  machina  A  is  a  £ELst 
Xnilley,  and  C  a  loose  pulley,  on  the  same  shaft.  A  belt  transmits 
motion  from  the  prime  mover  to  one  or  other  of  those  puUejs 
according  as  it  is  desired  to  transmit  motion  to  the  shaft  or  not 
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A  third  pulley,  B,  on  the  same  shaft,  carries  the  belt  which 
transmits  motion  to  the  machine  to  be  driven.  This  pulley  is  also 
loose  on  the  shaft  to  a  certain  extent^  so  that  it  is  capable  of  moT- 


Fig.  251. 


Fig.  251  i 


ing,  relatively  to  the  shaft,  backwards  and  forwards  through  a  small 
arc,  8u£Eicient  to  admit  of  the  deflection  of  a  steel  spring  by  which 
motion  is  transmitted  from  the  shaft  to  the  pulley. 

One  end  of  that  spring  is  fixed  to  the  shaft,  so  that  the  spring 
projects  from  the  shaft  like  an  arm,  and  rotates  along  with  it. 
The  other  end  of  the  spring  is  connected  with  the  pulley  B  near  its 
circumference,  and  is  the  means  of  driving  that  pulley;  so  that  the 
spring  undergoes  deflection  proportional  to  the  effort  exerted  by 
the  shaft  on  the  pulley. 

A  frame  projecting  radially  like  an  arm  from  the  shaft,  and 
rotating  along  with  it,  carries  an  apparatus,  similar  to  that  used  in 
the  traction  dynamometer,  for  making  a  band  of  paper  move  radi- 
ally with  respect  to  the  shaft  with  a  velocity  proportional  to  the 
speed  with  which  the  shaft  rotates.  A  pencil  carried  by  this  frame 
traces  a  zero  line  on  the  paper  band;  and  another  pencil  carried 
by  the  end  of  the  spring,  traces  a  line  whose  ordinates  represent 
the  forces  exerted,  just  as  in  the  traction  dynamometer. 

The  mechanism  for  moving  the  paper  band  is  driven  by  a  toothed 
ring  surrounding  the  shaft,  and  kept  at  rest  while  the  shaft  rotates 
by  means  of  a  catch.  When  that  catch  is  drawn  back,  the  toothed 
ring  is  set  free,  rotates  along  with  the  shaft,  and  ceases  to  drive 
the  mechanism;  and  thus  the  motion  of  the  paper  band  can  bo 
stopped  if  necessary.    (See  page  446.) 

344.  In  the  T«nl«a  PyM>irtgr  (otherwise  called  "  Paudy- 
namometer")  of  M.  G.  A.  Him,  the  torsion  of  the  rotating  shaft 
which  transmits  power  is  made  the  means  of  measuring  and  record- 
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ing,  by  a  self-actiDg  apparatus,  the  moment  of  the  couple  by  which 
the  shaft  is  driveD,  and  the  work  done  by  that  couple.  Two  trains  of 
wheels,  driven  from  the  shaft  at  two  different  points,  communicate 
rotations  of  equal  speed  in  opposite  directions  about  one  axis  to 
two  bevel- wheels  which  gear  with  an  intermediate  bevel-wheel  at 
opposite  sides-of  its  rim,  forming  a  combination  like  that  shown  in 
fig.  176,  page  245.  The  axis  of  the  third  wheel,  corresponding  to 
the  train-arm  A  in  fig.  176,  indicates  by  its  position  one-half  of  the 
angle  through  which  the  shaft  is  twisted  between  the  spur-wheels, 
and  communicates  its  motion  to  the  pencil  of  the  recording  appara- 
tus; which  pencil,  as  in  other  recording  dynamometers,  draws  a 
line  on  a  strip  of  paper  that  is  moved  at  a  speed  proportional  to 
the  speed  of  the  shaft  that  transmits  the  power.  (See  Annales  dea 
Mines,  1867,  voL  xi.) 

The  only  perfectly  accurate  way  of  determining  the  relation 
between  the  displacement  of  the  pencil  and  the  moment  transmitted 
by  the  shaft,  is  to  ascertain  by  du^ct  experiment  the  twisting  effect 
of  a  known  couple  when  applied  to  the  shaft.  But  a  probable 
appix)ximate  value  of  that  relation  may  be  calculated  as  follows; — 
Let  M  be  the  twisting  moment ;  x,  the  length  of  that  part  of  the 
shaft  whose  angular  torsion  is  to  be  determined;  h,  its  diameter; 
C,  the  co-efficient  of  transverse  elasticity  of  the  material;  ^,  the 
angle  of  torsion,  in  circular  measure;  then,* 

^  =  f,.^  =  0098«^ (1.) 

Let  n  be  the  ratio  which  each  of  the  contrary  angular  velocities 
of  the  bevel- wheels  corresponding  to  B  and  C  in  fi^.  176  bears  to 
the  angular  velocity  of  the  shaft,  and  y  the  length  of  an  index  coi^ 
responding  to  the  train-arm.  A,  in  that  figure;  then  the  angular 

displacement  of  that  index  is  -3-;  and  the  linear  displacement  of 

its  end  (which  may  be  denoted  by  z)  is 


therefore  the  following  formula  expresses  the  relation  between  the 
moment  M,  and  the  displacement  z; 

M^2^^x.CAl^^.jggC^ (2.) 

z      nyi     16    nxy  nxy  ^   ' 

Should  the  shaft  be  hollow,  let  K  be  its  internal  diameter;  then 
in  each  of  the  preceding  formulae  for  A*  substitute  A*  -  A'*. 
The  following  are  values  of  the  co-efficient  C  : — 

*  Manml  0/ Applied  Mechanics^  Article  322,  page  357.    , 
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DfanensionB  in Inehes,....  VnUm^tren. 

Foroesin Lte^. EOograininea. 

Cast  Iron,  about 2,850,000  ^2,000 

Wrought  Iron,  from 8,500,000  6,000 

„                to 10,000,000  7,000 

Steel,                 from 10,000,000  7,000 

„                         to 12,000,000  8,400 

Calculation  may  be  used  preliminary  to  the  designing  of  the 
apparatus,  in  order  to  find  approximately  the  extent  of  the  dis- 
placement of  the  recording  pencil;  but  the  exact  relation  of  that 
displacement  to  the  twisting  moment  exerted  through  the  shaft 
ought  always  to  be  determined  by  experiment. 

345.  Binrticicr  •€  0ptnd  flprincs. — As  spiral  or  helical  springs 
are  much  used  in  dynamometrio  apparatus,  it  is  convenient  here  to 
state  the  laws  of  their  resistance  to  extension  and  compression. 

In  order  that  such  a  spring  may  be  an  accurate  instrument  for 
measuring  forces — that  is,  in  order  that  the  proportion  borne  by 
the  load  acting  on  the  spring  to  the  extension  or  compression 
which  it  produces  may  be  constant — the  figure  of  the  spring  should 
be  a  true  helix,  as  described  in  Article  58,  page  36. 

It  is  more  favourable  to  accuracy  to  measure  a  force  by  the  ex- 
tension than  by  th^  compression  of  a  spiral  spring;  because  during 
extension  it  preserves  almost  exactly  a  truly  heli(»d  form,  and  the 
coils  remain  in  a  cylindrical  surface;  whereas  during  compression 
the  middle  coils  are  apt  to  swerve  sideways,  so  as  to  make  the 
spring  lose  the  proper  figure.  There  are  cases,  however,  in  which 
the  use  of  the  compression  of  the  spring  is  unavoidable ;  and  then 
it  is  kept  approximately  in  its  proper  figure  by  being  enclosed 
in  a  cylindrical  casing,  which  ought  to  be  so  large  as  not  to 
impede  the  longitudinal  motion  of  the  spring. 

The  pair  of  equal  and  opposite  forces  by  which  a  spiral  spring  is 
stretched  should  act  exactly  along  the  axis  of  the  helix;  for  which 
purpose  the  ends  of  the  spring  should  be  made  &st  to  a  pair  of 
strong  and  stiflf  arms,  each  of  which  should  be  perpendicular  to  the 
helix,  and  should  lie  along  a  radius  of  the  cylinder  on  which  the 
helix  is  described,  so  that  the  inner  ends  of  the  arms  may  be  in 
the  axis  of  the  helix;  and  at  those  inner  ends  the  forces  to  be 
measured  should  be  applied.  The  best  form  of  section  for  the 
wire  of  which  the  spring  is  made  is  circular;  because  the  extension 
of  the  spring  depends  on  the  torsion  of  the  wire ;  and  the  laws  of 
torsion  are  known  with  greater  precision  for  a  circular  form  of 
section  than  for  any  other. 

The  following  formulse  show  the  relations  between  the  load  and 
the  extension  or  compression  of  the  spring : — 

Let  r  be  the  radius  of  the  cylinder  containing  the  helical  centre 
line  of  the  spiral  spring,  as  measured  from  the  axis  to  tha^ntre,of 
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the  wire;  n,  the  number  of  coils  of  which  the  spring  consists;  d^ 
the  diameter  of  the  wire ;  0,  the  co-efficient  of  rigidity  or  transverse 
elasticity  of  the  material;  f,  the  greatest  safe  shearing  stress  npon 
it;  W,  any  load  not  exceeding  the  greatest  safe  load;  v^  the 
correspondmg  extension  or  compression;  W^  the  greatest  safe 
stecufy  load;  v^,  the  greatest  safe  extension  or  compression;  theu 

T^e^nr^'  ^1-        r        '  ""^^        Cd       ' 

W 

The  greatest  safesudden  load  is  -^. 

If  the  wire  of  which  the  spring  is  made  is  sqvu^  and  of  the 
dimensions  d  x  dj  the  load  for  a  given  deflection  is  greater  than 
for  a  round  wire  of  the  diameter  dy  in  the  ratio  of  281  to  196,  or 
of  1-43  to  1,  or  of  10  to  7,  nearly. 

The  values  c^  the  oo-efficient,  0,  of  transv^ne  elasticity  of  stod 
and  charcoal  iron  wire,  in  lbs.  on  tiie  square  inch,  range  between 
10,500,000  and  12,000,000;  and  in  kilogrammes  on  ike  square 
millimetre,  from,  7,400  to  8,400,  nearly. 

By  the  greatest  sale  stress  is  to  be  understood  the  greatest  stress 
whidi  is  certain  not  to  impair  the  dasticity  of*the  spring  by  fre- 
quent repetition;  say  30,000  lbs.  on  the  square  irndu 

W 

The  value  of  the  ratio  —  borne  by  the  load  to  the  extension 

ou^t  to  be  ascertained  by  direct  experiment  for  eveiy  spring  tlust 
is  used  in  dynamometers  or  indicators. 

346.  steaai  EafyM  ladicaiMv— This  instrument  was  invented 
by  Watt,  and  has  been  improved  by  other  inv^itors,  especially 
M'Naught  and  Richards.  Its  ol^eot  is  to  record,  by  means  of  a 
diagram,  the  intensity  of  the  pressure  exerted  by  steam  against  one 
of  Sie  &oes  of  a  piston  at  each  point  of  the  piston's  mo^n,  and  so 
to  afford  the  means  of  computing,  according  to  the  principles  of 
Articles  302  and  307,  first,  t^e  energy  exerted  by  tiie  steam  in 
driving  the  piston  during  the  forward  stroke;  secondly,  the  w<»k 
lost  by  the  piston  in  expelling  the  steam  from  the  cylinder  during 
the  return  stroke;  and  thirdly,  the  difference  of  those  quantities, 
which  is  tiie  avaUdble  or  effective  energy  exerted  hy  the  steam  on 
the  piston^  and  which,  hem^  multiplied  by  the  number  of  strokes 
per  minute  and  divided  by  33,000  foot-pounds,  gives  the  nffKOATSD 

HOB8B-POWBB. 

The  indicator  in  a  common  form  is  represented  by  fig.  252.  A  B 
is  a  cylindrical  case.  Its  lower  end,  A,  contains  a  small  cylinder, 
fitted  with  a  piston,  whidi  cylinder,  by  means  of  the  screwed 
nozzle  at  its  lower  end,  can  be  fixed  in  cmy  convenient  position 
on  a  tube  communicating  with  that  end  of  the  engioercylinder 
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"where  the  work  of  the  steam  is  determined.  The  communication 
between  the  engine-cylinder  and  the  indicator-cylinder  can  be 
opened  and  shut  at  will  by  means  of  the  cock  K. 
When  it  is  open,  the  intensity  of  the  pressure  of 
the  steam  on  the  engine-piston  and  on  the  indi- 
cator-piston is  the  same,  or  nearly  the  same. 

The  upper  end,  B,  of  the  cylindrical  case  con- 
tains a  spiral  spring,  one  end  of  which  is  at- 
tached to  the  piston,  or  to  its  rod,  and  the  other 
to  the  top  of  the  casing.  The  indicator-piston 
is  pressed  from  below  by  the  steam,  and  from 
above  by  the  atmosphere.  When  the  pressure 
of  the  steam  is  equal  to  that  of  the  atmosphere, 
the  spring  retains  its  unstrained  length,  and  the 
piston  its  original  position.  When  the  pressure 
of  the  steam  exceeds  that  of  the  atmosphere, 
the  piston  is  driven  outwards,  and  the  spring 
compressed;  when  the  pressure  of  the  steam  is 
less  than  that  of  the  atmosphere,  the  piston  is 
driven  inwards,  and  the  spring  extended.  The 
compression  or  extension  of  the  spring  indicates 
the  difference,  upward  or  downward,  between  the  pressure  of  the 
steam  and  that  of  the  atmosphere. 

A  short  arm,  C,  projecting  from  the  indicator  piston-rod  carries  at 
one  side  a  pointer,  D,  which  shows  the  pressure  on  a  scale  whose 
zero  denotes  the  pressure  of  the  cOmoaphere^  and  which  is  graduated 
into  pounds  on  the  square  inch  both  upwards  and  downwards 
from  that  zero.  At  the  other  side  the  short  ann  has  a  longer  arm 
jointed  to  it,  canying  a  pencil,  K 

F  is  a  brass  drum,  which  rotates  backward  and  forward  about  a 
vertical  axis,  and  which,  when  about  to  be  used,  is  covered  with  a 
piece  of  paper  called  a  "  card.''  It  is  alternately  pulled  round  in 
one  direction  by  the  cord  H,  which  wraps  on  the  pulley  G,  and 
pulled  back  to  its  original  position  by  a  spring  contained  within 
it8el£  The  cord  H  is  to  be  connected  with  the  mechanism  of  the 
steam  engine  in  any  convenient  manner  which  shall  ensure  that 
the  velocity  of  rotation  of  the  drum  shall  at  every  instemt  bear  a 
constant  ratio  to  that  of  the  steam  engine  piston :  the  back  and 
forward  motion  of  the  surfisu$e  of  the  drum  representing  that  of  the 
steam  engine  piston  on  a  reduced  scale.  This  having  been  done, 
and  before  opening  the  cock  EI,  the  pencil  is  to  be  placed  in  con- 
tact with  the  drum  during  a  few  strokes,  when  it  will  mark  on  the 
card  a  line  which,  when  the  card  is  afterwards  spread  out  flat, 
becomes  a  straight  line.  This  line,  whose  position  indicates  the 
pressure  of  the  atmosphere,  is  called  the  atmospheric  line.  In  lag. 
253  it  is  represented  by  A  A. 
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Then  the  oock  K  is  opened,  and  the  pencil,  moving  up  and  down 
with  the  variations  of  the  pressure 
of  the  steam,  traces  on  the  card 
during  each  complete  or  double 
stroke  a  curve  such  as  B  C  D  E  R 
The  ordinates  drawn  to  that  curve 
from  any  point  in  the  atmospheric 
line,  such  as  H  K  and  H  G,  indi- 
cate the  differenced  between  the 
pressure  of  the  steam  and  the  at- 
mospheric pressure  at  the  corre- 
sponding point  of  the  motion  of  the 
piston.  The  ordinates  of  the  part  BODE  represent  the  pres- 
sures of  the  steam  during  the  forward  stroke,  when  it  is  driving 
the  piston;  those  of  the  part  E  B  represent  the  pressures  of  the 
steam  when  the  piston  is  expelling  it  from  the  cylinder. 

To  found  exact  investigations  on  the  indicator-diagrams  of  steam 
engines,  the  atmospheric  pressure  at  the  time  of  the  experiment 
ought  to  be  ascertained  by  means  of  a  barometer;  but  this  is  gen- 
erally omitted;  in  which  case  the  atmospheric  pressure  may  be 
assumed  at  its  mean  value,  being  147  Iba  on  the  square  inch,  or 
2116'3  lbs.  on  the  square  foot,  at  and  near  the  level  of  the  sea. 

Let  A  O  =  n  F  be  ordinates  representing  the  pressure  of  the 
atmosphere.  Then  O  F  V  parallel  to  A  A  is  the  absolute  or  irus 
zero  line  of  the  diagram,  corresponding  to  no  pressure;  and  ordi- 
nates dmwn  to  the  curve  from  that  line  represent  the  absolute 
intensities  of  the  pressure  of  the  steam.  Let  O  B  and  L  E  be  ordi- 
nates touching  the  ends  of  the  diagram;  then 

O  L  represents  the  volume  traversed  by  the  piston  at  each  single 
stroke  ( s=  «  A,  where  s  is  the  length  of  the  stroke  and  A'the  area 
of  the  piston); 

The  area  O  B  C  D  E  L  O  represents  the  enetgy  exerted  by  the 
steam  on  the  piston  during  the  forward  stroke ; 

The  area  O  B  E  L  O  represents  the  work  lost  in  expelling  the 
steam  during  the  return  stroke; 

The  area  B  C  D  E  B,  being  the  difference  of  the  above  areas, 
represents  the  ^ective  vxyrk  of  the  steam  on  the  piston,  during  the 
complete  stroke. 

Those  areas  can  be  found  by  the  Rules  of  Article  289,  page 
331 ;  and  the  common  trapezoidal  rule,  D,  page  333,  is  in  general 
sufficiently  accurate.  The  number  of  intervals  is  usually  ten,  and 
of  ordinates  eleven. 

The  mean  forward  pressure,  the  mjean  hack  pressure,  and  the  mean 
effective  pressure,  are  found  by  dividing  those  three  areas  respec- 
tively by  the  volume  s  A,  which  is  represented  by  O  L. 
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Those  mean  pressures,  however/ can  be  found  by  a  direct  process, 
without  first  measuring  the  areas,  viz.: — having  multiplied  each 
ordinate,  or  breadth,  of  the  area  under  consideration  by  the  proper 
multiplier,  divide  the  sum  of  the  products  by  the  sum  of  the 
multipliers,  which  process,  when  the  common  trapezoidal  rule  is 
used,  takes  the  following  form:  add  together  the  halves  of  the 
endmost  ordinates,  and  the  whole  of  the  other  ordinates,  and 
divide  by  the  number  of  intervals.  That  is,  let  h^  be  the  first,  b^ 
the  last,  and  5^,^29  ^^-f  ^^®  intermediate  breadths;  then  let  n  be 
the  number  of  mtervals,  and  b^  the  mean  breadth;  then 

*-  =  i  ^^  +  *i  +  *2  +  &c); (1.) 

and  this  represents  the  mean  forward  pressure,  mean  back  pressure, 
or  mean  effective  pressure,  as  the  case  may  be.  Let  p^  be  the 
mean  effective  pressure;  then  the  effective  energy  exerted  by  the 
steam  on  the  piston  during  each  double  stroke  is  the  product  of 
the  mean  effective  pressure,  the  area  of  the  piston,  and  the  length 
of  stroke^  or 

P.A«; (2.) 

and  if  N  be  the  number  of  double  strokes  in  a  minute,  the  indicated 
power  in  foot-pounds  per  minute,  in  a  single-acting  engine,  is 

l'.AN»; (3.) 

from  which  the  indicated  horae-power  is  found  by  dividing  by  33,000. 
In  a  double-acting  engine  the  steam  acts  alternately  on  either 
side  of  the  piston;  and  to  measure  the  power  accurately,  two  indi- 
cators should  be  used  at  the  same  time,  communicating  respectively 
with  the  two  ends  of  the  cylinder.  Thus  a  pair  of  diagrams  will 
be  obtained,  one  representing  the  action  of  the  steam  on  each  face 
of  the  piston.  The  mean  effective  pressure  is  to  be  found  as  above 
for  each  diagram  separately,  and  then,  if  the  areas  of  the  two  faces 
of  the  piston  are  sensibly  equal,  the  mean  of  Hiose  ivx>  restUts  is  to 
be  taken  as  the  general  mean  effective  pressure;  which  being  multi- 
plied by  the  area  of  the  piston,  the  length  of  stroke,  and  twice  the 
number  of  double  strokes  or  revolutions  in  a  minute,  gives  the 
indicated  power  per  minute ;  that  is  to  say,  if  p"  denotes  the  gen- 
eitd  mean  effective  pressure,  the  indicated  power  per  minute  is 

/A-2N«; (4.) 

If  the  two  faces  of  the  piston  are  sensibly  of  unequal  areas 
(as  in  "trunk  engines"),  the  indicated  power  is  to  be  computed 
separately  for  each  face,  and  the  results  added  together. 

If  there  are  two  or  more  cylinders,  the  quantities  of  power 
indicated  by  their  respective  diagrams  are  to  be  added  together. 
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The  re-actions  of  the  moving  parts  of  the  indicator,  combined  with 
the  elasticity  of  the  spring,  cause  oscillations  of  its  piston.  In 
order  that  the  errors  thus  produced  in  the  indicated  pi^essores  at 
particular  instants  may  be  as  small  as  possible,  and  may  neutralize 
«ach  other's  effects  on  the  whole  indicated  power,  die  moving 
masses  ought  to  be  as  small  as  practicable,  and  the  spring  as  stiff 
as  is  consistent  with  showing  the  pressures  on  a  visible  scale.  In 
Eichards's  indicator  this  is  effected  by  the  help  of  a  train  of  very 
light  linkwork,  which  causes  the  pencil  to  show  the  movements  of 
the  spring  on  a  magnified  scale. 

The  fridion  of  the  moving  parts  of  the  indicator  tends  on 
the  whole  to  make  the  indicated  power  and  indicated  mean 
effective  pressure  less  than  the  truth,  but  to  what  extent  is  un- 
certain. 

Every  indicator  should  have  the  aoounur^  of  the  graduation  of  its 
ficale  of  pressures  frequently  tested  by  compadson  with  a  standard 
pressure  gauge. 

The  indicator  may  obviously  be  used  for  measoring  the  oaergy 
exerted  by  any  fluid,  whether  liquid  or  gaseous,  in  driving  a 
piston;  or  the  work  performed  by  a  pump,  in  lifting,  propelling, 
or  compressing  any  fluid. 

347.  integraUag  ]>jmun«Meten  record  simply  the  work  per- 
formed in  dragging  a  vehicle  or  driving  a  machine,  without 
recording  sepaiutely  the  force  and  the  motion.  In  that  of  Morin 
this  is  effected  by  means  of  a  combination  which  has  already  been 
described  in  Article  270,  page  311,  and  illustrated  in  fig.  321.  In 
that  figure  (which  see)  A  represents  a  plane  circular  disc,  made  to 
rotate  with  an  angular  velocity  proportional  to  the  speed  of  the 
motion  of  the  vehicle  or  machine,  and  B  a  small  wheel  driven  by 
the  friction  of  the  disc  against  its  edge,  and  having  its  axis  paraUel 
to  a  radius  of  the  disc  The  wheel  B,  and  some  mechanism  which 
it  drives,  are  can-ied  by  a  frame  which  is  carried  by  a  dynamometer 
spring,  and  so  adjusted  that  the  distance  of  the  edge  of  B  fk>m  the 
centre  of  A  is  equal  to  the  deflection  of  the  spring,  and  propor- 
tional to  the  effort. 

The  velocity  of  the  edge  of  B  at  any  instant  being  the  product 
of  its  distance  from  the  centre  of  A  into  the  angular  velocity  of  A, 
is  pi-opoi*tional  to  the  product  of  the  effort  into  the  velocity  of  the 
vehicle  or  machine — that  is,  to  the  rcUe  at  which  work  vt  per/ofTned; 
therefore  the  motion  of  the  wheel  B,  in  any  interval  of  time,  is 

C)porlional  to  the  work  performed  in,  that  time;  and  that  work  oan 
recoi-ded  by  means  of  dial-plates,  with  indexes  moved  by  a  train 
of  wheel  work  driven  by  tibe  wheel  B. 

In  Moison*s  integrating  dynamometer  a  ratchet-wheel  is  driven 
by  the  strokes  of  a  click.  (See  Articles  194  to  196,  pages  206  to 
211.)    The  number  of  these  strokes  in  a  given  time  is  proportional 
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to  the  speed  of  the  machine  whose  work  is  to  be  measured ;  and  hy 
means  of  a  dynamometer-spring  the  length  of  each  stroke  of  the 
click  is  adjusted  so  as  to  be  proportional  to  the  effort  exerted  at 
the  time.  The  result  is  that  the  total  extent  of  motion  of  the 
ratchet-wheel  in  a  given  time  is  proportional  to  the  work  performed. 
It  is  obvious  that  the  frictional  catch  might  be  implied  to  this 
apparatus  (Article  197,  page  211). 

348.  Mmmwmmm  •r.VHdiMi. — Under  the  head  of  Dynamo- 
meters may  be  classed  apparatus  for  the  experimental  measurement 
of  friction. 

If  by  means  of  any  kind  of  dynamometer  whose  use  does  not 
involve  the  interruption  of  the  p^ormance  of  the  ordinary  work 
of  a  train  of  mechanism,  we  measure  the  power  transmitted  at  two 
parts  of  that  train,  the  difference  will  be  the  power  expended  in 
overcoming  the  friction  of  the  intermediate  parts.  Him's  Pan- 
dynamometer  (Article  344,  page  387)  seems  well  adapted  for  ex- 
periments of  this  class.  The  power  of  a  steam  engine,  as  exerted 
in  the  cylinder,  may  be  measured  by  means  of  the  indicator,  and 
the  power  transmitted  to  machinery  which  that  engine  drives,  by 
a  suitable  dynamometer;  and  the  difference  will  be  power  ex- 
pended chiefly  in  overcoming  the  friction  of  the  inteimeiiate 
mechanism. 

Special  apparatus  for  measuring  the  friction  of  axles  is  used,  not 
only  for  purposes  of  scientific  investigation  as  to  ihe  oo-eficients 
of  friction  of  different  pairs  of  surflGbces  in  different  staites,  but  for 
practically  testing  the  lubricatang  properties  of  oil  and  ^^ase. 
Two  forms  of  apparatus  may  be  described. 

I.  Siatieal  ApparakiB. — A  Aort  cylindrical  axle,  of  a  convenient 
diameter  (say  2,  3,  or  4  inches),  is  supported  at  its  ends  by  bearings 
on  the  top  of  a  i)air  of  strong  fixed  standards.  The  ends  of  the 
axle  overhang  their  bearings,  and  carry  a  pair  of  equal  and  similar 
pulleys,  by  means  of  which  it  is  driven  at  a  speed  equal,  or  nearly 
equal,  to  the  greatest  intended  working  speed  of  the  axles  with 
which  the  unguents  to  be  tested  are  to  be  used  in  practice.  The 
object  of  driving  the  axle  at  both  ends  is  to  ensure  great  steadiness 
of  motion.  The  driving-gear  ought  to  be  capable  of  reversing  the 
direction  of  rotation.  At  the  middle  of  its  Iragth  ihe  axle  is 
turned  so  as  to  form  a  very  accurate  and  smooth  journal,  of  a 
length  equal  to  from  1^  to  2^  times  its  diameter.  Upon  that 
journal  there  hangs  a  plumber-block  or  axle-box,  fitted  with  a 
suitable  bush  or  bc^ng.  That  plumber-block  is  rigidly  connected 
with  a  heavy  mass  of  suitable  material,  such  as  cast  iron,  so  as  to 
form  as  it  were  a  pendulum  hanging  from  the  journal  in  the 
middle  of  the  axle,  and  of  a  weight  suited  to  produce  a  pressure 
on  the  journal  equal  to  the  greatest  pressure  to  which  t^e  unguent 
is  to  be  exposed  in  practice  (see  Article  310,  page  Jl§3).    jThe 
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pendulum  is  fnmisbed  with  an  index  and  graduated  arc,  to  show 
its  deviation  from  a  vertical  position. 

The  hanging  plumber-block  having  been  supplied  with  the 
unguent  to  be  tested,  the  axle  is  to  be  driven  at  full  speed,  first  in 
one  direction,  and  then  in  the  contrary  direction,  and  the  two 
contrary  deviations  of  the  pendulum  observed.  Let  6  denote  the 
half-sum  of  those  deviations,  expressed  in  circular  measure  to 
radius  unity;  c,  the  distance  from  the  axis  of  rotation  to  the  centre 
of  gravity  of  the  pendulum ;  r,  the  radius  of  the  journal;  let  W  be 
the  weight  of  the  pendulum ;  then  the  mean  statical  moment  of 
the  pendulum  is 

W  c  sin  ^  =  W  c  ^  nearly; 

and  that  moment  balances  the  moment  of  Motion  (Article  311, 
page  356),  whose  value  is  /  W  r  nearly,  and  will  be  afterwards 
shown  to  be  exactly 

W  r  sin  ^, 

^  being  the  angle  of  repose.  Equating,  therefore,  those  two  equal 
moments,  we  find 

r  sin  ^  =  c  sin  $',  and 

c               c  6 
sin  ^= /nearly  =  '  sin  6= — neaily. (1.) 

T  T 

The  distance,  c,  of  the  centre  of  gravity  of  the  pendulum  from  the 
axis  may  be  found  experimentally,  by  applying  a  known  weight 
at  a  known  horizontal  distance  from  the  axis,  so  as  to  make  the 
pendulum  deviate,  and  observing  the  deviation.  Let  P  be  the 
weight  so  applied,  x  its  leverage,  0  the  deviation  which  it  produces; 
then,  if  there  were  no  friction,  we  should  have 

Pa? 
c  = 


Wsine 


In  order  to  eliminate  the  effects  of  friction  from  the  determinatiou 
of  c,  the  load  P  with  the  leverage  x  should  be  applied  at  contrary 
sides,  so  as  to  increase  the  deviation  of  the  pendulum,  while  the 
axle  is  rotating  in  the  two  contrary  directiona 

Let  sin  $  be  the  mean  of  the  sines  of  the  deviations  produced  by 
friction  alone,  and  sin  0  the  mean  of  the  sines  of  the  deviations 
produced  by  the  friction  and  the  load  P  together;  then  we  shall 
have 

«=              P^  /ox 

W  (sin  0  ^  sin  ^y ^   ' 

II.  Dynamic  or  Kinetic  Apparatus, — ^To  measure  the  friction  of 
an  axle  by  means  of  its  retarding  effect  upon  a  rotating  mass,  the  axle 
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is  supported  on  snitable  bearings  at  its  ends^  as  in  the  Statical 
Apparatus  just  described ;  and  at  the  middle  of  its  length  it  has 
fitted  on  it,  and  accurately  balanced^  a  round  disc  acting  as  a  fly- 
wheel, of  weight  sufficient  to  produce  the  required  pressure  on  the 
bearings.  (See  Article  310,  page  353.)  The  numbers  of  turns 
made  by  the  axle  are  counted  and  indicated  by  means  of  a  light  and 
easily-driven  train  of  small  wheels,  with  dial-plates  and  indexes. 

The  axle  is  provided  with  driving-gear  of  a  kind  which  can  be 
instantly  disengaged  when  required;  for  example,  a  fast  pulley  on 
one  overhanging  end,  with  a  loose  pulley  alongside  of  it^  the  loose 
pulley  being  carried,  not  by  the  fly-axle  itself,  but  by  a  separate 
axle  in  the  same  straight  line  with  the  fly-axle. 

After  the  axle  with  its  fly-disc  has  been  set  in  motion  at  a  speed 
greater  than  the  working  speed  of  the  axles  to  which  the  unguent 
to  be  tested  is  to  be  applied  in  practice,  the  driving-gear  is  to  be 
disengaged;  when  the  speed  of  rotation  will  undergo  a  gradual 
retardation  through  the  friction  of  the  journals.  The  numbers  of 
turns  made  in  a  series  of  equal  intervals  of  time  (for  example, 
intervals  of  thii*ty  seconds,  or  of  sixty  seconds,  or  of  a  hundred 
seconds)  are  to  be  observed  on  the  counting  dials,  and  noted  down. 

Let  W  denote  the  weight  of  the  whole  rotating  mass,  con- 
sisting of  the  axle  with  its  fly-disc;  e»  the  radius  of  gyration 
of  that  mass.  (See  Article  313,  page  357).  Let  t  be  the  uni- 
form length  in  seconds  of  the  intervals  of  time  during  which 
the  numbers  of  revolutions  are  recorded;  and  in  one  of  those 
intervals  let  the  disc  make  n  revolutions,  and  in  the  next 
interval  n'  revolutions.      Then   the  mean   angular   velocity   is^ 

2  X  71 

during  the  first  interval,  — - — ,  and  during  the  second  interval, 

— - — j  and  treating  the  rate  of  retardation  as  sensibly  uniform,  the 
t 

retaf'dation  which  takes  place  during  the  t  seconds  which  elapse 
from  the  middle  of  the  first  interval  to  the  middle  of  the  second 
interval  is 

2  X  (n  -  71^ 

t  ' 

and  to  produce  that  retardation  in  the  course  of  <  seconds  in  a  body 
whose  moment  of  inertia  is  We*,  there  is  required  a  retarding 
moment  of  the  following  value : — 

^^2x(.      n')We^ 

Part  of  the  retarding  moment  is  due  to  the  resistance  of  the  air; 
but  if  the  fly  is  a  smooth  round  disc  without  arms,  this  may  be 
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Beglected  for  the  purpose  of  the  experiments,  and  the  whole  moment 
treated  as  due  to  axle-friction.  Let  r  be  the  radius  of  the  journals, 
and  y  the  co-efficient  of  friction  :  then,  as  before,  the  moment  of 
friction  is  very  nearly/ W  r;  and  by  equating  this  to  the  retard- 
ing moment,  and  dividing  both  sides  of  the  equation  by  W  r^  we 
obtain  the  following  formula  for  the  co-efficient  of  friction : — 

f.lzSlL^. _ „) 

When  the  numbers  of  rerolutions  have  been  observed  during  a 
series  of  more  than  two  equal  intervals  of  time,  the  formula  2  for 
the  co-efficient  of  friction  is  to  be  applied  to  each  coiisecutive  pair 
of  intervals,  and  a  mean  of  the  results  taken. 

The  radius  of  gyration  e  and  the  radius  of  the  journals  r  should 
of  course  be  expressed  in  the  same  units  of  measure.  In  British, 
measures,  feet  are  the  most  convenient  for  the  present  purpose. 
The  constant  &ctor  has  the  following  values  : — 

g~  "  6-1:25  feet  ""  1-56  m^tre ^   -^ 

Similar  experiments  may  be  made  with  a  disc  rotating  about  a 
vertical  axis,  and  supported  by  a  pivot;  regard  being  had  to  the 
value  of  the  moment  of  friction  of  a  pivot,  as  stated  in  Article  311, 
page  356. 

To  find  the  square  e*  of  the  radius  of  gyration  by  experiment, 
fix  a  pair  of  slender  pins  in  the  two  fiu^es  of  the  disc  at  two  points 
opposite  each  other,  and  near  its  circumference;  hang  up  the  disc 
with  its  axle  by  these  pins,  and  make  it  swing  like  a  pendulum  in 
a  plane  perpendicular  to  its  axis;  count  the  number  of  single 
swings  in  some  convenient  interval  of  time ;  calculate  their  number 
per  second,  and  let  I^  denote  that  number.  Then  calculate  the 
length  L  of  the  equivalent  simple  pendulum,  by  the  following 
formula : — 

L  =  ^ <*•) 

The  constant  factor  of  this  expression,  being  the  length  of  the 
seconds  pendulum,  has  approximately  the  following  values : — 

%  =  3-26  feet  =  0992  mltr& (5.) 

Let  C  be  the  distance  from  the  point  of  suspension  to  the  axis 
of  figure  of  the  disc  and  axle;  then  the  square  of  the  radius  of 
gyration  is  calculated  as  follows  : — 

e2  =  C  (L  -  C) (6.) 
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When  the  object  of  the  experiments  is  not  to  obtain  absolute 
values  of  the  co-efficient  of  friction,  but  merely  to  compare  one 
specimen  of  unguent  with  another,  it  is  sufficient  to  compare 
together  the  rates  of  retardation  with  the  two  unguents  in  equal 
intervals  of  time. 

ILL  Compariaon  of  Seating  Effects, — For  the  same  purpose  of 
comparing  unguents  with  each  other,  without  measuring  the  Mction 
absolutely,  the  heating  effects  of  the  friction  with  different  unguents 
are  sometimes  compared  together.  The  apparatus  used  is  similar 
to  that  described  under  the  head  of  (I.)  Static  Apparatus ;  except  that 
there  is  no  r6versing-gear,and  that  the  pendulum,  or  loaded  plumber- 
block,  has  no  index  nor  graduated  arc,  and  is  provided  with  a  ther- 
mometer, having  its  bulb  immersed  in  the  passage  through  which 
the  unguent  flows  from  the  grease-box  to  the  journal  Another 
thermometer,  hung  on  the  wall  of  the  room,  shows  the  temperature 
of  the  air.  The  axle  is  driven  at  its  proper  speed,  until  the 
temperature  shown  by  the  first-mentioned  thermometer  oeases  to 
rise;  and  then  the  elevation  of  that  temperature  above  the 
temperature  of  the  air  is  noted.    (See  Article  310,  page  353.) 

In  all  experiments  for  the  purpose  of  comparing  unguents  with 
each  other,  care  should  be  taken  to  remove  one  sort  of  unguent 
completely  from  the  rubbing  surfaces,  grease-box,  and  passages, 
before  beginning  to  tesf  the  effect  of 'another  sort,  lest  the  mixture 
of  different  sorts  of  unguents  should  make  the  experiments  incon- 
clusive. 


Addendum  to  Article  309,  Page  348. 

VwicHmm  •€  Piai«M  aiidi  Piugen. — From  experiments  made  by 
Mr.  William  More  and  others,  it  appears  that  the  friction  of 
ordinary  pistons  and  plungers  may  be  estimated  at  about  one- 
tenth  of  tiie  amount  of  the  effective  pressure  exerted  by  the  fluid 
on  the  piston. 

The  friction  of  a  plunger  working  through  a  cupped  leather 
collar  is  equal  to  the  pressure  of  the  fluid  upon  a  ring  equal  in 
circumference  to  the  collar,  and  of  a  breadth  which,  according  to 
Mr.  More's  experiments,  is  about  0-4  of  the  depth  of  bearing-sur- 
face of  the  collar;  and  according  to  the  experiments  of  Messrs. 
Hick  and  Luthy,  from  -01  to  015  inch  (=  from  -25  to  -375 
millimdtrea),  according  to  the  state  of  lubrication  of  the  collar. 
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CHAPTER  III 

OF  BEGULATOQ  APPABATCS. 


349.  BegalallBg    Aypaimt—    €71«aMd — Brake — Wlj^Gmr 

The  effect  of  all  regulating  apparatus  is  to  control  the  speed  of 
machinery.  A  regulating  instrument  may  act  simply  by  con- 
suming energy,  so  as  to  prevent  acceleration,  or  produce  re- 
tardation, or  stop  the  machine  if  required;  it  is  then  called  a 
brake;  or  it  may  act  by  storing  surplus  energy  at  one  time,  and 
giving  it  out  at  another  time,  when  energy  is  deficient:  in  this 
case  it  is  called  a^y;  or  it  may  act  by  adjusting  the  power  of  the 
prime  mover  to  the  work  to  be  done,  when  it  is  called  a  governor. 
The  use  of  a  brake  involves  waste  of  power.  A  fly  and  a  governor, 
on  the  other  hand,  promote  economy  of  power  and  economy  of 
starength. 

Section  I. — O/BraJces. 

350.  BnkM  Bcfla«4  «»di  ci«Mcd. — ^The  contrivances  here  com- 
prehended under  the  general  title  of  Brakes  are  those  by  means  of 
which  friction,  whether  exerted  amongst  solid  or  fluid  particles, 
is  purposely  opposed  to  the  motion  of  a  machine,  in  order  either  to 
stop  it,  to  retard  it,  or  to  employ  superfluous  energy  during  uniform 
motion.  The  use  of  a  brake  involves  waste  of  energy,  which  is  in 
itself  an  evil,  and  is  not  to  be  incurred  unless  it  is  necessary  to  con- 
venience or  safety. 

Brakes  may  be  classed  as  follows : — 

I.  Block-brakes,  in  which  one  solid  body  is  simply  pressed  against 
another,  on  which  it  rubs. 

II.  Flexible  brakes,  which  embrace  the  periphery  of  a  drum  or 
pulley  (as  in  Pron/s  Dynamometer,  Article  341,  page  383). 

III.  Pump-brakes,  in  which  the  resistance  employed  is  the 
friction  amongst  the  particles  of  a  fluid  forced  through  a  narrow 


rV.  Fam^Ayrakes,  in  which  the  resistance  employed  is  that  of  a 
fluid  to  a  fiEui  rotating  in  it 

351.  ActtoB  •€  Brake*  In  General. — ^The  work  disposed  of  by  a 
brake  in  a  given  time  is  the  product  of  the  resistance  which  it  pro- 
duces into  the  distance  through  which  that  resistance  is  overcome 
in  a  given  time. 

To  sUyp  a  machine,  the  brake  must  employ  work  to  the  amount 
of  the  whole  actual  energy  of  the  machine;  as  already  stated  in 
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Article  334.  To  retard  a  machine,  the  brake  must  employ  -work 
to  an  amount  equal  to  the  difference  between  the  actual  energies 
of  the  machine  at  the  greater  and  less  velocities  respectively. 

To  dispose  qf  surplus  energy,  the  brake  must  employ  work  equal . 
to  that  energy;  that  is,  the  resistance  caused  by  the  brake  must 
balance  the  surplus  effort  to  which  the  surplus  energy  is  due;  so 
that  if  n  is  the  ratio  which  the  velocity  of  rubbing  of  the  brake 
bears  to  the  velocity  of  the  driving  point,  P,  the  surplus  effort  at 
the  driving  point,  and  B  the  resistance  of  the  brake,  we  ought  to 
have — 

p 
R  =  -. (1.) 

It  is  obviously  better,  when  practicable,  to  store  surplus  energy, 
or  to  prevent  its  exertion,  than  to  dispose  of  it  by  means  of  a 
brake. 

When  the  action  of  a  brake  composed  of  solid  material  is  long- 
continued,  a  stream  of  water  must  be  supplied  to  the  rubbing 
surfaces,  to  abstract  the  heat  that  is  produced  by  the  friction, 
according  to  the  law  stated  in  Article  311,  page  354. 

352.  m^ck-Brskca. — When  the  motion  of  a  machine  is  to  be 
controlled  by  pressing  a  block  of  solid  material  against  the  rim  of 
a  rotating  drum,  it  is  advisable,  inasmuch  as  it  is  easier  to  renew 
the  rubbing  surface  of  the  block  than  that  of  the  drum,  that  the 
drum  should  be  of  the  harder,  and  the  block  of  the  softer  material 
—the  drum,  for  example,  being  of  iron,  and  the  block  of  wood. 
The  best  kinds  of  wood  for  this  purpose  are  those  which  have  con- 
siderable strength  to  resist  crushing,  such  as  elm,  oak,  and  beech. 
The  wood  forms  a  facing  to  a  frame  of  iron,  and  can  be  renewed 
when  worn. 

When  the  brake  is  pressed  against  the  rotating  drum,  the  direc- 
tion of  the  pressure  between  them  is  obliquely  oppcNsed  to  the 
motion  of  the  drum,  so  as  to  make  an  angle  with  the  radius  of  the 
drum  equal  to  the  angle  of  repose  of  the  rubbiug  surfaces  (denoted 
by  ^ ;  see  page  349).  The  component  of  that  oblique  pressure  in 
the  direction  of  a  tangent  to  the  rim  of  the  drum  is  tibe  friction 
(R);  the  component  perpendicular  to  the  rim  of  the  drum  is  the 
normal  pressure  (N)  required  in  order  to  produce  that  friction,  and 
is  given  by  the  equation 

^  =  7/ ^'-^ 

/being  the  co-efficient  of  friction,  and  the  proper  value  of  R  being 
determined  by  the  principles  stated  in  Article  351. 

It  is  in  general  desirable  that  the  brake  should  be  capable  of 
effecting  its  purpose  when  pressed  against  the  drum  by  means  of 
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the  strengtli  of  one  mmo,  polling  or  pnshiDg  a  handle  with  one 
hand  or  one  foot  Aa  the  required  normal  pressure  N  is  usually 
considerably  greater  than  the  foroe  which  one  man  oan  exert,  a 
hr^et,  or  screw,  or  a  train  of  levers,  screwy  or  other  convenient 
mediaiiisBi,  most  be  interposed  between  the  brake  Idoek  and  the 
handle,  so  that  when  the  block  is  moved  towards  the  drum,  the 
handle  shall  move  at  least  through  a  distance  as  many  times  greater 
than  the  distance  Ify  which  the  block  directly  approadies  the  drum, 
as  the  required  normal  prearare  is  greater  than  the  force  which 
the  man  can  exert 

Although  a  man  may  be  able  occasionally  to  exert  with  one 
hand  a  force  of  100  lbs.,  or  150  lbs.,  fqr  a  short  time,  it  is  desirable 
that,  in  working  a  brake,  he  should  not  be  required  to  exert  a  force 
greater  than  he  can  keep  up  for  a  considerable  time,  and  exert  re- 
peatedly in  the  course  of  a  day^  without  fatigue— that  is  to  say, 
about  20  lbs.  or  25  lbs. 

353.  The  Smkes  •f  CovtafM  are  usually  of  the  class  just  de- 
scribed, and  are  applied  either  to  the  wheels  themselves  or  to 
drums  rotating  along  with  the  wheels.  Their  effect  is  to  stop  or  to 
retard  the  rotation  of  the  wheels,  and  make  them  slip,  instead  of 
rolling  on  the  road  or  railway.  The  resutance  to  the  motion  of  a 
carriage  which  is  caused  by  its  brake  may  be  less,  but  cannot  be 
greater,  than  the  friction  a£  the  stopped  or  retarded  wheels  on  the 
road  or  rails  under  the  load  which  rests  on  those  wheela  The 
distance  which  a  carriage  or  train  of  carriages  will  run  on  a  lev^ 
line  during  the  action  of  the  brakes  before  stopping,  is  found  by 
dividing  the  actual  en^gy  of  the  moving  mass  before  the  brakes 
are  applied,  by  the  sum  of  the  ordinary  resistance  and  of  the  addi- 
tional resistance  caused  by  the  brakes;  in  other  words,  that  dis- 
tance is  as  many  times  greater  than  the  height  due  to  the  speed  as 
the  weight  of  the  moving  mass  is  greater  than  the  total  resistance. 

The  8kid^  or  dipper^iragy  being  placed  under  a  wheel  of  a  carriage^ 
causes  a  resistance  due  to  the  friction  of  the  skid  upon  the  road  or 
rail  under  the  load  that  rests  on  the  wheeL 

354  FtoaiMeBndMa.  (A.  if.,  678.)— A  flexible  brake  embraces 
a  greater  or  less  arc  of  the  rim  of  a  drum  or  pulley  whose  motion 
it  resists*  In  some  cases  it  consists  of  an  iron  strap,  of  a  radius 
naturally  a  little  greater  than  that  of  the  drum;  so  that  when  left 
free,  the  strap  remains  out  of  contact  with  the  drum,  and  does  not 
resist  its  motion;  but  when  tension  is  applied  to  the  ends  of  the 
strap,  it  dasps  the  drum,  and  produces  the  required  friction.  The 
rim  of  the  drum  may  be  either  of  iron  or  of  wood.  In  other  cases 
the  brake  consists  of  a  chain,  or  jointed  series  of  iron  bars,  usually 
£xced  with  wooden  blocks  on  the  ade  next  the  drum.  When  ten- 
sion is  applied  to  the  ^ids  of  the  chain,  the  blocks  clasp  the  drum 
and  produce  Motion;  when  that  tension  is  removed,  the  blocks  are 
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drawn  back  from  the  drum  hy  springs  to  which  they  ai«  attached, 
and  the  friction  ceases. 

The  following  formulie  are  exact  fop  perfectly  flexible  ocmtinnoas 
bands,  and  approximate  fop  elastic  straps  and  for  chains  of  block& 
Their  demonstiration  has  already  been  given  in  Article  310  a,  page 

In  ^g.  254^  let  A  B  be  the  drum,  and  C  its  axi%  and  let  the 
direction  of  rotation  of  the  dram  be  indicated 
by  the  arrow.  Let  Tj  and  T,  represent  the 
tensions  at  the  two  ends  of  the  strap,  whiohL 
embraces  the  rim  of  the  drum  throughout  the 
arc  A  R  The  tension  T^  exceeds  the  tension 
Tg  by  an  amount  equal  to  the  friction  between 
the  strap  and  dram,  E;  that  is, 

B  =  T,  ~  T^. 

Let  c  denote  the  ratio  which  the  arcof  contact^ 
A  B,  bears  to  the  circmnf&r&nce  of  the  dram ; 
f,  the  co-efficient  of  friction  between  the  strap 
and  dram;  then  the  ratio  Tj  :  T.  is  the  nurrUfer 
whose  common  logarithm  is  2-7288/<^  or  Fig.  254. 

J  =  102-7288/c  ^  Jsf. (1.) 

which  number  haviug  been  found,  is  to  be  used  in  the  following 
formulae  for  finding  the  tensions,  T^,  Tj,  required  in  order  to  pro- 
duce a  given  resistance,  R : — 

Backward  OP  greatest  tenpon,  Tj  =  R-^^ =-; (2.) 

Forward  or  least  tension,         Tg  =  R  •  (3.) 

The  following  cases  occup  in  practice : — 

L  When  it  is  desired  to  produce  a  great  resistance  compared 
mtii  the  force  applied  to  the  brake,  the  backward  end  of  the  brake, 
where  the  tension  is  Tj,  is  to  be  fixed  to  the  framework  of  the 
machinery,  and  the  forward  end  moved  by  means  of  a  lever  op 
othep  suitable  mechanism;  when  the  force  to  be  implied  by  means 
of  that  mechanism  will  be  T^  which,  by  maldng  N  snmciently 
great,  may  be  made  small  as  compared  with  R 

IL  Whesi  it  IB  deaxedihat  ike  renstaeuseshaUalux^fs  he  less  than 
a  certain  given  force,  the  fopward  end  of  the  brake  is  to  be  fixed, 
and  the  backward  end  pulled  with  a  force  not  exceeding  the  given 
force.    This  will  be  T^;  and,  as  the  equation  2  showa,  how  great 
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soever  N  may  be,  R  will  always  be  less  than  T^.  This  is  the 
principle  of  the  brake  applied  by  Sir  William  Thomson  to 
apparatus  for  paying  out  submarine  telegraph  cables,  with  a  view 
to  limiting  the  resistanoe  within  the  amount  which  the  cable  can 
safely  bear. 

In  any  case  in  which  it  is  desired  to  give  a  great  value  to  the 
ratio  N,  the  flexible  brake  may  be  coiled  spirally  round  the  drum, 
so  as  to  make  the  arc  of  contact  greater  than  one  circumference. 

355.  Paaqp-Brakefc— <The  resistance  of  a  fluid,  forced  by  a  pump 
through  a  narrow  orifice,  may  be  used  to  dispose  of  superfluous 
energy;  as  in  the  "cataract,"  or  "dash-pot" 

The  energy  which  is  expended  in  forcing  a  given  weight  of  fluid 
through  an  orifice  is  found  by  multiplying  that  weight  into  the 
height  due  to  the  greatest  velocity  which  its  particles  acquire  in 
that  process,  and  into  a  factor  greater  than  unity,  which  for  each 
kind  of  orifice  is  determined  experimentally,  and  whose  excess 
above  unity  expresses  the  proportion  which  the  energy  expended  in 
overcoming  the  frictio'h  between  the  fluid  and  the  orifice  bears  to 
the  energy  expended  in  giving  velocity  to  the  fluid. 

The  following  are  some  of  the  values  of  that  factor,  which  will 
be  denoted  by  1  +  F : — 

For  an  orifice  in  a  thin  plate,  1  +  F  =  1*054 (1.) 

For  a  straight  uniform  pipe  of  the  length  /,  and  whose  hydraulic 
mean  depths  that  is,  the  area  divided  by  the  circumference  of  its 
cross-section^  is  m, 

1  +  F  =  1-505  +^. (2.) 

For  cylindrical  pipes,  m  is  one-fourth  of  the  diameter. 

The  factor  /in  the  last  formula  is  called  the  co-^icierU  qf/riclion 
of  the  fluid.  For  water  in  iron  pipes,  the  diameter  d  being  ex- 
pressed in  feet^  its  value,  according  to  Darcy,  is 

/=  0-005  (l+j2-d) (3.) 

For  air^  /=  0O06  nearly. (4.) 

The  greatest  velocity  of  the  fluid  particles  is  found  by  dividing 
the  volume  of  fluid  discharged  in  a  second  by  the  area  of  the  outlet 
at  its  most  contracted  part  When  the  outlet  is  a  cylindrical 
pipe,  the  sectional  area  of  that  pipe  may  be  employed  in  this 
calculation ;  but  when  it  is  an  oiifice  in  a  thin  plate,  there  is  a 
contra^cted  vein  of  the  issuing  stream  afler  passing  the  orifice,  whose 
area  is  on  an  average  about  0-62  of  the  area  of  the  orifice  itself; 
and  that  contracted  area  is  to  be  employed  in  computing  the 
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velocity.  Its  ratio  to  the  area  of  the  orifice  in  the  plate  is  called 
the  (XHifficienJt  of  coTUractiovL 

The  computation  of  the  energy  expended  in  forcing  a  given 
quantity  of  a  given  fluid  in  a  given  time  through  a  given  outlet,  is 
expressed  symbolically  as  follows  : — 

Let  Y  be  the  volume  of  fluid  forced  through,  in  units  of  volume 
per  second. 

D,  the  heaviness  of  the  fluid  (see  page  326). 

A,  the  area  of  the  orifice. 

c,  the  co-efficient  of  contraction. 

Vy  the  velocity  of  outflow. 

It,  the  resistance  overcome  by  the  piston  of  the  pump  in  driving 
the  water. 

ti,  the  velocity  of  that  piston. 

Then 

"  =  0^' ^ (^•> 

and 

Rtt  =  DV(l+F)^; (6.) 

if 

the  factor  1  +  F  being  computed  by  means  of  the  formulse  1,  2,  3,  4. 
To  find  the  intensity  of  the  pressure  {p)  within  the  pump,  it  is 
to  be  observed,  as  in  Article  302,  that  if  A'  denotes  the  area  of  the 
piston, 

V  =  A' t^;  R  =  p  A'; (7.) 

consequently, 

p=|  =  D(l+F)-^; (8.) 

that  is,  the  irUendty  of  the  pressure  is  that  due  to  the  weight  of  a 
vertical  column  of  the  fluids  whose  height  is  greater  than  that  due  to 
the  velocity  ofotUjlow  in  the  ratio  1  +  F  :  1. 

To  allow  for  the  friction  of  the  piston,  about  one-tenth  may  in 
general  be  added  to  the  result  given  by  equation  6.   (Seo  page  399.) 

The  piston  and  pump  have  been  spoken  of  as  single ;  and  such 
may  be  the  case  when  the  velocity  of  the  piston  is  uniform.  When 
a  piston,  however,  is  driven  by  a  crank  on  a  shaft  rotating  at  an 
uniform  speed,  its  velocity  varies ;  and  when  a  pump-brake  is  to 
be  applied  to  such  a  shaft,  it  is  necessary,  in  order  to  give  a 
sufficiently  near  approximation  to  an  uniform  velocity  of  outflow, 
that  there  should  be  at  least  either  three  single  acting  pumps, 
driven  by  three  cranks  making  with  each  other  angles  of  120®,  oi* 
a  pair  of  double-acting  pumps,  driven  by  a  pair  of  cranks  at  right 
angles  to  each  other;  and  the  result  will  be  better  if  the  pumpji 
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force  the  fluid  into  one  common  air  vemel  before  it  airives  at  tlie 
resisting  orifica 

That  orifice  may  be  provided  with  a  valve,  by  means  of  which  its 
area  can  be  adjusted  so  as  to  cause  any  required  resistance. 

A  pump-brake  of  a  simple  kind  is  exemplified  in  the  apparatus 
called  the  *'eakiraot,"  for  regulating  the  opening  of  the  steam  valve 
in  single-acting  steam  enginea  It  is  fully  described  in  most 
special  treatises  on  those  engines.* 

356.  Faa-BrakM-— A  fan,  or  wheel  with  vanes,  revolving  in 
water,  oil,  or  air,  may  be  used  to  dispose  of  surplus  energy;  and 
the  resistance  which  it  causes  may  be  rendered  to  a  certain  extent 
adjustable  at  will,  by  making  the  vanes  so  as  to  be  capable  of  being 
set  at  different  angles  with  their  direction  of  motion,  or  at  diffarent 
distances  from  their  axis. 

Fan-brakes  are  applied  to  various  machines,  and  are  maally 
adjusted  so  as  to  produce  the  requisite  resistance  by  trial.  It  is, 
indeed,  by  trial  only  that  a  final  and  exact  adjustment  can  be 
effected;  but  trouble  and  expense  may  be  saved  by  making,  in  the 
first  place,  an  approximate  adaptation  of  the  fan  to  its  purpose  by 
calculation. 

The  following  formulse  are  the  results  of  the  experiments  of 
Buchemin,  and  are  approved  of  by  Ponoelet  in  his  M^oamque 
IndusiridU : — 

For  a  thin  flat  vane,  whose  plane  traverses  its  axis  of  rotation,  let 

A  denote  the  area  of  the  vane; 

I,  the  distance  of  its  centre  of  area  from  the  axis  of  rotation; 

9,  the  distance  fix)m  the  centre  of  area  of  the  entire  vane  to 
the  centre  of  area  of  that  half  of  it  which  lies  nearest  the  axis  of 
rotation; 

V,  the  velocity  of  the  centre  of  area  of  the  vane  ("=  a  ^,  if  a  is 
the  angular  velocity  of  rotation); 

D,  rae  heaviness  of  the  fluid  in  which  it  moves; 

It  2,  the  moment  of  resistance ; 

k,  a  co-efficient  whose  value  is  given  by  the  formula 

k  =  1-254  +  l-6244f^; (1.) 

then 

R  Z  =  U  D  A  •  ^. (2.) 

When  the  vane  is  oblique  to  its  direction  of  motion,  let  i  denote 

•  Pomp-brakes  have  been  applied  to  railway  carriages  by  Mr.  Laurence 
HUL  H^rdranlic  buffers,  whicn  act  on  the  same  principle,  hare  been  applied 
to  railway  carriages  by  Colonel  Clark,  R.  A. 
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the  acnte  angle  which  its  snrfkee  inakas  wiik  that  diteotkm;  then 
the  result  of  equation  2  is  to  be  multiplied  by 

2'^"**-, (3.) 


1  +  sin^  i  

It  appears  that  the  resistance  of  a  £m  with  several  vanes  increases 
nearly  in  proportion  to  the  number  of  vanes,  so  long  as  their  dis- 
tances apart  are  not  less  at  any  point  than  their  lengths  Beyond 
that  limit  the  law  is  uncertain. 


Section  J1.^0f  Fly-Wheda. 

357.  Fertodiesi  Fiwrfiimi  ^f  SpMti  in  a  machine  {A.  M^  689) 
are  caused  by  the  alternate  excess  and  deficiency  of  the  energy 
exerted  above  the  work  performed  in  overcoming  resisting  forces^ 
which  produce  an  alternate  increase  and  diminution  of  actual 
energy,  according  to  the  law  explained  in  Article  330,  page  373. 

To  determine  the  greatest  fluctuation  of  speed  in  a  mai^hinft 
moving  periodically,  take  ABC,  in  fig.  255, 
to  represent  the  motion  of  the  driving  point 
during  one  period ;  let  the  effort  P  of  the  prime 
mover  at  each  instant  be  represented  by  the 
ordinate  of  the  curve  D  G  £  I  F ;  and  let  the 
sum  of  the  resistances,  reduced  to  the  driving  a.  b" 
point  as  in  Article  305,  at  each  instant,  be  Fig.  265. 

denoted  by  R,  and  represented  by  the  ordinate 
of  the  curve  D  H  £  K  E^  which  cuts  the  former  curve  at  the 
ordiuates  A  D,  B  £,  C  F.     Then  the  integral, 


(OOr 


f{T-B)d8. 


being  taken  for  any  part  of  the  motion,  gives  the  excess  or  defi- 
ciency of  energy,  according  as  it  is  positive  or  iM|;ativ&  For  the 
entire  period  ABC,  this  integral  is  nothing.  For  A  B,  it  denotes 
an  excess  of  energy  received^  represented  by  the  area  D  G  E  H;  and 
for  B  C,  an  equal  excess  qfuoork  per/orTned,  represented  by  the  equal 
area  £  K  F  I.  Let  those  equal  quantities  be  each  represented  by 
A  £.  Then  the  actual  energy  of  the  machine  attains  a  maximum 
value  at  B,  and  a  minimum  value  at  A  and  C,  and  a  £  is  the 
difference  of  those  valuea 

Now  let  t;^  be  the  mean  velocity,  r,  the  greatest  velocity,  rg  *^® 
least  velocity  of  the  driving  point,  ana  2  •  w*  W  ihe  reduced  mmiia 
ci  the  machine  (see  Article  315,  page  362);  then 

^^•2-««W  =  AE; (1.) 
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which^  being  divided  by  the  moan  a/cibual  energy^ 

fl;iveB 

^  5o  ' 

and  observing  that  Vq  =  (vj  +  rg)  +  2,  we  find 

t7o     ~  2  E;^  "  «^2-w«W' ^^•'' 

a  ratio  which  may  be  called  the  co-^fficienJt  offlwstwUion  oftpeei 
or  of  unsteadiiMsa, 
The  ratio  of  the  periodical  excess  and  deficiency  of  energy  ^  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,  j^  dsy 

has  been  determined  by  General  Morin  for  steam  engines  nnder 

various  circumstances,  and  found  to  be  from  r^  to  ^  ^o^  nngle- 

cylinder  engines.  For  a  pair  of  engines  driving  the  same  shaft, 
with  cranks  at  right  angles  to  each  other,  the  v^ue  of  this  ratio 
is  about  one-fourth,  and  for  three  engines  with  cranks  at  130°, 
one-twelfth  of  its  vadue  for  single-cylinder  engines. 

The  following  table  of  the  ratio,  a  E  -f-  jT  da,  for  one  reodutum 

of  steam  engines  of  different  kinds  is  extracted  and  condensed  fix>m 
General  Morin's  works: — 


Noir-ExPANsrvE  Engines. 

5  4 

AE-f-^Pc^a  =  105        -118        -125        -132 


Length  of  connecting  rod      —  q  g 

Length  of  crank  " 


Expansive  Condensing  Engines. 

Connecting  rod  =  crank  x  5. 

Fraction    of   stroke   at>££        £         f         £         £ 
whidi  steam  is  cut  off, )         3         4         5         6         7         8 

AE-i-fTda        =    .163      173      178      184     -189     -191 
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EZPANBTYE  NOHr-COKDENSmO  ENGINES. 

Steam  cut  off  at  -  —  —  — 

2345 

A  E  -!-  f  P  (^  a  =  -160  -186  -209  '332 

For  doable-cylinder  expansive  engines,  the  value  of  the  ratio 
il  E  •?-  I'P da  may  be  taken  as  equal  to  that  for  single-cylinder 

non-expansive  engines. 

For  toola  working  at  irUervaU^  such  as  punching,  slotting,  and 
plate-cutting  machines,  coining  presses,  &c.,  A  E  is  nearly  equal  to 
the  whole  work  performed  at  each  operation. 

358.  Flywheels.  (A.  M,y  690.) — ^A  fly-wheel  is  a  wlieel  with  a 
heavy  rim,  whose  great  moment  of  inertia  being  comprehended  iu 
the  reduced  moment  of  inertia  of  a  machine,  reduces  the  co-efficient 

of  fluctuation  of  speed  to  a  certain  fixed  amount,  being  about  ^  for 
ordinary  machinery,  and  ft;  or  ^  ^or  machinery  for  fine  purposes. 
Let  —  be  the  intended  value  of  the  co-efficient  of  fluctuation  of 

171 

speed,  and  il  E,  as  before,  the  fluctuation  of  energy.  If  this  is  to 
be  provided  for  by  the  moment  of  inertia,  I,  of  the  fly-wheel  alone, 
let  00  be  its  mean  angular  velocity;  then  equation  3  of  Article 
357  is  equivalent  to  the  following : — 

1=^; (2.) 

the  second  of  which  equations  gives  the  requisite  moment  of  inertia 
of  the  fly-wheeL 

The  fluctuation  of  energy  may  arise  either  from  variations  in  the 
effort  exerted  by  the  prime  mover,  or  from  variations  in  the  resist- 
ance, or  from  both  &ose  causes  combined.  When  but  one  fly- 
wheel is  used,  it  should  be  placed  in  as  direct  connection  as 
possible  with  that  part  of  the  mechanism  where  the  greatest 
amount  of  the  fluctuation  originates;  but  when  it  originates  at 
two  or  more  points,  it  is  best  to  have  a  fly-wheel  in  connection 
with  each  of  those  points. 

For  example,  let  there  be  a  steam  engine  which  drives  a  shaft 
that  traverses  a  workshop,  having  at  intervals  upon  it  puUeys  for 
driving  various  machine-tools.     The  steam  engine  should  have  a 
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fly-wLeel  of  its  own,  as  near  as  practkaUe  to  its  crank,  adapted  to 
tliat  value  of  A  E  which  is  due  to  the  fluctuations  of  the  effort 
applied  to  the  crank-pin  above  and  below  the  mean  value  of  that 
effort,  and  which  may  be  computed  l>y  the  aid  of  General  Morin's 
tables,  quoted  in  Article  357 ;  and  each  machine-to<^  should  also 
have  a  fly-wheel,  adapted  to  a  value  of  A  E  equal  to  the  whole 
work  performed  by  the  tool  at  one  operation. 

As  the  rim  of  a  fly-wheel  is  usually  heavy  in  comparison  with 
the  arms,  it  is  often  sufficiently  acourate  for  practical  pnrpoees  to 
take  the  moment  of  inertia  as  simply  equal  to  the  weight  of  the 
rim  multiplied  by  the  square  of  the  mean  between  its  outside  and 
inside  radii — a  (^culation  which  may  be  expressed  thus : — 

I  =  Wr2; ^ (3.) 

whence  the  weight  of  the  rim  is  given  by  the  formula — 

^^-"^*r2~-~„'2~' ^^-^ 

if  V  be  the  velocity  of  the  rim  of  the  fly-wheeL 

In  millwork  the  ordinary  values  of  the  product  m  g,  the  unit 
of  time  being  the  second,  lie  between  1,000  and  2,000  feet,  or 
approximately  between  300  uid  600  metres.  In  pumping- 
machinery  it  is  sometimes  only  about  300  feet,  or  90  metres. 

The  rim  of  the  fly-wheel  of  a  £Eu;tory  steam  engine  is  very  often 
provided  with  teeth,  or  with  a  belt^  in  order  that  it  may  directly 
drive  the  machinery  of  the  £eu;tory. 

Section  Hi.— Of  Governors. 

359.  The  Regatet^r  of  a  prime  mover  is  some  piece  of  apparatus 
by  which  the  rate  at  which  it  receives  energy  fi-om  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts 
the  size  of  the  orifice  for  supplying  water  to  a  water-indieel,  tiie 
apparatus  for  varying  the  surface  exposed  to  the  wind  by  windmill 
sails,  the  throttle^valve  which  adjusts  the  caning  of  ^e  steam  pipe 
of  a  steam  engine,  the  damper  which  controls  the  supply  of  air  to 
its  furnace,  and  the  expansion  gear  which  r^ulates  l^e  volume  of 
steam  admitted  into  the  cylinder  at  each  stn^e  of  the  piston. 

In  prime  movers  whose  speed  and  power  have  to  be  frequently 
and  rapidly  varied  at  will,  such  as  locomotives  and  winding 
engines  for  mines,  the  regulator  is  adjusted  by  hand.  In  other 
cases  the  regulator  is  adjusted  by  means  of  a  self-acting  instrument 
driven  by  the  prime  mover  to  be  regulated,  and  called  a  QovratKOR. 

The  special  construction  of  the  different  kinds  of  regulators  is  a 
subject  for  a  treatise  on  prime  movers.     In  the  present  tnoatise  it 
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is  sufficient  to  state  that  in  every  governor  there  is  a  moving  piece 
"which  acts  on  the  regulator  through  a  suitable  train  of  mechanism, 
and  which  is  itself  made  to  move  in  one  direction  or  in  another 
according  as  the  prime  mover  is  moving  too  hst  or  too  slow. 

The  object  of  a  governor,  properly  so  called,  is  to  preserve  a 
certain  uniform  speed,  either  exactiy  or  approximately;  and  such 
is  always  the  case  in  millwoi^  There  are  other  cases,  as  in 
marine  steam  engines,  where  it  may  be  considered  sufficient  to 
prevent  sudden  variations  of  speed,  without  preserving  an  uniform 
speed;  and  in  those  cases  an  apparatus  may  be  used  possessing 
only  in  part  the  properties  of  a  governor :  this  may  be  called  a 
fly-governor,  to  distinguish  it  from  a  governor  proper. 

Governors  proper  may  be  distinguished  into  position^ovemors, 
disengcigement-^ovemora,  and  differerUtcUrgovemors :  a  position-gov- 
ernor being  one  in  which  the  moving  jnece  that  acts  on  the  regu- 
lator assumes  positions  depending  on  the  speed  of  motion,  as  in 
the  common  steam  engine  governor,  which  consists  of  a  pair  of 
revolving  pendulums  acting  directly  on  a  train  of  mechanism  which 
adjusts  iSbe  throttle-valve:  a  disengaging-govemor  being  one  which, 
when  the  speed  deviates  above  or  below  its  proper  value,  throws 
the  regulator  into  gear  with  one  or  other  of  two  trains  of 
mechanism  which  move  it  in  contrary  directions  so  as  to  diminish 
or  increase  the  speed,  as  the  case  may  require,  as  in  water-mill 
governors ;  and  a  differential-governor  being  one  which,  by  means 
of  an  aggregate  combination,  moves  the  regulator  in  one  direction 
or  in  another  with  a  speed  proportional  to  the  difference  between 
the  actual  speed  and  the  proper  speed  of  the  engine. 

In  almost  all  governors  the  action  depends  on  the  centrifugal 
force  exerted  by  two  or  more  masses  which  revolve  round  an  axis. 
By  another  classification,  different  from  that  which  has  already 
been  described,  governors  may  be  distinguished  into  gravity 
governors,  in  whic£  gravity  is  the  force  that  opposes  the  centrifugal 
force ;  and  hcdanced  governors,  in  which  the  actions  of  gnmty  on 
the  various  moving  parts  of  the  governor  are  mutually  balanced, 
and  the  centrifugal  force  is  opposed  by  the  elasticity  of  a  spring. 

Governors  may  be  further  distinguished  into  those  which  are 
truly  isochronous — that  is  to  say,  which  remain  without  action  on 
the  regulator  at  one  speed  only;  and  those  which  are  nearly 
isochronous — ^that  is  to  say,  which  admit  of  some  variation  of  the 
permanent  or  steady  speed  when  the  resistance  overcome  by  the 
engine  varies;  and  lastly,  governors  may  be  distinguished  into 
those  which  are  specially  adapted  to  one  speed,  and  those  which 
can  be  adjusted  at  will  to  different  speeds. 

360.  Pendniam-GoTenion. — A  pendulum-govemor  is  thesimplest 
kind  of  gravity-governor.  It  has  a  vertical  ^indle,  driven  by  the 
engine  to  be  regulated;   and  from  that  spindle  thero  han^  at 
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oppodte  sides,  a  pair  of  revolving  pendulums,  which,  by  the  positions 
that  thej  assume  at  different  s^eds^  act  on  the  regulator. 

The  relation  between  the  height  of  a  simple  revolving  pendulum 
and  the  number  of  turns  which  it  makes  per  second  has  already 
been  stated  in  Article  319;  but  for  the  sake  of  oonvenience  it 
may  here  be  repeated : — Let  h  denote  the  height  or  aUUude  of  the 
pendulum  ( =  O  H  in  fig.  256),  and  T  the  number  of  turns  per 
second;  then 


h  = 


9 


•815  foot     9-78  inches     0-248  m^tre 


4x2  T2" 


r£2 


x« 


X-i 


(1.) 


If  the  rods  of  the  revolving  pendulums  are  jointed,  as  in  ^g. 
257,  not  to  a  point  in  the  vertical  axis,  but  to  a  pair  of  points^ 


\ 


Fig.  257 

such  as  C,  c,  in  arms  prtjecting  from  that  axis,  the  height  is  to  be 
measured  to  the  point  O,  where  the  lines  of  tension  of  the  rods  cut 
the  axis. 

In  most  cases  which  occur  in  practice,  the  balls  are  so  heavy,  as 
compared  with  the  rods,  that  the  height  may  be  measured  without 
sensible  error  from  the  level  of  the  centres  of  the  balls  to  the  point 
O,  where  the  lines  of  suspension  cut  the  axi&  This  amounts  to 
neglecting  the  effects  both  of  the  weight  and  of  the  centrifugal 
force  of  the  rods.  These  effects  may,  if  required,  be  taken  into 
account  approximately,  as  follows : — Let  B  be  the  weight,  and^6  the 
radius,  of  a  ball ;  let  R  be  the  weight  of  a  rod,  and  r  the  length 
from  O  to  the  centre  of  B;  let  A  be  the  height  from  the  centre  of 
B  to  O,  and  h'  the  corrected  height;  then 

and  the  number  of  revolutions  per  second  will  correspond  nearly 
to  this  corrected  height. 
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The  ordinary  steam  engine  governor  invented  by  Wattj  which 
is  represented  in  ^g,  256,  is  a  position-governor,  and  acts  on  the 
regulator  by  means  of  the  variation  of  its  altitude,  through  a  train 
of  levers  and  link  work.  That  train  may  be  very  much  varied  in 
detail  In  the  example  shown  in  the  figure,  the  lever  0  C  forms 
one  piece  with  the  ball-rod  0  B,  and  the  lever  O  c  with  the  ball- 
rod  O  6 ;  so  that  when  the  speed  £ei11s  too  low,  the  balls  B,  &,  by 
approaching  the  spindle,  cause  the  point  E  to  rise;  and  when  the 
8|)eed  rises  too  high,  the  balls,  by  receding  from  the  spindle,  cause 
the  point  E  to  fall  At  the  point  E  there  is  a  collar,  held  in  the 
forked  end  of  the  lever  E  F,  which  communicates  motion  to  the 
regulator. 

The  ordinary  pendulum-governor  is  not  truly  isochronous;  for 
when,  in  order  to  adapt  the  opening  of  the  regulator  to  different 
loads,  it  rotates  with  its  revolving  pendulums  at  different  angles 
to  the  vertical  axis,  the  altitude  h  assumes  different  values,  corre- 
sponding to  different  speeds. 

As  in  Article  357,  let  the  utmost  extent  of  fluctuation  of  the 
speed  of  the  engine  between  its  highest  and  lowest  limits  be  the 

fraction  —  of  the  mean  speed;  let  h  be  the  altitude  of  the  governor 

corresponding  to  the  mean  speed;  and  let  h  be  the  utmost  extent 
of  variation  of  the  altitude  between  its  smaller  limit,  when  the 
regulator  is  shut,  and  its  greater  limit,  when  the  regulator  is  full 
open.     Then  we  have  the  following  proportion : — 

and  consequently 


k^2 


.(3.) 


361.  l<«a<i«4  PeM4alaaii-G«Tenior. — From  the  balls  of  the  com- 
mon governor,  whose  collective  weight  is  (say)  A,  let  there  be, 
hung  by  a  pair  of  links  of  lengths  equal  to  the  ball-rods,  a  load 
B,  capable  of  sliding  up  and  down  the  spindle,  and  having  its 
centre  of  gravity  in  the  axis  of  rotation.  Then  the  centrifugal 
force  is  that  due  to  A  alone;  and  the  effect  of  gravity  is  that  due 
to  A  +  2  B;  for  when  the  ball-rods  shift  their  position,  the  load 
B  moves  through  twice  the  vertical  distance  that  the  balls  move 
through,  and  is  therefore  equivalent  to  a  double  load,  2  B,  acting 
directly  on  the  balls.  Consequently  the  altitude  for  a  given  speed 
is  greater  than  that  of  a  simple  revolving  pendulum,  in  the  ratio 

2  B 
1  +  ,-^;  a  given  ahsoliUe  variation  of  altitude  in  moving  the 

regulator  produces  a  proportionate  variation  of  speed  smaller  than 
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in  the  common  governor,  in  the  ratio  ^      g^;  and  the  governor 

is  said  to  be  mare  MnmJbwe  than  a  common  governor,  in  the  ratio  of 
A  :  A  +  2  R     Such  is  the  construction  of  Porter's  governor. 

The  links  by  which  the  load  B  is  hung  nfey  be  attached,  not 
to  the  balls  themselves,  but  to  any  convenient  pair  of  points  in 
the  ball-rods;  the  links,  and  the  parts  of  the  ball-rods  to  which 
they  are  jointed,  always  forming  a  rhombus,  or  equilateral  par*- 
allelogram.  Let  q  be  the  ratio  borne  by  each  of  the  sides  of  that 
rhombus  to  the  length  on  the  ball-rods  from  the  centre  of  a  bail 
to  the  point  where  the  line  of  suspension  cuts  the  axis ;  tiien  in 
the  preceding  expressions  2  g'  B  is  to  be  substituted  for  2  R 

In  the  one  case  2  B,  and  in  the  other  2  ^  B,  is  the  weight, 
applied  directly  at  A,  which  would  be  statioaU^  equMxdeM  to  the 
load  B,  wplied  where  it  i& 

-"  MM—  riiTiirairf  Tn  fig.  258,  let  B  X  be 
the  axis  of  the  spindle,  and  £  the  centre  of  one 
of  the  balls,  which,  as  it  moves  towards  or 
from  the  spindle,  is  guided  so  as  to  describe  a 
parabolic  arc,  KE,  with  the  vertex  at  K. 
Let  E  F  be  a  normal  to  the  parabola,  cutting 
the  axis  in  F  The  vertical  height  of  F  above 
E  is  constant,  being  equal  to  twice  the  focal 
distance  of  the  parabola;  hence  this  governor 
is  absolutely  isochronous.  That  is  to  say,  the 
balls  cannot  remain  steady  in  any  position 
except  at  one  particular  speed  of  rotation; 
^  being  that  corresponding  to  an  altitude  equal 
to  twice  the  focal  distance  of  the  parabola; 
and  any  deviation  of  the  speed  above  or  below 
that  value  causes  the  balls  to  move  continuously  outwards  and 
upwards,  or  inwards  and  downwards,  as  the  case  may  be,  until  their 
action  on  the  r^ulator  restores  the  proper  speed.  The  force  with 
which  the  balls  tend  to  shift  their  position  vertically,  when  a  de- 
viation of  speed  occurs,  is  expressed  very  nearly  by ;  in 

fh 

which  A  is  the  collective  weight  of  the  balls,  n  the  proper  number 
of  revolutions  in  a  given  time,  and  a  n  the  deviation  firom  that 
number.     The  balls  may  be  guided  in  various  ways,  viz:— 

I.  By  hanging  each  of  them  by  means  of  a  flexible  spring  from 
a  cheek,  L  H,  of  the  form  of  the  evolute  of  the  parabola.  To  find 
a  series  of  points  in  the  parabola  and  its  evolute,  let  A  be  the 
altitude;  then  from  the  vertex  K  lay  off  K  A  =  K  B  =  ^A;  A 
will  be  the  focus,  and  the  horizontal  line  B  Y  the  directrix.  Draw 
A  C  parallel  to  an  intended  position  of  the  ball-rod;  bisect  it  in  Dj 


'\ 

v 

G 

\ 

\ 

A 

K 
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Fig.  268. 
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draw  DE  perpendionlor  to  AC,  and  OE  parallel  to  BX;  the 
intersection  E  will  be  a  point  in  ihe  parabola,  and  E  D  a  tangent; 
Then  parallel  to  C  A^  dmw  E  F;  this  will  be  a  normal,  and  a  posi- 
tion of  the  ball-rod.  Prom  F,  parallel  to  D  E,  draw  F  G,  cutting 
C  E  produced  in  G;  and  from  G,  parallel  to  B  Y,  draw  G,  cutting 
E  F  produced  in  H;  this  will  be  a  point  in  the  evolute.  To  ex- 
press this  algebraiodlj,  let  BC  =  ^andOE  =  «  be  the  co-ordinates 
of  the  parabola;  and  let  B  M  =  ;s^  and  M  H  =  -  y  be  those  of  ita 
evolute.     Thod  we  have 

II.  Another  method  of  guiding  the  balls  is  to  support  them  hj 
means  of  a  pair  of  properly  curved  arms,  on  which  they  slide  or  roll. 
On  the  top  of  the  balls  there  rests  a  horizontal  plate  or  bar,  which 
communicates  their  vertical  movements  to  tiie  regulator. 

IIL  Approximate  Parabolio  Gcvemor, — In  Faroot*s  governor, 
the  rod  E  H,  in  its  middle  position,  is  hung  from  a  joint,  H,  at  the 
end  of  an  arm,  M  H ;  this  gives  approximate  iaochronism.  The 
co-ordinates  of  the  point  H  are  found  by  the  rules  already  given. 

362a.  Ii— iei  Parak^Uc  €>«v«ni«r. — When  the  balls  of  a  para- 
bolic governor  are  guided  in  the  second  manner  described  in  the 
preceding  article,  and  support  above  them  a  plate  or  bar,  to  which 
their  vertical  movements  are  communicated,  an  additional  load 
may  be  applied  to  them  by  means  of  that  plate.  Let  A  be  the 
collective  weight  of  the  balls;  B,  the  additional  load;  then  the 
altitude  corresponding  to  a  given  speed  is  greater  than  in  the 
unloaded  governor,  in  the  ratio  of  A  +  B  :  A;  and  the  speed 
corresponding  to  a  given  altitude  is  greater,  in  the  ratio  of 
^  (A  +  B)  :  ^^A;  and  by  varying  the  load,  the  speed  of  the 
governor  may  be  varied  at  will 

363.  !■•«&*•■•■•  «wiHtyO»vwr  (Rankiw^s), — In  this  form 
of  governor  (see  £g.  259)  the  four  centrifugal  balls  marked  B  are 
balanced,  as  regards  gravity,  about  the  joint  A,  on  the  spindle 
AM.  D,  D  are  sliders  on  the  ball-rods;  D  0,  D  0,  levers  jointed 
to  the  sliders,  and  centred  on  a  point  in  the  spindle  at  0,  and  of 
a  length  DC  =  OA;GG,  a  loaded  circular  platform  hung  from 
the  levers  C  D,  C  D,  by  links  E  F,  E  F ;  H,  an  easy-fitting  collar, 
jointed  to  the  steelyard  lever  H  K,  whose  fulcrum  is  at  K;  L,  a 
weight  adjustable  on  this  lever.  This  governor  is  truly  iaoch- 
ronous;  the  altitude  ^  of  a  revolving  pendulum  of  equal  speed  is 
given  by  the  equation 

^      B'AB8 
2DCD' 
in  which  B  is  the  collective  weight  of  the  centrifugal  masses,  and 
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D  the  load,  suspended  directly  at  D,  to  which  the  actual  load  is 
fitatically  equivalent.    The  load  D^  and  consequently  the  altitude 


Fig.  259. 

and  the  speed,  can  be  varied  at  will,  by  shifting  the  weight  L ; 
which  can  be  done  either  by  hand  or  by  the  engine  itself.  The 
regulator  may  be  acted  on  by  the  other  end  of  the  lever  H  BL 
The  levers  C  D,  C  D  should  be  horizontal  when  in  their  middle 
position;  and  then  the  ball-rods  will  slope  at  angles  of  4d^.     Two 

Digitized  by  VjOOQIC 


GOVBRNOBS.  417 

positions  of  the  parts  of  the  governor  when  the  rods  deviate  from 
their  middle  position,  are  shown  by  dotted  lines  and  accented 
letters.  If  convenient,  the  links  E  F,  E  F  may  be  hung  directly 
from  the  slides  D,  D. 

The  theory  of  this  governor  is  illustrated  by  fig.  260.  In 
any  position  of  the  parts,  let  A  C  be  the  axis  of  rotation; 
A  B,  a  ball-rod  carrying  a  ball  at  B ;  C,  the  point  at  which  the 
lever  C  D  =  C  A  is  jointed  to  the  spindle ;  D,  the  central  point 
of  the  slider  at  the  end  of  that  lever.  About  0  draw  the  circle 
A  D  Q,  cutting  the  axis  of  rotation  in  Q;  join  D  Q;  and  draw 
D  B,  and  B  P  perpendicular  to  A  Q. 

Then  when  the  position  of  the  parts  varies,  and  the  speed  is 
constant,  the  moment  of  the  centrifugal  force  of  the  balls  relatively 
to  A  varies  proportionally  to  B  P  •  P  A,  and  therefore  propor- 
tionally to  the  area  of  the  right-angled  triangle  A  P  B ;  and  the 
moment  relatively  to  A  of  the  load  which  acts  on  the  point  D 
varies  proportionally  to  D  K,  and  therefore  to  the  area  of  the 
right-anded  triangle  A  D  Q ;  but  the  areas  of  the  triangles  A  B  P 
and  A  I)  Q  bear  a  constant  ratio  to  each  other — ^viz.,  that  of 
A  B^  to  A  Q2;  therefore  the  moment  of  the  centrifugal  force  at  a 
constant  speed,  and  the  moment  of  load,  bear  a  constant  ratio  to 
each  other  in  all  positions  of  the  parts  of  the  governor ;  and  if 
they  are  equal  in  one  position,  they  are  equal  in  every  position ; 
and  if  unequal  in  one  position,  they  are  unequal  in  every  position. 
Therefore  die  governor  is  truly  isochronous. 

To  express  algebraically  the  relations  between  the  dimensions, 
the  revolving  mass,  the  load,  and  the  speed;  let  B  be  the  collec- 
tive weight  of  the  four  balls;  D,  the  total  load  which  is  actually 
or  virtually  applied  at  the  points  D,  D;  let  the  length  of  each 
ball-rod  A  B  =  5 ;  and  let  the  length  of  each  of  the  levers  0  D  =  <x 
In  any  position  of  the  governor,  let  the  angle  Q  A  B  =0.  Then, 
because  A  0  D  is  an  isosceles  triangle,  we  have  the  angle  Q  0  D 
=  20.  It  is  also  evident  that  BP  =  6sin^;AP  =  6cos^; 
D  B  =  c  *  sin  2  ^  =  2  c  *  cos  ^  sin  ^. 

Let  fly  as  before,  be  the  number  of  revolutions  per  second. 
Then  the  centrifugal  moment  of  the  balls  relatively  to  A  is 

B>i^!!L^BP>PA  =  ^^'^^V^^ 

and  the  statical  moment  of  the  load  relatively  to  A  is 

2D*DR=4Dc-cos^sin^; 
"w^hich  two  moments,  being  equated  to  each  other,  and  common 
factors  struck  out,  give  the  following  equation : — 

^  =  4Dc; 
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and  therefore 

-By       B    AB« 
4Dc"4DAC^ 

•8  has  already  been  stated.* 

364.  FiactMiftMM  •r  iMcteMMw  Ci»in— ■■■  When  a  tmlj 
isochronous  governor  is  rapid  in  its  action  on  the  r^^nlator,  and 
meets  with  little  resistance  from  friction,  it  may  sometimes  happen 
that  the  momentum  of  the  moving  parts  carries  them  beyond  1^ 
position  suited  for  producing  the  proper  speed ;  so  that  a  deviation 
from  the  proper  speed  takes  place  in  the  contrary  direction  to  the 
previous  deviation,  followed  oy  a  change,  in  the  contrary  direction, 
in  the  position  of  the  governor,  which  again  is  carried  too  Sur  by 
momentum;  and  so  on;  the  result  being  a  series  of  periodical 
fluctuations  in  the  speed  of  the  engine.  When  this  is  found  to 
occur,  it  may  be  prevented  by  the  Hse  of  a  piston  working  in  an 
oil-cylinder  or  dash-pot;  which  will  take  away  the  momentum 
of  the  moving  parts,  and  cause  the  regulating  action  of  the  governor 
to  take  place  more  slowly,  without  impairing  its  accuracy. 

365.  BsiAMCMi,  Mr  m^rim^  q»fw— ■■,  {SUver^s,  Weir's,  ffwWs, 
Sir  W.  Thomson! 8 f  &c) — In  this  class  of  ffovemors,  often  called 
Marine  Oovemors,  as  being  specially  suited  for  use  on  board  ahip, 
the  action  oi  gravity  on  the  ludls  is  either  self-balanced,  or  made,  by 
rapid  rotation,  so  small  compared  with  the  centrifugal  force  as  to 
be  unimportant.  The  centnf ugal  force  is  opposed  by  springs.  To 
make  such  a  governor  isochronous,  the  springs  ought  to  be  so 
arranged  as  to  make  the  elastic  force  exerted  by  them  vary  in  the 
simple  ratio  of  the  distance  from  the  centres  oi  the  balls  to  the  axis. 

In  order  that  the  action  of  gravity  on  the  balls  may  be  self- 
balanced,  if  there  are  two  balls  only,  they  must  move  in  opposite 
directions,  in  a  plane  perpendicular  to  the  axis  of  rotation :  which 
axis  may  have  any  position,  but  is  usually  horizontal  They  mi^t 
be  guided  by. sliding  on  rods  perpendicular  to  the  spindle;  bat 
they  are  more  frequently  guided  Hby  combinations  of  linkwork,  dif- 
ferent forms  of  which  are  exemplified  in  Weir*s  governor  and  in 
Hunt's  governor.  If  there  are  four  balls,  they  are  carried  by  a  pair 
of  arms  like  the  letter  X,  as  in  ^g,  259  (but  with  the  spindle 
usually  horizontal  instead  of  vertical),  and  such  is  the  arrangement 
in  Silver's  Marine  Governor.  The  springs  in  balanced  governors 
are  seldom  fitted  up  with  a  view  to  perfect  isoohronism;  but  for 
marine  engines  this  is  unimportant,  as  the  principal  object  of 
applying  governors  to  them  is  to  prevent  changes  of  speed  so  great 

*  It  has  been  pointed  out  by  Mr.  Edmund  Hnnt  that  this  form  of  governor 
is  virtually  a  parabolic  governor;  for  the  conunon  centre  of  gravity  of  the 
ballfl  and  of  the  load  moves  in  a  parabola,  of  a  focal  distance  eqoal  to  half 
the  altitude  given  by  the  formnlai 
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and  sudden  as  to  be  dangerous;  such  as  those  which  tend  to  occur 
when  the  screw-propeller  of  a  yessel  pitching  in  a  heavy  sea  is 
alternately  liffced  out  of  and  plunged  into  the  water. 

Bules  diowing  the  relation  between  the  deflection  of  a  straight 
spring,  or  the  extension  of  a  spiral  spring,  and  the  elastic  force 
exerted  by  the  spring,  have  already  been  given  in  Article  342,  page 
386,  and  Article  345,  page  389. 

366.  ]MMngageflienf-€;oTenMm.^-The  most  Complete  example  of 
a  disengagementrgovemor  is  that  commonly  used  for  water-wheels, 
and  sometimes  also  for 
the  steam  engina  The 
peculiar  parts  of  this 
governor  are  represent- 
ed in  fig.  261.  A  A  is 
part  of  the  spindle  of  a 
pair  of  revolving  pen- 
dulums similar  to  those 
in  an  ordinary  governor ; 
B,  a  cylindncal  slider, 
hung  from  the  ball-rods 
by  links  whose  lower 
ends  are  shown  at  C,  C. 
D  is  a  tooth  or  cam 
projecting  from  the 
slider,     and     sweeping  Pig.  26L 

round  as  the  spindle  and 

pendulums  rotate.  To  make  the  slider  rotate  truly  with  the  spindle, 
the  part  of  the  spindle  on  which  it  slides  may  either  be  made 
square,  or  may  have  a  projecting  longitudinal  feather  fitting  easily 
a  groove  in  the  inside  of  the  slider. 

E  is  one  end  of  a  lever  capable  of  turning  about  a  vertical  axis 
(not  shown),  and  provided  with  a  fork  of  four  prongs,  F,  P,  G,  H. 
The  prongs  F,  F  are  just  far  enough  apart  to  clear  the  tooth  D, 
as  it  sweeps  round,  when  the  spindle  is  turning  at  its  proper  speed, 
and  the  ball-rods  and  slider  in  their  middle  position;  atid  the  lever 
E  is  then  in  its  middle  position  also.  The  prong  G  is  below,  and 
the  prong  H  above,  the  level  of  the  prongs  F,  F;  and  when  the 
lever  is  in  its  middle  position,  the  clear  distance  of  G  and  H  from 
the  cylindrical  surface  of  the  slider  B  is  one-half  of  the  distance  of 
F,  F  from  that  surface^  When  the  spindle  begins  to  £all  below  its 
proper  speed,  the  slider  moves  downwards  until  the  tooth  D  strikes 
the  prong  G,  and  drives  the  lever  E  to  one  side.  Should  the 
spindle  b^in  to  turn  faster  than  the  prc^r  speed,  the  slider  rises 
until  the  tooth  D  strikes  the  prong  H,  and  drives  the  lever  E  to 
the  contrary  side.  The  lever  E  acts  through  any  convenient  train 
of  mecnanism  upon  the  clutch  of  a  set  of  reversing-g^,^^^i^e 
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oombiiiation  shown  in  fig.  214,  Article  263,  page  299.  The  driving- 
shaft  of  that  oombination  is  continually  driven  by  the  engine. 
When  the  lever  E  is  in  its  middle  position,  the  following  shaft  is 
disengaged  from  the  driving-shaft,  and  remains  at  rest.  When 
the  lever  E  is  shifted  to  one  side  or  to  the  other,  the  rever8ing-ge»r 
drives  that  following  shaft  in  one  direction  or  in  the  other;  and  its 
motion,  beinff  transmitted  by  a  suitable  train  to  the  regulator, 
corrects  the  (Aviation  of  speed.  So  soon  as  the  spindle  resumes 
its  proper  speed,  the  tooth  D,  by  striking  one  or  other  of  the  prongs 
F,  F,  replaces  the  lever  E  in  its  middle  position,  and  disengages 
the  regulating  train. 

367.  In  BMRBTMittei  o^Tww  the  regulation  of  the  prime 
mover  is  effected  by  means  of  the  difference  between  the  velocity 
of  a  wheel  driven  by  it  and  that  of  a  wheel  regulated  by  a  revolving 
pendulum.    This  class  of  governors  is  ezeinplified  by  fig.  262, 

representing  Siemena^s  differential 
governor  as  applied  to  prime 
mover&  A  is  a  vertical  dead- 
centre  or  fixed  spindle  about 
which  the  after-mentioned  pieces 
turn;  C  is  a  pulley  driven  by 
the  prime  mover,  and  fixed  to  a 
bevel- wheel,  which  is  seen  below 
it ;  E  is  a  bevel- wheel  similar  to 
the  first,  and  having  the  same 
apex  to  its  pitch-cone.  To  thb 
wheel  are  hung  the  revolving 
masses  B,  of  which  there  are 
usually  four,  although  two  only 
are  shown.  Those  masses  form 
sectors  of  a  ring,  and  are  surrounded  by  a  cylindrical  casing, 
F.  When  the  masses  revolve  with  their  proper  velocity,  they 
are  adjusted  so  as  nearly  to  touch  this  casing;  should  they 
exceed  that  velocity,  they  fly  outwards  and  touch  the  casing, 
and  are  retarded  by  the  friction.  Their  centrifugal  force  may 
be  opposed  either  by  gravity  or  by  spring&  For  practical 
purposes,  their  angular  velocity  of  revolution  about  the  vertical  axis 
may  be  considered  constant  G,  G  are  horizontal  arms  projecting 
from  a  socket  which  is  capable  of  rotation  about  A,  and  carrying 
vertical  bevel-wheels,  which  rest  on  E  and  support  0,  and  transmit 
motion  fit>m  0  to  K  There  are  usually  four  of  the  arms  G,  G, 
with  their  wheels,  though  two  only  are  ^own.  H  is  one  of  those 
arms  which  projects,  and  has  a  rod  attached  to  its  extremity  to  act 
on  the  r^;ulator  of  the  prime  mover,  of  what  sort  soever  it  may  be. 
When  C  rotates  with  an  angular  velocity  equal  and  contrary  to 
that  of  E  with  its  revolving  pendulums^  the  arms  G,  G  remain 
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at  rest;  bat  should  C  deviate  horn  that  velocity,  those  arms  rotate 
in  one  direction  or  the  other,  as  the  case  may  be,  with  an  angular 
velocity  equal  to  one-half  of  the  difference  between  the  angular 
velocity  of  C  and  that  of  E  (see  Article  234,  page  245),  and  con- 
tinue in  motion  until  the  regulator  is  adjusted  so  that  the  prime 
mover  imparts  to  0  an  angular  velocity  exactly  equal  to  that  of 
the  revolving  masses  B,  B. 

There  are  various  modifications  of  the. differential  governor,  but 
they  all  act  on  the  same  principle. 

368.  In  pBBip-ci«T«ni«rs  each  stroke  of  the  prime  mover  to 
be  regulated  forces,  by  means  of  a  small  pump,  a  certain  volume  of 
oil  into  a  cylinder  fitted  with  a  plunger,  lO^e  a  hydraulic  press. 
The  oil  is  discharged  at  an  uniform  rate  through  an  adjustable 
opening,  back  into  the  reservoir  which  supplies  the  pump.  When 
the  prime  mover  moves  £Euster  or  slower  than  its  pi-oper  speed,  the 
oil  is  forced  into  the  cylinder  faster  or  slower,  as  the  case  may  be, 
than  it  is  discharged,  so  as  to  raise  or  to  lower  the  plunger;  and 
the  plunger  communicates  its  movements  to  the  r^ulator,  so  as  to 
correct  the  deviation  of  speed. 

The  Beii«w*-G«Teni«r  acts  on  the  same  principle,  using  air  in- 
stead of  oil,  and  a  double  bellows  instead  of  a  pump  and  a  plunger- 
cylinder 

369.  In  F«i-o«Teni«M  the  greater  or  less  resistance  of  air  or  of 
some  liquid  to  the  motion  of  a  &n  driven  by  the  prime  mover^  causes 
the  adjustment  of  the  opening  of  the  r^^ulator. 
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CHAPTER  rV. 

OP    THB    EPPICIENCT    AND    COmTTER-EFPICIENCT    OF    PIECES, 

combinations;  and  trains,  in  mechanism. 

370.  Nasare  Mi4  DhrisiMi  •f  the  s«fe|jeci« — ^The  terms  Efficiency 
and  CourUer-^iciency  have  already  been  explained  in  Article  335, 
page  377;  and  the  laws  of  Mction,  the  most  important  of  the 
wasteful  resistances  which  cause  the  efficiency  of  a  machine  to 
be  less  than  unity,  hate  been  stated  in  Articles  309  to  311,  pages 
348  to  354.  In  the  present  Chapter  are  to  be  set  forth  the  effects 
of  wasteful  resistance,  and  especially  of  friction,  on  the  efficiency 
and  counter-efficiency  of  single  pieces,  and  of  combinations  and  trains 
of  pieces,  in  Mechanism.  In  practical  calculations  the  counter- 
efficiency  is  in  general  the  quantity  best  adapted  for  use;  because 
the  useful  work  to  be  done  in  an  imit  of  time,  or  ^ecHve  potoer,  is 
in  general  given;  and  from  that  quantity,  by  multiplying  it  by  the 
counter-efficiency  of  the  machine— that  is,  by  the  continued  product 
of  the  counter-efficiencies  of  all  the  successive  pieces  and  combina- 
tions by  means  of  which  motion  is  communicated  from  the  driving- 
point  to  the  useful  working-point — ^is  to  be  deduced  the  value  of  the 
expenditure  of  energy  in  an  unit  of  time,  or  total  potoer,  required 
to  drive  the  machina  In  symbols,  let  XT  be  the  useful  work  to  be 
done  per  second;  c,  c*,  c",  &c.,  the  counter-efficiencies  of  the  several 
parts  of  the  train;  T,  the  total  energy  to  be  expended  per  second; 
then 

T  =  c  Wikc....ir. (1.) 

When  the  mean  effort  required  at  the  driving-point  can  con- 
veniently be  computed  by  reducing  each  resistance  to  the  driving- 
point,  and  adding  together  the  reduced  resistances  (as  in  Article 
324,  page  369,  and  Article  338,  page  379),  the  ratio  in  which  the 
actual  effort  required  at  the  driving-point  is  greater  than  what  the 
required  effort  would  be,  in  the  absence  of  wasteful  resistance,  is 
expressed  by  the  continued  product  of  the  counter-efficiencies  of 
the  parts  of  the  train,  as  follows :  let  Fq  be  the  effort  required,  io. 
the  absence  of  wasteful  resistance;  P,  the  actual  effort  required^ 
then 

P  =  c-c'  •c''-&c....Po; (2.) 

and  in  determining  the  efficiency  or  the  counter-efficiency  of  & 
single  piece,  the  most  convenient  method  of  proceeding  often  con- 
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gists  in  oomparing  together  the  efforts  required  to  drive  that  piecOi 
with  and  without  friction,  and  thus  finding  the  ratios 

P  P 

•=§  =  efficiency  j   ^  =«  oounter-efficiencj. (3.) 

In  the  ensuing  sections  of  this  Chapter,  the  efficiency  of  single 
primary  pieces  is  first  treated  of,  and  then  that  of  the  Taiioufl 
modes  of  connection  employed  in  elementary  combinations. 

SEcnoH  I. — Efficiency  and  Coimter-efflciencf/  qf  Primary  Pieces. 


371.  "EMtirmrj  •€  FriMMfy  Fie«M  !■  Ctoacnd. — A  primary  piece 
in  mechanism,  moving  with  an  uniform  velocity,  is  balanced  under 
the  action  of  four  forces,  viz. : — 

L  The  re-action  of  the  piece  which  it  drives :  this  may  be  called 
the  TJsrfvl  ResiatancCf  and  denoted  by  K; 

IL  The  fjoeight  of  tiie  piece  itself:  this  may  be  denoted  by  W. 

HL  The  effort  by  which  the  piece  is  driven:  this  may  be 
denoted  by  P;  and  its  values  with  and  without  friction  by  P^  and 
Pj  respectively. 

lY.  The  resultant  pressure  at  the  bearings,  or  hearing-presstire, 
which  may  be  denoted  by  Q;  and  which  of  course  is  equal  and 
directly  opposed  to  the  resultant  of  the  first  three  forces. 

In  the  absence  of  friction,  the  bearing-pressure  would  be  normal 
to  the  bearing-surfjEtoe.  The  effect  of  friction  is,  that  the  line  of 
action  of  the  bearing-pressure  becomes  oblique  to  the  bearing- 
sor&ce,  making  with  the  normal  to  that  surfEice  the  angle  of 
repose  {0)j  whose  tangent  (/  =  tan  0)  is  the  co-efficient  of  friction 
(see  Article  309,  page  349);  and  the  amount  of  the  friction  is 
expressed  by  Q  sin  0^  or  very  nearly  by  /Q,  when  the  co-efficient 
of  friction  is  smalL 

In  the  class  of  problems  to  which  this  Chapter  relates,  the  first 
two  forces — that  is,  the  useful  resistance  B,  and  the  weight  W— ^ 
are  given  in  magnitude,  position,  and  direction ;  and  in  most  cases 
it  is  convenient  to  find  their  resultant,  in  magnitude,  position,  and 
direction,  by  the  rules  of  statics:  that  is  to  say,  if  the  line  of 
action  of  K  is  vertical,  by  Rule  L  of  Article  280,  page  322;  and  if 
inclined,  by  the  Rules  given  or  referred  to  in  Article  278,  page 
319.  In  what  follows,  the  resultant  of  the  usefrd  resistance  and 
weight  will  be  called  the  given/orce,  and  denoted  by  R'. 

The  third  force — ^that  is,  the  effort  required  in  order  to  drive 
the  piece  at  an  uniform  speed — ^is  given  in  position  and  direction; 
for  its  line  of  action  is  the  line  of  connection  of  the  piece  under 
consideration  with  the  piece  that  drives  it  The  magnitude  of  the 
effort  is  one  of  the  quantities  to  be  found. 

The  fourth  force — that  is,  the  bearing-pressure— haste  be  fonnd 
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in  poBition,  direction,   and   magnitude.     The  general  principles 
accordiog  to  which  it  is  determined  are  the  following : — 

First,  That  if  the  lines  of  action  of  the  given  force  and  the  effort 
are  parallel  to  each  other,  the  line  of  action  of  the  resultant 
bearing-pressure  must  be  parallel  to  them  both;  and  that  if  they 
are  inclined  to  each  other,  the  line  of  action  of  the  resultant 
bearing-pressure  must  traverse  their  point  of  intersection. 

SecmcUy,  That  at  the  centre  of  pressure,  where  the  line  of  action 
of  the  resultant  bearing-pressure  cuts  the  bearing-sur&ces,  it  makes 
an  angle  with  the  common  normal  of  those  sui&ces  equad  to  their 
angle  of  repose,  and  in  such  a  direction  that  its  tangential 
component  (being  the  friction)  is  directly  opposed  to  the  rolative 
sliding  motion  of  that  pair  of  surfaces  over  each  other. 

Thirdly,  That  the  given  force,  the  effort,  and  the  bearing- 
pressure,  form  a  system  of  three  forces  that  balance  each  other; 
and  are  therefore  proportional  to  the  three  sides  of  a  triangle 
parallel  respectively  to  their  directions. 

371  A.  OMUiitiMn  A«M»i«4  tm  be  FaifliML— In  all  the  problems 
treated  of  in  this  section,  the  following  conditions  are  assumed  to 
be  fulfiUed: — First,  that  except  when  otherwise  specified,  the 
forces  other  than  bearing-pressures  which  are  applied  to  the  piece 
under  consideration — ^that  is,  the  useful  resistance,  the  weighty  and 
the  effort — act  either  in  parallel  directions,  or  exactly  or  nearly  in 
one  plane,  parallel  to  the  planes  of  motion  of  the  particles  of  the 
piece;  secondly,  that  the  acting  parts  of  the  piece  do  not  overhang 
the  bearings;  and  thirdly,  that  the  bearing-surfaces  fit  each  othw 
easily  without  any  gran>ing  or  pinching.  As  to  the  object  of  the 
fulfilment  of  such  concutions,  and  the  effects  of  depurture  from 
them,  the  following  explanations  have  to  be  made : — 

I.  The  bearing-surface  of  many  primary  pieces,  and  especially  of 
rotating  pieces,  is  in  general  divided  into  two  parts;  for  example, 
an  axle  is  very  often  supported  by  two  journals.  If  the  forces 
other  than  bearing-pressures  which  are  applied  to  the  moving  piece, 
are  parallel  to  each  other,  the  parts  of  the  bearing-pressure  will  also 
be  parallel  to  them  and  to  each  other;  and  the  sum  of  the  frictional 
resistances  due  to  the  two  parts  of  the  bearing-pressure  will  be 
simply  equal  to  the  frictional  resistance  due  to  the  whole  bearing- 
pressure  treated  as  one  force.  The  same  will  be  the  case  when 
the  forces  other  than  bearing-pressures  act  in  one  plane,  parallel 
to  the  planes  of  motion  of  the  particles  of  the  piece;  and  will  be 
nearly  the  case  when,  although  those  forces  act  in  different  planes, 
the  tomsverse  distance  between  their  planes  of  action  is  small 
compared  with  the  distance  between  the  planes  of  action  of  the 
two  components  into  which  the  bearing-pressure  is  divided. 

But  when  that  condition  is  not  fulfilled,  the  friction  at  the 
bearings,  being  proportional  to  the  sum  of  the  two  components 
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into  which  the  bearing-pressure  is  divided,  will  be  greater  than 
the  Motion  due  simply  to  the  resultant  bearing-pressure  considered 
as  one  force;  and  the  efficiency  of  the  piece  will  be  diminished. 

II.  The  effect  upon  the  friction,  and  upon  the  work  lost  in 
overcoming  it,  produced  when  the  acting  parts  of  a  moving  piece 
overhang  its  bearings,  may  be  approximately  calculated  and  ^owed 
for  in  the  following  manner : — 

Suppose  that  the  bearing-surface  of  a  primary  piece,  whether 
sliding  or  turning,  is  divided  into  two  parts ;  and  that  the  trans- 
verse distance  between  the  centres  of  those  two  parts — that  is,  the 
distance  in  a  direction  perpendicular  to  the  planes  of  motion  of 
the  particles  of  the  piece — is  denoted  by  c.  Let  the  plane  of  action 
of  the  forces  other  than  bearing-pressures  be  situated  oiUside  the 
space  between  the  two  parts  of  the  bearing-sur&ce,  and  at  the 
transverse  distance  z  from  the  centre  of  the  nearer  of  those  parts; 
and  consequently  at  the  distance  z  +  c  from  the  centre  of  the 
further  of  them.  Let  Q  be  the  resultant  bearing-pressure.  The 
two  components  of  that  resultant  pressure,  exerted  at  the  two 
parts  of  the  bearing-surface,  will  be  contrary  to  each  other  in 
direction ;  and  their  values  will  be  respectively, 

at  the  nearer  part,  — ^ -'; 

and  at  the  further  part,  . 

The  total  friction  will  be  the  sum  of  two  components  exerted  at 
the  two  parts  of  the  bearing-surface  respectively,  and  will  be  pro- 
portional to  the  arithmetical  sum  of  the  two  components  of  the 
bearing-pressure ;  that  is,  to  the  force 

Q  (c  +  2  ;g) 

c         ' 

whereas,  if  the  plane  of  action  of  the  resultant  of  the  given  force 
and  the  effort  had  not  overhung  the  bearings,  the  friction  would 
have  been  simply  proportional  to  Q.  Hence  the  effect  of  that 
plane's  overhanging  the  bearings  by  the  distance  0,  is  to  increase 
the  friction  approximately  in  the  ratio  of 

1       2«    , 
1  +  —  :  1. 
c 

III.  As  to  the  condition  that  the  bearing-surfaces  should  fit 
each  other  easily,  it  is  necessary  in  order  that  the  bearing-pressure 
may  not  contain,  to  any  appreciable  extent,  pairs  of  components 
which  balance  each  other,  being  transverse  to  the  direction  of  ithe 
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resultant  bearing-pressore ;  for  each  components  cause  an  un- 
necessary addition  to  the  friction.  The  ratio  in  which  the  fridion 
of  a  tighi-fitUng  heming  exceeds  that  of  an  easy-fitting  bearing  of 
the  same  dimensions  and  figure,  is  yerj  nearly  equal  to  that  in 
which  the  whole  area  of  the  bearing-scur&ce  exceeds  the  area  of 
the  projection  of  that  sui&ce  on  a  plane  normal  to  the  direction  of 
the  resultant  bearing-pressure. 

When  the  use  of  beanngnsurfaces  in  pairs,  oblique  to  the  plane 
of  the  pressure  and  motion,  is  unavoidable  (as,  for  example,  in  the 
case  of  the  Y-shaped  bearings  of  a  planing  machine),  their  efieet 
may  be  allowed  for  by  increasing  the  co-efficient  of  Motion  in  the 
ratio  above-mentioned;  which  m  expressed  by  the  secant  of  the 
equal  angles  which  the  normals  to  the  bearing-surfiuses  make  with 
iJiat  plane. 

372.  SadeBcy  •f  «  StndglitHdMlag  Piece* — Tn  fig.  263,  let  A  A 

be  a  straight  guiding-sur&ce^  upon  which  there  slides^  in  the  direo- 


Ilg.  268. 

tion  marked  by  the  feathered  arrow,  the  moving  piece  R  Let 
C  D  represent  the  given  forcsy  being  the  resultant  of  the  useful 
resistance  and  of  the  weight  of  the  piece  B.  (The  figure  shows 
the  motion  of  B  as  horizontal;  but  it  may  be  in  any  direction.) 
Let  C  J  be  the  line  of  action  of  the  effort  by  which  the  piece  B  is 
driven. 

Draw  C  N  perpendicular  to  A  A;  and  C  F  making  the  angle 
N  C  F  =  the  angle  of  repose.  Through  D,  parallel  to  C  J,  draw 
the  straight  line  D  H  Q,  cutting  ON  in  H,  and  0  F  in  Q;  and 
through  H  and  Q,  and  paiallel  to  D  C,  draw  H  K^  and  Q  K^ 
cutting  C  J  in  Kq  and  K,  respectively.  Produce  H  C  to  H',  and 
QCtoQ',makingCH'=HC,andCQ'  =  QC. 
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Then,  in  the  absenoe  of  friction,  C  H'  will  represent  the  reeoltant 
bearing-pressure  exerted  npon  B  by  A  A;  and  C  Ka= D  H  will 
represent  the  force  in  the  given  direction  C  J  required  to  drive  B 
at  an  uniform  speed;  and  when  friction  is  taken  into  account,  C  Q' 
will  represent  the  resultaot  bearing-pressure,  and  0  K^  the  actual 
driving  force  required;  and  we  shall  have 

the  efficiency  =  7<rTr^)  ^^d  the  counter-efficiency  =  ^  ^^, 

If  from  D,  Kq,  and  K^  there  be  let  fall  upon  A  A  the  perpen- 
diculars D  B.^  K0  Pq,  and  K^  P^,  C  B  will  represent  the  du-ect 
resistance  to  the  advance  of  B;  OPq,  the  direct  effi)rt  in  the 
absence  of  friction;  and  C  P^,  the  direct  effijrt  taking  friction  into 
account;  so  that  the  distance  PoPj  will  represent  the  friction 
itself;  which  is  also  represented  by  Q  N  perpendicular  to  C  N. 

To  express  these  results  by  symbols,  let  C  D  =  R'  (the  given 
force);  let  the  acute  angle  A  C  D  be  denoted  by  «,  and  the  acute 
angle  A  C  J  by  /8;  and  let  ^  denote  the  angle  of  repose  N  C  Q. 

Then^  in  the  triangle  C  D  H,  we  have  ^^DCBi^  jr  —  «,  and 
C  H  D  =  ^  —  /8;  and  in  the  triangle  C  Q  D,  we  have  .^  D  C  Q 
=  "2  —  »  +  ^,  and  -*i:::CQD  =  —  —  /3  —  ^;  consequently 

cos/3^      ^  cos(^4-(p)' 

whence  it  follows  that  the  efficiency  and  counter-efficiency  are 
given  by  the  following  equations : — 

Efficiency^  S>:=gg=  cos  »  >  cos  (g  +  g)       1 -/tan  ^ 

^      Pj     D  Q        cos  ^  •  cos  («  —  ^)      1  +/ tan «»  ^   ^ 

Counter-efficiency  =  ^  =  ^  ~/tan  ^'  ^^'^ 

It  is  to  be  remarked^  that  the  efficiency  diminishes  to  nothing 
when  ootan  ^  =/;  that  is  to  say,  when  /9  is  the  complement  of  the 
angle  of  repose,  ^.  In  other  words,  if  the  oblique  effort  is  applied 
in  the  direction  C  Q,  no  force,  how  great  soever,  will  be  sufficient 
to  keep  the  piece  B  in  motion. 

373.  Kflieicacy  •Iran  Axle.  —  In  ^g.  264,  let  the  circle  AAA 
represent  the  trace  of  the  bearing-surface  of  an  axle  on  a  plane 
perpendicular  to  its  axis  of  rotation,  O — ^in  other  words,  the  teans- 
verse  section  of  that  surface.  Let  the  arrow  near  the  letter  N 
represent  the  direction  of  rotation.     Let  0  D  be  the^ven  force; 
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that  is,  as  before,  the  resultant  of  the  weiglit  of  the  whole  piece 
that  rotates  with  the  axle,  and  of  the  useful  resistance  or  re-actum 
exerted  on  that  piece  by  the  piece  which  it  drives;  C  J,  the  line  of 
action  of  the  effort  by  which  the  rotating  piece  is  driven. 


In  toothed  wheel-work  the  lines  of  action  of  tbe  useful  resist- 
ance and  of  the  effort  may  be  taken  as  coinciding  with  the  lines  of 
connection  of  the  rotating  piece  with  its  follower  and  with  its 
driver  respectively.  In  pulleys  connected  with  each  other  by 
bands,  special  principles  have  to  be  attended  to,  which  will  be 
explained  in  the  ensuing  Article. 

Let  r  denote  the  radius  of  the  bearing-surface. 

About  O  describe  the  small  circle  B  B,  with  a  radius  =r 
sin  ^  =/r,  very  nearly.  Draw  the  line  of  action,  C  T  Q,  of  the 
resultant  bearing-pressure,  touching  the  small  circle  at  that  side 
which  will  make  the  bearing-pressure  resist  the  rotation.  In  the 
case  in  which  C  D  and  C  J  intersect  each  other  in  a  point,  0,  as 
shown  in  the  figure,  C  T  Q  will  traverse  that  point  also;  and  in 
the  case  in  whidi  the  lines  of  action  of  the  given  force  and  the 
effort  are  parallel  to  each  other,  C  T  Q  will  be  parallel  to  both. 
The  centre  of  bearing-pressure  is  at  Q ;  and  O  Q  T  s  ^,  the  angle 
of  repose. 

In  the  former  case  the  efficiency  may  be  found  by  parallelo- 
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grams  of  forces,  as  follows: — Draw  the  straight  line  CON;  this 
would  be  the  line  of  action  of  the  resultant  b^uing-pressure  in  the 
absence  of  Mction,  and  N  would  be  the  centre  of  bc^ring-pressuie. 
Through  D,  parallel  to  C  J,  draw  D  H  E,  cutting  C  O  N  in  H, 
and  C  T  Q  in  R  Through  H  and  E,  parallel  to  D  0,  draw  H  P^ 
and  E  P^.  Then,  in  the  absence  of  friction,  H  C  would  represent 
the  bearing-pressure,  and  C  P^  =  D  H  the  effort;  the  actual  bear- 
ing-pressure is  represented  by  E  C,  and  the  actual  effort  by  C  P^  = 
D  £.     Hence  the  efficiency  and  counter-efficiency  are  as  follows : — 


.(1.) 


Po_DH    P^DE 
Pi~"DE^  Po^DH* 

Another  method,  applicable  whether  the  forces  are  inclined  or 
parallel,  is  as  follows : — From  the  axis  of  rotation  O,  let  Ml  O  Lq 
and  O  Mq  perpendicular  respectively  to  the  lines  of  action  of  the 
given  force  and  of  the  effort  Then,  by  the  balance  of  moments, 
the  effort  in  the  absence  of  Mction  is 

From  a  oonyement  point  in  the  actual  line  of  action,  C  Q,<of 
the  bearing-preBsure  (such,  for  example,  as  T,  where  it  touches  the 
small  circle  B  B),  let  ftEdl  T  L^  and  T  M^  perpendicular  respec- 
tively to  the  same  pair  of  lines  of  action;  tneu  the  actual  effort 
•will  be 

p  _  R' .  ^^1 

Hence  the  efficiency  and  the  oounter^efficienoy  have  the  following 
Talue:— . 

Po_OVTMi. 

Pi-OMo-TV 


P^_OMoTLi 
Po-OI^TMi' 


.(2.) 


The  same  results  are  expressed,  to  a  d^pree  of  approximation 
sufficient  for  practical  purposes,  by  the  following  tr^nometrical 
formul©:— LetOLo  =  ?;  OMo  =  w;  .^COLo=r  •;  .^COMo 
=  A    Then  we  have,  very  nearly. 


•D        1             ^      •    ii      1  -—  -sin/S 
Po  _  £    m  -/r  smjS m 

*  "^  1  +*—  •  sm  m 
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In  making  use  of  the  preceding  formula,  it  is  to  be  observed 
tbat  the  controflry  alg^ai&al  signs  of  sin  •  and  sin  fi  apply  to  those 
cases  in  which  the  two  angles  «  and  fi  lie  at  contrary  sides  of  0  0. 
In  the  cases  in  which  those  angles  lie  at  the  same  side  of  O  C,  their 
algebraical  signs  are  the  same;  and  in  the  formula  they  are  to  be 
made  both  positive  or  both  negativey  according  as  /3  is  less  or  grea^ 
than  • ;  so  that  the  efficiency  may  be  always  expressed  by  a  frac- 
tion less  than  nnity.     That  is  to  say, 

If/3p:-.;?a  = ^ ; (3  a.) 

J£fi^u;  5>= ^ (3r) 

^i      l  +  Ysin. 

When  the  lines  of  action  intersect,  let  O  C  be  denoted  by  c; 
then  2  =  c  cos  «,  and  m  =  c  cos  fi ;  and  consequently  the  three 
preceding  equations  take  the  following  form : — 

fi  and  •  of  contrary  signsj  ^  = -^ ; .....(4) 

^»      l  +  -^tan, 
c 

/3  and  »  of  tbe  same  sign; 

l--^tan/3 

li^»;  |5  = ' J ;(4a.) 

^1      l--^tan- 
e 

l+-9'tan/J 

^-^'■'t fr ^*^> 

^      H--i-:tan» 
c 

When  the  lines  of  action  of  the  forces  are  parallel,  we  have  sin  jS 
and  sin«=:  +  lor  —  1,  as  the  case  may  be;  and  the  formiike 
take  the  following  shape : — 

When  I  and  m  lie  at  contrary  sides  of  O,  the  pieoe  is  a  '^  lever 
of  the  first  kind;  "and 


(5.) 
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When  I  and  m  lie  at  the  same  side  of  0; 

Jfm::^ly  the  piece  is  a  "  leyer  of  the  second  kind;"  and 


Po_ 


l-^-L 


^1     i-fl 


.(5  a.) 


lfm.^1,  the  piece  is  a  '^  lever  of  the  third  kind ;"  and 

(As  to  levers  of  the  first,  second,  and  third  kinds,  see  Article 
221,  page  233.) 

The  following  method  is  applicahle  whether  the  forces  are  inclined 
or  parallel;  in  the  former  case  it  is  approximate,  in  the  latter 
exact  Thix)ngh  O,  perpendicular  to  O  C,  draw  XJ  O  V,  cutting 
the  lines  of  action  of  the  given  force  and  of  the  effort  in  XT  and  V 
respectively.  The  point  where  this  transverse  line  cuts  the  small 
circle  B  B  coincides  exactly  with  T  when  the  forces  are  parallel, 
and  is  very  near  T  when  they  are  inclined;  and  in  either  case  the 
letter  T  will  be  used  to  denote  that  point.     Then 

?o«OF.TY 

P^  ■"  O  V    T  U ^^'^ 

It  is  evident  that  with  a  given  radius  and  a  given  co-efficient  of 
friction,  the  efficiency  of  an  axle  is  the  greater  the  more  nearly 
the  effort  and  the  given  force  are  brought  into  direct  opposition  to 
each  other,  and  also  the  more  distant  &eir  lines  of  action  are  from 
the  axis  of  rotation. 

374.  Axles  of  PvUeys  comMctcd  iby  Baadfc^— When  the  rotating 
piece  which  turns  with  an  axle  consists  of  a  pair  of  pulleys,  one 
receiving  motion  from  a  driving  pulley,  and  the  other  communi- 
cating motion  to  a  following  pulley,  rega.rd  must  be  had  to  the  fact 
that  the  useful  resistance  and  the  driving  effort  are  each  of  them 
the  difference  of  a  pair  of  tensions;  and  that  it  is  upon  the  rwy^rd 
of  each  of  those  pairs  of  tensions  (being  their  sum,  if  they  act  parallel 
to  each  other)  that  the  axle-friction  dependa 

The  prindples  according  to  which  the  tensions  required  at  the 
two  sides  of  a  band  for  transmitting  a  given  effort  are  determined, 
have  been  stated  in  Article  310  a,  pages  351,  352. 

The  belt  which  drives  the  first  pulley  may  be  called  the  driving 
hdt;  that  which  is  driven  by  the  second  pulley,  the  /oUomng  beU, 
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The  tensions  on  the  two  sides  of  the  following  belt  are  given;  and 
the  moment  of  the  useful  resistance  is  that  of  their  difference, 
acting  with  a  leverage  equal  to  the  effective  radius  of  the  second 
pulley.  Let  j9  be  that  radius;  T^  and  T^  the  two  tensions;  then 
the  moment  of  the  useful  resistance  is 

For  the  actual  useful  resistance  there  is  to  be  substituted  a  force 
equal  to  the  resultant  of  T^  and  Tg,  and  exerting  the  same  mom^it. 
That  is  to  say,  let  y  denote  the  angle  which  the  two  sides  of  the 
band  make  with  each  other ;  then  for  the  actual  useful  resistance 
is  to  be  substituted  a  force, 

R"=  J  {TJ  +  Ti  +  2T,T,cosy}, (1.) 

acting  at  the  following  perpendicular  distance  from  the  axis  of 
rotation  :^- 

^^p(T,-T,) ^2  J 

And  this  is  to  be  compounded  with  the  weight  of  the  rotating 
piece,  to  find  the  given  force  R'  of  the  rules  in  the  preceding 
Article,  whose  perpendicular  distance  from  the  axis  will  be 


I  =  ^-^^^ (3.) 


The  value  of  k  may  be  expressed  in  terms  of  the  ratio  of  the 
tensions  to  each  other,  and  independently  of  their  absolute  values, 

T 
as  follows : — ^Let  N  =  rir  ^  ^®  ^^^<^  ^^  ^^^  ^^^  tensions  found 

•'■2 
by  the  rules  of  Article  310  a,  page  351.    Then 

y(N-i) ^4) 


^{N2  +  1  +  2  N  cos  y}  '      "* 

In  like  manner,  for  the  actual  line  of  action  of  the  effort  by 
which  the  first  pulley  is  driven  is  to  be  substituted  the  line  a£ 
action  of  a  force  exerting  the  same  moment,  and  equal  to  the 
resultant  of  the  tensions  of  the  two  sides  of  the  drivimr-band. 
The  perpendicular  distance  m  of  this  line  of  action  from  the  axis 
of  rotation  is  given  by  the  following  formula: — Let  p  be  the 
effective  radius  of  the  pulley;  IT,  the  ratio  of  the  greater  to  the 
lesser  tension;  y,  the  angle  which  the  two  sides  of  the  band  make 
with  each  other ;  then 

*^-"^{N'2  +  1  +  2N'cosy'} ^  •' 

There  are  many  cases  in  practice  in  which  the  two  sides  of  each 
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of  the  bands  may  be  treated  as  sensibly  parallel;  and  then  we 
have  simply, 


R(N±i). 


.(6.) 


^"     N  +  1'  N'+l     • 

And  if,  moreover,  as  frequently  happens,  the  weight  of  the  pulleys 
and  axle  is  small  compared  with  the  tensions,  we  may  neglect  it, 
and  make  R'ssR*  and  ^  =  A;,  preparatory  to  applying  the  rules 
of  the  preceding  Article  to  the  determination  of  the  efficiency. 

375.  Eflicie«cT  •C  a  Screw.— The  efficiency  of  a  screw  acting  as  a 
primary  piece  is  nearly  the  same  with  that  of  a  block  sliding  on  a 
straight  guide,  which  represents  the  development  of  a  helix  situated 
midway  between  the  outer  and  inner  edges  of  the  screw-thread; 
the  block  being  acted  upon  by  forces  making  the  same  angles  with 
the  straight  guide  that  the  actual  forces  do  with  that  helix.  As  to 
the  development  of  a  helix,  see  Article  63,  page  40 ;  and  as  to  the 
efficiency  of  a  piece  sliding  along  a  straight  guide,  see  Article  372, 
page  426. 

376.  Efllcieiicf  •€  liong  lifnes  of  Horisontal  ShalUvg.— In  a  line 

of  horizontal  shajfting  for  transmitting  motive  power  to  long 
distances  in  a  mill,  a  great  part  of  the  wasted  work  is  spent  in 
overcoming  the  friction  produced  simply  by  the  weight  of  the 
shaft  resting  on  its  bearings;  and  the  efficiency  and  counter- 
efficiency  as  affected  by  this  cause  of  loss  of  power  can  be  con- 
sidered and  calculated  separately. 

For  reasons  connected  with  the  principles  of  the  strength  of 
materials,  to  be  explained  further  on,  the  cube  of  the  diameter  of  a 
shaft  of  uniform  diameter  must  be  made  to  bear  a  certain  propor- 
tion to  the  driving  moment  exerted  upon  it  to  keep  up  its  rotation. 
That  is  to  say,  let  M^  denote  that  moment;  h,  the  diameter  of  the 
shaft;  then 

Ml  =  AA3;  (1.) 

A  being  a  co-efficient  whose  values  in  practice  range,  according 
to  circumstances  to  be  explained  in  the  'Third  Part  of  this  treatise, 

for  forces  in  lbs.  and  dimensions  in  inches,  from  300  to  1,800; 

and  for  forces  in  kilogrammes  and  dimensions  in  millimetres, 

from  0-21  to  1*26. 

Let  w?  denote  the  heaviness  of  iron;  /,  the  co-efficient  of  friction; 
then  the  weight  of  an  unit  of  length  of  the  shaft  is 
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the  £riction  per  unit  of  length  is,  very  nearly, 

and  the  monwtil  of  friction  per  unit  of  length  ib 

|/w  h^  =  •3927/u;  h^  nearly. (2.) 

Let  L  be  the  length  of  a  shaft  of  uniform  diameter,  such  that  the 
whole  driving  moment  is  exhausted  in  overcoming  its  own  friction. 
This  may  be  called  the  eachausUve  length.    Then  we  must  have 

Ml  =  A  A»  =  '3927  f  to  h^  L;  and  therefore 

^  =  Wj27f^' ^^'^ 

For  lengths  in  feet,  and  diameter  in  inches,  we  have  to  =  ~ ;  being 

the  weight  in  pounds  of  a  rod  of  iron  a  foot  long  and  an  inch 
square.  For  lengths  in  metres,  and  diameters  in  millimetres,  we 
have  to  =  -0077  nearly;  being  the  weight  of  a  rod  oi  iron  one 
mitre  long  and  one  millimetre  sqiiare.  Let/=  0O51;  then  tho 
following  are  the  values  of  the  exhaustive  length  L  corresponding 
to  different  values  of  A  :— 

A,  British  measures,     300  600  1,300  1,800 

„   French,                    0-21  0-42  0*84  1-26 

L,  feet                        4)500  9,000  18,000  27,000 

„  metres                     1,365  2,730  5,460  8,190 

It  is  obvious  that  the  efficiency  of  a  length,  ^  of  shafting  of 
uniform  diameter  is  given  by  the  expression 

Mi"^       L' ^*^ 

Mq  being  the  driving  moment  in  the  absence  of  friction;  Mp  the 
actual  driving  moment;  and  j,  the  fraction  of  that  moment  ex- 
pended on  friction;  also,  that  the  counter-efficiency  is 

^^=-A_     : (5.) 


Mo""L  -f 

is  load( 
3t  of  SI 
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may  be  allowed  for,  with  a  degree  of  accuracy  sufficient  for  practical 
purposes,  in  the  following  manner: — Find  the  magnitude  of  the 
resultant  of  the  weight  of  the  shaft  and  additional  load;  and  let  m 
be  the  ratio  which  it  bears  to  the  weight  of  the  shaft.  Then  the 
modified  value  of  the  exhaustive  length  is  to  be  found  by  putting 
m  to  instead  of  ti;  in  the  denominator  of  the  expression  (3.) :  that  is 
to  say 

^=-39-27/mw  <®> 

The  waste  of  work  in  a  long  line  of  shafting  may  be  diminished, 
and  the  efficiency  increased,  by  causing  it  to  taper,  so  that  the  cube 
of  the  diameter  shall  at  each  cross-section  be  proportional  to  the 
moment  exerted  there.  The  most  perfect  way  of  fulfilling  that 
condition  is  to  make  the  diameter  diminish  continuously  in  geo- 
metrical progression;  the  generating  line  or  longitudintd  section 
of  the  shaft  being  a  logarithmic  curve.  Let  h  be  the  diameter  at 
the  driving  end,  x  the  distance  of  a  given  cross-section  from  that 
end,  and  y  the  diameter  at  that  cross-section;  then 

y^he"^^', (7.) 

c 

in  which  0  "^  is  the  reciprocal  of  the  natural  number,  or  anti- 
logarithm,  corresponding  to  the  hyperbolic  logarithm  x-p,  and  to 

the  common  logarithm  — ^  ^  ■  .     Let  I  be  the  total  length  of  such 

O  Li 

a  tapering  shaft,  and  Mq  the  useful  working  moment  exerted  at 
its  smaller  end;  then  we  have 


Efficiency,  m   ~* 


.(8.) 


M         -i 
Counter-efficiency,  ^^  =  «  K 
Mo 

This  cannot  be  perfectly  realized  in  practice;  but  it  can  be 
approximated  to  by  making  the  shaft  consist  of  a  series  of  lengths, 
or  divisions,  each  of  imiform  diameter,  and  increasing  in  diameter 
Btep  by  step. 

Let  -  now  denote  the  length  of  one  of  those  divisions ;  th^ 
n 

number  of   divisions  being   tl     The  counter-efficienoy  of   each 

division  is  expressed  by 

^b («•) 
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and  consequentlj,  fbe  connter-efScicncy  of  the  whole  shaft  is, 

L 

,.(10.) 


The  diameters  of  the  leogths  of  shafting,  beginning  at  the  driying- 
end,  form  a  diminishing  geometrical  progression,  of  which  the 
common  ratio  is 


{■-A} <"•' 


Section  IL — Efficiency  and  Cotmter^fficiency  qf  Modes  of 
Connection  in  Mechanism. 

877.  BAcicBcy  •€  Bi«de«  •T  €«mecU«ii  in  ctcHcniL — In  an  ele- 
mentary combination  consisting  of  two  pieces,  a  driver  and  a 
follower,  there  is  always  some  work  lost  in  overcoming  wasteful 
resistance  occasioned  by  the  mode  of  connection;  the  result  being 
that  the  work  done  by  the  driver  at  its  working-point  is  greater 
than  the  work  done  upon  the  follower  at  its  driving-point,  in  a 
proportion  which  is  iha  cawrUer-efficiency  of  the  connection;  and  the 
reciprocal  of  that  proportion  is  the  efficiency  of  the  connection.  In 
calculating  the  efficiency  or  the  counter-efficiency  of  a  train  of 
mechanism,  therefore,  the  factors  to  be  multiplied  together  comprise 
not  only  the  efficiencies,  or  the  counter-efficiencies,  of  the  several 
primary  pieces  considered  separately,  but  also  those  of  the  several 
modes  of  connection  by  which  they  communicate  motion  to  each 
other. 

378.  BAdeHcr  of  RoIIIms  Contact. — The  work  lost  when  one 
primary  piece  drives  another  by  rolling  contact  is  expended  in 
overcoming  the  rolling  resistance  of  the  pitch-surfaces,  a  kind  of 
resistance  whose  mode  of  action  has  been  explained  in  Article  311, 
page  353;  and  the  value  of  that  work  in  units  of  work  per  second 
is  given  by  the  expression  a  6  N;  in  which  N  is  the  normal  pressure 
exerted  by  the  pitch-surfaces  on  each  other;  5,  a  constant  arm,  of  a 
length  depending  on  the  nature  of  the  surfaces  (for  example,  0*002 
of  a  foot  a  0-6  millimetre  for  cast  iron  on  cast  iron,  see  page  354); 
and  a,  the  i*elative  angular  velocity  of  the  surflEuses. 

The  useful  work  per  second  is  expressed  by  w  /N,  in  which /is 
the  co-efficient  of  friction  of  the  surfaces,  and  u  the  common  velocity 
of  the  pitch-lines.     Hence  the  counter-efficiency  is 

c=l  +  ^ (1.) 

Uf  ^    ' 
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Let  p^  and  p^  be  the  lengths  of  two  perpendiciilars  let  fall  from 
the  two  axes  of  rotation  on  the  common  tangent  of  the  two  pitch- 
lines  ;  if  the  pieces  are  circular  wheels,  those  perpendiculars  will 
be  the  radii     Then  the  absolute  angular  velocities  of  the  pieces 

are  respectively—  and ;  and  their  relative  angular  velocity  is 

therefore 


a  =  w  I  —  +  —I; 


which  value  being  substituted  in  equation  (1),  gives  for  the  counter- 
efficiency  the  following  value  :-*• 


c=  1  + 


.(2.) 


It  is  assumed  that  the  normal  pressure  is  not  greater  than  is 
necessary  in  order  to  give  sufficient  friction  to  communicate  the 
motion. 

It  is  evident,  from  the  smallness  of  &,  that  the  lost  work  in  this 
case  must  be  almost  always  a  very  small  fraction  of  the  whole. 

379.  Efllcleacy  vf  SUdlag  €«Mtact  In  tieacniL^In  fig.  265^  let  T 
be  the  point  of  contact  of  a  pair  of 
moving  pieces  connected  by  sliding 
contact.  Let  the  plane  of  the  figure 
be  that  containing  the  directions  of 
motion  of  the  two  particles  which  touch 
each  other  at  the  point  T ;  and  let  T  Y 
be  the  velocity  of  the  driving-particle^ 
and  T  W  the  velocity  of  the  following- 
particle  j  whence  V  W  will  represent 
the  velocity  of  sliding,  and  T  U,  per- 
pendicular to  V  W,  the  common  com- 
ponent of  the  velocities  of  the  two 
particles  along  their  line  of  connection 
R  T  P.  C  T  C,  paraUel  to  V  W,  and 
perpendicular  to  R  T  P,  is  a  common 
tangent  to  the  two  acting  surfaces  at 
the  point  T;  the  arrow  A  represents 
the  direction  in  which  the  driver  slides 
relatively  to  the  follower;  and  the 
arrow  B,  the  direction  in  which  the 
follower  slides  relatively  to  the  driver. 

Along  the  line  of  connection,  that  is, 
normal  to  the  acting  surfaces  at  T,  lay 
off  T  P  to  represent  the  effort  exerted  by  the  diixer  on  the 
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follower,  and  T  R  (=  -  T  P)  to  represent  the  equal  and  opposite 
nsefol  resbtance  exerted  by  l^e  follower  against  the  driver.  Draw 
S  T  Q,  making  with  R  T  P  an  angle  equal  to  the  angle  of  repose 
of  the  rubbing  surfaces  (see  Article  309,  page  349),  and  inclined  in 
the  proper  direction  to  represent  forces  opposing  the  sliding  motion ; 
draw  P  Q  and  R  S  parallel  to  C  C.  Then  T  Q  will  represent  the 
resultant  pressure  exerted  by  the  driver  on  the  follower,  and  T  S 
( =  —  T  Q),  the  equal  and  opposite  resultant  pressure  exerted  by 
the  follower  against  the  driver,  and  P  Q  =  —  R  S  will  represent 
the  friction  which  is  overcome,  through  the  distance  V  "W,  in  each 
second;  while  the  useful  resistance,  T  R^  is  overcome  through  the 
distance  T  TJ.  Hence  the  useful  work  per  second  is  T  U  *  T  R; 
the  lost  work  is  V  W  •  R  S;  and  the  counter-efficiency  is 

-       Y  W  •  R  S  ,-  , 

"^  =  ^  "^  TU-TR ^^'^ 

Let  the  angle  XJ  T  V  =  «,  the  angle  XJ  T  W  =  jS,  and  let /be 
the  co-efficient  of  friction.    Then  we  have^ — 

Y^  =  tan«  +  tan/5;  ^p^  =/; 

and  consequently 

0=1  +/(tanji  +  tan/8). (2.) 

380.  wtmciemer  •f  Teeth. — It  has  already  been  shown,  in  Article 
127,  page  118,  that  the  relative  velocity  of  sliding  of  a  pair  of 
teeth  in  outside  gearing  is  expressed  at  a  given  instant  by 

(a^  +  a^t; 

where  t  denotes  the  distance  at  that  instant  of  the  point  of  contact 
from  the  pitch-point  (In  inside  gearing  the  angular  velocity  of 
the  greater  wheel  is  to  be  taken  with  the  negative  sign.) 

The  distance  t  is  continually  varying  from  a  maximum  at  the 
beginning  and  end  of  the  contact,  to  nothing  at  the  instant  of  pass- 
ing  the  pitch-point.  Its  mean  value  may  be  assumed,  with  suf- 
ficient accuracy  for  practical  purposes,  to  be  sensibly  equal  to  one- 
hdl/of  its  greatest  value;  and  in  the  formula  which  follow,  the 
symbol  t  stands  for  that  mean  value. 

Let  P  be  the  mutual  pressure  exerted  by  the  teeth ;  /,  the  co- 
efficient of  friction;  then  the  work  lost  per  second  through  the 
friction  of  the  teeth  is 

(«!  +  oj)  ^f^' 

Let  u  be  the  common  velocity  of  the  two  pitoh-ciroles;  ^,  the 
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mean  MiquUy  of  the  line  of  connection  to  the  common  tangent  of 
the  pitch-circles;  then  u  cos  i  is  the  mean  value  of  the  common 
component  of  the  velocities  of  the  acting  surfaces  of  the  teeth  along 
the  line  of  connection;  and  the  useful  work  done  per  second  is  re- 
pressed by 

Pucos  ^ 

80  that  the  counter-efficiency  is 

,  =  i  +  (i±3l^ (1.) 

M  cos  ^  ^     ' 

Let  Ti  and  r^  be  the  radii  of  the  two  pitch-circles ;  then  we  have 

u 


u  u 

and  consequently 


l+/.sec.{l+l} (2.) 


If  two  pairs  of  teeth  at  least  are  to  be  in  action  at  each  instant 
(as  in  the  case  of  involute  teeth,  and  of  some  epicycloidal  teeth), 

and  if  the  pitch  be  denoted  by^,  we  have  ^  sec  ^  =  ~;  and  there- 

fore 

where  n^  and  Tig  ^^^  ^®  number  of  teeth  in  the  two  wheels. 

In  many  examples  of  epicycloidal  teeth,  especially  where  small 

2      3 
pinions  are  used,  the  duration  of  the  contact  is  only  ^  or  2  of  that 

assumed  in  equation  (3);  and  the  work  lost  in  friction  is  less  in  the 
same  proportion. 

The  preceding  rules  have  been  stated  in  the  form  applicable  to 
spur-wheels.  In  order  to  make  them  applicable  to  bevel- wheels, 
all  that  is  necessary  is  to  understand  that  the  measurements  of 
radii,  distances,  and  obliquity,  are  to  be  made,  not  on  the  actual 
pitch-circles,  but  on  the  pitch-circles  as  shown  on  the  development  of 
the  normal  cones;  as  to  which,  see  Article  144,  page  144. 

When  there  is  a  tromsveree  component  in  the  relative  velocity  of 
sliding  (as  in  gearing-screws.  Article  154,  t>age  160),  the  fractional 
value  of  the  work  lost  in  friction  is  to  be  first  computed  as  if  for  a 
pair  of  spur-wheels  whose  pitch-circles  are  the  osculating  circles  of 
the  normal  screw-lines  (see  Article  154,  pages  161, 162;  and  Article 
155,  page  163).    Then  find  in  what  ratio  the  velocity  (^sliding  is 
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increased  by  compouDding  the  transverse  component  with  the 
dii-ect  component  (a,  +  a^  t;  and  increase  the  fraction  of  work  lost 
through  friction  in  the  same  proportion. 

381.  Bflciener  of  Baadik — ^A  band,  such  as  a  leather  belt  or  a 
hempen  rope,  which  is  not  perfectly  elastic,  requires  the  expenditure 
of  a  certain  quantity  of  work — ^first  to  bend  it  to  the  curvature  of 
a  pulley,  and  then  to  straighten  it  again;  and  the  quantity  of  work 
so  lost  has  been  found  by  experiment  to  be  nearly  the  same  as 
would  be  required  in  order  to  overcome  an  additional  resistance, 
varying  directly  as  the  sectional  area  of  the  band,  directly  as  its 
tension,  and  inversely  as  the  radius  of  the  pulley.  In  the  follow- 
ing formulae  for  leather  belts,  the  stiffness  is  given  as  estimated  by 
Beuleaux  {CanatntciionsleJtre  fur  Maschinenhau,  §  307). 

Let  T  be  the  mean  tension  of  the  belt;  S,  its  seSi^onal  area; 
r,  the  radius  of  the  pulley;  6,  a  constant  divisor  determined  by  ex- 
periment; B',  the  resistance  due  to  stiffness;  then 

^'-^ a> 

b  (for  leather)  =  3-4  inch  =  87  millimetres. 

To  apply  this  to  an  endless  belt  connecting  a  pair  of  pulleys  of 

the  respective  radii  r^  and  rg,  let  T^  and  Tj  be  the  tensions  of  the 

two  sides  of  the  belt,  as  determined  by  the  rule  of  Article  310  a, 

page  351.     Then  the  useful  resistance  is  Tj  —  Tg ;  the  mean  ten- 

T  +  T 
sion  is  — ^-"2 — ^;'  and  the  additional  resistance  due  to  stifiness  is 

T1  +  T..S/1    u. 

consequently  the  counter-efficiency  is 

T.  +  T,     .SJl  .  U. 

,  ,    y  +  1    .s/i^u. 

-^"^2(N  — 1)    ftlri'^rj'. 

T 
N  denoting  =^,  as  in  Article  374,  page  432.    The  sectional  area, 

■'■2 

S,  of  a  leather  belt  is  given  by  the  formula 

S  =  ^; (3.) 

where  p  denotes  the  safe  working  tension  of  leather  belts,  in  units 
of  weight  per  unit  of  area;  its  yalne  being,  according  to  Morin, 
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0-2  kilogramme  on  the  square  millimetre,  or 
285  lbs.  on  the  square  inch. 

The  ordinary  thickness  of  the  leather  of  which  belts  are  made  is 
about  0'16  of  an  inch,  or  4  millimetres;  and  from  this  and  from 
the  ai'ea  the  breadth  may  be  calculated.  A  double  belt  is  of  double 
thickness,  and  gives  the  same  area  with  half  the  breadth  of  a  single 
belt 

When  a  band  runs  at  a  high  velocity,  the  ceTUrifugal  tension^ 
or  tension  produced  by  centrifugal  force,  must  be  added  to  the 
tension  required  for  producing  friction  on  the  pulleys,  in  order  to 
find  the  total  tension  at  either  side  of  the  band,  with  a  view  to 
determining  its  sectional  area  and  its  stiffiiess.  The  centrifugal 
tension  is  given  by  the  following  expression  : — 

•^; (4.) 

in  which  w  is  the  heaviness  (being,  for  leather  belts,  nearly  equal  to 
that  of  water) ;  S,  the  sectional  area;  v,  the  velocity;  and  g,  gravity 
( =  32*2  feet,  or  9*81  metres  per  second). 

When  centrifugal  force  is  taken  into  consideration,  the  following 
formula  is  to  be  used  for  calculating  the  sectional  area;  T^  being 
the  tension  at  the  driving-side  of  the  belt,  as  calculated  by  the  rules 
of  Article  310  a,  page  351,  exclusive  of  cenlrifugal  tension: — 

s  =  ^^' («•) 

and  the  following  formula  for  the  oonnter-efficiency : — 

2  w  t>2 


-1-  -2-  — r—    s    f  1       1\ 

'='^   2(t,-tJ  -rt.-vj <«•) 

The  questions  of  areas  of  bands  and  centniugal  tension  will  be 
further  considered  in  the  part  of  this  treatise  relating  to  the  strength 
of  machinery. 

For  calculating  the  efficiency  of  hempen  ropes  used  as  bands,  it 
is  unnecessary  in  such  questions  as  that  of  the  present  Article  to 
use  a  more  complex  formula  than  that  of  Eytelwein — viz., 

1)2  T 

^'-TT' (^•) 

where  D  is  the  diameter  of  the  rope,  and  ft'  s  54  millimetres  » 
2*125  inches. 
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I>2  g 

In  all  the  formula,  -rr  is  to  be  substituted  for  ^.     The  proper 
value  of  D*  is  given  by  the  formula 


.(8.) 


where  p'  =  looo  for  measures  in  inches  and  lbs. ;  and 

p'  =     0*7  for  measures  in  millimetres  and  kilogrammes. 
382.  Kadwer  •f  i^tekwMk.— In  fig.  266,  let  C^  T^  C^  Tg  be  two 
levers,  turning  about  parallel  axes  at  C^  and  C2,  and  connected  with 
each  other  by  the  link  T^  Tj  j  T^  and  1^  being  the  connected  point& 


Fig.  266. 


The  pins,  which  are  connected  with  each  other  by  means  of  the 
link,  are  exaggerated  in  diameter,  for  the  sate  of  distinctness.  Let 
Cj  Tj  be  the  driver,  and  Cg  Tg  the  follower,  the  motion  being  as 
shown  by  the  arrows.  From  the  axes  let  Ml  the  perpendiculars 
Cj  Pj,  C2  P2,  upon  the  line  of  connection.  Then  the  angular 
velocities  of  the  driver  and  follower  are  inversely  as  those  perpen- 
diculars; and,  in  the  absence  of  friction,  the  driving  moment  of  the 
first  lever  and  the  working  moment  of  the  second  are  directly  as 
those  perpendiculars;  the  driving  pressure  being  exerted  along  the 
line  of  connection  T^  Tg.  Let  M^  be  the  working  moment;  and 
let  Mq  be  the  driving  moment  in  the  absence  of  finction;  then  we 
have 


M,  =  ^ 


CxFi 


To  allow  for  the  friction  of  the  pins,  mtiltipty  the  radios  of  each 
pin  by  the  sine  of  the  angle  of  repose;  that  is,  very  nearly  by  the 
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co-effioient  of  friction;  and  with  the  small  radii  thns  computed, 
T.  A^  and  Tg  Ag,  draw  small  circles  about  the  connected  points. 
Then  draw  a  straight  line,  Qj^  A^  JB^  Q2  Bg  Ag,  touching  both  the 
small  circles,  and  in  such  a  position  as  to  represent  Uie  line  of 
action  of  a  force  that  resists  the  motion  of  both  pins  in  the  eyes  of 
the  link.  This  will  be  the  line  of  action  of  the  resultant  force 
exerted  through  the  link.  Let  fall  upon  it  the  perpendiculars 
Cj  Qi)  ^2  ^2'  ^^^  ^"^  ^  proportional  to  the  actual  driving 
moment  and  working  moment  respectively ;  that  is  to  say,  let  Mj^ 
bo  the  driving  moment,  including  friction;  then 

Comparing  this  with  the  value  of  the  driving  moment  without 
friction,  we  find  for  the  counter^fficiency 

^  -  Mo  "  Cg  Q2  •  0,  P,^ ^'-^ 

and  for  the  efficiency 

1      Mq      C,Q,'C,P, 

c  -"Mi-C.Qi-CgP; ^^'^ 

(See  page  449.) 

383.  BfliciflBC7  •f  Bi«clu  aHd  Tackle.  (See  Articles  200,  201, 
pages  214  to  216.) — In  a  tackle  composed  of  a  fixed  and  a  running 
block  containing  sheaves  connected  together  by  means  of  a  rope,  let 
the  number  of  plies  of  rope  by  which  the  blocks  are  connected  with 
each  other  be  n.  This  is  also  the  collective  number  of  sheaves  in 
the  two  blocks  taken  together,  and  is  the  number  expressing  the 
purchase^  when  Mction  is  neglected. 

Let  c  denote  the  counter-efficiency  of  a  single  sheave,  as  depend- 
ing on  its  friction  on  the  pin,  according  to  the  principles  of  Article 
373,  page  427.  Let  cf  denote  the  counter-efficiency  of  the  rope, 
when  passing  over  a  single  sheave,  determined  by  the  principles 
of   Article    381,  the    tension  being  taken  as  nearly  equal  to 

— ;  where  R  is  the  useful  load,  or  resistance  opposed  to  the  motion 

of  the  running  block.  B.  -t-  9i  is  also  the  effiDrt  to  be  exerted  on 
the  hauling  part  of  the  rope,  in  the  absence  of  friction.  Then  the 
counter-efficiency  of  the  tackle  will  be  expressed  approximately  by 

(oC)"; (1) 

80  that  the  actual  or  effective  purchase,  instead  of  being  expressed 
by  n,  will  be  expressed  by 

n  {e  (0-*. (2.) 
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384.  BfleicBcy  •fC^MiMtfMi  by  bimm  •fm  FlaM. — ^When  motion 
is  oommunicated  from  one  piston  to  another  by  means  of  an  inter- 
Tening  mass  of  fluid,  as  described  in  Articles  207  to  210,  pages  221 
to  224,  the  efficiencies  and  counter-efficiencies  of  the  two  pistons 
have  in  the  first  place  to  be  taken  into  account;  which  quantities 
are  to  be  determined  by  means  of  the  principles  stated  at  page 
399;  that  is  to  say,  with  ordinary  workmanship  and  packing,  l£e 
efficiency  of  each  piston  may  be  taken  at  0*9  nearly;  while  with  a 
carefuUy  made  cupped  leather  collar  the  counter-efficien^  of  a 
plunger  may  be  taken  at  the  following  value : — 

1-^'^ <■■) 

in  which  d  is  the  diameter  of  the  plunger;  and  b  a  constant, 
whose  value  is  from  0*01  to  0-015  of  an  inch,  or  from  0*25  to 
0-38  of  a  millimetre.  For  if  c  be  the  circumference  of  the 
plunger,  and  p  the  effective  pressure  of  the  liquid,  the  whole 

amount  of  the  pressure  on  the  plunger  is  ^—r — ;  and  the  pressure 

required  to  overcome  the  friction  is  p  eh. 

The  efficiency  and  counter-efficiency  of  the  intervening  mass  of 
fluid  remain  to  b^  considered;  and  if  that  fluid  is  a  liquid,  and 
may  therefore  be  regarded  as  sensibly  incompressible,  these  quan- 
tities depend  on  the  work  which  is  lost  in  overcoming  the  resis- 
tance of  the  passage  which  the  liquid  has  to  traverse. 

To  prevent  unnecessary  loss  of  work,  that  passage  should 
be  as  wide  as  possible,  and  as  nearly  as  possible  of  uniform 
transverse  section;  and  it  should  be  free  from  sudden  enlarge- 
ments and  contractions,  and  from  sharp  bends,  all  necessary 
enlargements  and  contractions  which  may  be  required  being  made 
by  means  of  gradually  tapering  conoidal  parts  of  the  passage, 
and  all  bends  by  means  of  gentle  curves.  When  those  conditions 
are  fulfilled,  let  Q  be  the  volume  of  liquid  which  is  forced  through 
the  passage  in  a  second;  S,  the  sectional  area  of  the  passage; 
then, 

^=% <2) 

is  the  velocity  of  the  stream  of  fluid.  Let  b  denote  the  wetted 
border  or  circimiference  of  the  passage;  then, 

'»  =  f. (3) 

is  what  is  called  the  hydraulic  mean  depth  of  the  passage.  In  a 
cylindrical  pipe,  m  =  ^  diameter.     Let  I  be  the  length  of  the 
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passage,  and  w  the  heaviness  of  the  liquid.  Then  the  loss  of 
pre89U/re  in  overcoming  the  friction  of  the  passage  is 

^  =  m     W ^^^ 

in  which  g  denotes  gravity,  and  /  a  co-efficient  of  friction  whose 
value,  for  water  in  cjlindiical  cast-iron  pipes,  according  to  the 
experiments  of  Darcy,  is 


/=  0005(1+^)- (5.) 


d  being  the  diameter  of  the  pipe  in  feet 

Let  p  be  the  pressure  on  the  driven  or  following  piston;  then 
the  pressure  on  the  driving  piston  is  g  +  p' ;  and  the  counter- 
efficiency  0/ the  fluid  is 

1+1' («•) 

which,  being  multiplied  by  the  product  of  the  counter-efficiencies 
of  the  two  pistons,  gives  the  counter-effldency  of  the  intervening 
liquid. 

When  the  intervening  fluid  is  air,  there  is  a  loss  of  work 
through  friction  of  the  passage,  depending  on  principles  similar  to 
those  of  the  friction  of  liquids;  and  there  is  a  further  loss  through 
the  escape  by  conduction  of  the  heat  produced  by  the  compression 
of  the  air. 

The  Motion  which  has  to  be  overcome  by  the  air,  and  which 
causes  a  certain  loss  of  pressure  between  the  compressing  pumps 
and  the  working  machinery,  consists  of  two  parts,  one  occasioned 
by  the  resistance  of  the  valves,  and  the  other  by  the  friction  along 
the  internal  surface  of  pipes. 

To  overcome  the  resistance  of  valves,  about  five  per  cent,  of  the 
effective  pressure  may  be  allowed 

The  Motion  in  the  pipes  depends  on  their  length  and  diameter, 
and  on  the  velocity  of  the  current  of  air  through  them.  It  is 
nearly  proportional  to  the  square  of  the  velocity  of  the  air. 

A  velocity  of  about  /arty  feet  per  second  for  the  air  in  its  com- 
pressed state  has  been  found  to  answer  in  practice.  The  diameter 
of  pipe  required  in  order  to  give  that  velocity  can  easily  be  com- 
puted, when  the  dimensions  of  the  cylinders  of  the  machinery  to  be 
driven,  and  the  number  of  strokes  per  minute,  are  given. 

When  the  diameter  of  a  pipe  is  so  adjusted  that  the  velocity  of 
the  air  is  40  feet  per  second,  the  pressure  expended  in  overcoming 

1  25-4 

•  When  the  diameter  is  expressed  in  millimetres,  for  r^-^  aubstitate  — ^. 
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its  frictioii  may  be  estimated  at  (me  per  cent,  of  the  total  or  absoltUs 
pressure  of  the  air j  far  every  five  hundred  diameters  of  the  pipe  that 
its  length  contains. 

Although  the  abstraction  from  the  air  of  the  heat  produced  hy 
the  compression  involves  a  certain  sacrifice  of  motive  power  (say 
from  30  to  35  per  cent)  still  the  effects  of  the  heated  air  are  so 
inconvenient  in  practice,  that  it  is  desirable  to  cool  it  to  a  certain 
extent  daring  or  immediately  after  the  compression.  This  may  be 
effected  by  injecting  water  in  the  form  of  spray  into  the  com- 
pressing pumps;  and  for  that  purpose  a  smaU  forcing  pump  of 
about  yiiyth  of  the  capacity  of  the  compressing  pumps  has  been 
found  to  answer  in  practice.  The  air  may  be  thus  cooled  down  to 
about  104°  Fahr.  or  40°  Cent 

The  factor  in  the  counter-efficiency  due  to  the  loss  df  heat 
expresses  the  ratio  in  which  the  volume  of  air  as  discharged  from 
the  compressing  pump  at  a  high  temperature  is  greater  than  the 
volume  of  the  same  air  when  it  reaches  the  working  machinery  at 
a  reduced  temperature;  which  ratio  may  be  calculated  approxi- 
mately by  taking  tu>o-sevenths  of  the  logarithm  of  the  absolute 
tvorking  pressure  of  the  compressed  air  in  atmospheres,  and  finding 
the  corresponding  natural  numher.  That  is  to  say,  let  jp©  denote 
one  atmosphere  (=  at  the  level  of  the  sea  14*7  lbs.  on  the  square 
inch,  or  10333  kilogrammes  on  the  square  m^tre);  let  pi  be  the 
absolute  working  pressure  of  the  air,  so  that  Pi-^Po^  the  ^ective 
pressure;  then  tne  counter^fficiency  due  to  the  escape  of  beat  is^ 

From  examples  of  the  practical  working  of  compressed  air, 
when  used  to  transmit  motive  power  to  long  distaoces,  it  appears 
that  in  order  to  provide  for  leakage  and  various  other  imperfec- 
tions in  working,  the  capacity  of  the  compressing  pumps  should  be 
very  nearly  double  of  the  net  volume  of  uncompressed  air  required; 
and  it  has  also  been  found  necessaiy,  in  working  the  compressing 
pumps,  to  provide  from  three  to  four  times  the  power  of  the 
machinery  driven  by  the  compressed  air. 


Addehdum  to  Article  343,  Page  38& 

BotstMT  Il7imBi«Bi«ten — EpIcycUc-Trabi    Pyiii— ifinr* — ^The 

term  of  "  epicyclic-train  dynamometers"  may  be  applied  to  those 
instruments  in  which  the  power  to  be  measured  is  transmitted 
through  an  epicyclic  train,  and  the  effort  exerted  is  measured  by 
means  of  the  force  required  to  hold  the  trainrarm  at  resL  In 
King's  dynamometer^  for  example,  there  is  a  train  of  wheel-work 
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of  whicli  the  principle  (thougli  not  the  details)  is  sufficiently  well 
represented  by  ^g.  176,  page  245.  The  bevel-wheel  B  is  driven 
by  the  prime  mover;  and  through  the  bevel- wheels  (or  bevel-wheel, 
there  being  usually  only  one)  carried  by  the  arm  A,  it  drives  the 
bevel-wheel  C,  which  drives  the  working  machinery.  The  train- 
arm  A  is  kept  steady  by  a  weight,  or  by  a  spring;  and  it  is  obvious 
that  the  mom^t  of  that  force  relatively  to  the  common  axis  of 
rotation  of  B,  C,  and  A,  must  be  double  of  the  moment  trans- 
mitted from  B  to  C;  which  latter  moment — that  is,  half  the 
moment  of  the  weight  or  spring  that  holds  A  steady,  being 
multiplied  by  2  «•  x  the  number  of  turns  in  a  given  time,  gives 
the  work  done  in  that  time.  This  apparatus  may  be  made  to 
record  its  results  on  a  travelling  strip  of  paper,  like  other  kinds  of 
dynamometers. 

Addenda  to  Article  381,  Page  440. 

I.  rae  •r  BcUerteg  B*llc»  Ikctweoi  BmUejm, — ^When  a  pair  of 
pulleys  connected  with  each  other  by  means  of  a  band  are  near 
together,  the  bearings  of  their  shafts  may  be  relieved  from  the 
pressure  due  to  the  tension  of  the  band  by  placing  between  the 
pulleys  a  smooth  idle  wheel  or  roller,  turning  in  rolling  contact 
with  them  both.  The  axis  of  rotation  of  the  roller  sho^d  be  in 
the  same  plane  with  those  of  the  pulleys;  and  two  out  of  the  three 
shafts  should  have  their  bearings  so  fitted  up  as  to  be  capable  of  a 
small  extent  of  motion  in  a  direction  perpendicular  to  the  axes  of 
rotation,  in  order  that  the  distances  of  those  axes  from  each  other 
may  adjust  themselves  when  the  band  is  tightened,  and  that  the 
tension  of  the  band  and  the  pressure  transmitted  through  the  roller 
may  balance  each  other  without  the  aid  of  pressures  at  the 
beiuings. 

II.  EfldeacT  •€  Telodmamic  TranmriMloik — The  phrase  '^Telo- 

dynamic  Transmission''  is  used  to  denote  Mr.  C.  F.  Him's  method 
of  transmitting  motive  power  to  long  distances  by  means  of  an 
endless  wire  rope,  connecting  a  pair  of  large  pulleys,  and  moving 
at  a  high  speed.  The  pulleys  are  made  of  cast  iron;  and  each  of 
them  has  at  the  bottom  of  its  groove  a  dovetail-shaped  recess  filled 
with  gutta-percha,  which  is  driven  in  and  rammed  tight  by  means 
of  a  mallet;  the  wire  rope  bears  against  the  gutta-percha  bottom 
of  the  groove ;  and  this  is  found  both  to  transmit  an  efibrt  better, 
and  to  ensure  greater  durability  of  the  rope  and  pulleys,  than 
when  the  rope  bears  against  a  cast-iron  surface. 

The  ordinary  speed  of  the  rope  is  from  50  to  80  feet  per  second; 
and  with  wrought-iron  pulleys,  it  is  considered  that  it  might  be 
increased  to  100  feet  per  second.  The  effort  to  be  transmitted  is 
calculated  from  the  power  to  be  transmitted,  by  expressing  that 
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power  in  unitB  of  work  per  second,  and  dividing  by  the  speed. 
The  available  tensions  at  the  driving  and  returning  sides  of  the 
rope  are  calculated  bj  the  rules  of  Article  310  A,  page  351 ;  in 
piactice  it  is  considered  sufficiently  accurate  to  make  the  former 
Umce,  and  the  latter  once,  the  effort  to  be  transmitted.  To  each  of 
those  tensions  is  to  be  added  the  centrifugal  tension  (see  Article 
381,  page  441)  in  order  to  obtain  the  toted  tensions.  The  trans- 
verse dimensions  of  the  rope  are  adapted  to  the  total  tension  ai  the 
driving  side  of  the  rope,  by  the  application  of  rules  to  be  given  in 
the  Fart  of  this  Treatise  relating  to  strengtL 

In  order  that  the  rope  may  not  be  overstrained  by  the  bending 
of  the  wires  of  which  it  consists,  in  passing  round  the  driving  and, 
following  pulleys,  the  diameter  of  each  of  those  pulleys  should  not 
be  less  than  140  times  the  diameter  of  the  rope,  and  is  sometimes 
as  much  as  260  times. 

The  distance  between  the  driving  and  following  pulleys  is  not 
made  less  than  about  100  feet;  for  at  less  distances  shafting  is 
more  efficient ;  nor  is  it  made  more  than  500  feet  in  one  span, 
because  of  the  great  depth  of  the  catenary  curves  in  which  the 
rope  hangs.  When  the  distance  between  the  driving  and  follow- 
ing pulleys  exceeds  500  feet,  the  rope  is  supi)orted  at  intermediate 
|)oints  by  pairs  of  bearing  pullejrs,  so  as  to  divide  the  whole  dis- 
tance into  intervals  of  500  feet  or  less. 

The  bearing  pulleys  are  constructed  in  the  same  way  with  the 
driving  and  following  pulleys,  and  of  about  half  the  diameter. 

The  loss  of  work  due  to  the  stiffness  of  the  rope  may  be  r^fai'ded 
as  insensible;  because  when  the  diameters  of  the  pulleys  are 
sufficient,  the  wires  of  which  the  rope  is  made  straignten  them- 
selves by  their  own  elasticity  after  having  been  bent. 

It  has  been  found  by  practical  experience  that  the  losses  of 
jx)wer  in  this  apparatus  are  nearly  as  follows,  in  fractions  of  ^e 
whole  power  transmitted : — 

Overcoming  the  axle-friction  of  the  driving  and 
following  puUeys,  about  tt,  or  .' 0*0250 

Overcoming  the  axle-friction  of  each  pair  of  bear- 
ing pulleys,  about  tJtt,  or coon 

Hence  the  efficiency  of  telodjmamic  transmission  may  be 
estimated  at 

N  being  the  number  of  pairs  of  intermediate  bearing  pulleys.* 

*  For  detailed  information  on  the  subject  of  Telodynamio  TransmiMion, 
aee  the  following  authorities:— i\^o<icc  eur  la  TransmMon  Tdodynami^tue, 
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Addendum  to  Abticle  382,  Page  442. 

Birect  •€  OhU^uftT  •€  a  CeaBectiBg^Bod  •m  FricUoa. — The  altei> 
nate  thrust  and  tension  along  the  oonnecting-rod  is  almost  always 
an  important  component,  and  sometimes  the  most  important  com- 
ponent, of  the  force  which  is  balanced  by  the  pressure  of  the  bear- 
ings of  a  crank-shafb ;  and  the  lateral  component  of  that  alternate 
thrust  and  tension  is  the  cause  of  the  friction  of  the  guides  by 
which  the  head  of  the  piston-rod  is  made  to  move  in  a  straight 
line,  when  there  is  no  parallel  motion. 

Glie  direction  of  the  connecting-rod  is  continually  changing 
between  certain  limits ;  and  this  causes  a  continual  change  in  the 
ratio  borne  by  the  whole  force  exerted  along  that  rod,  and  by  its 
lateral  component,  to  its  direct  component. 

Let  r  be  the  crank-arm,  e  the  length  of  the  connecting-rod;  then 
the  mean  value  of  the  ratio  which  the  lateral  component  b^rs  to 
the  direct  component  is  very  nearly  as  follows : — 

Q  _         0-7854  r 

p-  ^  (c2- 0-617  r*)' ^^ 

and  if  ybe  the  co-efficient  of  friction  of  the  guides,  the  counter- 
efficiency  of  the  piston-rod  head  will  be  nearly 

c  =  1  +-^^. (3.) 

The  mean  ratio  borne  by  the  total  force  (T)  exerted  along  the 
oonnecting-rod  to  its  direct  component  (P)  is  nearly  as  follows : — 

?_ ? .  (3) 

and  the  axle-friction  of  the  crank-shaft  is  increased  nearly  in  that 
ratio,  beyond  what  it  would  be  if  the  obliquity  of  the  connecting- 
rod  were  insensible.* 

par  C.  F.  Hirn  (Colinar,  1862).  Reuleaux,  Canstnictionslehre  fur  Mas- 
chmenbau  (BraoiiBchweig,  1854  to  1862),  §§  324  to  342. 

*  The  exact  solution  of  these  questions  is  given  by  the  aid  of  elUptic 
functions ;  hut  for  practical  purposes  the  approximate  solution  in  the  text 
18  sufficient. 
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MATERIALS,  CONSTRUCTION,  AND  STRENGTH  OP 
MACHINERY. 


CHAPTER  L 

OF  MATERIAU3  USED  IN  HAOHINEET. 

385.  «€Mnl  BxpiuMMfoM. — ^The  materials  used  in  machineiy 
are  of  two  principal  kinds — ^inorganic  and  organia 

The  inorganic  materials  consist  almost  wholly  of  metals;  for 
although  stony  and  eaHhy  materials  occur  in  the  foundations  of 
fixed  machines,  and  in  houses  which  contain  machinery,  they 
are  little  used  in  machinery  itself. 

The  organic  materials  consist  chiefly  of  wood,  of  vegetable  and 
animal  fibre  in  the  form  of  ropes  and  bands,  and  of  indian  rubber 
and  gutta  percha,  and  a  few  miscellaneous  substances. 

The  present  chapter  gives  a  summary  of  those  properties  of 
materials  upon  which  Qieiv  use  in  machinery  and  millwork 
depends;  and  it  is  necessarily  to  a  great  extent  identical  with 
those  parts  of  A  Manual  of  Civil  Engineering  which  treat  of  the 
same  materials. 

Section  L — Of  Iron  and  Steel. 

386.  Ktedto  •€  iroM  aaJ  8cceL — ^The  metallic  products  of  the  iron 
manufacture  are  of  three  principal  kinds — malleable  iron,  cast  irem, 
and  steel.  Malleable  iron  is  pure  or  nearly  pure  iron.  Cast  iron  is 
a  granular  and  crystalline  compound  of  iron  and  carbon,  more  or 
less  mixed  with  uncombined  carbon  in  the  form  of  plumbaga  It 
is  harder  then  pare  iron,  more  brittle,  and  less  tough.  Steel  is  a 
compound  of  iron  with  less  carbon  than  there  is  in  cast  iron;  it  is 
harder  than  cast  iron,  and  toughs  than  wrought  iron,  though  less 
ductile ;  and  it  is  the  strongest  of  all  known  substances  /or  iis 
iliTnensions,  It  is  also  the  strongest  of  all  metals  for  its  weigJU; 
but  in  the  comparison  of  tenacity  with  weight,  steel  and  all  metals 
are  exceeded  by  many  kinds  of  organic  Sbra  There  are  many 
intermediate  gradations  between  pure  iron  and  the  hardest  steel, 
some  of  which  are  known  by  such  names  as  "  steely  iron "  and 
**  semi-steeL'* 


Digitized 


by  Google 


IMPUEITIES  OP  IBOK — CAST  IRON.  451 

387.  Wm^uwMtmmfWrmuM — The  strength  and  other  good  qualities 
of  iron  and  steel  depend  mainly  on  the  absence  of  impurities,  and 
especially  of  sulphur,  phosphorus,  silicon,  calcium,  and  magnesium. 

Sulphur  and  calcium,  and  probably  also  magnesium,  make  iron 
^^ red-shorty"  that  is,  brittle  at  a  red  heat;  phosphorus  and  silicon 
make  it  *' cold-ahort"  that  is,  brittle  at  low  temperatures.  These 
are  both  serious  defects;  but  the  latter  is  the  worse. 

Sulphur  comes  in  general  firom  coal  or  coke  used  as  fuel.  Its 
pernicious  effects  can  be  avoided  altogether  by  using  fuel  which 
contains  no  sulphur;  and  hence  the  strongest  and  toughest  of  all 
iron  is  that  which  is  smelted,  reduced,  and  puddled  either  with 
charcoal,  or  with  coke  that  is  free  from  sulphur. 

FJwsphorua  comes  in  most  cases  from  phosphate  of  iron  in  the 
ore,  or  from  phosphate  of  lime  in  the  ore,  the  ftiel,  or  the  flux.  Tho 
ores  which  contain  most  phosphorus  are  those  found  in  strata 
where  animal  remains  abound. 

Calcium  and  Silicon  are  derived  respectively  fi*om  the  decom- 
position of  lime  and  of  silica  by  the  chemical  a£Snity  of  carbon 
for  their  oxygen.  The  only  iron  which  is  entirely  free  from  those 
impurities  is  that  which  is  made  by  the  reduction  of  ores  that 
contain  neither  silica  nor  lime :  such  as  pure  magnetic  iron  ore, 
pure  hssmatite,  and  pure  sparry  iron  ore. 

388.  Oaat  iTMi  is  the  product  of  the  process  of  smdting  iron 
ores.  In  that  process  the  ore  in  fragments,  mixed  with  fuel  and 
with  flux  (that  is  to  say,  with  a  substance  such  as  lime,  which 
tends  to  combine  with  the  earthy  constituents  of  the  ore),  is 
subjected  to  an  intense  heat  in  a  blast-furnace,  and  the  products 
are  slag,  or  glassy  matter  formed  by  the  combination  of  the  flux 
with  the  earthy  ingredients  of  the  ore,  and  pig  iron,  which  is  a 
compound  of  iron  and  carbon,  either  unmixed,  or  mixed  with  a 
small  quantity  of  uncombined  carbon  in  a  state  of  plumbago. 

The  ore  is  often  roasted  or  calcined  before  being  smelted,  in 
order  to  expel  carbonic  acid  and  water. 

The  total  quantity  of  carbon  in  pig  iron  ranges  from  two  to  five 
per  cent  of  its  weight. 

Different  kinds  of  pig  iron  are  produced  from  the  same  ore  in 
the  same  furnace  under  different  circumstances  as  to  temperature 
and  quantity  of  fuel.  A  high  temperature  and  a  large  quantity  of 
fuel  produce  gray  cast  iron,  which  is  further  distinguished  into 
No.  1,  No.  2,  No.  3,  and  so  on;  No.  X  being  that  produced  at  the 
highest  temperature.  A  low  temperature  and  a  deficiency  of  fuel 
pi^uce  white  cast  iron.  Gray  cast  iron  is  of  different  shades  of 
bluish-gray  in  colour,  granular  in  texture,  softer  and  more  easily 
fusible  than  white  (»st  iron.  White  cast  iron  is  silvery  white, 
either  granular  or  crystalline^  comparatively  difficult  to  melt, 
brittle,  and  excessively  hard. 
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It  appears  that  the  differeDces  between  those  kinds  of  iron 
depend  not  so  much  on  the  total  quantities  of  carbon  which  they 
contain  as  on  the  proportions  of  that  carbon  which  are  respec- 
tively in  the  conditions  of  mixture  and  of  chemical  combination 
with  the  iron.  Thus,  gray  cast  iron  contains  (mz  per  cent,  and 
sometimes  less,  of  carbon  in  chemical  combination  with  the  irou, 
and  from  com  to  ihret  or  four  per  cent,  of  carbon  in  the  state  of 
plumbago  in  mechanical  mixture;  while  white  cast  iron  is  a  homo- 
geneous chemical  compound  of  iron  with  from  two  to  four  per  cent 
of  carbon.  Ot  the  difierent  kinds  of  gray  cast  iron.  No.  1  contains 
the  greatest  proportion  of  plumbago.  No.  2  the  next,  and  so  on. 

There  are  two  kinds  of  white  cast  iron,  the  gramdovr  and  the 
erystalline.  The  granular  kind  can  be  converted  into  gray  cast 
iron  by  fusion  and  slow  cooling ;  and  gray  cast  iron  can  be  con- 
verted into  granular  white  cast  iron  by  fusion  and  sudden  cooling. 
This  takes  place  most  readily  in  the  best  iron.  Crystalline  white 
cast  iron  is  harder  and  more  brittle  than  granular,  and  is  not 
capable  of  conversion  into  gray  cast  iron  by  fusion  and  slow 
cooling.  Gray  cast  iron.  No.  1,  is  the  most  easily  fusible,  and 
produces  the  finest  and  most  accurate  castings;  but  it  is  deficient 
in  hardness  and  strength;  and  therefore,  although  it  is  the  best 
for  castings  of  moderate  size,  in  which  accuracy  is  of  more  impor- 
tance than  strength  and  stiffness,  it  is  inferior  to  the  harder  and 
stronger  kinds,  No.  2  and  No.  3,  for  pieces  requiring  great  stoengt^ 
and  stiffness. 

The  presence  of  plumbago  renders  cast  iron  comparatively  weak 
and  pliable,  so  that  the  order  of  streugth  and  stiffness  among 
different  kinds  of  cast  iron  from  the  same  ore  and  fuel  is  as  fol- 
lows ; — 

Granular  white  cast  iron. 
Gray  cast  iron,  No.  3. 
„        „        No.  2. 
„        „        No.  1. 

Crystalline  white  cast  iron  is  not  introduced  into  this  classifica- 
tion because  its  extreme  brittleness  makes  it  unfit  for  use  in 
machinery. 

Granular  white  cast  iron,  also,  although  stronger  and  harder 
than  gray  cast  iron,  is  too  brittle  to  be  a  safe  material  for  the 
entire  mass  of  any  piece  in  a  machine  that  is  exposed  to  shocks; 
but  it  is  used  to  form  a  hard  and  impenetrable  skin  to  a  piece  of 
gray  cast  iron  by  the  process  called  chilling.  This  consists  in 
lining  the  portion  of  the  mould,  where  a  hardened  surface  is  re- 
quired, with  suitably-shaped  pieces  of  iron.  The  melted  metal,  on 
beiDg  run  in,  is  cooled  and  solidified  suddenly  where  it  touches  the 
cold  iron;  and  for  a  certain  depth  from  the  chilled  sur&ce,  varying 
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from  Jth  to  4 -inch  in  different  kinds  of  iron,  it  takes  the  white 
granular  condition,  while  the  remainder  of  the  casting  takes  the 
gray  condition. 

Even  in  castings  which  are  not  chilled  bj  an  iron  lining  to  the 
mouldy  the  outermost  layer,  being  cooled  more  rapidly  than  the 
interior,  approaches  more  nearly  to  the  white  condition,  and  forms 
a  skin,  harder  and  stronger  than  the  rest  of  the  casting. 

A  strong  kind  of  cast  iron  called  toughened  cast  iron,  is  pro- 
duced by  the  process  invented  by  Mr.  Morries  Stirling,  of  adding 
to  the  cast  iron,  and  melting  amongst  it^  from  one-fourth  to  one- 
seventh  of  its  weight  of  wrought-iron  scrap. 

Malleable  Cast  Iron  is  made  by  the  following  process: — The 
castings  to  be  made  malleable  are  imbedded  in  the  powder  of  red 
bsematite  (which  consists  almost  wholly  of  peroxide  of  iron);  they 
are  then  raised  to  a  bright  red  heat  (which  occupies  about  24 
hours),  maintained  at  that  heat  for  a  period  varying  from  three  to 
five  days,  according  to  the  size  of  the  casting,  and  allowed  to  cool 
(which  occupies  about  24  hours  more).  The  oxygen  of  the  hsema- 
tite  extracts  part  of  the  carbon  from  the  cast  iron,  which  is  thus 
converted  into  a  sort  of  soft  steel ;  and  its  tenacity  (according  to 
experiments  by  Messrs.  A.  More  &  Son)  becomes  about  three  times 
tliat  of  the  original  cast  iron. 

389.  The  streagtii  of  c«it  Ims  of  every  kind,  like  that  of 
granular  substances  in  general,  is  marked  by  two  properties :  the 
Hmallness  of  the  tenacity  (which  is  on  an  average  about  16,000  or 
18,000  lbs.  on  the  square  inch)  a»  compared  with  the  resistance  to 
crushing  (which  ranges  from  80,000  to  110,000),  and  the  different 
values  of  the  stress  immediately  before  rupture  of  the  same  kind  of 
iron  in  bars  torn  directly  asunder,  and  in  beams  of  different  forms 
when  broken  across. 

For  the  results  of  experiments  on  the  strength  of  various  kinds 
of  cast  iron,  see  the  tables  of  the  following  chapter. 

The  strength  of  cast  iron  to  resist  cross  breaking  was  found 
by  Mr.  Fairbaim  to  be  increased  by  repeated  meltings  up  to  the 
tweffih,  when  it  was  greater  than  at  first  in  the  ratio  of  7  to  6  nearly. 
After  the  twelfth  melting  that  sort  of  strength  rapidly  fell  offl 

The  resistance  to  crushing  went  on  increasing  after  each  succes- 
sive melting;  and  after  the  eighteenth  melting  it  was  double  of  its 
original  amount,  the  iron  becoming  silvery  white  and  intensely 
hard. 

The  transverse  strength  of  No.  3  cast  iron  was  found  by  Mr. 
Fairbaim  not  to  be  diminished  by  raising  its  temperature  to  600° 
Fahr.  (being  about  the  temperature  of  melting  lead).  At  a  red 
heat  its  strength  fell  to  two-thirds. 

390.  Caatings  for  iHaciitaicrT" — The  best  course  for  an  engineer 
to  take,  in  order  to  obtain  cast  iron  of  a  certain  sti-ength,  is  not  to 
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specify  to  the  foander  any  partioular  kind  or  mixture  of  pig  iron, 
but  to  specify  a  certain  minimum^  strength  which  the  iron  should 
show  when  tested  bj  experiment. 

As  to  the  appearance  of  good  iron  for  castings,  it  should  have 
on  the  outer  surface  a  smooth,  clear,  and  continuous  skin,  with 
regular  faces  and  sharp  angles.  When  broken,  the  sur&oe  ci 
fracture  should  be  of  a  light  bluish-gray  colour  and  dose-grained 
texture,  with  considerable  metallic  lustre;  both  colour  and  texture 
should  be  uniform,  except  that  near  the  skin  the  colour  maj  be 
somewhat  lighter  and  the  grain  closer;  if  the  fractured  surface  is 
7nottled,  either  with  patches  of  darker  or  lighter  iron,  or  with  crystal- 
line spots,  the  casting  will  be  unsafe;  and  it  will  be  still  more  unsafe 
if  it  contains  air-bubbles.  The  iron  should  be  soft  enough  to  be 
slightly  indented  by  a  blow  of  a  hammer  on  an  edge  of  the  casting: 
When  cut  by  tools  of  different  kinds,  the  iron  should  ^ow  a 
smooth,  compact,  and  bright  sur&ce,  free  from  bubbles  and  other 
irregularities,  of  an  uniform  colour;^  and  capable  of  taking  a  good 
polish. 

Castings  are  tested  for  aii^bubbles  by  ringing  them  with  a 
hammer  all  over  the  surface. 

Cast  iron,  like  many  other  substances,  when  at  or  near  the 
temperature  of  fusion,  is  a  little  more  bulky  for  the  same  weight 
in  the  solid  than  in  the  liquid  state,  as  is  shown  by  the  solid  iron 
floating  on  the  melted  iron.  This  causes  the  iron  as  it  solidifies  to^ 
fill  all  parts  of  the  mould  completely,  and  to  take  a  sharp  and 
accurate  figure.  The  solid  iron  contracts  in  cooling  from  the 
melting  point  down  to  the  temperature  of  the  atmosphere,  by 
about  one  per  cent  in  each  of  its  linear  dimensions,  or  one-eiglUh 
of  an  inch  in  a  foot  nearly;  and  therefore  patterns  for  castings 
are  made  larger  in  that  proportion  than  the  intended  pieces  of 
cast  iron  which  they  represent 

The  rate  of  linear  expansion  of  cast  iron  between  the  freezing 
and  boiling  points  of  water  is  about  -001  ii. 

A  convenient  instrument  in  making  patterns  for  castings  is  a 
contractian'Tule ;  that  is,  a  rule  on  which  each  division  is  longer 
in  the  proportion  already  mentioned  than  the  true  length  to  which 
it  corresponds. 

In  designing  patterns  for  castings,  care  must  be  taken  to  avoid 
all  abrupt  variations  in  the  thickness  of  metal,  lest  parts  of 
the  casting  near  each  other  should  be  caused  to  cool  and  eontract 
with  unequal  rapidity,  and  so  to  split  asunder  or  overstrain  the 
iron.  It  is  advantageous  also  that  castings,  especially  those  for 
moving  pieces  in  machinery,  such  as  wheels,  should  be  of  sym- 
nietri<»l  figures,  or  as  nearly  so  as  is  consistent  with  their  pui-posej*, 
iu  order  that  they  may  have  no  tendency  to  become  distoited  while 
cooling. 
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Iron  becomes  more  compact  and  sound  by  being  cast  under 
pressure;  and  hence  cast-iron  cylinders,  pipes,  columns,  shafts, 
and  the  like,  are  stronger  when  cast  in  a  vertical  than  in  a 
horizontal  position,  and  stronger  still  when  provided  with  a  haady 
or  additional  column  of  iron,  whose  weight  serves  to  compress  the 
mass  of  iron  in  the  mould  below  it  The  air-bubbles  ascend  and 
collect  in  the  head,  which  is  broken  off  when  the  casting  is  oooL 

Care  should  be  taken  not  to  cut  or  remove  the  skin  of  a  pieoe 
of  cast  iron  more  than  is  absolutely  necessary,  at  those  points 
where  the  stress  is  intense.  In  order  that  this  rule  may  be  earned 
out  in  pieces  (such  as  toothed  wheels)  which  are  shaped  to  an 
accurate  figure  by  cutting  or  abrading  tools,  care  should  be  taken  to 
make  them  as  nearly  as  practicable  of  the  true  figure  by  casting 
alone,  so  that  the  depth  of  skin  to  be  cut  away  may  be  as  small 
as  possible. 

391.  'WwrnrnQM  mr  HfaMwiMg  Itmi  in  its  perfect  condition  is  sim- 
ply pure  iron.  It  fiedls  short  of  that  perfect  condition  to  a  greater 
or  less  extent  owing  to  the  presence  of  impurities,  of  which  the 
most  common  and  iDJurious  have  been  mentioned,  and  their  effects 
stated,  in  Article  387,  page  451 ;  and  its  strength  is  in  general 
greater  or  less  according  to  .the  greater  or  less  purity  of  Uie  ore 
and  fuel  employed  in  its  manufacture. 

Malleable  iron  may  be  made  either  by  direct  reduction  of  the 
ore  or  by  the  abstraction  of  the  carbon  and  various  impurities 
from  pig  iron,  mainly  by  means  of  oxygen.  The  latter  is  the 
more  common  process ;  and  the  ordinary  method  of  carrying  it  on, 
by  stirring  the  iron  in  a  reverberatory  furnace,  is  called  puddling. 
The  oxygen  which  carries  off  the  carbon  in  the  process  of  puddling 
comes  partly  from  the  air  and  partly  from  a  bed  of  cinder  and 
oxide  of  iron,  called  the /etiling,  with  which  the  bottom  of  ^be 
furnace  is  covered.  The  bloom,  or  lump  of  iron  drawn  from  the 
puddling  furnace,  is  hammered,  to  drive  out  the  cinder  with  which 
it  is  mixed — a  compound  of  silica  and  protoxide  of  iron;  it  is  then 
rolled  into  bars,  which  are  cut  into  lengths,  fisigotted  into  bundles, 
re-heated,  and  re-rolled,  until  bars  are  obtained  of  the  required 
dimensions.  The  Jibroua  structure  of  bar  iron  is  owing  to  the 
process  of  £Etgotting  and  rolling,  by  which  it  is  mada  In  Mr. 
Bessemer^s  process  a  blast  of  air  is  blown  through  the  molten 
iron,  in  a  large  vessel  or  retort^  until  the  carbon  and  silicon  are 
oxidized  and  removed. 

Stoength  and  toughness  in  bar  iron  are  indicated  by  a  fine, 
cloRo,  and  uniform  fibrous  structure,  free  from  all  appearance  of 
crystallization,  with  a  clear,  bluish-gray  colour  and  silky  lusto 
on  a  torn  surfkce  where  the  fibres  are  shown. 

FUUe  iron  of  the  best  kind  consists  of  alternate  layers- of  fibosa 
crossing  each  other.    It  should  have  a  hard,  smooth  skiii,  sone* 
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what  gloBBy,  and  when  broken,  should  show  perfect  uniformity  of 
structure,  and  be  free  from  all  tendency  to  split  into  layers. 

To  examine  the  internal  structure  of  iron,  whether  in  bars  or 
in  plates,  a  short  piece  may  be  notched  on  one  side,  near  the 
middle,  and  bent  double.  During  this  process  the  uncut  part 
should  not  break ;  and  if  the  iron  gives  way  at  all,  it  should  do 
so  by  splitting  along  the  fibres  near  the  bottom  of  the  notch. 
The  fitness  of  bar  iron  for  structures,  machines,  and  smithwork 
of  different  kinds,  is  tested  by  bending  and  punching  it  cold,  and 
by  punching  and  forging  it  hot,  so  as  to  ascertain  whether  it  shows 
any  signs  of  brittleness  either  when  cold  or  when  hot  (called 
"  cold-short'*  and  "  red-short").* 

Malleable  iron  is  distinguished  by  the  property  of  todding :  two 
pieces,  if  raised  nearly  to  a  white  heat,  and  pressed  or  hammered 
firmly  together,  adhering  so  as  to  form  one  piece.  In  all  opera- 
tions of  which  welding  forms  a  part,  such  as  rolling  and  forgoing, 
it  is  essential  that  the  surfaces  to  be  welded  should  be  brought 
into  close  contact,  and  should  be  perfectly  dean  and  free  from 
oxide  of  iron,  cinder,  and  all  foreign  matter. 

In  all  cases  in  which  several  bars  are  to  be  fegotted  and  ham- 
mered, or  rolled  into  one,  attention  should  be  paid  to  the  manner 
in  which  they  are  "  piled"  or  built  together,  so  that  the  pressure 
exerted  by  the  hammer  or  the  rollers  may  be  transmitted  through 
the  whole  mass.  If  this  be  neglected,  the  finished  bar,  plate,  or 
other  piece,  may  show  flaws,  marking  the  divisions  between  the 
bars  of  the  pile. 

Wrought  iron,  although  it  is  at  first  made  more  compact  and 
strong  by  rehecUing  and  hammering,  or  otherwise  working  it,  soon, 
reaches  a  state  of  maximum  strength;  after  which  all  reheating 
and  working  rapidly  make  it  weaker.  Good  bar  iron  has  in  gen- 
eral attained  its  maximum  strength ;  and,  therefore,  in  all  opera- 
tions of  foiging  it,  whether  on  a  great  or  small  scale,  by  the 
steam-hammer  or  by  that  in  the  hand  of  the  blacksmith,  the 
desired  size  and  figure  ought  to  be  given  with  the  least  possible 
amount  of  reheating  and  working. 

It  is  of  great  importance  to  the  strength  of  all  pieces  of  forged 
iron  that  the  oontinuUi/  of  the  fibres  near  the  surface  should  be  as 
little  interrupted  as  possible;  in  other  words,  that  the  fibres  near 
the  surface  should  lie  in  layers  parallel  to  the  surface,  t 

*  For  fall  information  as  to  the  tests  to  which  iron  and  steel  are  subjected 
by  the  Admirallnr  relations,  reference  may  be  made  to  Chapter  zviii  of  the 
Trealise  on  Shipbuilding,  by  £.  J.  Heed,  Esq.,  C.B.»  Chief  Constructor  of  the 
Royal  Navy. 

•f  On  this  subject,  see  a  Paper  by  the  Author  of  this  work,  in  the  Proceed^ 
ings  of  the  institution  ofCivU  Engineers  for  1843.  See  idso  the  TransactioHa 
of  the  Instiitaion  cf  Engineers  in  Scotland  for  1862-63^  pages  37,  41,  43. 


Digitized 


by  Google 


MALLEABLE  IRON — STEEL  AND  STEELY  IRON.  457 

Another  important  principle  in  designing  pieces  of  forged  iron 
which  are  to  sustain  shocks  and  vibrations^  is  to  avoid  as  much  as 
possible  abrupt  variations  of  dimensions,  and  angular  figures, 
especially  those  with  re-entering  angles;  for  at  the  points  where 
such  abrupt  variations  and  angles  occur,  fractures  are  apt  to 
commence.  If  two  parts  of  a  shaft,  for  example,  or  of  a  beam 
exposed  to  shocks  and  vibrations,  are  to  be  of  different  thicknesses, 
they  should  be  connected  by  means  of  curved  surfaces,  so  that  tho 
change  of  thickness  may  take  place  gradually,  and  without  re~ 
entering  angle& 

392.  Scc«i  Mid  Steely  ire«« — Steel  is  a  compound  of  iron  with 
from  0*5  to  1-5  per  cent,  of  its  weight  of  carbon.  These,  according 
to  most  authorities,  are  the  only  essential  constituents  of  steel. 

The  term  "  steely  iron"  or  "  semi-steel "  may  be  applied  to 
compounds  of  iron  with  less  than  0*5  per  cent,  of  carbon.  They 
are  intermediate  in  hardness  and  other  properties  between  ste^ 
and  malleable  iron. 

In  general  such  compounds  are  the  harder  and  the  stronger,  and 
also  the  more  easily  fusible,  the  more  carbon  they  contain.  Those 
kinds  which  contain  less  carbon,  though  weaker,  are  more  easily 
welded  and  forged,  and  from  their  greater  pliability,  are  the  fitter 
for  pieces  that  are  exposed  to  shock& 

Impurities  of  different  kinds  affect  steel  injuriously  in  the  same 
way  with  iron. 

There  are  certain  foreign  substances  which  have  a  beneficial 
effect  on  steeL  One  2,000th  part  of  its  weight  of  silicon  causes 
molten  steel  to  cool  and  solidify  without  bubbling  or  agitation; 
but  a  larger  proportion  is  not  to  be  used,  as  it  would  make  the 
steel  britde.  The  presence  of  manganese  in  the  iron,  or  its  intro- 
duction into  the  crucible  or  vessel  in  which  steel  is  made,  improves 
the  steel  by  increasing  its  toughness  and  making  it  easier  to  weld 
and  forge. 

Steel  is  distinguished  by  the  property  of  tempering;  that  is  to 
say,  it  can  be  hardened  by  sudden  cooling  from  a  high  temperature, 
aud  softened  by  gradual  cooling;  and  its  degree  of  hardness  or 
softness  can  be  regulated  with  precision  by  suitably  fixing  that 
temperature.  The  ordinary  practice  is,  to  bring  all  artides  of 
steel  to  a  high  degree  of  hardness  by  sudden  cooling,  and  then  to 
soften  them  more  or  less  by  raising  them  to  a  temperature  which 
is  the  higher  the  softer  the  articles  are  to  be  made,  and  letting 
them  cool  very  gradually.  The  elevation  of  temperature  previous 
to  the  annealvng  or  gradual  cooling  is  produced  by  plunging  the 
articles  into  a  bath  of  a  fusible  metallic  alloy.  The  temperaure 
of  the  bath  ranges  from  430"*  to  560''  Fahr. 

According  to  the  experiments  of  Mr.  Kirkaldy,  a  great  increase 
of  strength  is  produced  by  hardening  steel  in  oil 
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Steel  is  made  by  varions  prooesses,  wHcli  have  of  late  beeome 
veiy  numerous.  They  may  all  be  classed  under  two  heads— yiz., 
adding  carbon  to  malleable  iron,  and  abstracting  carbon  from  cast 
iron.  The  former  class  of  processes,  though  the  more  complex, 
laborious,  and  expensive,  is  preferred  for  making  steel  for  cutting 
tools  and  other  fine  purposes,  because  of  its  being  easier  to  obtain 
malleable  iron  than  cast  iron  in  a  high  state  of  purity.  The  latter 
class  of  processes  is  well  adapted  for  making  great  masses  of  steel 
and  steely  iron  i-apidly  and  at  moderate  expense.  The  following 
are  some  of  the  different  kinds  of  steel,  and  the  processes  by  which 
they  are  made : — 

Blister  Sted  is  made  by  a  process  called  ^^  eeTnmUoHon^  which 
consists  in  imbedding  bars  of  the  purest  wrought  iron  (such  as 
that  manu&ctured  by  charcoal  ^m  magnetic  iron  ore)  in  a  layer 
of  charcoal,  and  subjecting  them  for  several  days  to  a  high  tem- 
perature. Each  bar  absorbs  carbon,  and  its  surfiace  becomes 
converted  into  steel,  while  the  interior  is  in  a  condition  interme- 
diate between  steel  and  iron.  Cementation  may  also  be  performed 
by  exposing  the  surface  of  the  iron  to  a  current  of  carburetted 
hydrogen  gas  at  a  high  temperature.  Cementation  is  sometimes 
applied  to  the  surfaces  of  articles  of  malleable  iron,  in  order 
to  give  them  a  skin  or  coating  of  steel,  and  is  called  ^'oue- 
Jiardeningy 

Shear  Steel  is  made  by  breaking  bars  of  blister  steel  into  lengths, 
making  them  into  bundles  or  fagots,  and  rolling  them  out  at  a 
welding  heat,  and  repeating  the  process  until  a  near  approach  to 
uniformity  of  composition  and  texture  has  been  obtained.  It  is 
used  for  various  tools  and  cutting  implements. 

Cast  Sled  is  made  by  melting  bars  of  blister  steel  in  a  crucible, 
along  with  a  small  additional  quantity  of  carbon  (usually  in  tfao 
form  of  coal-tar)  and  some  manganese.  It  is  the  purest,  most 
uniform,  and  strongest  steel,  and  is  used  for  the  finest  cutting 
implements. 

Another  process  for  making  cast  steel,  but  one  requiring  a 
higher  temperature  than  the  preceding,  is  to  melt  bars  of  the 
purest  malleable  iron  with  manganese,  and  with  the  whole 
quantity  of  carbon  required  in  order  to  form  steeL  The  quali^ 
of  the  steel,  as  to  hardness,  is  r^ulated  by  the  proportion  of 
carbon.  A  sort  of  semi-steel,  or  steely  iron,  made  by  this  process, 
and  containing  a  small  proportion  of  carbon  only,  is  known  as 
luynwgeneous  metal. 

The  making  of  large  masses  of  steel  by  adding  the  proper 
ingredients  to  liquid  malleable  iron  has  been  much  facilitated  by 
the  use  of  Siemens's  r^enerative  furnace,  which  enables  a  very 
high  temperature  to  be  kept  up,  with  an  ease  and  economy 
unknown  before. 
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Sled  made  by  the  air-blast  is  produced  from  molten  pig  iron  by 
Mr.  Bessemer's  process.  In  the  first  place,  the  carbon  is  removed 
by  the  aiivblast,  so  that  the  vessel  is  full  of  pure  malleable  iron  iu 
the  melted  state;  and  then  carbon  is  added  in  the  proper  propor- 
tion, along  with  manganese  and  silicon.  The  usual  way  of  adding 
the  carbon  is  by  running  into  the  vessel  a  suificient  quantity  of  a 
compound  called  "  spiegeleisen,"  consisting  of  highly  carbonized 
cast  iron  and  manganese.  The  steel  thus  produced  is  run  into 
large  ingots,  -v^ich  are  hammered  and  rolled  like  blooms  of 
wrought  iron. 

Pvddled  Steel  is  made  by  puddling  pig  irou,  and  stopping  the 
process  at  the  instant  when  the  proper  quantity  of  carbon  remains. 
The  bloom  is  shingled  and  rolled  like  bar  iron. 

The  broken  surface  of  a  piece  of  steel  shows  a  mass  of  very 
small  crystalline  grains,  finer  than  those  of  cast  iron.  Uniformity 
in  the  size  and  colour  of  the  grains  is  a  mark  of  good  steel ;  and 
the  smaller  they  are,  the  finer  and  the  harder  is  its  quality.  In 
fine  cast  steel  the  grains  are  so  small  as  not  to  be  separately  distin- 
guishable by  the  naked  eye ;  and  the  fracture  presents  a  smooth 
but  dull  surface,  of  an  uniform  slate-gray  colour. 

As  to  expansion  by  heat,  see  page  326. 

393.  BiTOMgth  or  Wr««ght  iMM  and  sieeL — The  numerical  results 
of  experiments  on  the  strength  of  wrought  iron  and  steel  will  be 
found  in  the  tables  between  this  chapter  and  the  next 

Wrought  iron,  like  fibrous  substances  in  general,  is  more  tena- 
cious along  than  across  the  fibres;  and  its  tenacity,  or  resistance  to 
tearing  asunder,  is  greater  than  its  resistance  to  crushing,  except 
when  in  the  form  of  blocks  whose  lengths  are  less  than,  or  but 
little  greater  than,  their  diameters. 

The  ductility  of  wrought  iron  often  causes  it  to  yield  by  degrees 
to  a  load,  so  that  it  is  difficult  to  determine  its  strength  with  pre- 
cision. 

Wrought  iron  has  its  longitudinal  tenacity  considerably  in- 
creased by  rolling  and  wire-drawing;  so  that  the  smaller  sizes  of 
bars  are  on  the  whole  more  tenacious  than  the  larger;  and  iron 
wire  is  more  tenacious  still,  as  is  shown  in  the  Tables. 

Wrought  iron  is  weakened  by  too  frequent  reheating  and 
forging;  so  that,  even  in  the  best  of  large  forgings,  the  tenacity  is 
only  about  tkree-finirths  of  that  of  the  bars  from  which  the  foigings 
were  made,  and  sometimes  even  less. 

The  strength  both  of  iron  and  steel  is  injured  by  the  action  of 
tools  which  overstrain  the  particles  in  the  neighbourhood  of  the 
portion  of  material  which  they  remove,  and  especially  by  punch- 
ing. In  the  case  of  steel,  the  strength  lost  through  punching  is 
partially,  but  not  wholly,  restored  by  annealing.  The  drilling  of 
holes  has  no  such  weakening  efiect 
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Plate  iron  is  somewhat  less  tenacious  crosswise  than  lengthwise; 
but  the  difference  ought  not  to  exceed  about  one-tenth. 

For  details  as  to  co-efficients  of  strength  in  iron  and  steel,  refer- 
ence must  be  made  to  the  tables  of  ^e  next  chapter;  but  the 
following  short  table  gives  a  condensed  view  of  the  values  of  the 
vltimale  tenacUt/  which  ought  to  be  shown  by  really  good  bars  and 
plates  of  iron  and  steel,  fit  to  be  used  as  materials  in  making 
machinery: — 

Lba.onthe      ^"^ffSSS 
Sqt-relnch.     "^^^^ 

Iron,  large  forgings, from  40,000  28 

to  50,000  35 

Iron  Plates,  lengthwise, fi-om  50,000  35 

to  60,000  43 
Do.        crosswise,  at  least  90  per 
cent  of  tenacity  lengthwise. 

Iron  Bars  and  Rods, from  55,000  39 

.  to  65,000  46 

Do.,    rivet  iron,  at  least, 60,000  43 

Iron  Wire, 90,000  63 

Mild  Steel, from  70,000  49 

to  90,000  63 

Hard  Steel, from  90,000  63 

to  110,000  77 

Hardest  Cast  Steel, 130,000  91 

It  is  highly  important  also  that  the  iron  and  steel  of  which 
pieces  exposed  to  shocks  and  vibrations  are  to  be  made  should 
l)ossess  toughness;  and  this  may  be  tested  by  observing  in  tohat 
proportion  tlie  length  of  the  piece  is  increased  at  the  instant  before 
breaking.  The  ultimate  elongation  of  really  good  and  tough 
specimens  of  iron  and  steel,  as  ascertained  in  Mr.  Kirkaldps 
experiments,  was  nearly  as  follows,  in  fractions  of  the  original 
length : — 

Bar  Iron,  from 0*15    to  0*30 

Plate  Iron,  lengthwise,  from 0*04    to  0*17 

Do.         crosswise,  from 0'oi5too*ii 

Steel  Bars,  from 0*05    to  0*19 

Steel  Plates,  from 0*03    to  0*19 

394.  PreMrrati^M  •f  Imm. — Continual  motion,  especially  of  a 
vibratory  kind,  tends  to  prevent  the  rusting  of  iron  and  steel;* 
hence  most  of  the  moving  pieces  in  machinery  have  little  or  no 

•  See  Mallet,  "  On  the  Corroeion  of  Iron,"  in  the  Reports  of  the  British 
Association  for  1843  and  1849. 
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need  of  any  special  means  of  protection,  except  shelter  from  the 
weather  and  proper  care  in  keeping  them  dean.  But  the  frame- 
work of  machines  may  often  require  some  protection  against  cor- 
rosion. The  corrosion  of  iron  is  a  sort  of  slow  combustion,  during 
which  the  iron  combines  with  oxygen,  and  produces  rust.  The 
ordinaiy  methods  of  preserving  iron  consist  principally  in  prevent- 
ing the  access  of  oxygen  to  the  metal. 

Oast  iron  will  often  last  for  a  long  time  without  rusting,  if  care 
be  taken  not  to  injure  its  skin,  which  is  usually  coated  with  a  film 
of  silicate  of  the  protoxide  of  iron,  produced  by  the  action  of  the 
sand  of  the  mould  on  the  iron.  Chilled  surfaces  of  castings  are 
without  that  protection,  and  therefore  rust  more  rapidly. 

The  corrosion  of  iron  is  more  rapid  when  partly  wet  and  partly 
dry,  than  when  wholly  immersed  in  water  or  wholly  exposed  to 
the  air.  It  is  accelerated  by  impurities  in  water,  and  especially 
by  the  presence  of  decomposing  organic  matter  or  of  free  acids.  It 
is  also  accelerated  by  the  contact  of  iron  with  any  metal  which  is 
.  electro-negative  relatively  to  the  iron,  or,  in  other  words,  has  less 
affinity  for  oxygen  (such  as  copper),  or  with  the  rust  of  the  iron 
itself.  If  two  portions  of  a  mass  of  iron  are  in  different  condi- 
tions, so  that  one  has  less  affinity  for  oxygen  than  the  other,  the 
contact  of  the  former  makes  the  latter  oxidate  more  rapidly.  In 
general,  hard  and  crystalline  iron  is  less  rapidly  oxidable  than 
ductile  and  fibrous  iron.  Oast  iron  and  steel  decompose  rapidly  in 
warm  or  impure  sea- water. 

The  following  are  amongst  the  ordinary  methods  of  preserving 
iron: — 

I.  Boiling  in  coal-tar,  especially  if  the  pieces  of  iron  have  first 
been  heated  to  the  temperature  of  melting  lead. 

II.  Heating  the  pieces  of  iron  to^  the  temperature  of  melting 
lead,  and  smearing  their  surfaces,  while  hot,  with  cold  linseed  oil, 
which  dries  and  forms  a  sort  of  varnish. 

III.  Painting  with  oil  paint,  which  miist  be  renewed  from  time 
to  time.  The  linseed  oil  process  is  a  good  preparation  for  paint- 
ing. 

lY.  Ooating  with  zinc,  commonly  called  '^  galvanizing."  This 
is  efficient,  provided  it  is  not  exposed  to  acids  capable  of  dissolving 
the  zinc ;  but  it  is  destroyed  by  sulphuric  acid  in  the  atmosphere 
of  places  where  much  coal  is  burned.    It  lasts  well  at  sea. 

V .  Ooating  with  tin,  applied  to  thin  sheet  iron. 

SBonoN  n. — Of  Vcvriom  Metala  and  AUoya. 

395.  ziBe—n»—Iicad—€«nKr.— These  are  the  metals  which, 
next  to  iron,  occur  most  frequently  in  machinery;  but,  owing  to 
their  softness^  none  of  them  are  suited,  in  a  pure  state,Jbr  frame- 
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work  or  for  moving  pieces.  It  is  by  eompoonding  tbem,  so  as  to 
form  alloys,  that  sufficient  hardness  is  obtained.  Zinc,  lead,  and 
oopper  are  used  for  vessels  to  hold  liquids  whidi  would  corrode 
iron,  and  for  flexible  tubes;  zinc  and  tin,  as  already  mentioned, 
are  used  for  coating  iron,  to  preserve  it ;  ooj^pw,  havmg  ^eat 
tenacity  when  rolled  and  hammered,  is  used  for  making  bGolos 
into  which  substances  are  to  be  intixxluced  which  would  be  in- 
jurious to  iron,  or  be  injured  by  it;  also  for  making  rivets  for 
leather  driving-belts. 

As  to  the  heaviness  ivf  those  metals,  see  pages  327,  328;  as  to 
their  e:q)ansion  by  heat,  see  pages  326,  327 ;  as  to  th^  strength, 
see  the  tables  of  the  neict  chapter.  Their  melting  points  are  as 
follows : — 

Mmobctt.  CntlKnte 

Tin, 426°  219"* 

Lead, 630  332 

Zinc, about  700  about  370 

Copper, about  2550         about  1400 


396.  Bmhtc  mUI  BffMs  are  the  names  given,  to  alloys  of  oq)per 
with  tin  and  with  zinc.  The  name  brass,  in  common  language,  is 
applied  to  such  alloys  indiscriminately;  but^  stnotly  speaking, 
bronze  is  the  proper  name  of  the  alloys  of  copper  with  tin ;  brws, 
that  of  the  alloys  of  copper  with  zinc. 

Bronze  is  at  least  equal  to  copper  in  tenacity,  and  is  consider- 
ably superior  in  hardness  and  resistance  to  crushing.  Brass  is 
inferior  to  copper  in  strengtL  Both  bronze  and  brass  make  good 
castings,  which  quality  is  not  possessed  by  oopper. 

These  properties  render  bronze  and  brass  (and  especially  broiue, 
where  strength  is  required)  suitable  both  for  £:amew(»rk  and  £:>r 
moving  pieces  in  machineiy. 

Bronze  is  used,  in  particular,  for  the  bushes  or  bearings  of  rotat- 
ing shafts,  because  it  has  the  hardness  requisite  for  durability,  and 
at  the  same  time  is  not  so  hard  and  durable  as  iron.  This  latter 
quality  ensures  that  the  shaft  shall  not  be  worn  by  the  bearing, 
but  the  bearing  by  the  shaft. 

As  zinc  is  cheaper  than  tin,  alloys  of  oopper  with  zinc  are  pre- 
ferable to  those  of  copper  with  tin  in  those  cases  in  which  strength 
and  durability  are  of  secondary  importance. 

The  following  general  prin<^)le  ^ould  be  observed  in  the  manu- 
facture of  all  alloys  whatsoever,  as  being  essential  to  the  soundness, 
strength,  and  durability  of  the  compound  metal : — The  quomtitia 
of  the  constUuenis  should  bear  d^nite  atomie  proportions  to  each 
ether. 

For  example,  the  chemical  equivalents  of  copper,  tin,  zinc,  and 
lead  bear  to  each  other  the  following  proj^rtioiaB  :— 
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Coppec  TIiL  Zino.  Lead. 

31*5     59     325        103-5 

or      63       118     65  207 

and  the  proportions  in  wfaioh  they  are  combined  in  any  alloy  should 
be  expressed  by  multiples  of  those  numbers. 

When  this  rale  is  not  observed,  the  metal  produced  is  not  a 
homogeneous  compound,  but  a  mixture  of  two  or  more  different 
compounds  in  irregular  masses,  shown  by  a  mottled  appearance 
when  broken;  and  those  masses  being  different  in  expansibility 
and  elasticity,  tend  to  separate  from  each  other ;  and  being  different 
in  chemical  composition,  they  produce  electric  circuits  and  promote 
corrosion. 

The  following  is  a  list  of  the  most  useful  alloys  of  copper  with 
tin  and  zinc  : — 

CJoMPosrnojr. 

Bt  EQ1JITiIJDf1&         Br  WSIOBT. 

Allots  or  Goppebwitq  Tin. 

Very  hard  bronze. 

Hard  bronze  for  machinery  bearings. 

{Bronze,  or  gun-metal :  contracts  in  cool- 
ing firom  its  melting  point,  jhs* 
Bronze  somewhat  softer. 
Soft  bronze  for  toothed  wheels,  &a 


Allots  op  Goppib  with  Zna 
Copper.    Zinc    Copper.       Zinc 

4         I       126  32*5     Malleable  brass. 

^  Q2-c/ Ordi^ftiy  brass :  melting  point,  1869** 

3  3  '5  I      Ytthr.  :  contracts  in  cooling,  %\. 

_  £_     f  Yellow  metal  for  sheathing  and  fasten- 

3  2        94-5  65    I     i„g8  of  ships. 

£.        ^  -  f  Spelter-solder,  for  brazing  copper  and 

4  3       126      97-5 1    *^n. 

Various  alloys  of  copper,  tin,  and  zinc  are  used  in  machinery, 
and  may  be  regarded  as  modifications  of  true  bronze,  produced  by 
substituting  one  or  two  equivalents  of  zinc  for  tin.  They  are  less 
expensiye  than  true  bronze,  but  not  so  tough. 

397.  Otker  All«yfc — ^The  strongest  of  aU  allojrs  yet  known  is 
AlwmMivwm  Bronze^  as  a  reference  to  the  tables  of  the  strength  of 
metals  will  e^ow.  Different  sorts  contain  from  5  to  10  per  cent, 
of  aluminium,  and  from  95  to  90  per  cent  of  copper;  and  if  31-5 
be  taken  as  the  equivalent  of  copper,  and  13*7  as  that  of  aluminium, 
their  atomic  constitulaon  is  probably  from  8  to  4  equivalents  of 
copper  to  1  equivalent  of  aluminium. 
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Tin.       Copper.     Tin. 

I      378    59 

14 

I      441    59 

16 

I      504    59 

18 
20 

I      567    59 
I      630    59 

CovFosmov. 
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Alloys  of  copper  -with  lead,  called  pot-^netal^  are  used  for  cocks 
and  yaJves  where  strength  is  unimportant ;  but  they  are  weak  and 
brittle ;  and  in  bronze  for  bearings,  lead  is  an  adulteration. 

Soft  MeUdy  or  Babbitts  M^al,  consists  of  50  parts  of  tin,  1  of 
copper,  and  5  of  antimony.  It  may  be  considered  as  a  sort  of 
metallic  grease.  It  is  used  tp  make  bearings  for  heavily  loaded 
shafts,  in  the  following  way : — ^A  bronze  or  cast-iron  bush  is  pre- 
pared, with  a  recess  aj^ut  a  quarter  of  an  inch  deep  in  its  bearing- 
surface,  bounded  at  the  ends  by  ledges,  to  prevent  the  soft  metal 
from  escaping ;  the  soft  metal  in  a  melted  state  is  run  into  that 
recess,  either  round  a  core  of  the  shape  and  size  of  the  journal  or 
round  the  journal  itself. 

Soft  SoldeTy  used  fo.r  soldering  tin-plate,  when  of  the  best 
quality,  is  a  compound  of  4  equivalents  of  tin  to  1  of  lead;  or  by 
weight,  very  nearly  2  parts  of  tin  to  1  of  lead.  It  melts  at  360'' 
Fahr.     Its  ultimate  tenacity  is  about  7,500  lbs.  on  the  square  inch. 

SECTION  111,^0/ some  Stony  McUericUs. 

398.  sc*Me  BMuriagB  f«r  Sliaiu  have  occasionally  been  used.  The 
natural  stones  fit  for  this  purpose  are  those  which  are  wholly  free 
fi*om  grittiness,  and  are  somewhat  inferior  in  hardness  to  iron; 
such  as  gypsum,  pure  clay  slate,  pure  compact  limestone  and 
marble,  and  silicate  of  magnesia,  or  soapstone,  the  last  being  the 
best.  Stones  containing  crystals  of  quartz,  such  as  sandstone, 
sandy  limestones  and  slates,  <Scc.,  are  not  suitable.  A  material 
called  adamas  is  sometimes  used  for  bearings :  it  consists  of  silicate 
of  magnesia  ground,  calcined,  moulded  by  hydraulic  pressure  into 
blocks  of  suitable  figures,  and  baked.  The  advantage  of  silicate  of 
magnesia  consists  in  its  combining  a  certain  greasiness  of  surface 
with  a  degree  of  hardness  sufficient  for  durability. 

Section  IV. — Of  Wood  and  other  Organic  Material, 

399.  stractare  •€  w««4. — Wood  is  the  material  of  trees  belong- 
ing almost  exclusively  to  that  class  of  the  vegetable  kingdom  in 
wHch  the  stem  grows  by  the  formation  of  successive  layers  of 
wood  all  over  its  external  surfiEice>  and  is  therefore  said  by  botanists 
to  be  exogenous. 

The  tissues  of  which  wood  consists  are  distinguished  into  two 
kinds — cellula/r  tissuey  consisting  of  clusters  of  minute  cells;  and 
vascular  tissue,  or  woody  fibrSy  consisting  of  bundles  of  slender 
tubes,  the  latter  being  distinguished  from  the  former  by  its  fibrous 
appearance.  The  difference,  however,  between  those  two  kinds  of 
tissue,  although  very  distinct  both  to  the  eye  and -to  the  touch,  is 
really  one  of  degree  rather  than  of  kind;  for  the  fibres  or  tubes  of 
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vascular  tissue  are  simply  very  much  elongated  cells,  tapcriug  to 
points  at  the  ends,  and  breaking  joint  with  each  other. 

The  tenacity  of  wood  when  strained  along  the  grain  depends  on 
the  tenacity  of  the  walls  of  those  tubes  or  fibres;  the  tenacity  of 
wood  when  strained  across  the  grain  depends  on  the  adhesion  of 
the  sides  of  the  tubes  and  cells  to  each  other.  Examples  of  the 
difference  of  strength  in  those  different  directions  are  given  in  the 
tables. 

When  a  woody  stem  is  cut  across,  the  cellular  and  vascular 
tissues  are  seen  to  be  arranged  in  the  following  manner : — 

In  the  middle  of  the  stem  is  the  pithy  composed  of  cellular  tissue, 
inclosed  in  the  TnedvUary  shecUhf  which  consists  of  vascular  tissue 
of  a  particular  kind.  From  the  pith  there  extend,  radiating 
outwards  to  the  bark,  thin  partitions  of  cellular  tissue,  called 
medullary  rays;  between  these,  additional  medullary  rays  extend 
inwards  from  the  bark,  to  a  greater  or  less  distance,  but  without 
penetrating  to  the  pith. 

When  the  medullaiy  rays  are  large  and  distinct,  as  in  oak,  they 
are  called  "  silver  grains 

Between  the  medullary  rays  lie  bundles  of  vascular  tissue,  forming 
the  woody  fibre,  arranged  in  nearly  concentric  rings  or  layers  round 
the  pith.  In  most  cases  each  ring  is  the  result  of  a  year's  growth 
of  the  tree.  These  rings  are  traversed  radially  by  the  medullary 
rays.  The  boundary  between  two  successive  rings  is  marked  more 
or  less  distinctly  by  a  greater  degree  of  porosity,  and  by  a  difference 
of  hardness  and  colour. 

The  rings  are  usually  thicker  at  that  side  of  the  tree  which  has  had 
most  air  and  sunshine,  so  that  the  pith  is  not  exactly  in  the  centre. 

The  wood  of  the  entire  stem  may  be  distinguished  into  two 
parts — the  outer  and  younger  portion,  called  ** sap-^vood"  being 
softer,  weaker,  and  less  compact,  and  sometimes  lighter  in  colour 
than  the  inner  and  older  portion,  called  "  heart-ioood"  The  heart- 
wood  is  alone  to  be  employed  in  those  structures  and  machines  in 
which  strength  and  durability  are  required. 

The  number  of  rings  of  sap-wood  ranges  from  five  to  forty  and 
upwards  in  different  sorts  of  wood,  and  is  greatest  in  trees  of  the 
pine  and  fir  kind. 

The  structure  of  a  hra7^ch  is  similar  to  that  of  the  trunk  from 
which  it  springs,  except  as  regards  the  difference  in  the  number  of 
annual  rings,  corresponding  to  the  difference  of  age.  A  branch 
becomes  partially  imbedded  in  those  layers  of  the  trunk  which  are 
formed  after  the  time  of  its  first  sprouting;  it  causes  a  perforation 
in  those  layers,  accompanied  by  distortion  of  the  fibres,  and  consti- 
tiites  what  is  called  a  knot.  (On  various  matters  mentioned  in 
this  Article,  see'  Balfour's  ManiuU  of  Botany,  Part  I.,  chapters 
L  and  ii.) 
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400.  fluwMMiiw  ^r  w««d. — For  meobamoal  poipoaes, tfees  may 
be  classed  aocording  to  the  straeture  of  the  wood ;  and  npon  a  com- 
paEiaon  of  that  strootore  in  different  kinds  of  trees,  a  division  into 
two  great  dasses  at  once  soggeets  itself,  which  ezaotlj  oooesponds 
wiih  a  botanical  division,  viz. : — 

PiNi-WooD,  comprising  all  timber  trees  bdionging  to  the  cooi- 
feroQS  order;  and 

Leaf- Wood,  comprising  all  other  timber  trees. 

Beyond  this  primary  division,  the  place  of  a  tree  in  the  botanical 
system  has  little  or  no  connection  with  the  stmcttue  of  its  timber. 

In  the  following  table  those  two  great  classes  are  subdivided 
according  to  a  system  proposed  by  Tredgold,  founded,  in  the  first 
l^ace,  on  the  greater  or  less  distinctness  of  the  medoUary  rays: — 

Class  L — Pine-Wood.     (Natural  order  ConifercB,) 

Examples:  Pine,  Fir,  Larch,  Cowrie,  Yew,  Cedar, 
Juniper,  Cypress,  <fea 

Class  II. — Leaf- Wood.     (Non-coniferons  trees.) 

Division  1. — With  distinct  laige  medullary  rays. 

(The  trees  in  this  division  form  part  of  the 
natural  order  AmentaceoR,) 

Svhdiviaiion  \. — Annual  rings  distinct. 
Example:  Oak. 

Subdivision  2. — Annual  rings  indistinct. 

Examples  :  Beech,  Plane,  Sycunore,  <!ca 

Division  2. — Without  distinct  large  medullary  rays. 

Subdivision  1. — Annual  rings  distinct 
Examples  :  Chestnut,  Ash,  Elm,  <&c. 

Subdimsion  2, — ^Annual  rings  indistinct 

Examples :  Mahogany,  Walnut,  Box,  Teak,  Qreen- 
heart.  Mora,  Lignum-vit»,  <fec. 

The  chief  practical  bearings  of  the  foregoing  classification  are 
as  follows : — 
^  Fine^jDood,  or  coniferous  timber,  in  most  cases  contains  turpen- 
tine. It  is  distinguished  by  straightness  in  the  fibre  and  regularity 
in  the  figure  of  the  trees;  qualities  favourable  to  its  use  for  loi^ 
pieces  in  framework.  At  the  same  time,  the  lateral  adhesion  5 
the  fibres  is  small,  so  that  it  is  much  more  easily  shorn  and  split 
along  the  grain,  or  torn  asunder  across  the  grain,  than  leaf-wood; 
and  is  therefore  less  fitted  to  redst  thrust  or  shearing  stress,  or 
any  kind  of  stress  that  does  not  act  along  the  fibres.  Even  the 
toughest  kinds  of  pine-wood  are  easily  wrought;  and  this  quality. 
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oombioed  i^ith  lightness  and  stifiness,  makes  certain  kinds,  snch 
as  deal,  specially  well  suited  for  making  patterns  for  large  castings. 
A  peculiar  characteristic  of  pine-wood  (but  one  which  requires 
the  microscope  to  make  it  visible)  is  that  of  having  the  yascular 
tissue  ^^ punctated i"  that  is  to  say,  there  are  small  lenticular 
hollows  in  the  sides  of  the  tubular  fibres.  This  structure  is  prob- 
ably connected  with  the  smallness  of  the  lateral  adhesion  of 
those  fibres  to  each  other.  Pine-wood  is,  on  the  whole,  inferior  to 
leaf-wood  for  works  of  carpentry  and  machinery  in  exposed 
situations ;  because  the  strong  kinds  (as  pine  and  fir)  are  deficient 
in  durability;  and  the  durable  kinds  (as  cedar  and  cypress)  are 
deficient  in  strength. 

In  Leaf-tffood,  or  non-coniferous  timber,  there  is  no  turpentine. 
The  degree  of  distinctness  with  which  the  structure  is  seen,  whether 
as  regM^s  medullary  rays  or  annual  rings,  depends  on  the  degree 
of  d&erence  of  texture  of  different  parts  of  the  wood.  Such 
difference  tends  to  produce  unequal  shrinking  in  drying;  and 
consequently  those  kinds  of  wood  in  which  the  medullary  rays  and 
the  annual  rings  are  distinctly  marked,  are  more  liable  to  warp 
than  those  in  which  the  texture  is  more  uniform.  At  the  same 
time,  the  former  kinds  of  wood  are,  on  the  whole,  the  more 
flexible,  and  in  many  cases  are  veiy  tough  and  strong,  which 
qualities  make  them  suitable  for  pieces  that  have  to  bear  shocks. 

401.  AppMiraace  •f  o—d  Tiaiibcr. — There  are  certain  appear- 
ances which  are  characteristic  of  strong  and  durable  wood,  to  what 
class  soever  it  belongs.  In  the  same  species  of  wood,  that  specimen 
will  in  general  be  the  strongest  and  the  most  durable  which  has 
grown  the  slowest,  as  shown  by  the  narrowness  of  the  annual 
rings. 

The  cellular  tissue,  as  seen  in  the  medullary  rays  (when  visible), 
shoidd  be  hard  and  compact. 

The  vascular  or  fibrous  tissue  should  adhere  firmly  together,  and 
should  show  no  wooUiness  at  a  fireshly-cut  sur&ce ;  nor  should  it 
cW  the  teeth  of  the  saw  with  loose  fibres. 

If  the  wood  is  coloured,  darkness  of  colour  is  in  general  a  sign 
of  strength  and  durability. 

The  freshly-cut  surface  of  the  wood  should  be  firm  and  shining, 
and  should  have  somewhat  of  a  translucent  appearance.  A  dull, 
chalky  appearance  is  a  sign  of  bad  timber. 

In  wood  of  a  given  species,  the  heavier  specimens*  are  in  general 
the  stronger  and  the  more  lasting. 

Amongst  resinous  woods,  those  which  have  least  resin  in  their 
pores,  and,  amongst  non-resinous  woods,  those  which  have  least 
sap  or  gum  in  them,  are  in  general  the  strongest  and  most  last- 
ing. 

Timber  should  be  free  from  such  blemishes  as  "  clefts,"  or  cracks 
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radiatisg  from  tbe  centre;  '^ cup-sbakes,**  or  cracks  which  partaally 
separate  one  annual  layer  from  another;  "  upsets,"  where  the  fibres 
have  been  crippled  by  compression ;  "  rind-galls,"  or  wounds  in  a 
layer  of  the  wood,  which  have  been  covered  and  concealed  by 
the  growth  of  subsequent  layers  over  them;  and  hollows,  or  spongy 
phuoes,  in  the  centre  or  elsewhere,  indicating  the  commencement  of 
decay. 

402.  BnuM^iM  •f  piMe-w««d. — The  following  are  a  few  ex- 
amples of  timber  of  this  class : — 

L  Pine  timber  is  the  wood  of  various  species  of  the  genus 
Fintis,  the  best  being  that  of  the  Red  Pine,  or  Scottish  Fir  (Pintu 
sylveatris),  grown  in  the  north  of  Europe.  This  wood  is  stifl^ 
strong,  and  straight-grained,  and  well  suited  for  large  framing. 

Pine  timber  is  also  obtained  from  various  other  species,  chiefly 
North  American,  of  which  the  best  are  the  Tellow  Pine  (Pinus 
variabilis)  and  White  Pine  {Pintis  Strobus).  It  is  softer  and  less 
durable  than  the  Red  Pine  of  the  north  of  £arope,  but  lighter,  and 
can  be  had  in  larger  logs. 

Timber  similar  in  its  properties  to  the  best  kinds  of  pine  is 
produced  by  the  ,  Elauri  or  Cowrie  of  New  Zealand  {Dammara 
Australia), 

II.  Whitb  Fib,  or  Deal  timber  of  the  best  kind,  is  the  wood  of 
the  Spruce  Fir  {Abies  excelsa),  grown  in  the  north  of  Europe. 

This  is  an  excellent  kind  of  timber  for  light  framing  and  joineis* 
work,  and  is  specially  well  suited  for  making  patterns  of  machinery. 

Amongst  other  kmds  of  spruce  fir  applied  to  the  same  purposes 
are  the  North  American  White  Spruce  {Abies  alba),  and  Black 
Spruce  {Abies  nigra). 

403.  BnunpiM  •f  i«Mir-w«*d  with  iMwge  Bajs. — L  Oak  timber 
belongs  to  the  first  subdivision  of  Tredgold's  sjrstem.  It  is  the 
strongest,  toughest,  and  most  lasting  of  those  grown  in  temperate 
climates,  and  is  well  suited  for  framing  in  which  strength,  tough- 
ness, and  durability  are  required;  but  it  has  in  general  the  defect, 
which  is  a  serious  one  as  regards  machineiy,  of  being  subject  to 
warp.  It  is  obtained  from  varioiis  species  or  varieties  of  the 
botanical  genus  Quercus, 

The  wood  of  the  oak  contains  gallic  acid,  which  contributes  to 
the  durability  of  the  timber,  but  corrodes  iron.  Metal  fastenings 
for  oak  should  therefore  be  of  copper,  or  its  alloys;  or,  if  of  iron, 
they  should  be  well  coated  with  zina 

The  following  are  examples  of  trees  belonging  to  Tredgold's 
cecond  subdivision : — 

II.  Bbech  {Fa^us  8ylvatica\  common  in  Europe. 

III.  American  Plane  {PUUanus  occidentcdis),  common  in  North 
America. 

lY.  Sycamore  {A  cer  pseudo-platanus),  also  called  Great  Mapble, 
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and  in  Scotland  and  the  north  of  England,  Plane;  common  in 
Western  Europe. 

All  these  aflford  compact  wood  of  uniform  texture.  They  are 
valuable  for  blocks  which  have  to  resist  a  crushing  force.  They  last 
well  when  constantly  wet  (especially  beech),  but  when  alternately 
wet  and  dry  they  decay  rapidly. 

404.  BnuMples  •f  I«caf-W««d  wllh^Mt  I<arge  Uajt. — ^The  examples 
of  timber  in  this  Article  belong  to  the  first  subdivision  of  the 
second  division  according  to  Ti^dgold's  system,  having  no  large 
distinct  medullary  rays,  and  having  the  divisions  between  the 
annual  rings  distinctly  marked  by  a  more  porous  structure.  They 
are  in  general  strong,  but  flexible;  and  therefore,  in  machinery, 
they  are  suitable  for  pieces  in  which  the  power  of  bearing  shocks 
is  of  more  importance  than  rigidity. 

I.  The  Ash  {Fraa^imis  exodnor)  furnishes  timber  whose  tough- 
ness and  flexibility  render  it  superior  to  that  of  all  other  European 
trees  for  making  handles  of  tools,  shafts  of  carriages,  spokes  of 
wooden  wheels,  and  the  like;  but  which  is  not  sufficiently  stiff  and 
durable  to  be  used  in  framing. 

II.  The  common  Elm  {Ulmvs  ccmipeatris)  and  smooth-leaved 
Elm  {Ulmus  glabra)  yield  timber  which  is  very  durable  when 
constantly  wet,  but  not  when  alternately  wet  and  dry.  Its  strength 
across  the  graip,  and  its  resistance  to  crushing,  are  comparatively 
great;  and  these  properties  render  it  useful  for  some  parts  of 
mechanism,  such  as  cogs  of  wheels  and  shells  of  ships'  blocks. 
There  are  other  European  species  of  elm,  such  as  the  Wych  Elm 
( Ulmus  momJUma) ;  but  their  timber  is  inferior  to  that  of  the  two 
species  named. 

A  North  American  species,  the  Rock  Elm,  is  said  to  be  not  only 
durable  under  water,  but  straight-grained  and  tough,  so  as  to  be 
well  suited  for  framing. 

405.  Bxamples  of  I<eafiWo««f  wIthoMt  Ijarge  Rays  coatlMBedL— 
The  kinds  of  timber  mentioned  in  this  Article  are  examples  of  the 
second  subdivision  of  Tredgold's  second  division,  having  no  large 
distinct  medullary  rays,  and  no  distinct  difference  of  compactness 
in  the  rings.  This  uniformity  of  structure  is  accompanied  by 
comparative  freedom  from  warping;  and  hence  this  subdivision 
contains  various  sorts  of  wood  which  are  specially  well  adapted 
both  for  framing  and  for  moving  pieces  in  machinery,  where  ac- 
curacy and  constancy  of  form  are  required. 

I.  Mahogany  (Swidemia  Mahagoni)  is  produced  in  Central 
America  and  the  West  India  Islands---that  of  the  former  r^on 
being  commonly  known  as  "  Bay  Mahogany ;"  that  of  the  latter,  as 
"  Spanish  Mahogany."  When  of  good  quality,  it  is  very  straight- 
grained;  very  sti'ong  in  all  directions  (though  easily  split  along  the 
grain),  very  durable,  and  preserves  its  shape  under  varyinffcircum- 
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stances  as  to  heat  and  moisture,  better  than  any  other  kind  of 
timber  which  can  be  procured  in  equal  abundance.  Mahoganj 
varies  much  in  quality;  bay  mahogany  being  in  general  superior  to 
Spanish  mahogany  in  strength,  siMness,  and  durability,  and  in  ihd 
size  of  ike  logs,  which  are  f^m  24  to  48  inches  square.  Bay 
mahogany  of  good  quality  is  probably  the  best  of  ^  timbw  for  the 
framing  of  machinery.  Spanish  mahogany  is  the  more  highlj 
valued  for  ornamental  purposes.  Spanish  mahogany  is  di^- 
guiahed  by  having  a  white  chalky  substance  in  its  pores,  those  of 
bay  mahogany  bemg  empty. 

IL  LiONUM-viTJB  {Grucdacum  officinale)  is  produced  in  the  West 
India  Islands.  It  is  remarkable  for  heaviness,  compactness,  tough- 
ness, and  hardness,  and  for  the  property  of  resisting  a  crushing 
force  with  nearly  equal  strength  across  and  along  the  grain — a 
property  which  makes  it  specially  useful  for  rollers,  sheaves,  and 
other  moving  pieces  in  mechanism.  In  converting  logs  into 
sheaves,  the  direction  of  the  fibre  of  the  timber  is  parallel  to  the 
axis  of  the  sheave.  The  heart-wood  is  yellowish-green,  ihe  sap- 
wood  greenish-yellow;  and  it  is  considered  adnsable,  in  cutting  it 
into  pieces  suitable  for  sheaves,  to  leave  a  ring  of  sap-wood  all 
round  the  heart-wood,  which  is  thus  protected  i^^ainst  too  rapid 
drying,  and  prevented,  from  splitting. 

Properties  similar  to  those  of  Lignum-vitee  are  possessed  by  Box- 
wood {Buxu9  aempervirens),  Ebony  {Br^a  eberms,  and  other  genera 
and  species),  Ironwood  {Mesua  Nagaha\  and  various  other  woodsy 
chiefly  tropical 

The  same  subdivision  embraces  various  kinds  of  timber  grown 
in  tropical  climates,  which  are  highly  valued  for  shipbuilding  pur- 
poses, and  which  would  be  suitable  also  for  the  framing  of  machines 
— such  as  the  Teak  (TedoTia  grcmdU)  and  Saul  {Sharea  robuata)  of 
India,  and  the  Greenheart  {Nectandra  Rodioei),  Mora  {Mora  «?- 
cd8(k)j  and  Sabion  {Aceuia  prox^/m)  of  Sout^  America  and  the  West 
Indies. 

406.  8cai<Miiigi — Seasoning  timber  consists  in  expelling,  as  &r 
as  possible,  the  moisture  whidi  is  contained  in  its  pores. 

Natural  Seasoning  is  performed  simply  by  exposing  the  timber 
freely  to  the  air  in  a  dry  place,  sheltered,  if  possible,  from  mm- 
shine  and  high  winds.  The  seasoning  yard  should  be  paved  and 
well  drained,  and  the  timber  supported  on  stone  or  cast-iron 
bearers,  and  piled  so  as  to  admit  of  the  free  droulation  of  air  over 
all  the  surfaces  of  the  pieces. 

Natural  seasoning  to  fit  timber  for  carpenters*  woi^  usually 
occupies  about  two  years;  for  joiners'  woric  and  machineiy,  aboot 
four  years;  but  much  longer  periods  are  sometimes  employed. 

To  steep  timber  in  water  for^a  fortnight  after  felling  it,  extracts 
l>art  of  the  sap,  and  makes  the  drying  process  more  rapid. 
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Artificial  Seasoning  consists  in  diying  the  timber  in  an  oven  br 
means  of  a  current  of  hot  air.  It  occupies  from  seven  to  niae 
days  for  each  inch  of  the  thickness  of  the  piece  of  timber. 

In  the  course  of  drying,  timber  loses  weight  and  shrinks  in  its 
transverse  dimensions.  The  loss  of  weight  ranges  in  different 
examples  from  6  per  cent,  to  40  per  cent;  and  the  transverse 
^blinking  from  2  per  cent,  to  8  per  cent,  the  most  common  rate 
being  3  per  cent  The  sorts  of  wood  which  shrink  most  in 
drying  are  the  most  subject  to  warp. 

407.  INmiMUirf  Becayt  vmA  Fwcrrattoa  •f  W«*4. — All  kinds 
of  timber  are  more  lasting  when  kept  constantly  dry,  and  at  the 
same  time  freely  ventilated. 

Timber  kept  constantly  wet  is  softened  and  weakened;  but  it 
does  not  necessarily  decay.  Various  kinds  of  timber,  some  of 
which  have  been  already  mentioned,  such  as  greenheart,  elm  and 
beech,  possess  great  durability  in  that  condition. 

The  situation  which  is  least  favourable  to  the  duration  of  timber 
is  that  of  alternate  wetness  and  dryness,  or  of  a  slight  degree  of 
moisture,  especially  if  accompanied  by  heat  and  confined  fdr. 

Timber  exposed  to  confined  air  alone,  without  the  presence  of 
any  considerable  quantity  of  moisture,  decays  by  " dry  rot"  which 
is  accompanied  by  the  growth  of  a  fungus,  and  finally  converts  the 
wood  into  a  fine  powder. 

Amongst  the  most  efficient  means  of  preserving  wood,  are  good 
seasoning  and  the  free  circulation  of  air. 

Protection  against  moisture  is  afforded  by  oil  paint,  {»x)vided 
that  the  timber  is  perfectly  dry  when  first  painted,  and  that  the 
paint  is  renewed  from  time  to  time.  A  coating  of  pitch  or  tar 
may  be  used  for  the  same  purpose. 

Protection  against  the  dry  rot  may  be  obtained  by  saturating 
the  timber  with  solutions  of  metallic  saJts,  such  as  sulphate  of  ivon, 
sulphate  of  copper,  bichloride  of  mercury,  and  chloride  of  zinc. 

Timber  is  protected  against  wet  »ot,  dry  rot,  and  white  ants,  by 
saturation  with  the  liquid  called  commercially  "  creoaote,"  which  is 
a  kind  of  pitch  oiL 

408.  flnreagiii  mf  viMkcr. — Amongst  different  speeimens  of 
timber  of  the  same  species,  those  which  are  most  dense  in  the  diy 
state  are  in  general  also  the  strongest 

Tables  of  the  results  of  experiments  on  the  8treng<^  of  different 
kinds  of  timber,  strained  in  various  ways,  are  given  in  the  next 
chapter. 

The  following  are  some  general  remarks  as  to  the  different  ways 
in  which  the  strength  of  timber  is  exerted : — 

I.  The  Tenacity  along  the  grain,  depending,  as  it  does,  on 
the  tenacity  of  the  fibres  of  the  vascular  tissue,  is  on  the  whole 
greatest  in  those  kinds  and  pieces  of  wood  in  which  those  fibres 
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are  straiglitest  and  most  distinctly  marked.  It  is  not  matenally 
aftected  by  temporary  wetness  of  the  timber,  but  is  diminish^ 
by  long-continued  saturation  with  water,  and  by  steaming  and 
boiling. 

The  Tenaciif/  cteros^  the  grain,  depending  chiefly  on  the  lateral 
adhesion  of  the  fibres,  is  always  considerably  less  than  the  tenacity 
along  the  grain,  and  is  diminished  by  wetness  and  increased  by 
dryness.  Very  few  exact  experiments  have  been  made  upon  it. 
Its  smallness  in  pine-wood  as  compared  with  leaf-wood  forms  a 
marked  distinction  between  those  two  classes  of  timber,  the  pro- 
portion which  it  bears  to  the  tenacity  along  the  grain  having  been 
found  to  be,  by  some  experiments — 

In  pine-wood,  from  l-20th  to  1-lOth. 

In  leaf-wood,  from  l-6th  to  l-4th  and  upwards. 

n.  The  Resiatanoe  to  Shearing,  by  sliding  of  the  fibres  on  each 
other,  is  the  same,  or  nearly  the  same,  with  the  tenacity  across  the 
grain. 

III.  The  Resistance  to  Crushing  along  the  grain,  depending,  as 
it  does,  on  the  resistance  of  the  fibres  to  being  crippled,  or  "  upset," 
and  split  aaunder,  is  greatest  when  their  lateral  adhesion  is  greatest, 
and  was  found  by  Mr.  Hodgkinson  to  be  nearly  twice  as  great  for 
dry  timber  as  for  the  same  timber  in  the  green  state.  In  most 
kinds  of  timber,  when  dry,  it  ranges  from  one-half  to  two-thirds  of 
the  tenacity. 

Experiments  have  been  made  on  the  crushing  of  timber  across 
the  grain,  which  takes  place  by  a  sort  of  shearing;  but  they  have 
not  led  to  any  precise  result,  except  that  timber  in  general  is  both 
more  compressible  and  weaker  against  a  transverse  than  against  a 
longitudinal  pressure;  and  consequently,  that  intense  transverse 
compression  of  pieces  of  timber  ought  to  be  avoided.  Certain 
special  kinds  of  timber  are  valued  for  the  property  of  resisting 
compression  across  the  grain  welL  Of  these  the  most  generally 
used  is  lignum-vitse,  already  mentioned  in  Article  405,  page  470. 

IV.  The  Mod^dus  of  Rupture  of  timber,  which  expresses  its 
resistance  to  cross-breaking,  is  usually  somewhat  less  than  its  tenacity; 
but  seldom  much  lesa 

409.  Vm  ^f  w««d  !■  Hmckteerr* — The  following  tabular  ar- 
rangement of  the  more  ordinary  kinds  of  wood,  according  to  the 
purposes  in  machinery  to  which  they  are  applicable,  is  principally 
based  on  a  similar  table  given  by  Holtzapffel  in  his  treati^  on 
Mechanical  ManipuiUUion, 

Fraxewore. 

Strong,  sti£r,  durable,  and  free  from  warping. 
Mahogany. 
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Strong  longitudmally,  stiff,  and  straiglit-grained. 

Strong,  tough,  and  durable. 
Oak,  Teak,  Saul. 

Tough  and  pliabla 

Strong  against  pressure. 

Elm  (durable  when  wet),  Beech« 

Levers  and  Connecting-Rods. 
Strong  and  stiff 

Fine,  Deal,  Mahogany. 

Strong  and  tough. 
Oak,  Teak. 

Tough  andpliabla 

Ash,  Hazel,  Hickory,  Lancewood. 

Pullets,  Sheayes,  Eollebs. 

Lignum-yitsB,  Box,  Mahogany. 
Beabings  fob  Shafts. 

Box,  Beech,  Holly,  Lignum-vit»,  Elm. 

When  wood  is  used  for  bearings,  the  ends  of  the  fibres  should  be 
exposed  to  the  pressure.. 

Cogs. 

Crabtree,  Hornbeam,  Locust,  Beech. 
Patterns. 

Deal,  Mahogany,  Pine,  Alder. 

In  machinery  whose  speed  is  liable  to  be  suddenly  changed  or 
checked,  it  is  often  useful  to  make  some  of  the  parts  which  trans- 
mit the  motion  of  wood,  although  the  whole  of  the  remainder  may 
be  of  iron;  the  object  being  that  the  wood,  by  yielding  to  a  shock, 
may  prevent  it  from  damaging  the  iron  j  and  also  that  in  the  event 
of  breakage  occurring,  it  may  take  place  in  the  wooden  parts,  which 
can  be  replaced  more  easily  and  at  less  cost  than  the  iron  parts. 

For  example,  the  great  spur  fly-wheel  by  means  of  which  a 
steam  engine  or  a  water-wheel  drives  the  machinery  of  a  mill  is 
very  generally  a  nwrtise-whed;  that  is  to  say,  a  cast-iron  wheel 
with  rectangular  sockets  called  morthea  in  its  rim,  into  which  are 
fitted  wooden  teeth  called  cogs.  The  pinion  wldch  those  teeth 
drive  is  wholly  of  cast  iron.  Wooden  cogs  are  made  double  the 
thickness  of  cast-iron  teeth  that  have  to  bear  the  same  pressure. 

Another  instance  of  the  application  of  the  same  principle  is  when. 
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in  a  steam  engine  that  drives  an  iron  rolling  mill,  the  middle  part 
of  the  thickness  of  the  connecting-rod,  which  ia^ansmits  thmst,  is 
made  of  wood,  the  tension  being  transmitted  by  mjeans  of  a 
wi-ought-iron  strap. 

409  A.  Pasteboard,  composed  of  layers  of  paper  perpendicular  to 
the  pressure,  is  sometimes  used  for  bearings  of  shafts. 

410.  Orgaaic  IHateriaLi  far  Baada,  licatkcr,  C}atla*Fcrclui»  ladiaa 
Babber,  CaCtaa,  Flax,  aad  Hemp. — I.  Lwther  BeU$. — The  ordinary 
material  for  driving-belts  in  machinery  is  ox-leather  from  the 
back  of  the  animal.  It  is  of  a  nearly  imiform  thickness,  ranging 
from  ^  to  j^  of  an  inch  (from  4  to  6  millimetres).  It  is  to  be  had 
in  pieces  up  to  4J  or  5  feet  long,  and  about  8  inches  broad.  The 
several  lengths  of  leather  of  which  a  belt  is  made  are  spliced  and 
cemented  together,  and  fastened  to  each  other  by  means  of  pins  or 
rivets  of  copper  or  of  soft  brass.  The  two  ends  of  the  belt  are 
connected  with  each  other  by  a  lacing  of  thongs,  or  by  copper  or 
brass  pins. 

A  belt  is  said  to  be  single  or  double  according  as  it  is  made  of  one 
or  of  two  thicknesses  of  leather. 

The  inside  of  the  leather  is  rougher  than  the  outside,  and  is  placed 
next  the  pulleys;  crossed  belts  being  twisted  so  as  to  bring  the 
same  side  of  the  leather  in  contact  with  both  pulleys  (fig.  123,  page 
182). 

Leather  belts,  when  new,  are  not  quite  of  the  heaviness  of  water — 
say  about  60  lbs.  per  cubic  foot;  but  after  having  been  for  some 
time  in  use,  they  become  thinner  and  denser  by  compression,  and 
are  then  about  as  heavy  as  water.  The  weight  of  single  belting 
may  be  approximately  estimated  as  follows : — 

Per  foot  length  and  inch  breadth, o*o68  lb. 

Per  square  m^tre  of  surface, 4  kilogrammes. 

The  following  table  shows  the  results  c^  expeiiments  by  Mr. 
Henry  It  Towno  on  the  ultimate  tenacity  of  belts,  compared  with 
the  practical  rule  of  Greneral  Morin  as  to  their  safe  working  tension. 
The  tensions  in  lengths  of  belt  are  calculated  from  the  above 
estimate  of  the  heaviness. 

The  solid  leather, 675  12  10,000        3,000 

At  the  rivet-holes  of  the  splices,  '  382         6*8  6,600        1,700 

At  the  lacing, 210         3*75  3,100  940 

Safe  working  tension   (see)  -           o  ^r 

page441), 1..  |  ^5        o-8  660 

II.  Eaw  Hide  Belts, — ^The  process  of  tanmag,  whidi  makee 
leather  durable,  impairs  its  strengtii ;  ^e  tenaci^  of  mw  bide 
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being  abont  once  and  a  half  that  of  tanned  leather.  When  raw 
hide  is  used  for  belts  or  for  ropes,  it  is  soaked  with  grease  to  keep 
it  pliable  and  protect  it  against  the  action  of  air  and  moisture. 

III.  GvUorPercha  is  sometimes  used  for  flat  belts.  They  are 
made  of  the  same  dimensions  with  leather  belts  for  transmitting  i^e 
same  force,  and  are  nearly  of  the  same  weight. 

lY.  Woven  Belts  are  made  of  a  flaxen  or  cotton  fabric;  a  suffi- 
cient number  of  plies  being  used  to  give  a  thickness  equal  to  that 
of  leather  belts,  and  cemented  together  with  indian  rubber.  When 
made  of  flax,  they  are  said  to  be  about  three  times  more  tenacious 
thao.  tanned  leather  belts  of  the  same  transverse  dimensions. 

V.  Eopea  and  Cords,  when  of  organic  materials,  are  made  of 
leather,  raw  hide,  and  catgut,  and  of  flax,  hemp,  and  other  vege- 
table fibre.  Round  cords  of  leather  and  of  hide  are  made  by 
twisting  strips  of  those  materials  into  round  strands,  and  spinning 
or  plaiting  those  strands  into  ropes.  The  ultimate  tenacity,  when 
the  matenal  is  of  the  best  kind,  may  be  taken,  for  leather,  as  given 
by  the  table  in  the  first  division  of  this  Article*  and  for  i-aw  hide, 
as  one  and  a  half  that  of  leather.  Assuming  the  heaviness,  when 
well  twisted,  to  be  equal  to  that  of  water,  this  will  give  the  follow- 
ing results : — 

TTltmatk  TEf  Anrr  Feet  of       Metros  of     Lbs.  on  the       K.ontho 

ULTMATi  l-oiaxr.  ^p^  gope.  circular  circular 

TTip.h-  Mm, 

Leather, 10,000       3,000        3,360        2*36 

Raw  Hide, 15,000       4,500        5,040         3*54 

Working  Tension — 
fEictor  of  safety,  6. 

Leather, 1,667  500  560         0-39 

Raw  Hide,.. 2,500  750  840        0*59 

Hemp,  as  used  in  ropes,  is  spun,  or  ^'laid  up^^  with  a  right- 
handed  twist  into  yams.  Yarns  are  laid  up  left-handed  into 
strands.  Three  strands  laid  up  right-handed  make  a  havoser;  three 
hawsers  laid  up  left-handed  make  a  cable.  Hempen  ropes  are 
classed  according  to  the  number  and  arrangement  of  their  strands. 
The  following  are  the  commonest  kinds : — 

Hawser-laid  rope, 3  strands. 

Cable-laid  rope  =  3  hawsers  twisted  together, 9  strands. 

8hroud-laid  rope  =  core  or  heart  surrounded  by. 4  strands. 

The  girth  sqiJUired  is  the  dimension  commonly  employed  in 
calculating  the  weight  and  strength  of  hempen  ropes.  The  proof, 
or  testing  load,  is  given  by  multiplying  the  girth  squared  by  one  of 
the  fiMstors  in  the  following  table;  the  breaking  load  is»from  two  to 
three  times  the  proof  load;  the  working  load  is  about  one- fourth  of 
the  proof  load :  that  is,  about  one-tenth  of  the  breaking  load. 

Digitized  by  VjOOQIC 


47G  MATEBIALS^  CONSTBUCnON,  AND  8TBENGTH. 


Multiplier 

for  Proof  Load. 

Lba. 

Multiplier 
for  Weight 

Lb.  per 
lOOFaUioms. 

Proof  StMDcOi 
in  Length  ofBopek 
Feet        MfctwaT 

Hawser-laid  rope^ 
Shroud-laid    „ 
Cable-laid      „ 

420 
269 

231 
22*4 

21-5 

10,920       3,300 
9,000       2,740 
7,500       2,290 

Ta/rred  Ropes  have  about  three-fourths  of  the  strength  of  white 
ropes  of  the  same  size. 

Wire  ropes  contain  a  certain  proportion  of  organic  material  in 
tlie  hempen  cores  round  which  the  wires  are  spun,  but  it  does  not 
sensibly  contribute  to  their  strength,  which  will  be  more  fully 
considered  further  on. 
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L 

Table  of  the  Resistance  of  Materials  to  STRirrcHiNa  and 
Teabing  bt  a  DntECi  Pull,  in  povmda  (woirdfupois  per  aqiuire 
indk 

Tenacity  Modultis  of 

Material.  orMstenito      orlSSito 

Tearmg.  Stretching. 

Stoztes,  Natubal  and  Artificial: 

^%} ^«°*»30o 

Glass, 9>4oo  8,000,000 

Slate.  /        ^'^^         13,000,000 

^ (to  12,800    toi6,ooo,ooo 

Mortar,  ordinary^ 50 

Metais: 

Brass,  cast, 18,000  9,170,000 

„     wire, 49,000        14,230,000 

Bronze  (Copper  8,  Tin  i),. 36,000         9,900,000 

„       Aluminium,. 73>ooo 

Ck>pper,  cast, 19,000 

f,       sheet, 30,000 

„       bolts, 36,000 

„       wire, 60,000         17,000,000 

Iron,  cast,  various  qualities, L    ^3>400         14,000,000 

**v^  v*«v,    T*«xvuo  *iuoaxwx«3,  -^  ^  29,000       to  22,900,000 

„        average, 16,500         17,000,000 

Iron,  wrought,  plates, 51,000 

„       joints,  double  rivetted,  35,7oo 

„  „       single  rivetted,  28,600 

„       bars  and  bolts, {to7o'ooo}     29,000,000 

ff       hoop,  best-best, 64,000 

f        70,000 ) 

"       '^' {toiLlooo}      »S,30o.ooo 

„       wire-ropes, 90,000        15,000,000 

Lead,  sheet, 3,300  720,000 

Steel  bars-  I        100,000        29,000,000 

^"* I  to  130,000  1042,000,000 

Steel  plates,  average, 80,000 

Tin,  cast, 4,600 

Zinc, 7,000  to  8,000       r^  , 
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«, ;.  If odnhis  of 

Tenacnj,  Elasticity, 

llATsnALS.                              cr  Bcastaoce  to  ^  Resstance  to 

Teaxing.  Sttetching. 

TlXEKR  ASD  OTHER  OSOAJTIC  FiBRE: 

AeaciA,  fiJue.  See  «  Locost* 

Ash  {Fraaimu  excelsiar), 17,000           1,600,000 

Bamboo  {Bambu$a  arundinacea),  6,300 

Beech  {Fa^n*'  ^fhwtica), ",500           1,350,000 

'Birch  (Beiuia  alba), 15,000           1,645,000 

Box  (nuxua  Bempervirens), 20,000 

CedarofLebanon(Cec?n«Lt6om),  11,400             48^,000 

Chestnut  {Caskmea  Vescajr |  ^^  \^^  }        ir'40,ooo 

/         700,000 
Ehn  {Ulmua  campestrut), ^...  14,000   I  to  1,340,000 

—      ^   , «.      /^.  T    -.  -x        f      12,000  1,460,000 

Fir :  B^  Pme  (Pmw  sylvesins),      |  ^  ^^^^^     ^  1,900,000 

/      1,400,000 

„    Spruce  (ii6M»  eccci^a), 12,4001*01,800,000 

f        9,000  900,000 

„    Jja^h  {Larix  EuropoM)^....      ;[  to  10,000     to  1,360,000 

Flaxen  Yarn, «*oat  25,000 

Hazel  {Conjlus  AveUana), 18,000 

Hempen  Ropes, from  12,000  to  16,000 

Hide,  Ox,  undressed, 6,300 

Hornbeam  {Carpinus  Betulus),.  20,000 

Lancewood  (OttaUeria  virgata),     •"      33,40o 

Leather,  Ox, ;  4,200  24,300 

Lignum- VitfiB  {Guaiacum  offia- 1  ^  ^^goo 

rude)^ J 

Locust  {Robinia  Pseudo-Acacia),  16,000 

^2Ai0^iij{SvoUteniaMohagon%^     |  ^  ^ /,8oo  }      ^'^55,ooo 

Maple  (Acer  campestris), 10,600 

Oak,  Eui-opean  (^t^jrcMS  «e««iZi-  f      10,000         1,200,000 

/oraand  Quercuspedunctdata),  \  to  1 9,800  .  to  1,750,000 

„       American  Red  {Qiwrcus  \  10,250        2,150,000 

rvhra), J 

Silk  fibi^, 52,000         1,300,000 

^ycQmoveiAovrPsmdO'Platm'us),  13,000         1,040,000 

Teak,  Indian  (TecUma grandia),  15,000         2,400,000 

„       African,  (?) 21,000         2,300,000 

Whalebone, 7»7oo 

Yew  {Taxua  baccata), 8,600 
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IL 

Table  of  thb  Eesistanoe  of  Matekiai^  to  SHEABma  a2ii> 
DisiOBTiOK^  in  p<nmd8  awwrdupoia  per  sqtiare  inch. 

rt   .  .  Transverse 

Be^tanoe  ElMticitT, 

MbCAIS:  bneanng.  DistortioiL 

Brass,  -wire-diawn, ; 5»33o>ooo 

Copper, 6,200,000 

Iron,  cast, 27,700        3,850,000 

„     wrought, 50,000 1    S>5oo,ooo 

**  o^ ' ••  ^'        (to  10,000,000 

Kr:  Red  Pine, 5ooto    800    1      ^|'^^ 

'  ^  (to  116,000 

„     Sprace,.. 600  

„     liirch, 97oto  1,700  

Oak, 2,300  82,000 

Ash  and  Elm, 1,400  7^>ooo 


IIL 

Table  of  the  Besibtakce  of  Mateekials  to  Ortjbhino  by  a 

DiBECT  Thbust,  in  jx)tm<i8  aw)irckip(n8  per  sqiuvre  inch, 

Besistsnce 

MATEBZAL8.  tO 

Cro^ng. 

BzoHEs,  Natubal  Ain>  artificial: 

Brick,  weak  red, 550  to  800 

„      strong  red, • 1,100 

yy      fire, 1,700 

Chalk, 330 

Granite, 5,5oo  to  11,000 

Limestone,  marble, 5)5oo 

♦               „          granular, 4,000  to  4,500 

Sandstone  strong, 5)500 

„         ordinary, 3,300  to  4,400 

JElubble  masonry,  about  four-tenths  of  cut  stone. 

Metals: 

Brass,  cast, 10,300 

Bronze,  Aluminium, 132,000 

Iron,  cast,  various  qualities, 8  2,000  to  145,000 

„        „    ayerage, 112,000 

„     wrought, about  36,000  to  40,000 
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Besistasca 

llATBBIAUi.  to 

Crnshine. 
TiUBEBy*  Diy,  cruBhed  along  the  grain: 

Ash, 9,000 

Beech, 9,360 

Birch, 6,400 

Blue-Gum  (Eucalyptua  Globulm), 8,800 

Box, ; 10,300 

Bullet-tree  {Ackraa  Sideroon/lon), 14,000 

Cabacalli, p^poo 

Cedar  of  Lebanon, 5,860 

Ebony,  West  Indian  {Brya  Ebenus), 19,000 

Elm, 10,300 

Eir:  Bed  Pine, 5,375  to  6,200 

^,     AmericanYellowPine(Ptnu«vana6£^t9),  5>4oo 

„     Larch, 5,570 

Hornbeam, 7>3oo 

Lignum-Vitae, 9i9oo 

Mahogany, 8,200 

Mora  (Mora  excdsa), 9>90o 

Oak,  British, 10,000 

„     Dantzic, 7>7oo 

„     American  Bed, 6,000 

Teak,  Indian, 12,000 

Watei^Gum  (Tristama  neri/olia), li^ooo 


IV. 

Table  of  the  Besistance  of  Materials  to  Breakiko  Across, 
in  pounds  cwoirdupois  per  square  inch, 

fie^iatance  to  Breaking, 
Materials.  or 

Modulus  of  Rnptnre.! 

Stones: 

Sandstone, 1,100  to  2,360 

Slate, 5,000 

*  The  resistances  stated  are  for  dry  timber.  Green  timber  is  much  ^nreaker,  bavuiK 
sometimes  only  half  the  strength  of  diy  timber  against  crashing. 

f  The  modmos  of  rupture  is  eighteen  tunes  the  load  which  is  reauired  to  break  a  bar 
of  one  inch  square,  supported  at  two  pdnts  one  foot  apart,  and  loaded  in  the  middla 
between  the  pomts  of  support. 
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neristanoe  to  breaking, 
Matsriata  or 

Modohifl  of  Baptare. 

Metaui: 

Iron,  cast,  open-work  beams,  avera^, 17,000 

„       „    sdid  rectangular  bars,  var.  qualities,  33,000  to  43,500 

M       w  w  »  average, 40,000 

„     "wrought^ 40,000  to  54,000 

Timbeb: 

Ash, 12,000  to  14,000 

Beech^ 9,000  to  12,000 

Birch, 11,700 

Blue-Gum, 16,000  to  20,000 

Bullet-tree, 15,900  to  22,000 

Cabacalli, 15,000  to  16,000 

Cedar  of  Lebanon, , 7y40o 

Chestnut, 10,660 

Cowrie  (Dammara  cmdralis), 11,000 

Ebony,  West  Indian, 27,000 

Elm, 6,000  to    9,700 

Fir:  Bed  Pine, 7,100  to    9,540 

„     Spruce, pypoo  to  12,300 

„     Larch, 5,000  to  10,000 

Oreenheart  {JS^ectcmdra  Bodim), 16,500  to  27,500 

Lancewood, i7>35o 

Lignum-VitsB, 12,000 

Locosty 11,200 

Mahogany,  Honduras, ii)5oo 

„         Spanish, 7,600 

Mora, 22,000 

Oak,  British  and  Bussian, 10,000  to  13,600 

„    Dantzic, 8,700 

„      American  Bed, 10,600 

Boon, i3>3oo 

Saul, 16,300  to  20,700 

Sycamore, 9,600 

Teak,  Indian, 12,000  to  19,000 

„     A&ican, 14,980 

Tonka  (Dipteryx  odorata)^ 22,000 

Watep-Gum, 1794^0 

Willow  {SaUXf  Tarious  species), •«  6,600 
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V. — MiSCELLANBOUS  SUPPLEMENTARY  TaBLEL 


^StAam. 

DlmenBioiis. ' 

Tetring 
LoftcL 

Length  of 

Tenacity  in 
feet  of  the 
Material. 

Cast  steel  bar 

I  in.  X  I  in. 
area  i  sq.  in. 
girth  1-27  in. 
I  in.  X  I  in. 
area  i  sq.'  in. 
I  in.  X  I  in. 
I  in.  X  I  in. 
girth  I  in. 
girth  lo  in. 

130,000 

100,000 

4480 

6o,OOQ 

50,000 
15,000 

12,000 

1,050 
67,200 

0-297 

6-0 

03      ' 
0-3 
3-0 
4-0 
26-0 
0-279 

38,610 
30,000 
26,880 
18,000 
15,000 
54,000 
48,000 
27,300 
18,750 

Charcoal  iron  wire, 

Iron  wire  rope, 

Iron  bar.  etroner 

Boiler  plate,  strong, 

Teak  wood, 

Deal. 

Hemnen  hawser 

Hempenrope,cable-laid, 

VL — SXJPPLEMENTART  TaBLE  FOR  WROUGHT  IrOK  AIJD  StEEL. 


Tenacity  in  Ibe.  per  Square  Inoh. 
Lengthwise.        ^ '" 


OroBswiBe. 


Deecription  of  Material 

•^fATT.^gABT.lg    IrOK. 

"Wire — average, 86,000       T. 

Wire — ^weak, 71,000    Mo. 

Yorksliire(Lowmoor),...  64,200       F.  52,490   F. 

„  from  66,390)    ^ 

to  60,075/    •"• 
Torkshire  (Lowmoor)  ] 

and      Staaffordshire  >  59^740       F. 

rivetiron, j 

Charcoal  bar, 63,620 

Staffordshire  bar, . . .  from 


Ultimate 
Extension. 


To'ao 
\o'26 

o'2  to  0*25 


om  62,231 1 

to  56,715/ 

Torkshire  bridge  iron, . . .  49,930 

Staffordshire  bridge  iron,  47,600 

lianarkahire  bar,. . .  from  64,7 95 

to  51,327, 

Lancashire  bar, from  60,110 

to  53,775, 

Swedish  bar,... fix)m  48,933 

to  41,251 

Bussian  bar, from  59,096 

to  49,5^41 

Bushelled  iron  from)  er- g'yQ 

turnings, J  SS^^Jo 

Hammered  scrap, 53,420 

Angle-iron  ftx)m)from  61,260) 

variousdistricts,  /      to  50,056  f 


F. 


F.  43,940  F. 
F.  44,385 

N. 


N. 
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DMerlption  of  Material.  Langthwiae. ^OtomwiBi. 


Straps  from  vari- )  from  55,937  ) 

,         -  -U 

Bessemer's  iron^  cast) 


ous  districts, ...  j      to  41,386 

CJ 

Bessemer's  iron,  ham-  \ 


ingot,. 


Table — cmUnuecL 

Tenaoi^In  Iba.  per  Sqnarelnch. 

W. 

w. 
w. 


/ 


41,242 


mered  or  rolled,....  j  ^^'  ^^ 
Bessemer's  iron,  boiler  )   ^o 

plate, /  ^^>3i9 

Yorkshire  plates,.. .from  58,487 

to  52,000 

Staffordshire  plates,  from  56,996 

to  46,404 

Staffordshire     plates, ) 

bestrbest,  charcoal,  /  45,oio 

Staffordshire         )  from  59,820 

plates,  best-best,  j      to  49,945 

Staffordshire  plates,  best,  61,280 

Staffordshire     plates, )    -q  820 

common, j   oO>o20 

Lancashire  plates, 48,865 

Lanarkshire  plates,  from  53,849  )    -^  48,848  )    ^ 

to  43,433  J        '39,544/ 
Dniham  plates, 5^fHS      N.  46,712 


jj  SS,033 
•"•  46,221 

^'  44,164 
P.  41,4^0 

F.  54,820 
F.  46,470 
F.  53,820 

F.  52,8^5 

F.  45,015 


xnttmato 

•108 
-048 


•109;  -059 

•i7orii3 
•04;   -034 

I  13;    '059 

•05;   '045 

•05;   -038 
•067;  '04 
•077;  -045 

•05;   •043 

•043;  -028 

•033;  '014 
•093;  -046 
•089;  '064 


affects  o/EeheoUing  and  Rolling, 

Puddled  bar, 43,904 

The  same  iron    five' 

times  piled,reheated  ^  61,824 

and  rolled, 

The  same  iron  eleven 

time8piled,rehea1ied  ^  43,904 

^drolled, 


a 


Strength  ofLofrge  Forgvngn, 

Bars  cut  out  of  1  from  47,582  ) 
large  foigings,  J      to  43,759  j 

Ban  out  out  of  large )        ^ 
forgings, (  33,0"^ 


M. 


44^1^ 
3M«4 


{ 


•231;  -168 
•205;  -064 
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Table — ocmUnuecL 

_, -  -,     ^  w  A^_,  ,  Tenacity  in  Urn.  per  Soraftre  Inch.  UltimAto 

Dfltenptttm  or  HManal.  LengUiwlMb  Oro«wifl&  ExtanBltm 

Stbel  and  Steely  Ibok. 
Oaststeelbarsyrol- )  from  132,909  \    -xr  f  '052 

_  led  and  forged,  [      to    92,015  j        '  (  153 

130,000  R 

104,298  N.  -097 

118,468  K  -135 

111,460  N.  -055 


Cast  steel  bars,  rolled 

and  forged, ^ 

Blistered    steel  bars, 

rolled  and  forged. . . , 
Shear  stdel  bars,  rolled 

and  forged, 

Besseiner*s  steel  bars, 

rolled  and  forged. 


Bessemer's  steel  bars,  1     <^  ^^ ,  ttt 

^  •       J.                    r     "3,024  W, 

cast  ingots, (       •*'     ' 

Bessemer's  steel  bars,  \  ^ 

hammered  or  rolled,  r     ^  '^ 

^"^:^!S..r!^       90,647  1^.                          -137 

X'^S,..!!'!!!!}  93.000  P. 

Puddled        steel) -_       ^,.0    \  r 

Paddled    steel    bars, )     ^^  ^^^  t, 

roUedandforged,... ;     ^""'^^^  ^• 

Puddled    steel    bars,)  ^ 

roUedandforged,...  j     5/4,75-*  ■^• 

Mushet*s  gun-metal, 103,400  F.                          0*034 

Cast  steel  plates,... .from    96,289  )  ^  97)3o8  \    -m-    f  '057;  "096 

to    75,594/  •69,082/    •"•  1-198; -196 

Cast  steel  plates,... hard,  102,900  )  -p                          i  '031 

soft,    85,400/  '                         1-031 

^Kr^,X}     '''^"^^  ''^'580/      •t.59;-03a 

Puddled       steel )  from  102,593  )  ^  85,365)    n>^    / -028; -013 

plates, /      to    71,533/  •'•67,686/    ■"•   l-o82;-o57 

Puddled  steel  plates,....    93,600  E,                          0-125 
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Table— ctm^u0c2L 

n^<»hai^  «#  ibr.*«i4.i  Tenacity  In  Hm.  per  Square  Ineh.  Ultlinate 

Description  of  Material  Lengthwise^  (OtobswImw  Extension. 

Coleford  Gun-metaL 

Weakest, 108,970]  '190 

Strongest, 160,540  >  F,                           '030 

Mean  of  ten  sorts, i37>34oJ  "072 

In  the  preceding  table  the  following  abbreviations  are  used  for 
the  names  of  authorities : — 

C,  Clay;  F.,  Fairbaim;  H.,  Hod^inson;  M.,  Mallet;  Mo., 
Morin;  N.,*  Napier  <&  Sons;  R,  Ilennie;  T.,  Telford;  W., 
Wilmot. 

The  column  headed  "Ultimate  Extension"  gives  the  ratio  of  the 
elongation  of  the  piece,  at  the  instant  of  breaking,  to  its  original 
lengUL  It  furnishes  an  index  (but  a  somewhat  vague  one)  to  the 
ductility  of  the  metal,  and  its  consequent  safety  as  a  material  for 
resisting  shocks. 

When  two  numbers  separated  by  a  semicolon  appear  in  the 
column  of  ultimate  extension  (thus  *082;  *057),  the  first  denotes 
the  ultimate  extension  lengthwise,  and  the  second  crosswisa 


VII. — Eesilience  of  Ibon  akd  Steel. 

MetslnnderTensIon.  fiSS?     tS2^        ^"^^'^  ^"^^ 

Tenad^.      Tenacity.        zi^^^ity,        Eedlienoa. 

Cast  iron — ^Weak, I3)400  4,467  14,000,000  1*425 

„          Average, 16,500  5,500  17,000,000  1-78 

„          Strong, 29,000  9,667  32,900,000  4*o8 

Bar  iron — Good  average, ..  60,000  20,000  29,000,000  13*79 

Plate  iron — Crood  average,  50,000  16,667  24,000,000?  "'57? 

Iron  wire— Good  average,  90,000  30,000  25,300,000  35*57 

Steel — Soft, 90,000  30,000  29,000,000  31*03 

„      Hard, 132,000  44,000  42,000,000  46*10 

In  the  above  Table  of  Eesilience  the  working  tenacity  is  for  a 
''dead"  or  steady  load.  The  modulus  of  resilience  is  Gidculated 
by  dividing  the  square  of  that  working  tenacity  by  the  modulus  of 
elasticity. 

*  The  experiments  whose  extreme  results  are  marked  N.  were  conducted 
for  Messrs.  R.  Napier  &  Sons  by  Mr.  Eirkaldy.  For  details,  see  TratuaC' 
lions  of  the  InsUtuMon  of  Englneera  in  Scotland,  1858-59;  also  Kirkaldy  On 
the  Strength  qflron  and  SteeL 
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VUL — SUPPLEMENTABT  TaBLE  FOR  CaST  IrOK. 


Hindi  of  Jroo. 


No.  1.  Cold  blast,;. 
No.  1.  Hot  blast, .. 
No.  2.  Gold  blast,.. 
No.  2.  Hot  blast, .. 
No.  8.  Cold  blast,.. 


(from 
"from 
jfrom 

^'from 

■to 

<  from 

No.  a.  Hot  blast, '^"^ 

No.  4.  Smelted  by  coke) 
withoat  sulphur, > 

Toughened  cast  iron,  ]I?^ 

No.  8.  Hot  blast  after  first  [ 
melting, f 

No.  3.  Hot  blast  after  [ 
twelfth  melting, " 

No.  3.  Hot  blast  after  ^ 
eighteenth  melting, ..." 

Malleable  cast  iron, 


T«DMitJ. 


12,694 
17466 
13434 
16,125 
13,348 
18,855 
13,505 
17,807 
14,200 
15,508 
15,278 
23,468 


23461 
25,764 


48,000 


Reetetenoe 
to  Direct 


56,455 
80,561 

72,193 

88,741 

68,532 

102,408 

82,734 
102,030 

76,900 
115,400 
101,831 
104,881 


129,876 

1 19457 

98,560 

163,744 
197,120 


Modnlasor 

Boptnre 

of  sqoara 

Bars. 


36,693 

39,771 
29,889 
35,316 

33453 

39,609 
28,917 

38,394 
35,881 
47,061 
35,640 

43497 
41,715 


39,690 
56,060 
25,350 


Hbdnlna 

of 
ElMtidty. 


14^000,000 
15,380,000 
11,539,000 
15,510,000 
12,586,000 
17,036,000 
12,259,000 
16,301,000 
14,281,000 
22,908,000 
15,852,000 
22,733,000 


It  is  to  be  understood  that  the  numbers  in  one  line  of  the  pre- 
ceding table  do  not  necessarily  belong  to  the  same  q)ecimen  of  iron, 
each  number  being  an  ex6reme  result  for  the  kind  of  iron  specified 
in  the  first  column. 
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CHAPTER  n. 

IBBISCEPVBB  AJH)  SULES  BELATniG  TO  STfiEZrOTH  ASD  tfTlFFKOSL 

41L  The  •ijMt  mt  this  chaiMer  is  to  give  a  Bommary  of  the 
principles,  and  of  the  general  roles  of  calculation,  which  are 
applicable  to  problems  of  strength  and  stiffness,  whatsoever  the 
particular  material  maj  be.  It  is  to  a  certain  extent  identical 
with  a  similar  summary  which  appeared  in  A  Manual  of  Civil 
Engineering,  but  modified  to  adapt  its  principles  to  the  problems 
which  occur  in  machinery.  Various  special  problems  relating  to 
machinery  will  be  considered  in  the  third  Chapter. 

SscrnoN  "L^-Of  Strength  amd  Stiffness  in  Generdt. 

412.  liMuit  sireM,  siMto,  sttvagth. — The  load,  or  combination 
of  external  forces,  which  is  applied  to  any  piece,  moving  or  fixed, 
in  a  machine,  produces  strese  amongst  the  particles  of  that  piece, 
being  ilie  combination  of  forces  which  they  exert  in  resisting 
the  tendency  of  the  load  to  disfigure  and  break  the  piece,  ac- 
companied by  strainy  or  alteration  of  the  volumes  and  figures  of 
the  whole  piece,  and  of  each  of  its  particles. 

If  the  load  is  continually  increased,  it  at  length  produces  either 
fradure  or  (if  the  material  is  very  tough  and  ductile)  such  a 
disfigurement  as  is  practically  equivalent  to  fraicture,  by  rendering 
the  piece  useless. 

The  UUimate  Strength  of  a  body  is  the  load  required  to  produce 
&acture  in  some  specified  way.  The  Proof  Strength  is  the  load 
required  to  produce  the  greatest  strain  of  a  specific  kind  con- 
sistent with  safety;  that  is,  with  the  retention  of  the  strength  of 
the  material  unimpaired.  A  load  exceeding  the  proof  strength  of 
the  body,  although  it  may  not  produce  instant  fracture,  produces 
fracture  eventually  by  long-continued  application  and  frequent 
repetition. 

The  Working  Load  on  each  piece  of  a  machine  is  made  less  than 
the  ultimate  strength,  and  less  thaji  the  proof  strength,  in  certain 
ratios  determined  partly  by  experiment  and  partly  by  practical 
exp^ence,  in  order  to  provide  for  unforeseen  contingencies. 

Each  solid  has  as  many  difierent  kinds  of  strength  as  there  are 
difierent  ways  in  which  it  can  be  strained  or  broken,  as  shown  in 
the  following  classification: — 
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Sintin.  FrMftam 

ementary -J  CompreflBion Crushing. 

I  Distortion    Shearing. 

Compound <  Twisting      Wrenclung. 

(  Bending       Breaking  across. 


413.  €«-efleleMi  Mr  si^daU  •f  ii  iiBgili  are  quantities  expressing 
the  ifUenaitt/  of  the  stress  under  which  a  piece  of  a  given  material 
gives  way  when  strained  in  a  given  manner;  such  intensity  being 
expressed  in  units  of  weight  for  each  unit  of  sectional  area  of  the 
layer  of  particles  at  which  the  body  first  b^ns  to  yield.  In 
Britain,  the  ordinary  unit  of  intensity  employed  in  expressing  the 
strength  of  materials  is  the  pound  avairdupoia  an  the  aquare  inelL 
As  to  Gather  units,  see  Article  302,  page  342. 

Co-efficients  of  strength  are  of  as  many  different  kinds  as  there 
are  different  ways  of  breaking  a  body.  Their  use  will  be  explained 
in  the  sequel  Tables  of  their  vidues  are  given  at  the  end  of 
the  volume. 

Co-efficients  of  strength,  when  of  the  same  kind,  may  still  vary 
according  to  the  direction  in  which  the  stress  is  applied  to  the 
body.  Thus  the  tenacity,  or  resistance  to  tearing,  of  most  kinds  of 
wood  is  much  greater  against  tension  exerted  along  than  across 
the  grain. 

414.  Vmetmn  •f  Bm^tuj. — ^A  &ctor  of  safety,  in  the  ordinary  sense, 
i8  the  ratio  in  which  the  load  that  is  just  sufficient  to  overcome 
instantly  the  strength  of  a  piece  of  material  is  greater  than  the 
greatest  safe  ordinary  working  load. 

The  proper  value  for  the  factor  of  safety  depends  on  the  nature 
of  the  material;  it  also  depends  upon  how  the  load  is  applied. 
The  load  upon  any  piece  in  a  structure  or  in  a  machine  is  distin- 
guished into  dead  load  and  live  load  A  dead  load  is  a  load  which 
is  put  on  by  imperceptible  degrees,  and  which  remains  steady;  such 
as  the  weight  of  a  structure,  or  of  the  fixed  framing  in  a  machine. 
A  live  load  is  one  that  is  or  may  be  put  on  suddenly,  or  acoom- 
panied  with  vibration ;  like  a  swift  train  travelling  over  a  railway 
bridge;  or  like  most  of  the  forces  exerted  by  and  upon  the  moving 
pieces  in  a  machine. 

It  can  be  shown  that  in  most  cases  which  occur  in  practice  a 
live  load  produces,  or  is  liable  to  produce,  tudce,  or  very  nearly 
twice,  the  effect,  in  the  shape  of  stress  and  strain,  which  an  equal 
dead  load  would  produce.  The  mean  intensity  of  the  stress  pro- 
duced by  a  suddenly  applied  load  is  no  greater  than  that  produced 
by  the  same  load  acting  steadily;  but  in  the  case  of  the  suddenly 
applied  load,  the  stress  begins  by  being  insensible,  increases  to 
double  its  mean  intensity,  and  then  goes  through  a  series  of 
fluctuations,  <i.ltemately  below  and  above  the  mean,  accompani^ 
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by  vibration  of  the  strained  body.  Hence  the  ordinary  practice  is 
to  make  the  factor  of  safety  for  a  live  load  double  of  the. factor 
of  safety  for  a  dead  load. 

A  distinction  is  to  be  drawn  between  real  and  apparent  &ctors  of 
safety.  A  real  £su^r  of  safety  is  the  ratio  in  which  the  nltimate  or 
breaking  stress  is  greater  than  the  real  working  stress  at  the  time 
when  the  straining  action  of  the  load  is  great^t.  The  apparent 
factor  of  safety  has  to  be  made  greater  than  the  real  duster  of 
safety  in  those  cases  in  which  the  calculation  of  strength  is  based, 
not  npon  the  greatest  straining  action  of  the  load,  but  upon  a  mean 
straining  action,  which  is  exceeded  by  the  greatest  straining  action 
in  a  certain  proportion.  In  such  cases  the  apparent  &[ctor  of 
safety  is  the  product  obtained  by  multiplying  the  real  &ctor  of 
safety  by  the  ratio  in  which  the  greatest  straining  action  exceeds 
the  mean. 

Another  class  of  cases  in  which  the  apparent  exceeds  the  real 
factor  of  safety  is  when  there  are  additional  straining  actions 
besides  that  due  to  the  transmission  of  motive  power,  and  when  those 
additional  actions,  instead  of  being  taken  into  account  in  detail,  are 
allowed  for  in  a  rough  way  by  means  of  an  increase  of  the  factor  of 
safety.  A  third  class  of  cases  is  when  there  is  a  possibility  of  an 
increased  load  coming  by  accident  to  act  upon  the  piece  under 
consideration.  For  example,  a  steam  engine  may  drive  two  lines 
of  shafting,  exerting  half  its  power  on  each;  one  may  suddenly 
break  down,  or  be  thrown  out  of  gear,  and  the  engine  may  for  a 
short  time  exert  its  whole  power  on  the  other. 

The  following  table  shows  the  ordinary  values  of  real  fSEUstors  of 
safety: — 

B£AL  Faotobs  of  Safbtt. 
DeadLoad.      liToLoad. 

Perfect  materials  and  workmanship, 2  4 

Ordinary  materials  and  workmanship — 

Metals, 3  6 

Wood,  Hempen  Ropes, from  3  to  5  10 

Masonry  and  Brickwork, 4  8 

The  following  are  examples  of  apparent  factors  of  safety : — 

Ratio  In  which  .  «,w.,-«4 

Greatest  Effort  S2ffi??> 

Beal  Factor  of  Safety,  6.  exoeeda  Mean  "SSSL^ 

Eflbrt,  nearly.      ^®^- 

Steam    engines    acting  against  a  constant 
resistance — 

Single  engine, 1*6  9*6 

Pair  of  engines  driving  cranks  at  right )  .  ^.^ 

angles, /  ^'^ 

Three    engines    driving    equiangular )  ^. 

cranks, j  ^'^5   ^    ^'3, 
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Ordinaiy  cases  of  Tarying  effort  and 
resistance, , 

Lines  of  shafting  in  mill  work ;  apparent 
factor  of  safety  for  twisting  stress 
•due  to  motive  power,  to  cover  allow- 
ances for  bending  actions,  accidental 
extra  load,  &a, 


2'0  I2'0 


from  i8  to  36 


Almost  all  the  experiments  hitherto  made  on  the  strength  of 
materials  give  co-efficients  or  moduli  of  uUimcUe  atrenffth;  that  is, 
co-efficients  expressing  the  intensity  of  the  stress  exerted  by  the 
most  severely  strained  particles  of  tiie  material  just  before  it  gives 
way.  In  calculations  for  the  purpose  of  designing  framework  or 
machinery  to  bear  a  given  working  load,  there  are  two  ways  of 
using  the  factor  of  safety,— one  is,  to  multiply  the  working  load 
by  the  factor  of  safety,  so  as  to  determine  the  breaking  loa!d,  and 
use  this  load  in  the  calculation,  along  with  the  modulus  of  ultimate 
strength:  the  other  is,  to  divide  the  modulus  of  idtimate  strength 
by  the  factor  of  safety,  and  thus  to  find  a  modulus  or  co-efficient 
of  working  stress,  which  is  to  be  used  in  the  calculation,  along 
with  the  working  load.  It  is  obvious  that  the  two  methods  are 
mathematically  equivalent,  and  must  lead  to  the  same  result; 
but  the  latter  is  on  the  whole  the  more  convenient  in  designing 
machines. 

415.  The  Fwrt  or  TcmIbs  by  experiment  of  the  strengtii  of  a 
piece  of  material  is  conducted  in  two  di£Eerent  ways^  according  to 
the  object  in  view. 

I.  If  the  piece  is  to  be  afiemoarda  used,  the  testing  load  must  be 
80  limited  that  there  shall  be  no  possibility  of  its  in^pairing  the 
strength  of  the  piece ;  that  is,  it  must  not  exceed  the  proof  etrengthy 
being  from  one-third  to  one-half  of  the  ultimate  strength.  About 
double  or  treble  of  the  working  load  is  in  general  sufficient.  Care 
should  be  taken  to  avoid  vibrations  and  shocks  when  the  testing 
load  approaches  near  to  the  proof  strength. 

IL  16  the  piece  is  to  be  sacrificed  for  the  sake  of  ascertaining  the 
strength  of  the  material,  the  load  is  to  be  increased  by  degrees  until 
the  piece  breaks,  care  being*  taken,  especially  when  the  breaking 
point  is  approached,  to  increase  the  load  by  small  quantities  at  a 
time,  so  as  to  get  a  sufficiently  precise  result. 

The  proof  strength  requires  much  more  time  and  trouble  for  its 
determination  than  the  ultimate  strength.  One  mode  of  s4>proxi- 
mating  to  the  proof  strength  of  a  piece  is  to  apply  a  moderate  load 
and  remove  it,  apply  the  same  load  again  and  remove  it,  two  or 
three  times  in  succession,  observing  at  each  time  of  application  of 
the  load  the  strain  or  alteration  of  figure  of  the  piece  when  loaded, 
by  stretching,  compression,  bending,  distortion,  or  twisting,  as  the 
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case  may  be.  If  that  alteration  does  not  sentiblf/  vncrease  by  re- 
peated applications  of  the  same  load,  the  load  is  within  the  limit 
of  proof  strength.  The  effects  of  a  greater  and  a  greater  load  being 
successively  t^ted  in  the  same  way,  a  load  will  at  length  be  reached 
whose  successive  applications  produce  increasing  disfigurements  of 
the  piece;  and  this  load  will  be  greater  than  the  proof  strength, 
which  will  lie  between  the  last  load  and  the  last  load  but  one  in 
the  series  of  experiments. 

It  was  formerly  supposed  that  the  production  of  a  set — ^that  is,  a 
disfigurement  which  continues  after  the  removal  of  tjie  load — was  a 
test  of  the  proof  strength  being  exceeded;  but  Mr.  Hodgkinson 
showed  that  supposition  to  be  erroneous,  by  proving  that  in  most 
materials  a  set  is  produced  by  almost  any  load,  how  small  so- 
ever. 

The  strength  of  bars  and  beams  to  resist  breaking  across,  and  of 
axles  to  resist  twisting,  can  be  tested  by  the  application  of  known 
weights  either  directly  or  through  a  lever. 

To  test  the  tenacity  of  rods,  chains,  and  ropes,  and  the  resist- 
ance of  pillars  to  crushing,  more  powerful  and  complex  mechanism 
is  required.  The  apparatus  most  commonly  employed  is  the 
hydraulic  presa  In  computing  the  stress  which  it  produces,  no 
reliance  ought  to  be  placed  on  the  load  on  the  safety  valve,  or  on 
a  weight  hung  to  the  pump  handle,  as  indicating  the  intensity  of 
the  pressure,  which  should  be  ascertained  by  means  of  a  pressure 
gauge.  This  remark  applies  also  to  the  proving  of  boilers  by  water 
pressure.  From  experiments  by  Messrs.  Hick  and  Liithy  it  ap- 
l)ears  that,  in  calculating  the  stress  produced  on  a  bar  by  means  of 
a  hydraulic  press,  the  friction  of  the  collar  may  be  allowed  for  by 
deducting  a  force  equivalent  to  the  pressure  of  the  water  upon  an 
area  of  a  length  equal  to  the  circumference  of  the  collar,  and  one- 
eightieth  of  an  inch  broad.     (See  page  444.) 

For  the  exact  determination  of  general  laws,  although  the  load 
may  be  applied  at  one  end  of  the  piece  to  be  tested  by  means  of  a 
hydraulic  press,  it  ought  to  be  resisted  and  measured  at  the  other 
end  by  means  of  a  combination  of  levers. 

416.  SmnicM  or  BlgUUtr*  PllabilltT.  their  Hodall  or  Co-oflcieMfc 
—Rigidity  or  stiffness  is  the  property  which  a  solid  body  possesses 
of  resisting  forces  tending  to  change  its  figure.  It  may  be  expressed 
as  a  quantity,  called  a  rnodvlus  or  (Xhefficicni  ofsiiffnesay  by  taking 
the  ratio  of  the  intensity  of  a  given  stress  of  a  given  kind  to  the 
strain,  or  alteration  of  figure,  with  which  that  stress  is  accom- 
panied— that  strain  being  expressed  as  a  quantity  by  dividing  the 
alteration  of  some  dimension  of  the  body  by  the  original  length  of 
that  dimension.  In  most  materials  which  are  used  in  machmery^ 
the  moduli  ^f  sti&ess,  though  not  exactly  constant,  are  nearly 
constant  for  stresses  not  exceeding  the  proof  strength,  p  i 
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The  reciprooal  of  a  modulus  of  stiffiiess  may  be  called  a  "modtdus 
ofj^idbUUy;'*  ih&t  is  to  saj, 

•mr  "I  1       i.«x.«.  Intensity  of  Stress 

Modulus  of  Stimiees  = ^zr-- i 

Strain  ' 

Modulus  of  Pliability  =  ^r— — - — ^-=7 . 

*'       Intensity  of  Stress 

The  use  of  specific  moduli  of  stiffness  will  be  explained  in  the 
sequel  Values  of  them  are  given  in  the  tables  prefixed  to  this 
chapter. 

417.  The  Bbwticitf  of  m  tMU  consists  of  stifiness,  or  resistance 
to  change  of  figure,  combined  with  the  power  of  recovering  the 
original  figure  when  the  straining  force  is  withdrawn.  If  that 
recovery  is  complete  and  immediate,  the  body  is  perfecUy  elastic; 
if  there  is  a  «et,  or  permanent  change  of  figure,  after  the  removal 
of  the  straining  force,  the  body  is  imperfecUf/  dasUc  The  elasticity 
of  no  solid  substance  is  absolutely  perfect,  but  that  of  many  sub- 
stances is  nearly  perfect  when  the  stress  does  not  exceed  the  proof 
strength,  and  may  be  made  sensibly  perfect  by  restricting  the  stress 
withm  small  enough  limits 

ModvU  or  Co-Indents  ofEUuticUy  are  the  values  of  moduli  of 
stifihess  when  the  stress  is  so  limited  that  the  value  of  each  of  those 
moduli  is  sensibly  constant^  and  the  elasticity  of  the  body  sensibly 
perfect 

418.  BcsUienee  or  Spring  is  the  quantity  of  fnechamodl  toGrk  re- 
quired to  produce  the  proof  stress  on  a  given  piece  of  material,  and 
is  equal  to  the  product  of  the  proof  aitrain,  or  alteration  of  figure, 
into  the  mean  load  which  acts  during  the  production  of  that  strain; 
that  is  to  say,  in  general,  very  nearly  one-half  of  the  proof  load. 

419.  BeighU  or  I<eim;ths  of  ModaU  of  StU&MM  audi  0lMiH(llk — 

The  term  height  or  lengthy  as  applied  to  a  modulus  or  co-e£ELcient  of 
strength  or  of  stiffness,  means  the  length  of  an  imaginary  vertical 
column  of  the  material  to  which  the  modulus  belongs,  whose 
weight  would  cause  a  pressure  on  its  base  equal  in  intensity  to 
the  stress  expressed  by  the  given  modulus.  Hence 
Height  of  a  modulus  in  feet 

Modulus  in  lbs,  on  the  square  foot 


Heaviness  of  material  in  lbs.  to  the  cubic  foot 
__  Modulus  in  lbs,  on  the  square  inch 

""  Weight  of  12  cubic  inches  of  the  material' 
Height  of  a  modulus  in  inches 

Modulus  in  lbs,  on  the  square  inch ^ 

Heaviness  of  material  in  Iba  ta  the  cubic  inch' 
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Height  of  a  modulus  in  metres 

Modulus  in  kilogrammes  on  the  square  mitre 

""  Heaviness  of  material  in  kilogrammes  to  the  cubic  mitre* 

Several  examples  of  this  mode  of  stating  the  intensity  of  stress 
have  already  been  given;  as  at  pages  474^  475;  and  in  the  Tables, 
page  482. 

Section  1L--0/ Eesiatcmoe  to  Direct  Tension. 

420.  mr^mtflk^  SUAieM,  aad  BesllicBce  of  m  Tie. — ^The  Word  tie 
is  here  used  to  denote  any  piece  in  framing  or  in  mechanism,  such 
as  a  rod,  bar,  band,  cord,  or  chain,  -which  is  under  the  action  of  a 
pair  of  equal  and  opposite  longitudinal  forces  tending  to  stretch 
it,  and  to  tear  it  asunder.  The  common  magnitude  of  those  two 
forces  is  the  load;  and  it  is  equal  to  the  product  of  the  sectional 
area  of  the  piece  into  the  intensity  of  the  tensile  stress.  The 
values  of  that  intensity,  corresponding  to  the  immediate  breaking 
load,  the  proof  load,  and  the  working  load,  are  called  respectively 
the  moduli  or  co-efficients  of  tdtimcUe  tenaciiT/,  oi  proof  tension,  and 
of  toorking  tension. 

In  symbols,  let  P  be  the  load,  S  the  sectional  area,  and  p  the 
intensity  of  the  tensile  stress;  then 

P  =  pS. (1.) 

If  the  sectional  area  varies  at  different  points,  the  least  area  is  to 
be  taken  into  account  in  calculations  of  strength. 

The  elongation  of  a  tie  produced  by  any  load,  P,  not  exceeding 
the  proof  load,  is  found*  as  follows,  provided  the  sectional  area  is 
uniform. 

Let  X  denote  the  original  length  of  the  tie,  A  x  the  elongation, 

and  «  =  —  the  extension;  that  is,  the  proportion  which  that 

elongation  bears  to  the  original  length  of  the  bar,  being  the 
numerical  measure  of  the  strain. 

Let  E  denote  the  modtdtis  of  direct  etasticUyy  or  resistance  to 
stretchings  for  examples  of  which,  see  the  Tables.     Then 

«  =  ^;  c^x  =  aX  «ga;. (2.) 

Lety  denote  the  proof  teTiaion  of  the  material,  so  that/'  S  is  the 
proof  load  of  the  tie;  then  the  proof  eadension  is/'  •?-  R 

The  BcsiUeBcc  or  Spiteg  of  the  tie,  or  the  work  done  in  stretch- 
ing it  to  the  limit  of  proof  strain,  is  computed  as  follows.  The  length, 
as  before,  being  oj,  the  elongation  of  the  tie  produced  by  the  proof 
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load  is/'  a;  4-  E.  The  force  which  acts  through  this  space  has  for 
its  least  value  0,  for  its  greatest  value  P  =  /  S,  and  for  its  mean 
value  /*  S  -T-  2;  so  that  the  work  done  in  stretching  the  tie  to  the 
proof  strain  is 

fS  fx     /3    Sx  .^. 

2   *  E        E  •  "2"' ^^ 

The  co-eflScient/'*  ^  E,  by  which  one-half  of  the  volume  of  the 
tie  is  multiplied  in  the  above  formula,  is  called  the  Modulits  of 
Besiuence.     For  examples  of  its  value,  see  the  Tables,  page  485. 

A  sudden  puU  of  /*  S  -^  2,  or  one-half  of  the  proof  load,  being 
applied  to  the  bar,  will  produce  the  entire  proof  strain  oif'  -f-  E, 
which  is  produced  by  the  gradual  application  of  the  proof  load 
itself;  for  the  work  performed  by  the  action  of  the  constant  force 
y  S  -r  2,  through  a  given  space,  is  the  same  with  the  work  per- 
formed by  the  action,  through  the  same  space,  of  a  force  increasing 
at  an  umfonn  rate  from  0  up  to/'  S.  Hence  a  tie,  to  resist  wiifi 
safety  the  sudden  application  of  a  given  pull,  requires  to  have  twice 
the  strength  that  is  necessary  to  resist  the  gradual  application  and 
steady  action  of  the  same  pull.  This  is  an  illustration  of  the 
principle,  that  the  £ftctor  of  safety  for  a  live  load  is  twice  that  tor  a 
dead  load. 

421.   Tlilit  Cylindrical  and  Sf^hcricai  8lieIls.-^Let  r  denote   the 

radius  of  a  thin  hollow  cylinder,  such  as  the  shell  of  a  high-pressure 
boiler; 

ty  the  thickness  of  the  shell; 

/,  the  ultimate  tenacity  of  the  material,  in  pounds  per  square 
inch; 

Py  the  intensity  of  the  pressure,  in  pounds  per  square  inch,  re- 
quired to  burst  the  shell  This  ought  to  be  taken  at  six  tdces  the 
effective  working  pressure— ^^cdiw  pressure  meaning  the  excess  of 
the  pressure  from  within  above  the  pressure  from  without,  which 
last  is  usually  the  atmospheric  pressure,  of  14*7  lbs.  on  the  squaice 
inch  or  thereabouts. 

Then 

and  the  proper  proportion  of  thickness  to  radius  is  given  by  the 
formula,— 

7=5- ^-^.-W 

Thin  spherical  sheUs  are  timos  as  sbnmg  as  cylindrical  shells  of 
the  same  radius  and  thickness. 
The  tenacity  of  good  wrought-iron  boiler-plates  is  aboat  50,000  Iba 
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per  square  incL  That  of  a  double-rivetted  joint,  fer  square  inch 
qfthe  iron  left  hehoeen  the  rivet  holes  (if  drilled,  and  not  punched), 
is  the  same;  that  of  a  single-ri vetted  joint  somewhat  less,  as  the 
tension  is  not  uniformly  distributed.  It  is  convenient  in  practice 
to  state  the  tenacity  of  rivetted  joints  in  lbs.  per  square  inch  of 
the  entire  plate;  and  it  is  so  stated  in  the  annexed  table,  in  -which 
the  results  for  rivetted  joints  are  from  the  experiments  of  Mr. 
Fairbaim,  and  that  for  a  welded  joint  from  an  experiment  by  Mr. 
Dunn.  The  joints  of  plate-iron  boilers  are  single  rivetted;  but 
from  the  manner  in  which  the  plates  break  joint,  the  ultimate 
tenacity  of  such  boilers  is  considered  to  approach  more  nearly  to 
that  of  a  double-rivetted  joint  than  to  that  of  a  single-rivetted 
joint. 

Wrought-iron  plate  joints,  double-rivetted,  the  dia- 
meter of  each  hole  being  iV  of  the  pitch,  or  dis- 
tance from  centre  to  centoe  of  holes, 35>ooo 

Wrought-iron  plate  joints,  sing)';  rivetted, 28,000 

Wrought-iron  boiler  shells,  with  single-rivetted  joints 

properly  crossed, 34,000 

Wrought-iron  retort,  with  a  welded  joint, 30>75o 

Cast-iron  boilers,  (flinders,  and  pipep  (average), 1 6,500 

Malleable  cast-iron  cylinders, 48,000 

422.  Thick  BEoilow  CriiBdcn  aad  splicMs. — The  assumption  that 
the  tension  in  a  hollow  cylinder  or  sphere  is  uniformly  distributed 
throughout  the  thickness  of  the  shell  is  approximately  true  only 
when  the  thickness  is  small  as  compared  with  the  radius. 

Let  It  represent  the  external  and  r  the  internal  radius  of  a  thick 
hollow  cylinder,  such  as  a  hydraulic  press,  the  tenacity  of  whose 
material  is  /,  and  whose  bursting  pressure  is  p.  Then  we  must 
have 

E*  +  H     /'  •' ^^•' 

and,  ooDsecitientlyy 


^-vm' <^> 


by  means  of  which  formula,  when  r,  /,  and  p  are  given,  B  may  be 
computed. 

In  the  case  of  a  hollow  sphere  the  following  formulsB  give  the 
ratios  of  tha  bursting  pressure  to  the  tenacity,  and  of  the  external 
to  the  internal  radius:— 
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SBonov  III. — O/Renstanee  to  Distortion  and  Shearing. 


423.  INatOTtlMi  aad  SbeMFlBC  8cr«w  la  Geacml. — In  framework 
and  mechanism  many  cases  occur  in  which  the  principal  pieces,  such 
as  plates,  links,  bars,  or  beams,  being  themselves  subjected  to  ten- 
sion, pressure,  twisting,  or  bending,  are  connected  with  each  oilier  at 
their  joints  by  rivets,  bolts^  pins,  keys,  or  screws,  which  are  under 
the  action  of  a  shearing  force,  tending  to  make  them  give  way  by 
the  sliding  of  one  part  over  another. 

Every  eiiearing  stress  is  equivalent  to  a  pair  of  direct  stresses  of 
the  same  intensity,  one  tensile  and  the  other  compressive,  exerted 
in  directions  making  angles  of  45"*  with  the  shearing  stress.  Henoe 
it  follows  that  a  bcfdy  may  give  way  to  a  shearing  stress  either'  by 
actual  shearing,  at  a  plane  parallel  to  the  direction  of  the  shearing 
force,  or  by  tearing,  in  a  direction  making  an  angle  of  45*^  with  that 
force.  The  manner  of  breaking  depends  on  the  structure  of  the 
material,  hard  and  brittle  materials  giving  way  by  tension,  and  soft 
and  tough  materials  by  shearing. 

When  a  shearing  force  does  not  exceed  the  limit  within  which 
moduli  of  stifEness  are  sensibly  constant,  it  produces  distortion  of 
the  body  on  which  it  acts.  Let  q  denote  the  intensity  of  shearing 
stress  applied  to  the  four  lateral  faces  of  an  originally  square 
prismatic  particle,  so  as  to  distort  it;  and  let  »  be  the  distortion^ 
expressed  by  the  tangeTit  of  the  difference  between  each  oj  Hie  distorted 
angles  of  the  prism  and  a  right  angle;  then 

"-  =  c, (1.) 

is  the  modvlus  of  transverse  eUisticUy,  or  resistance  to  distortion;  of 
which  examples  are  given  in  the  tables,  page  479. 

One  mode  of  expressing  the  distortion  of  an  originally  square 
prism  is  as  follows : — ^Let  «  denote  the  proportionate  elongation  of 
one  of  the  diagonals  of  its  end,  and  —  «  the  proportionate  shorten- 
ing of  the  other;  then  the  distortion  is 

,  =  2«. 
The  ratio  ^  of  the  modulus  of  transverse  elasticity  to  the  modulus 
of  direct  elasticity  defined  in  Article   420,  page  493,  has  dif- 
ferent values  for  different  materials,  ranging  from  0  to  ^.    For 

wrought  iron  and  steel  it  is  about  «,. 
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The  uUimaie  shearing  strength,  or  modulus  of  resistance  to 
shearing, — in  other  words,  the  intensity  of  the  greatest  shearing 
stress  when  the  body  is  on  the  point  of  giving  way, — ^is,  in  wrought 
iron  and  steel,  and  most  other  metals,  equal,  or  nearly  equal,  to  the 
tenacity :  in  cast  iron  it  is  about  once  and  a  half  greater  than  the 
tenaciiy;  in  timber  it  is  nearly  equal  to  the  tenacity  across  the 
grain.     (See  the  Tables,  page  479.) 

424.    0tTeBftli    of  Wwunmadmgft   aad   Jolat-Pins. — The    connecting 

pieces  already  referred  to  as  being  exposed  to  the  action  of  a  shear- 
ing force  may  be  distinguished  into  fasteninga,  such  as  rivets,  keys, 
wedges,  gibs  and  cottars,  and  screws,  by  which  two  pieces  are 
secured  together  so  as  to  act  as  one  piece;  &nd  joint-^ns,  by  which 
two  pieces  are  so  connected  as  to  be  free  to  turn  about  the  joint. 
It  la  obvious  that  the  figure  of  a  joint-pin,  as  well  as  that  of  the 
hole  or  socket  in  which  it  works,  must  be  that  of  a  surface  of 
revolution,  such  as  a  circular  cylinder;  and  that  the  fit,  though 
accurate,  must  be  easy,  like  that  of  an  axle  in  its  bearings.  Most 
fisistenings  and  joint-pins  are  exposed  to  a  bending  as  well  as  to  a 
shearing  action,  and  in  some  cases  the  most  severe  stress  is  that 
arising  from  the  bending  action;  but  in  other  cases  the  most  severe 
stress  is  that  produced  by  the  shearing  load.  These  latter  cases 
are  as  follows  : — ^All  rivets,  keys,  and  other  fastenings  which  are 
tightly  jammed  in  their  holes;  all  cylindrical  joint-pins,  fixed  at 
one  end,  in  which  the  length  of  the  loaded  part  is  less  than  one- 
third  of  the  diameter;  and  all  cylindrical  joint-pins,  fixed  at  both 
ends,  in  which  the  length  of  the  loaded  part  is  less  than  two- 
thirds  of  the  diameter. 

In  order  that  the  shearing  stress  on  a  connecting  piece  may  be 
uniformly  distributed  over  the  cross-section,  it  is  necessary  that 
the  £BUBtening  should  be  held  so  tight  in  its  hole  or  socket  that  the 
friction  at  its  surface  may  be  at  least  of  equal  intensity  to  the 
shearing  stress;  and  then  the  intensity  of  that  stress  is  represented 
simply  by  P  -?-  A;  P  being  the  shearing  load,  and  A  the  area 
which  resists  it. 

But  when  the  connecting  piece  fits  easily,  as  must  always  be  the 
case  with  joint-pins,  the  greatest  irUensity  of  the  stress,  to  which  the 
strength  of  the  connecting  piece  must  be  adapted,  exceeds  the 
mean  intensity  P  -^  A,  in  a  ratio  which  depends  on  the  figure  of 
the  cross-section ;  and  whose  values,  for  the  ordinary  figures,  are 

3 

for  rectangular  cross-sections,  ^ ; 

4 
for  circular  and  elliptic  cross-sections,  x; 

and  the  sectional  area  must  accordingly  be  made  greater  in  that 

2k 
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xa4do  ihan  the  area  whicli  would  have  been  sufficient  bad  tbe 
connecting  piece  fitted  tightly. 

Tbe  chi^  kinds  of  connecting  pieces,  to  which  these  principles 
have  to  be  implied,  will  now  be  considered  s^wrotelT. 

425.  Bireto  are  made  of  the  most  tongb  and  dactile  metal  (See^ 
for  example,  **  Bivet  Iron/'  in  pages  460  and  482.) 

The  ordinary  dimensions  of  rivets  in  piaotice  are  as  follows : — 

Diameter  of  a  rvoet  for  plates  less  than  half  an  inch  thick,  about 
double  ihe  thickness  of  the  plate. 

For  plates  of  half  an  inch  thid^  and  upwards,  about  once  and  »- 
half  the  thickness  of  the  plata 

Length  of  a  rwet  before  clenching,  measuring  from  the  bead  = 
sum  of  the  thicknesses  of  the  plates  to  be  c(»nected  +  2^  x 
diamet^  of  the  rivet. 

The  longitudinal  compressicm  to  whicb  a  rivet  k  subjected 
during  the  operation  of  clenching,  whether  by  hand  or  by  madunery, 
tends  to  make  it  fit  its  hole  tightly,  and  thus  to  produce  unifoim 
distribution  of  the  stress ;  but  as  such  imiformiiy  cannot  be  ex- 
pected to  be  always  realised,  it  is  usual  to  assume,  in  practice,  that 
there  is  a  deviation  from  uniformity  of  diearing  stress  sufficient  to 
neutralise  the  greater  toughness  of  the  metal  in  the  rivets  than  in 
the  plates  which  they  connect;  and,  therefore,  the  distance  apart 
of  the  rivets  used  to  connect  two  pieces  of  metal  plate  togeth^  is 
regulated  by  the  rule,  that  tbe  joint  sectional  area  of  the  rivete  shall 
he  eqttal  to  the  sectional  area  of  pUUe  left  after  puncMng  the  rimH 
holes.    This  rule  leads  to  the  following  algebraical  formula :— * 

Let  t  denote  the  thickness  of  the  plates  ; 
d,  the  diameter  of  a  rivet ; 
n,  the  number  of  ranks  of  rivets ; 

it  being  understood  that  the  rivets  whicb  form  a  rank  stand  in  a 
line  perpendicular  to  the  direction  of  the  tension  which  tends  to 
pull  the  plates  asunder. 

c,  the  pitch,  or  distance  from  centre  to  centre  of  the  adjoin- 
ing rivets  in  one  rank;  then 

,      '785in,d^ 
e^dAr — ^. ^..,(L) 


Each  plate  is  weakened  by  the  rivet  holes  in  the  ratio 
c  -  d  -7854  n  d 


t  +  -7854  n  d' 


.(2.) 


In  **  single-rivetted  ^  joints,  n  =  1 ;  in  "  double-rivetted  "  joints, 
n  =s  2^  and  the  two  ranks  of  rivets  form  a  zig-zag;  in  ^  diaii:^ 
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rivetted*  joints,  n  may  have  any  valne  greater  than  1.  A  gingle- 
rivetted  joint  is  weakened  by  unequal  distribution  of  the  tension 
on  the  plate  in  the  ratio  of  4  :  d. 

Suppose  that  in  a  chain-rivetted  joint  the  ptch  o  from  centre 
to  centre  of  the  rivets  is  fixed,  so  as  not  to  weaken  the  plates  below 
a  given  limit;  then  in  order  to  find  how  many  ranks  of  rivets  there 
should  be^ — ^in  other  words,  how  many  rivets  there  should  be  in 
eadi  file, — ^the  following  formula  may  be  used :«-« 

''- -7854^2- - -^^^ 

426.  PlM»  Wieft  Wedfei,  Olba,  aad  €«ttan. — ^These  *&stenings 
are,  like  rivets,  themselves  exposed  to  a  shearing  load,  while  they 
serve  to  transmit  a  pull  or  thrust  from  one  piece  in  framework  or 
mechanism  to  another;  and  the  rule  for  determining  their  proper 
sectional  area  is  the  same,  with  this  modification  only,  that  it  is 
safest  in  most,  if  not  in  all  cases,  to  allow  for  the  possibility  of  an 
easy  fit,  according  to  the  rule  stated  at  the  end  of  Article  424,  page 
497. 

In  order  that  a  wedge,  key,  or  cottar  may  be  safe  against  dipping 
out  of  its  seat,  its  an^e  of  obliquity  ought  not  to  exceed  the  angle 
of  repose  of  metal  upon  metal,  which,  to  provide  for  the  contin- 
gency of  the  surfaces  being  greasy,  may  be  taken  at  about  4°. 
(Article  309,  page  349.) 

427.  Bolts  and  flcrewa. — K  a  bolt  has  to  withstand  a  shearing 
stress,  its  diameter  is  to*  be  determined  like  that  of  a  cylindrical 
pin.  If  it  has  to  withstand  tension,  its  diameter  is  to  be  determined 
by  having  regard  to  its  tenacity.  In  either  case  the  efiective 
diameter  of  the  bolt  is  its  least  diameter;  that  is,  if  it  has  a  screw 
on  it^  the  diameter  of  the  spindle  inside  the  thread.  It  is  to  be 
observed,  however,  that  in  order  to  provide  for  possible  irregularities 
in  the  distribution  of  the  stress,  it  is  customary  to  use  for  screws  a 
very  large  factor  of  safety,  ranging  from  12  to  15;  the  mean  in- 
tensity of  the  working  stress  on  wrought-iron  screws  being  only 
about  4,000  lbs.  on  the  square  inch,  or  2*8  kilogrammes  <m.  the 
square  millimetra 

The  ordinary  form  of  section  of  the  thread  of  a  fiastening  screw 
is  an  isosceles  triangle  with  the  angles  rounded;  and  according  to 
the  proportions  recommended  by  Mr.  Whitworth,  the  angle  at  the 
summit  is  55%  making  the  height  of  the  triangle  =  0*96  of  its  base. 
One-sixth  of  that  height  is  taken  away  by  the  rounding  of  the  edge 
of  the  thread,  and  another  sixth  by  the  rounding  of  l£e  bottom  of 
the  groove,  leaving  two-thirds,  or  0*64  of  the  base;  and  as  the  base 
of  the  triangle  is  ^e  pitch  of  the  screw,  the  projection  of  tiie  thread 
is  0-64  of  the  pitch. 
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The  pitch  should  not  in  geDeral  be  greater  than  cmA-fifth  of  the 
^ective  cUameter,  and  may  be  considerably  less :  for  example,  one- 
tenth  and  one-twelfUi  are  ordinary  proportions. 

In  order  that  the  resistance  of  a  screw  or  screw-bolt  to  rupture 
by  stripping  a  triangular  thread  may  be  at  least  equal  to  its  resist- 
ance to  direct  tearing  asunder,  the  length  of  the  nut  should  be  at 
Uast  (m&^half  of  the  effective  diameter  of  the  screw;  and  it  is 
often  in  practice  considerably  greater;  for  example,  once  and  a 
half  that  diameter. 

The  head  of  a  bolt  is  usually  about  twice  the  diameter  of  the 
spindle,  and  of  a  thickness  which  is  usually  greater  than  five- 
eighths  of  that  diameter. 

Sbction  rV. — O/Besistanoe  to  Twisting  and  Wrenching. 

428.  TwlMiBf  mr  T«niMi  la  OeMffaL — Torsion  is  the  condition 
of  strain  into  which  a  cylindrical  or  prismatic  body  is  put  when  a 
pair  of  couples  of  equal  and  opposite  moment,  tending  to  make  it 
rotate  about  its  axis  in  contrary  directions,  are  applied  to  its  two 
ends.  8uch  is  the  condition  of  wafts  which  transmit  motive  power. 
The  moment  is  called  the  twisting  moment,  and  at  each  cross- 
section  of  the  bar  it  is  resisted  by  an  equal  and  opposite  moment  of 
stress.  Each  particle  of  the  shiaft  is  in  a  state  of  distortion,  and 
exerts  shearing  stress. 

In  British  measures,  twisting  moments  are  expressed  in  inch-lbs, 

429.  8CMii«th  of  a  Cyiiiidricai  Shaft.  {A.  if.,  321.) — ^A  cylindrical 
shaft,  A  B,  fig.  267,  being  subjected  to  the  twisting  moment  of  a 

^^.^  pair  of  equal  and  opposite  couples  ap- 

*     /  -J,".         /  plied  to  the  cross-sections  A  and  B,  it 

•^[i  f    \     CT^      ^  required  to  find  the  condition  of 

Vj \J       ^S4^  stress  and  strain  at  any  intermediate 

I  — "*    \''  ^  cross-section,  such  as  S,  and  also  the 

^"'^  /  angular  displacement  of  any  cross- 

FJg.  267.  section  relatively  to  any  other. 

Prom  the  uniformity  of  the  figure  of 
the  bar,  and  the  uniformiiy  of  the  twisting  moihent,  it  is  evident 
that  the  condition  of  stress  and  strain  of  all  cross-sections  is  the 
same;  also,  because  of  the  circular  figure  of  each  cross-section,  the 
condition  of  stress  and  strain  of  all  particles  at  the  same  distance 
from  the  axis  of  the  cylinder  must  be  alike. 

Suppose  a  circular  layer  to  be  included  between  the  cross-section 
S,  and  another  cross-section  at  the  longitudinal  distance  d  x  from 
it.  The  twisting  moment  causes  one  of  those  cross-sections  to 
rotate  relatively  to  the  other,  about  the  axis  of  tlie  cylinder,  through 
an  angle  which  may  be  denoted  by  d  0.  Then  if  there  be  two 
points  at  the  same  distance^  r,  fix>m  the  axis  of  the  cylinder,  one  in 
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the  one  cross-section  and  the  other  in  the  other,  which  points 
were  originally  in  one  straight  line  parallel  to  ihe  axis  of  the 
cylinder,  the  twisting  moment  shifts  one  of  those  points  laterally, 
relatively  to  the  other,  through  the  distance  r  d  fi»  Consequently 
the  part  of  the  layer  which  lies  between  those  points  is  in  a  con- 
dition of  distortion,  in  a  plane  perpendicular  to  the  radius  r;  and 
the  distortion  is  expressed  by  the  ratio 

'  =  ^•5^' (^•> 

which  varies  proportioTiaUy  to  the  distance  from  the  axis.  There 
is  therefore  a  shearing  stress  at  each  point  of  the  cross-section, 
whose  direction  is  perpendicular  to  the  radius  drawn  from  the  axis 
to  that  point,  and  whose  intensity  is  proportional  to  that  radius^ 
being  represented  by 

3  =  C.  =  Cr-^. (2.) 

The  8TBB376TH  of  the  shaft  is  determined  in  the  following  man- 
ner:— ^Let  q^  be  the  limit  of  the  shearing  stress  to  which  the 
material  is  to  be  exposed,  being  the  tdtimate  resistance  to  wrench- 
ing if  it  is  to  be  broken,  the  proof  resistance  if  it  is  to  be  tested, 
and  the  working  resistance  if  the  working  moment  of  torsion  is  to 
be  determined.  Let  r^  be  the  external  radius  of  the  axla  Then 
^1  is  the  value  of  q  at  the  distance  r^  from  the  axis;  and  at  any 
other  distance,  r,  the  intensity  of  the  shearing  stress  is 

'-'f- « 

Conceive  the  cross-section  to  be  divided  into  narrow  concentric 
rings,  each  of  t^e  breadth  dr.  Let  r  be  the  mean  radius  of  one  of 
these  rings.  Then  its  area  ia2  Trdr;  the  intensity  of  the  shear- 
ing stress  on  it  is  that  given  by  equation  (3),  and  the  leverage  of  that 
stress  relatively  to  the  axis  of  i^e  cylinder  is  r;  consequently  the 
moment  of  the  shearing  stress  of  ihe  ring  in  question,  being  the 
product  of  those  three  quantities,  is 


f^dr; 

which  being  integrated  for  all  the  rings  from  the  centre  to  the  cir- 
cumference of  the  cross-section,  gives  for  the  moment  of  torsion, 
and  of  resistance  to  torsion, 

M  =  |ft»i  =  jjft«; (4) 
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if  A  s  2  r^  be  the  diameter  of  the  shaft, 

(^  =  1-5708;  ^  =  0-196  nearly). 

If  the  axle  is  hollow,  h^  being  the  diameter  of  the  hollow^  the 
moment  of  torsion  becomes 

^=f6-^^^- (^•) 

The  following  formnlse  serve  to  calculate  the  diameters  of  shafts 
when  the  twisting  moment  and  stress  are  given;  solid  shafts : — 


hollow  shafts — 


^-i"^*- <^) 


(     51 M     )  J 


.(7.) 


which  last  formula  serves  to  compute  the  diameter  of  a  hollow 
axle,  when  the  rcUio  A^  :  A^  of  its  internal  and  external  diameter 
has  been  fixed. 

Values  of  the  ultimate  shearing  strength  of  various  substances 
are  given  in  the  Tables.  As  for  the  U)orking  stress,  a  long 
series  of  practical  trials  has  shown  that  wrought-iron  axles  bear  a 
stress  of  9,000  lbs.  per  square  inch,  or  6*3  kilogrammes  on  the 
square  millimetre,  for  any  length  of  time,  if  well  manufectured  of 
good  material,  the  factor  of  safety  being  about  6.  If  the  ultimate 
shearing  stress  of  cast  iron,  27,000  lbs.  on  the  square  inch,  is 
divided  by  the  same  factor,  the  modulus  of  working  stress  is  foirnd 
to  be  4,500  lbs.  on  the  square  inch,  or  nearly  3*2  kilogrammes  on 
the  square  millimdtra 

It  is  chiefly  in  the  shafting  of  miQs  that  those  large  apparent 
flEUJtors  of  safety  are  met  with,  referred  to  in  Article  414,  page  49(X 

430.  ABffie  of  ToniMk-i-Suppose  a  pair  of  diameters,  originally 
parallel,  to  be  drawn  across  the  two  circular  ends,  A  and  £,  fig. 
267,  page  500,  of  a  cylindrical  shaft,  solid  or  hollow;  it  is  proposed 
to  find  the  angle  which  the  directions  of  those  lines  make  with 
each  other  when  the  shaft  is  twisted,  either  by  the  working  moment 
of  torsion,  or  by  any  other  moment 

This  question  is  solved  by  means  of  equation  (2)  of  Article  429, 
page  501,  which  gives  for  the  angle  of  torsion  per  unit  of  lengthy 

d  0 g_ 

dx^Cr 
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The  condition  of  the  shaft  being  nnifoiln  at  all  points  of  its  length, 
the  above  quantity  is  constant;  and  if  a;  be  the  length  of  the  shaft, 
and  $  the  angle  of  torsion  sought,  expressed  in  length  of  are  to 

radius  1,  we  have  -  =  :=-»  and  therefore, 

'-¥, • 0) 

I.  Let  the  moment  of  torsion  be  the  toorking  Tnomeni,  for  which 

r      7-1        At' 

the  value  taken  for  the  modulus,  q^,  being  the  safe  working  stress. 
Then  the  angle  of  toorking  torsion  is    • 

'-  cv ^'^ 

and  is  the  same  whether  the  shaft  is  solid  or  hollow.  This  formula 
gives  the  angle  0  in  circuhr  measwre;  that  is,  in  arc  to  radios 
unity;  so  that  if  at  each  end  of  the  shaft  there  is  an  arm  of  the 
length  y^  the  displacement  of  the  end  of  one  of  those  arms  relatively 
to  the  other  will  be  ^  ^. 

Values  of  C,  the  co-efficient  of  transverse  elasticity,  are  given  in 
the  tables.  In  calculating  the  vxything  torsion  of  wrought-iron 
shafts,  we  may  make 


c=^°^i:6oo*^r2oo <^> 


1,000      1,200" 

IT.  The  proof  torsum,  to  which  a  shaft  may  be  twisted, by  a 
gradually  applied  load  when  testing  it,  may  be  made  double  the 
working  torsion. 

IIL  Let  the  moment  of  torsion  have  any  amount,  M,  consistent 

with  safety.    Then  for  —  we  have  to  put  its  value  in  terms  of  M 
and  A^;  and  the  results  are  as  follows : — 

a      2  M 
For  solid  shafts,  -  =  — --r;  and 

^      32  Ma?      --^.Moj        ,  ,. . 

'  =  irohi  =  ^O'2-^neB.ln ......(4.) 

2M 


For  hollow  shafts,  ^  =  —7-7 — -r. ;  and 

r      «•  t«i  -  rj) 
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^  32  M«  ,^^       Mo?  ,  ,^. 

'  =  TcW^)  "^  ^^'^  oW^)  '''^^^' ^^'^ 

An  example  of  the  application  of  equation  (4)  hajB  already  been 
^ven  in  Article  344. 

431.  The  KcaiiiMiM  •r  «  CjUmSH^ai  Shaft  ifl  the  product  of  one- 
half  of  the  moment  of  proof  torsion  into  the  corresponding  angle 
of  torsion;  and  it  is  given  bj  the  following  equation : — 

-5-  =  -r^  •  ^p     for  a  solid  shaft;  or 

M<  ^  JL  .  g?  W  -  *»  '^  fo,  a  hollow  Bhaa 

432.  Shafts  Mt  Ctocaiar  la  SMiaa. — ^When  the  cross-section  of 

a  shaft  is  not  circular,  it  is  certain  that  the  ratio  -  of  the  shearing 

stress  at  a  given  point  to  the  distance  of  that  point  from  the  axis 
of  the  shaft  is  not  a  constant  quantity  at  different  points  of  the 
cross-section,  and  that  in  many  cases  it  is  not  even  approximately 
constant;  so  that  formulie  founded  on  the  assumption  of  its  being 
constant  are  erroneous.  The  mathematical  investigations  of  M.  de 
St  Yenant  have  shown  how  the  intensity  of  the  ^bearing  stress  is 
distributed  in  certain  cases. 

The  most  important  case  in  practice  to  which  M.  de  St  Tenant's 
method  has  been  applied  is  that  of  a  square  shafl;  and  it  appears 
that  its  moment  of  torsion  is  given  by  the  formula, 

M  =  0-281  q^  h*  nearly; 

in  which  h  is  one  side  of  the  square  cross-section. 

Section  Y. — O/Eesiatance  to  Bending  and  Cross-Breaking. 

433.  Beatocaace  ta  Beadlag  la  GcacraL — In  explaining  the  prin- 
ciples of  the  resistance  which  bodies  oppose  to  bending  and  cross- 
breaking,  it  is  convenient  to  use  the  word  beam  as  a  general  term 
to  denote  the  body  under  consideration;  but  those  principles  are 
applicable  not  only  to  beams  for  supporting  weights,  but  to  levers, 
cross-heads,  cross-tails,  shafis,  journals,  cranks,  and  all  pieces  in 
machineiy  or  framework  to  which  forces  are  applied  tending  to  bend 
them  and  to  break  them  across;  that  is  to  say,  forces  transverse  to 
the  axis  of  the  piece. 

Conceive  a  beam  which  is  acted  upon  by  a  combination  of 
parallel  transverse  forces  that  balance  each  other,  to  be  divided 
into  two  parts  by  an  imaginary  transverse  section;  and  consider 
separately  the  conditions  of  equilibrium  of  one  of  thoaa^parts.     The 
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external  transverse  forces  which  act  ou  that  part,  and  constitute 
the  load  on  it,  do  not  necessarily  balance  each  other.  Their  result- 
ant may  be  found  by  Rule  lY.  of  Article  280,  page  324.  That 
resultant  is  called  the  Shearing  Load  at  the  cross-section  under  con- 
sideration, and  it  is  balanced  by  the  Shearing  Stress  exerted  by  the 
particles  which  that  cross-section  trayersea  The  resultant  moment 
of  the  same  set  of  forces,  relatively  to  the  same  cross-section,  may 
be  found  by  the  same  rule ;  it  is  called  the  Bending  Moment  at  that 
cross-section,  and  it  is  balanced  (if  the  beam  is  strong  enough)  by 
the  Moment  of  Stress  exerted  by  the  particles  which  the  cross-section 
traverses,  called  also  the  Moment  of  Resistance,  That  moment  of 
stress  is  due  wholly  to  longitudinal  stress,  and  it  is  exerted  in  the 
following  way: — ^The  bending  of  the  beam  causes  the  originally 
straight  layers  of  particles  to  become  curved;  those  near  the 
concave  side  of  the  beam  become  shortened;  those  near  the 
convex  side,  lengthened;  the  shortened  layers  exert  longitudinal 
thrust;  the  lengthened  layers,  longitudinal  tension;  the  resultant 
thrust  and  the  resultant  tension  are  equal  and  opposite,  and  com- 
pose a  couple,  whose  moment  is  the  moment  of  stress,  equal  and 
opposite  to  the  bending  moment 

In  problems  respecting  the  transverse  strength  and  sti&ess  of 
beams  there  are  four  processes :  firsts  to  determine  the  shearing 
load  and  bending  moment  produced  by  the  transverse  external 
forces  at  different  cross-sections,  and  especially  at  those  cross- 
sections  at  which  they  act  most  severely;  secondly ,  to  determine 
the  relations  between  the  dimensions  and  figure  of  a  cross-section 
of  the  beam,  and  the  moment  of  stress  which  that  cross-section 
is  capable  of  exerting,  so  that  each  cross-section,  and  especially  that 
at  which  the  bending  moment  is  greatest,  may  have  sufficient 
strength;  thirdly ,  to  determine  the  relations  between  the  dimen- 
sions and  figure  of  the  beam  and  the  deflection  produced  1^  the 
bending  moments,  in  order  that  the  beam  may  be  so  designed  as 
to  have  sufficient  stiffness  or  sufficient  flexibility,  according  to  its 
purpose. 

434.  CalcalatiMi  •f  Shearing  lioada  and  BeadlBg  OlaBieata.^ — 
In  the  formuke  which  follow,  the  shearing  load  at  a  given  cross- 
section  will  be  denoted  by  F,  and  the  bending  moment  by  M.  In 
British  measures  it  is  most  convenient  to  express  the  bending 
moment  in  inch-lbs.,  because  of  the  transverse  dimensions  of  pieces 
in  machines  being  expressed  in  inches. 

The  mathematical  process  for  finding  F  and  M  at  any  given 
cross-section  of  a  beam,  though  always  fiie  same  in  principle,  may 
be  varied  considerably  in  detail.  The  following  is  on  the  whole 
the  most  convenient  way  of  conducting  it : — 

Fig.  268  represents  a  beam  supported  at  both  ends,  and  loaded 
between  them.     Fig.  269  represents  a  bracket;  that  isy  a  beam 
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mpparied  and  /toed  at  one  end,  and  loaded  on  a  projecting  portion. 
I^>  Q*  represent  in  eadi  case  the  supporting  forces;  in  fig.  268,  Wp 


Wj,  Wg,  &a,  represent  portions  of  the  load;  in  ^g,  269,  Wq  re- 
presents the  endmost  portion  of  the  load,  and  W^,  W^  W3,  other 
portions;  in  both  figures,  Ax^  Ax^^  Ax^  &c.y  denote  the  lengths  of 
the  intervals  into  which  the  lines  of  action  of  the  portions  of  the 
load  divide  the  longitudinal  axis  of  the  beam.  The  forces  marked 
W  may  be  the  weights  of  parts  of  the  beam  itself^  or  of  bodies 
carried  by  it;  or  they  may  be  forces  exerted  by  moving  pieces  in  a 
machine  on  each  other ;  or,  in  short,  they  may  be  any  external 
transverse  forces.  If  the  body  called  the  beam  is  a  shaft,  P  and 
Q  will  be  the  bearing  pressures. 

The  figures  represent  the  load  as  applied  at  detached  points; 
but  when  it  is  continuously  distribute!^  the  length  of  any  in- 
definitely short  portion  of  the  beam  may  be  denoted  hjdity  the 
intensity  of  the  load  upon  it  per  unit  of  hngth  by  w,  and  the 
amount  of  the  load  upon  iihj  w  dx. 

The  process  to  be  gone  through  will  then  consist  of  the  following 
steps : — 

Step  L  To  find  (he  Supporting  Forces  or  Bearing  Pressures,  P 
and  Q. — ^Assume  any  convenient  point  in  the  longitudinal  axis 
as  origin  of  co-ordinates,  and  find  the  distance  Xq  of  the  resultant 
of  the  load  from  it,  by  Rule  IV.  of  Article  280,  pages  324,  325  ; 
that  is  to  say. 


fxwdx 


or 


J 


da 


.(2.) 


Then,  by  Rule  IL  of  Article  280,  page  323,  find  the  two  sup- 
porting foi*ces  or  bearing  pressures,  P  and  Q ;  that  is  to  say,  let  R 
be  the  resultant  load,  and  P  R  and  R  Q  its  distanees  firom  the 
points  of  support;  and  make 
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.(3.) 


Step  IL  To  find  the  Shea/ring  Loads  at  a  Series  of  Sections. — ^In 
what  position  soever  the  origin  of  co-ordinates  may  have  been 
daring  the  previous  step,  assume  it  now,  in  a  beam  supported  at 
both  ends,  to  be  at  one  of  the  points  of  support  (as  A,  fig.  268),  aud 
in  a  bracket  to  be  at  the  loaded  point  farthest  from  the  fixed  end 
(as  A,  fig.  269).     Consider  P  as  positive  and  W  as  negative. 

Then  the  shearing  load  in  any  given  interval  of  the  length  of 
the  beam  is  the  resultant  of  all  the  forces  acting  on  the  beam  from 
the  origin  to  that  interval;  so  that  it  has  the  series  of  values, 


In  Fig.  268. 

Fi2  =  P— W,; 

Fj3  =  P— Wj— Wj; 

F3.=P— Wi— Wj  — Wj; 

and  generally, 

F=:P  — SW;...(4.) 


In  Fig.  269. 

—  F^j^srW^; 

—  Fi2=Wo  +  Wi; 
_F28=Wo  +  Wi+W2; 

—  ^84=^0  + Wj  +  Wg+Wg 

<&c.; 
and  generally, 

—  F  =  S-W; (5.) 

so  that  the  shearing  loads  which  act  in  a  series  of  intervals  of  the 
length  of  the  beam  can  be  computed  by  successive  subtractions  or 
successive  additions,  as  the  case  may  be. 

For  a  continuously  distributed  load,  these  equations  become 
respectively, 

In  a  beam  supported  at  both  ends,  F  =  P  —  /     wdx^  (6.) 
In  a  bracket,  —  ^  =/    'wdx; (7.) 

in  which  expressions,  a/  denotes  the  distance  from  the  origin.  A,  to 
theplane  of  section  under  consideration. 

The  positive  and  negative  signs  distinguish  the  two  contrary 
directions  of  the  distortion  which  the  shearing  load  tends  to 
produce. 

The  civMUcM  (McMriBg  MjmmA  acts  in  a  beam  supported  at  both 
ends,  dose  to  one  or  other  of  the  points  of  support,  and  its  value 
is  either  P  or  Q.  In  a  bracket,  the  greatest  shearing  load  on  the 
projecting  part  acts  dose  to  the  outer  point  of  support^  and  its 
value  is  equal  to  the  entire  load. 

In  a  beam  supported  at  both  ends  the  MiMuriiic  iLmmA  rwaMkn^ 
or  changes  from  positive  to  negative,  at  some  intermediate  section, 
whose  position  may  be  found  from  equation  (4)  or  equation  (6),  by 
making  F  =  0.    At  the  second  point  of  support,  F  =  —  Q. 

Step  III.  To  find  the  Bending  MofnetUs  at  a  Series  of  Sections. — 
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At  the  origin  A  there  is  no  bending  moment.  Multiply  the 
length  of  each  of  the  intervals  A  x  of  the  longitudinal  aids  of  the 
beam  hj  the  shearing  load  F,  which  acts  throughout  that  interval; 
the  first  of  the  products  so  obtained  is  the  bending  moment  at 
the  inner  end  of  the  first  interval;  and  by  adding  to  it  the  other 
products  successively,  there  are  obtained  successively  the  bending 
moments  at  the  inner  ends  of  the  other  intervals.* 
That  is  to  say, — bending  moment 

at  the  origin  A;  M^  =  0 ; 

at  the  line  of  action  of  Wj;  LL  =  Fq^  •  A  «i ; 

„         »         »  W,;  M;  =  F<>i-AaJi +  Fi,Aai; 

&o.  Ac 

and  generally,  M  =  2-FAa (8.) 

If  the  diviaiona  A  x  are  qf  equal  lengths,  this  becomes 

M  =  A«-2F; (9.) 

and  for  a  continuously  distributed  load, 


J  0 


'Fdx (10.) 


Substituting  for  F,  equation  (10),  its  values  as  given  by  equa- 
tions (6)  and  (7)  respectively,  we  obtain  the  following  results  : — 
For  a  beam  supported  at  both  ends, 


MsPiO;'-  f    f'wda^ 

=  ?!«'-  I   {x''-z)u)dx; (11.) 


0 

For  a  beam  fixed  at  one  end, 


-M=|''|'«7e?a*=  j''{x^-'x)v)dx; (12.) 

in  the  latter  of  which  equations  the  symbol  —  M  denotes  that  the 
bending  moment  acts  downwards. 

The  cirMUMt  Beading  niMieat  acts,  in  a  bracket,  at  the  outer 
point  of  support ;  and  in  a  beam  supported  at  both  ends,  at  the 
section  where  the  shearing  load  vanishe& 

Step  IY.  To  deduce  ike  Shearing  Load  and  Bending  Moment  in 
ome  Beam  from  those  in  another  Beam  similarly  supported  and 
loaded, — This  is  done  by  the  aid  of  the  following  principles : — 

When  beams  differing  in  length  and  in  the  amounts  of  the  hods 
upon  them  are  similarly  supported,  and  ham  their  loads  similarly  dis- 
tributed, the  shearing  hods  at  corresponding  sections  in  them  vary  as 

•  See  Mr.  Herbert  Latham's  work  On  Iron  Bridges.      , 
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ihe  Mai  loads,  and  the  bending  momsnle  as  the  products,  of  the  loads 
andlengihs. 

The  leDgih  between  the  points  of  support  of  a  beam  supported  at 
the  ends,  as  in  fig.  268,  is  often  called  the  spam, 

435.  SnuMiMM. — In  the  following  formulse,  which  are  examples 
of  the  application  of  the  principles  of  the  preceding  Article  to  the 
cases  which  occur  most  frequently  in  practice,  W  denotes  the  total 
load; 

to,  when  the  load  is  distributed,  the  load  per  unit  of  length  of 
the  beam; 

c,  in  brackets,  the  length  of  the  free  part  of  the  bracket; 

6,  in  beams  either  loaded  or  supported  at  both  ends,  the  haJf 
span,  between  the  extreme  poiniB  of  load  or  support  and  the 
middle; 

M^  the  greatest  bending  moment. 

L  Bracket  fixed  at  one  end  and  loaded  )         -^         -^^        /^  v 
at  the  other, |        ^  =  "  ^ <!•> 

IL  Bracket  fixed  at  one  end  and  uni- )  -..      eW     to  (fi  ,g. 
formly  loaded, /  ^  =  "2"='"2~  ^^'^ 

III.  Beam  supported  at  both  ends  and 
loaded  at  an  intermediate  point, 
whose  distance  from  the  middle  of 
the  span  is  x, 

rV.  Beam  supported  at  both  ends  and  )  ,        a\  nr      <^  ^ri  \ 
loaded  in  the  middle, |  (a:  =0);  M  =  -^(4.) 

V.  Beam  supported  at  both  ends  and  )^      eW     w<^    .^ 
uniformly  loaded, /  ^  =  IT^T"   ^  '^ 

YL  If  a  beam  has  equal  and  opposite  couples  applied  to  its  two 
ends;  for  example,  if  the  beam  in  fig.  270  has  the  couple  of  equal 
and  opposite  lorces  P^  applied  at  A  and  B,  and  the  couple  of 
equal  and  opposite  forces  r^  at  C  and  D, 
and  if  the  opposite  moments  P^  •  A  B  t^/ 
s=  Pj  •  C  D  =  M  are  equal,  then  each 
of  tiie  endmost  divisions,  A  B  and  l~|? 
C  D,  is  in  the  condition  of  a  bracket  I 

fixed  at  one   end  and  loaded  at  the         ^4 
other  (Exaxnple  I);  and  the  middle  Fig. 270. 

division,  B  0,  is  acted  upon   by  the 
vafiiform  bending  motnerU  M,  and  by  no  shearing  load. 

YIL  Let  a  beam  of  the  half-span  e  be  loaded  with  an  uni- 
formly distributed  load  of  w  units  of  weight  per  unit  of  span ;  and 
at  a  point  whose  distance  from  the  middle  of  ike  span  is  a,  let  there 
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be  applied  an  additional  load  W.     It  is  required  to  find  as,  the  dis- 
tance from  the  middle  of  the  span  at  which  the  greatest  bending 
moment  is  exerted,  and  M,  that  greatest  moment. 
Make 

W 
2  cw         ' 

then  the  solutions  are  as  follows  : — 

Case  1. — ^When  -  =  or  :^=^ ^j— r — ;  x  =  m(c  —  a);  and 

M  =  ^(n-«-!l^y. (6.) 

Case  2.— When-  =  or  .^  ■=— ; — :  x  =  a;  and 

M  =  !^(l  +  2«)(l-J) (7.) 

In  the  following  case  both  sets  of  formulse  give  the  same  result; 
when—  =  TT-i — :  x  =  a  =:  m  (c  *^  a):  and 


T^      w  c8  /I  +  2  w\«  ,«  . 


436.  Bendiiig  BlMBCBts  pi«daeed  by  JM^gfttMrnta  aad  OMlVi« 
Forces. — ^When  a  bar  is  acted  upon  at  a  given  cross-section  by  any 
external  force,  whose  line  of  action,  whether  transverse,  oblique,  or 
parallel  to  the  axis  of  the  bar,  does  not  traverse  the  centre  of 
magnitude  of  that  cross-section  (see  Article  293,  page  334),  that 
force  exerts  a  moment  upon  that  cross-section  equal  to  the  product 
of  the  force  into  the  perpendicular  distance  of  its  line  of  aotioa 
from  the  centre  of  the  cross-section,  and  that  moment  is  to  be 
balanced  by  the  moment  of  longitudinal  stress  at  the  croas-section. 

The  external  force  may  be  resolved  into  a  l<mgitadinal  and  a 
transverse  component  The  longitudinal  component  is  balanced 
by  an  imiform  longitudinal  tension  or  pressure,  as  the  case  may  be, 
exerted  at  the  cross-section,  and  combined  with  the  stress  whidi 
resists  the  bending  moment;  and  the  tiunsverse  oomponeat  k  le- 
sisted  by  shearing  stress. 

437.  Moment  of  Stress— TwmTcr—  fHwifc* — ^The  bending  mo- 
ment at  each  cross-section  of  a  beam  bends  the  beam  so  as  to  make 
any  originally  plane  longitudinal  layer  of  the  beam,  perpendicular 
to  the  plane  in  which  the  load  acts,  become  concave  in  the  direction 
towards  which  the  moment  acts,  and  convex  in  the  opposite 
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directioiL     Thus,  fig.  271  represents  a  side  yiew  of  a  short  portion 
of  a  bent  beam ;  C  C  is  a  layer,  originall j 
plane,  which  is  now  bent  so  as  to  become 
concave  at  one  side  and  convex  at  the 
other.  ^  ^ 

The  layers  at  and  near  the  concave  side ,  ' 
of  the  beam,  A  A',  are  shortened,  and  the  _ 

layers  near  the  convex  side,  B  B',  length-  Fig.  271. 

ened,  by  the  bending  action  of  the  load. 

There  is  one  intermediate  snr&ce,  O  O',  which  is  neither  lengthened 
nor  shortened;  it  is  called  the  "neutral  surface.**  The  particles  at 
that  sor&ce  are  not  necessarily,  however,  in  a  state  devoid  of 
strain;  for,  in  common  with  the  other  particles  of  the  beam,  they 
are  compressed  and  extended  in  a  pair  of  diagonal  directions, 
making  angles  of  45^  with  the  neulral  sor&ce,  by  the  shearing 
action  of  the  load,  when  such  action  exists. 

The  condition  of  the  particles  of  a  beam,  produced  by  the  com- 
bined bending  and  shearing  actions  of  the  load,  is  illustrated  by  fig. 
272,  which  represents  a  vertical  longitudinal  section  of  a  rectangular 
beam,  supported  at  the  ends,  and  loaded  at  intermediate  points. 

It  is  covered  with  a  network  consist-  

ing  of  two  sets  of  curves  cutting  each 

oi£er  at  right  angles.     The  curves 

convex  upwards  are  lines  of  direct 

thrust;  those  convex  downwards  are  Rg.  272. 

lines  of  direct  tension.    A  pair  of 

tangents  to  the  pair  of  curves  which  traverse  any  particle  are  the 

axes  of  stress  of  that  particle.     The  neutral  surface  is  cut  by  both 

sets  of  curves  at  angles  of  45°.     At  that  vertical  section  of  the 

beam  where  the  shearing  load  vanishes,  and  the  bending  moment  is 

greatest,  both  sets  of  curves  become  parallel  to  the  neutral  surface. 

When  a  beam  breaks  under  the  bending  action  of  its  load,  it 
gives  way  either  by  the  crushing  of  the  compressed  side,  A  A',  or 
by  the  tearing  of  the  stretched  side,  B  B'. 

In  %.  273,  A  represents  a 
beam  of  a  gtanular  material,  like 
east  iron,  giving  way  by  the 
crushing  of  the  compressed  side, 
out  of  which  a  sort  of  wedge  is  Fig.  278. 

forced.     B  represents  a  beam 
giving  way  by  the  tearing  asunder  of  the  stretched  side. 

The  resistance  of  a  besjn  to  bending  and  cross-breaking  at  any 
^Ven  cross-section  is  the  moment  of  a  couple,  consisting  of  the 
thrust  along  the  longitudinally-compressed  layers,  and  the  equal 
and  opposite  tension  along  the  longitudiiially-stretched  layers. 

It  has  be^n  found  by  experiment,  that  in  most  cases  which  occur 
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in  practioe,  the  longitudinal  stress  of  the  layers  of  a  beam  may, 
without  material  error,  be  assumed  to  be  uniformly  vart/uig,  its 
intensity  being  simply  proportional  to  the  distance  of  i^e  layer 
from  the  neutnd  surface. 

Let  fig.  274  represent  a  cross-section  of  a  beam  (such  as  that 
represented  in  fig.  271),  A  the  compressed  side,  B 
the  extended  side,  C  any  layer,  and  O  O  the  neutral 
aaeis  of  the  section,  being  the  line  in  which  it  is  cut 
— o  by  the  neutral  surface.     Let  p  denote  the  intensity 
of  the  stress  along  the  .layer  C,  and  y  the  distance 
of  that  layer  from  the  neutral  axis.    Because  the 
stress  is  imiformly  varying,  p  4-  y  is  a  constant 
Fig.  274.      quantity.    Let  that  constant  be  denoted  for  the 
present  by  a. 
Let  z  be  the  breadth  of  the  layer  0,  and  c?  y  its  thickness; 
Then  the  amount  of  stress  along  it  is 

pzdy^ayzdy; 

the  amount  of  the  stress  along  all  the  layers  at  the  given  crosa- 
section  is 


a  j  yzdy; 


and  this  amount  must  be  nothing, — ^in  other  words,  the  total  thrust 
and  total  tension  at  the  cross-section  must  be  equal, — ^because  the 
forces  applied  to  the  beam  are  wholly  transverse;  from  which  it 
follows,  that 


f  yzdy=0, (1.) 


and  the  netUrcd  aoeis  tra/vera^  the  centre  of  magnUude  of  the  cro89- 
section.  This  principle  enables  the  neutral  axis  to  be  found  by  the 
aid  of  the  methods  explained  in  Article  293,  page  334. 

To  find  the  greatest  value  of  the  constant  p  -^  y  consistent  with 
the  strength  of  the  beam  at  the  given  cross-section,  let  y^  be  the 
distance  of  the  compressed  side,  and  y^  that  of  the  extended  side 
frx)m  the  neutral  axis;  f^  the  greatest  thrust,  and  f^  the  greatest 
tension,  which  the  material  can  bear  in  the  form  of  a  beam ;  com- 
pute y^  4-  y^  and/5  -f.  y^,  and  adopt  the  lees  of  those  two  quantities 
as  the  value  of  p  -r-  y,  which  may  now  be  denoted  by  f  -i-  y. ; 
/being  f^  or  /,  and  y^  being  y«  or  y^,  according  as  the  beam  is 
liable  to  give  way  by  crushing  or  by  tearing. 

For  the  best  economy  of  material,  the  two  quotients  ought  to  be 
equal;  that  is  to  say, 

and  this  gives  what  is  called  a  eroe^-^ecHm  ofeqwd  OrengOk 
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The  moment  relatively  to  the  seutral  axis,  of  the  stress  exerted 
along  any  given  layer  of  the  cross-section,  is 

/ 
ypzdy  =  —  y^zdy) 

and  the  sum  of  all  such  moments,  being  the  moment  of  stress,  or 
MOMENT  OF  RESISTANCE  of  the  given  cross-section  of  the  beam  to 
breaking  across,  is  given  by  the  formula, 

M  ^  jpy  zdy  ^gjy^zdy, (2.) 

or  making  J  y*  zdy  -1, 

M='^ (2  a.) 

When  the  breaking  load  is  in  question,  the  co-efficient /is  what 
is  called  the  modulus  of  rupture  of  the  material 

When  the  proqf  load  or  vxyrklng  load  is  in  question,  the  co- 
efficient f  is  the  modulus  of  rupture  divided  by  a  suitable  factor 
of  safety f  which,  for  the  working  stress  in  parts  of  machinery  that 
are  made  of  metal,  is  usually  6,  and  for  the  parts  made  of  wood,  10. 
Thus,  the  working  modulus  fia  usually  9,000  lbs.  on  the  square 
inch  for  wrought  iron,  4,500  for  cast  iron,  and  from  1,000  to  1,200 
for  wood. 

The  factor  denoted  by  I  in  the  preceding  equation  is  what  is 
called  the  "  geometrical  moment  of  inertia  "  of  lie  cross-section  of 
the  beam.  For  sections  whose  figures  are  similar,  or  are  parallel 
projections  of  each  other,  the  moments  of  inertia  are  to  each  other 
as  the  breadths,  and  as  the  cubes  of  the  depths  of  the  sections;  and 
the  values  of  y^  are  as  the  depths.  If,  therefore,  b  be  the  breadth 
and  h  the  depth  of  the  rectangle  circumscribing  the  cross-section  of 
a  given  beam  at  the  point  where  the  moment  of  stress  is  greatest, 
we  may  put 

l  =  n'bh^ (3.) 

y  =  m'h, (4.) 

n'  and  m'  being  numerical  factors  depending  on  the  form  of  section; 
and  making  n'  -i-  m'  =  n,  the  moment  of  resistance  may  be  thus 
expressed, — 

M  =  nfbh^ (5.) 

Hence  it  appears  that  the  resistcmoes  of  similar  cross-sections  to 
cross-breaking  areas  their  breadths  cmd  as  thesqua/res  ofthdr  depths. 
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Anotber  way  of  eKpresmng  the  moment  of  resifltaQce  k  as 
follows : — ^Let  S  be  the  sectional  area  of  the  beam,  then  we  have 

l^k'h^S; (3a.) 

in  which  kf  h^  is  the  rcuUtcs  ofgyrcUion  of  the  cross-section,  k  being 
a  numerical  factor  depending  on  the  form  of  section.  Then  making 
a  -r  m'  ^  k,  the  moment  of  resistance  may  be  thus  expressed : — 

M  =  k/h  S (5  A.) 

The  relation  between  the  load  and  the  dimensions  of  a  beam  is 
found  by  equating  the  value  of  the  greatest  bending  moment  in 
terms  of  the  load  and  span  of  the  beam,  as  given  in  Articles  434, 
435, 436,  pages  505  to  510,  to  the  value  of  the  moment  of  resistance 
of  the  b^m,  at  the  cross-section  where  that  greatest  bending 
moment  acts,  as  given  in  equation  (5)  or  equation  (5  a)  of  this 
Article. 

The  dept&  h  is  usually  fixed  by  considerations  of  stiffness,  to  be 
explained  further  on;  and  then  the  unknown  quantity  is  either 
the  breadth,  h,  or  sectional  area,  6,  according  as  equation  (5)  or  equa- 
tion (5  a)  is  inade  use  o£  Sometimes,  as  when  the  cross-section  is 
circular  or  square,  we  have  h  =  h;  and  then  we  have  A',  iastead  of 
b  h^  in  equation  (5),  which  is  solvefd  so  as  to  give  h  by  extraction  of 
the  cube  root.  The  following  are  die  formulse  for  these  calcnlft- 
tions: — 

*-„-^' •<^) 

and  when  h  =  b, 

H^y- C-) 

^=m ■- -<"» 

In  finding  the  value  of  the  geometrical  moment  of  ineitia  I  of 
cross-sections  of  complex  figure,  the  following  rules  are  useful : — 

If  a  complex  cross-section  is  made  up  of  a  number  of  simple 
figures,  conceive  the  centre  of  magnitude  of  each  of  those  figures 
to  be  traversed  by  a  neutral  axis  parallel  to  the  neutral  axis  of  the 
whole  section.  Find  the  moment  of  inertia  of  each  of  the  com* 
ponent  figures  relatively  to  its  own  neutral  axis;  multiply  its  area 
by  the  square  of  the  distance  between  its  own  neutnd  axis  and 
the  neutral  axis  of  the  whole  section ;  and  add  together  all  the 
results  so  found,  for  the  moment  of  inertia  of  the  whole  sectioB. 
To  express  this  in  symbols,  let  S'  be  the  area  of  any  one  of  the 
component  figures,  j/  the  distance  of  its  neutral  axis  from  tho 
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neutral  axis  of  the  whole  section,  V  its  moment  of  inertia  relatiyely 
to  its  own  nentral  axis;  then  t^e  moment  of  inertia  of  the  whole 
section  is 

I  =  2  •  r  +  2  •  y2  A'. (8.) 

When  the  figure  of  the  cross-section  can  be  made  by  taking 
away  one  simpler  figure  &om  another,  both  the  area  and  the 
moment  of  inertia  of  the  subtracted  figure  are  to  be  considered 
as  negative,  and  so  treated,  in  making  use  of  equation  (8). 

Examples  of  the  Numerical  Factors  in  Equations  (3),  (4), 

(5),  AND  (7). 


Form  of  CrosB-Sections. 

n'--?- 
**  "d**- 

-'-'t 

" 

n          ^ 

L  Beotaogle&ft, 

(inclading  square) 

IL  EUipM- 

Vertical  axis  A, 

Horizcmtal  axis  &,.; > 

(indnding  circle)           } 

HL  Hollow  rectangle,  h  h^V  N;  x 
also    I-fbrmed    section,  i 
where  6"  is  the  sum  of  the  > 
breadths   of  the  UteralV 
hollows, ^ 

IV.  Hollow  square—                   ) 

V.  BoBaw  dixpBe, ^.^. 

VL  Hollow  ciicle. 

1 
12 

1 
2 

1 
6 

IT             1 

64"20-4 
=  0-0491 

1 
2 

•r        1 

^~10-2 
=  0-0982 

12  V       bh*J 

1 
2 

Q\        bh*) 

1  A-?A 

12  V       /iV 

1 
2 

K-JO 

«(-'Jf) 

1 
2 

£{'-^') 

1 
2 

i('-^) 

Vn.  Isosceles  trian^e;  base  5, ) 
height  h;  y^  measured  > 

1 

36 

2 
3 

1 

.          24 
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Examples  of  the  Numerical  Factor  k  m  Equations  (5  a) 
AND  (7  b). 

Form  of  CBOSS-Siecnoir.  i  =  -r-rj- 

/  A  o 

I.  Rectangle, -x, 

11.  Ellipse  and  circle, -r. 

IlL  Hollow  rectangle, 

S  =  6  A  -  6'  A';  also  I-shaped 

section,  h'  being  the  sum  of  r  ^  1,3 

the  depths  of  the  lateral  1  — r-=-r 

hollows, __J^. 

IV.  Hollow  square,  S  =  A*  -  A'«,...  ^(l  +  ~). 

V.       Do.,         very  thin  (approx.),  :j. 

o 

YI.  Hollow  ellipse \{l  -  ||)  .  (l  -  ^-f). 

VII.  Hollow  circle, -  (l  +  ^. 

VIII.       Do.,        very  thin  (approx.),  -.' 

IX.  T-shaped  section;    flange  A,  ^  ,^ 

web  C;  S  =  A  +  C  (approx.),  O  (C  -f  4  A) 

^  ^^       '       6  (C  +  A)  (C  +  2  A)- 
X.  I-shaped  section ;  flanges  A,  B ; 
web  C;  S  =  A  +  B  +  C;  the 

beam  supposed  to  give  way  at  ^  ,^     ,   .       .  ^.     ,  r*  .  ^ 
theflan^A(appL.),...i..  C(0-^^A  +  4 B)-H2 AB 
.       **  *^^      '  6(C  +  2B)(A  +  B  +  C)    • 

X.  A.  Da,        da,        the  beam  snp- 

^^^f^y">J'^^*'he&,nge  0(0-^4  A4.4B).H2AB 

^^^     ■■' 6(C  +  2A)(A  +  B  +  C)  • 

XL  I-shsped   section,   with   equal 

flange8A  =  B;S  =  C  +  2A       ,   ,  aa      \ 

<''p^^)' 10 -c4^- 
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438.  li«iigit«dtaml  SecilMis  •f  VaifonM  Sireagih  are  those  in 
which  the  dimensioDS  of  the  crosstsection  are  varied  in  such  a 
manner  that  its  safe  working  moment  of  resistance  is  equal  to  the 
working  bending  moment  at  each  section  of  the  beam,  and  not 
merely  at  the  section  where  the  bending  moment  is  greatest  That 
moment  of  resistance,  for  figures  of  the  same  kind,  being  propor- 
tional to  the  breadth  and  to  the  square  of  the  depth,  can  be  varied 
either  by  varying  the  breadth,  the  depth,  or  both.  The  law  of 
variation  depends  upon  the  mode  of  variation  of  the  moment  of 
flexure  of  the  beam  from  point  to  point,  and  this  depends  on  the 
distribution  of  the  load  and  of  the  supporting  forces,  in  a  way 
which  has  been  stated  in  previous  Article&  When  the  depth  of 
the  beam  is  made  uniform,  and  the  breadth  varied,  the  vertical 
longitudinal  section  is  rectangular,  and  the  horizontal  longitudinal 
section  is  of  a  figure  depending  on  the  mode  of  variation  of  the 
breadth.  When  the  breadth  of  the  beam  is  made  uniform,  and  the 
depth  varied,  the  horizontal  longitudinal  section  is  rectangular, 
and  the  vertical  longitudinal  section  is  of  a  figure  dependii^  on 
the  mode  of  variation  of  the  depth.  When  the  beam,  or  the  body 
which  acts  as  a  beam,  is  of  circular  cross-section,  so  that  the  breadth 
and  depth  are  equal,  each  being  a  diameter  of  the  cross-section,  the 
diameter  varies  as  the  cube  root  of  the  bending  moment  This 
case  occurs  in  axles  which  are  exposed  to  a  ben£ng  moment,  and 
not  to  a  twisting  moment  The  following  are  examples  of  the  results 
of  those  principles : — 

I.  Fixed  at  one  end,  loaded  at  the  other;  b  h^  varies  as  the 
distance  from  the  loaded  end. 

II.  Fixed  at  one  end,  uniformly  loaded;  h  h?  varies  as  the  square 
of  distance  from  the  free  end 

III.  Supported  at  ends,  loaded  at  an  intermediate  point;  hh^ 
varies  as  the  distance  from  the  adjacent  point  of  support. 

IV.  Supported  at  ends,  uniformly  loaded;  hh^  varies  as  the 
product  of  the  distances  from  the  points  of  support. 

In  applying  the  principles  of  this  Article,  it  is  to  be  borne  in 
mind  that  they  do  not  take  the  shearing  load  into  account;  and 
that,  consequently,  the  figures  desciibed  in  the  above  examples 
may  require,  at  and  near  the  points  where  the  shearing  load  is 
greatest,  some  additional  sectional  area,  to  enable  them  to  with- 
stand that  load,  especially  in  examples  III.  and  lY.;  for  in  these 
cases  the  shearing  load  is  greatest  at  the  points  of  support,  where 
there  is  no  bending  moment 

439.  HeflectioH  •r  Beans. — ^Four  sorts  of  problems  occur  in  con- 
nection with  the  deflection  and  the  stiflhess  of  beams;  first,  to  find 
the  proo/y  or  greatest  safe  deflectionf  being  the  deflection  under  the 
proof  load;  seconcUy,  the  deflection  under  any  given  load,  not  ex- 
ceeding the  proof  load;  thirdly,  to  find  the  dimensions  of  a  beam 
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vhieh  shall  liave  a  gireu  defleetioB  nmder  its  ftnoi  kaici,  or  under 
some  oiher  givea  load;  fourthly ,  from  ike  observed  deflection  it  mtkj 
be  required  to  deduce  the  intexisitj  of  ike  nost  serere  rtnas. 
Tine  ^^wifig  are  tbe  ruks  : — 

To  find  tbd  cuarvahan  (that  is,  the  rettpffooal  of  the  ladiaB  of 
cmrrature)  of  am  oiiginallj  straight  heeaa  aJb  a  giYen  enm- 
section. 

L  The  eross-aection  nnder  its  proof  streaa  Divide  &e  proof 
stress  ( /^)  bj  the  distance  of  the  most  severely-strained  paxttxdei 
from  the  neuiral  axis,  and  bj  the  modnihis  of  ekstidtj;  the 
quotient  will  be  the  proof  ewrotxtwn; 

r~l&tfi 

II.  The  bending  mooMot  given.  Sivicte  tiM  beading  moment 
\)j  tb«  moment  of  inertia  of  the  giren  croes-wctioD  (see  Artide 
4S7,.  fag*  513),  and  hy  the  modulw  ot  eheticity  of  the  BiatenJ. 
In  ^vhohi)  let  r  be  the  ladius  ef-ettrvi^are;  thea 

f=EI- <*) 

III.  To  iod  th»  mdinaiion  of  &e  loegitudnial  axis  of  the  beam 
to  itft  original  direction  at  a  given  p<Hnt.  Divide  the  length  of 
the  beam  into  small  intervals  {d  x);  multiply  the  kogth  of  eadi 

interval  by  the  corvatore  at  its  centre  (gjLvingthe  prodoot — ); 

add  together  the  products  for  the  intervals  from  a  point  where  the 
beam  continues  horizontal  to  the  point  where  the  indinatjon  is 
required  I  the  aom  will  be  the  required  indinatioa;  th«b  ia^ 

'''' (3.) 


fax 


lY.  To  find  the  deflection.  Multiply  the  length  of  each  small 
interval  by  its  inclination  (obtaining  the  product  idai);  add  to- 
gether those  products  for  the  intervals  extending  between  the 
hi^iest  and  lowest  iioints  of  the  beam;  the  sun  will  bo  the  required 
deflection ;  that  is, 


■=/' 


idx, .. .«. (4.) 


The  preeeding  is  ^e  general  method.  The  fbUowio^  are  special 
rules: — 

Let  e  be  the  half'Span  of  a  beam  supported  at  both  exuis,  or  Hbe 
length  of  a  bracket  fixed  at  one  end ;  A,  the  extreme  depth :  and  ^,  the 
extreme  breads  of  the  beam ;  W,  any  given  load ;  f^,  the  proof 
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stress;  m'  h^  the  distance  of  the  most  severely-strained  layer  from 
the  nentral  axis ;  I,  the  moment  of  inertia  of  the  greatest  cross* 
section  ;  m",  w",  m"',  w"',  numerical  factors  (see  Table  below)* 
Y.  Greatest  inclination  under  proof  load ; 

*i"Em'A' 


.(5.) 


YL  Proof  deflection ; 


,_<>lf.  (6.) 


Em' A 


YII.  Greatest  inclination  under  a  given  load,  W; 

*i—  ""EI     '*"** 

YIII.  Deflection  under  a  given  load,  "W; 

Wc» 


Vi  = 


EI 


Proof  Load. 

Factors  for 

Slope.    DefleotioxL 


EXA3iPLE& 

A.  Uniform  Cboss-Secti(»i: 
I.  Constant  Moment  ofFlex- ) 

^le, i 

IL  Pixed  at  one  end,  loaded  \ 

at  other, j 

III.  Fixed  at  one  end,  uni- 
formly loaded, 

lY.  Supported  at  both  ends, 

loaded  in  middle,. 
Y.  Supported  at  both  ends,  1      2 

uniformly  loaded, j     "3  ****** 


1 

2 
1 
3 
1 

4  ' 
1 

3  ' 
5 
15' 


.(7.) 


••(a) 


Any  Load. 

Factors  for 
Slope.    DeflectioiL 


1 

2 
1 
6 
1 
4 
1 
6 


1^ 
3 
1 

8 
1 
6 
5^ 

48 


B.  Uniform  Strength  and  Uni- 
form Depth. 
(The  curvature  of  these  is  uniform.) 
YI.  Fixed  at  one  end,  loaded  ) 

at  other, j 

Yn.  Fixed  at  one  end,  uni- 1 

formly  loaded, j 

YIII.  Supported  at  both  ends, ) 

loaded  in  middle, j 

IX  Supported  at  both  ends, ) 
uniformly  loaded, | 


1 


i            1  I 

2  2 

111 

2  2  4 

ill 
2  2  4 

1  1  1 

2  4  d 
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Proof  Loftd.  AnyLoftcL 

KTA¥W.ia  Factors  for  Faetora  for 

Slope.    Dofleetian.    Slope.    Deflectioo. 

C.  Uniform  Strength  and  Uni-      nr        ic         uT        %" 
FORM  Breadth. 

X.  Fixed  at  one  end,  loaded  1      g           ^            9  ^ 

atother, j      ^  "3  ^  3 

XL  Fixed  at  one  end,  uni- )      .  «  .^    ,        -  ^  -^  1 

formly  loaded, /     ^^fi^^te  1       mBmte       ^ 

XII.  Supported  at  both  ends, )      «            2  1 

loaded  in  middle, J  3  3 

""'"•  '3Sy1o^dS..!!'!^}  1-5708  0-5708  0-3927  0-1427 


IX.  Given,  the  half-span,  c,  and  the  XTUeinded  proof  dejleetiony  t?p 
of  a  proposed  beam;  to  find  the  proper  value  of  the  greatest  depUiy 
Kq]  make 

%o  =  S4|; (9.) 

(taking  n"  from  the  preceding  table,  and  making  m'  Aq,  as  before, 
denote  the  distance  from  the  layer  in  which  the  stress  is  y^  to  the 
neutral  axis). 

X.  To  deduce  the  greatest  stress  in  a  given  layer  of  a  beam  from 
the  deflection  found  by  experiment. 

Let  h  be  the  depth  of  the  beam  at  the  section  of  greatest  str^s, 
and  y  the  distance  from  the  neutral  axis  of  that  section  to  that 
layer  of  the  beam  at  which  the  greatest  stress  is  required : — 

c,  the  half-span  of  a  beam  supported  at  both  ends,  or  the  length 
of  the  loaded  part  of  a  beam  supported  at  one  end ; 
n",  the  fector  for  proof  deflection,  already  explained; 
£,  the  modulus  of  elasticity  of  the  material ; 
Vy  the  observed  deflection ; 
then  the  intensity  of  the  required  stress  is 

'-m- o») 

XL  To  find  the  deflection  of  an  uniform  beam  produced  by  its 
own  weight,  or  by  an  uniform  load  bearing  a  given  proportion, 
1  +  wi,  to  the  weight  of  the  beam.  Let  w  be  the  heaviness  of  the 
material  of  which  the  beam  consists;  r*  =  I  ~  S,  the  square  of  the 
radius  of  gyration  of  its  cross-section;  n"*,  as  before,  the  factor  for 
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deflection  tinder  a  given  load ;  then,  for  a  beam  supported  at  both 
ends, 

^  =  V  +  ^j"E^^^ ^^^'^ 

and  for  a  bracket  fixed  at  one  end, 

(,         \  n!"  w  d^  ,-  ft . 

^*V-ww- ^^2> 

A  table  of  values  of  r^  will  be  given  at  p.  525.  The  application 
of  this  problem  to  shafts  for  transmitting  power  will  be  explained 
in  the  next  Chapter. 

440.  Beam  Azcd  at  the  Eadik — When  a  beam  is  not  merely 
supported,  but  fixed  in  direction  at  its  two  ends,  it»bends  into  the 
form  of  a  curve  which  has  two  points  of  inflection;  being  convex 
upwards  at  the  points  of  support,  and  concave  upwards  in  the 
middle.  The  following  are  the  two  most  important  cases;  tho 
cross-section  of  the  beam  being  supposed  uniform  in  both : — 

I.  Load  concentrated  at  middle  of  span.  The  bending  momenta 
at  the  points  of  support  and  at  the  middle  of  the  span  are  equal 
and  contrary,  and  each  equal  to  half  of  the  bendiug  moment  upon 
an  equal  and  similarly  loaded  beam  with  ends  merely  supported; 

that  IS,  M  =  —J—. 
4 

Factor  for  proof  deflection,  n"  =  ^ 

Factor  for  deflection  under  a  given  load,  n"*  =  ^. 

II.  Load  imiformly  distributed.  The  bending  moment  at  the 
middle  of  the  span  is  one-third,  and  the  contrary  bending  moment 
at  each  point  of  support  two- thirds,  of  what  the  bending  moment 
in  the  middle  of  tne  span  would  be  if  the  ends  were  merely  sup- 

ported.     That  is,  the  most  severe  bending  moment  is  M  = ^. 

o 

Factor  for  proof  deflection,  n"  =  -^. 

Factor  for  deflection  under  a  given  load,  w"  =  -.  q. 

441.  The  B€slll€Bce  of  a  Beam  {A.  M.,  305)  is  the  toork  per- 
formed in  bending  it  to  the  proof  deflection; — in  other  words,  the 
energy  of  the  greatest  shock  which  the  beam  can  bear  without 
injury;  such  energy  being  expressed  by  the  product  of  a  weight 
into  the  height  from  which  it  must  fall  to  produce  the  shock  in 
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question.  This,  if  the  load  is  concentrated  at  or  netr  one  point, 
is  the  product  of  half  the  proof  load  into  the  proof  deflection  ;  that 
is  to  say,  let  P  be  the  proof  load;  then  the  r^ilience  is 

^. (>■) 

Let  W  be  the  weight  of  a  mass  which  is  let  fall  upon  the  beam 
from  the  height  z.  Then  the  whole  height  through  which  that 
mass  falls,  before  the  beam  reaches  its  proof  deflection,  is  «  +  v,; 
and  the  whole  energy  of  the  blow  whidi  it  givee  to  the  beam  is 
W  {z  -h  v^);  which  being  equated  to  the  zeaiiience^  gives  the 
following  equation : — 

W  («  +  rj  =  ~^; . (2L) 

an  equation  which  enables  any  one  of  the  four  quantities,  W,  z^  P, 
v^y  to  be  calculated  when  the  other  three  are  given. 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divided 
into  a  number  of  small  elemente^  and  half  the  proof  load  on.  each 
element  multiplied  by  the  distance  through  which  that  element  is 
depressed     The  int^:al  of  the  products  will  be  the  resilience. 

Section  VI. — Of  Resistcmce  to  TlmiBi  or  Pressure. 

442.  BMlftlaBce  f  €oniprcMl*H  mm4.  I^irect  rnuhteg. — ^Resistance 
to  longitudinal  compression^  when  the  proof  stress  is  not  exceeded, 
is  sensibly  equal  to  the  resistance  to  stretching,  and  is  expressed  by 
the  same  modulus  of  elasticity,  denoted  by  E  (page  493).  When 
that  limit  is  exceeded,  it  becomes  irregular.  (See  Article  420, 
page  493.) 

The  present  Article  has  reference  to  direct  and  simple  crushing 
only,  and  is  limited  to  those  cases  in  which  the  pillars,  blocks, 
struts,  or  rods  along  which  the  thrust  acts  are  not  so  long  in  pro- 
])ortion  to  their  diameter  as  to  have  a  sensible  tendency  to  give  way 
by  bending  sideways.     Those  cases  comprehend — 

Stone  and  biick  pillars  and  blocks  of  ordinary  proportions ; 

Pillars,  rods,  and  struts  of  cast  iron,  in  whicji  the  length  is  not 
more  than  five  times  the  diameter,  approximately; 

Pillars,  rods,  and  struts  of  wrought  iron,  in  which  the  length  is 
not  more  than  ten  times  the  diameter,  approximately; 

Pillars,  rods,  and  struts  of  dry  timber,  in  which  the  length  is  not 
more  than  about  five  times  the  dianrater. 

In  suck  cases  the  Rules  fmr  the  strength  of  ties  (page  499)  aie 
approximately  applicable,  substituting  ^krvtist  for  fsTwton,  and  luing 
the  proper  modulus  of  resistance  to  direst  crushing  instead  of  tie 
t«naeitj» 
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Blocka  whose  lengths  are  less  than  about  onoe-aad-a-half  their 
diameters  offer  greater  resistance  to  crushing  than  that  given  by  the 
Bules;  but  in  what  proportion  is  uncertain. 

The  modulus  of  resistance  to  direct  crushing,  as  the  Tables  show, 
often  differs  considerably  from  the  tenacity.  The  nature  and 
amount  of  those  differences  depend  mainly  on  the  modes  in  which 
the  crushing  takes  place.     These  may  be  classed  as  follows : — 

I.  Crushing  by  splitting  (fig.  275)  into  a  number  of  nearly 
prismatio  £ragment8,  separated  by  smooth  surfaces  whose  genersd 
direction  is  nearly  parallel  to  the  direction  of  the  load,  is  character- 
istic of  very  hard  homogeneous  substances,  in  which  the  resistance 
to  direct  crushing  is  greater  than  the  tenacity;  being  in  many 
examples  about  double. 


Fig.  276. 

IT.  Crtishing  by  shearing  or  sliding  of  portions  of  the  block  along 
oblique  surfisices  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick. 
Sometimes  the  sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  fig.  276 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
c,  c,  in  fig.  277,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  w,  w, 
in  the  same  figure.  In  substances  which  are  crushed  by  shearing, 
the  resistance  to  crushing  is  always  much  greater  than  the  tenacity; 
Sometimes  the  block  splits  into  four  wedges,  as  in  fig.  278. 

III.  Crusldng  by  bulging,  or  lateral  swelling  and  spreading  of 
the  block  which  is  crushed,  is  characteristic  of  ductile  and  tough 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  manner  in 
which  materials  of  this  nature  give  way  to  a  crushing  load,  it  is 
difficult  to  determine  their  resistance  to  that  load  exactly.  That 
resistance  is  in  general  less,  and  sometimes  eoBsiderably  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  crush- 
ing of  pillars  or  struts  of  moderate  length,  as  nearly  as  it  can  be 

2      4 
ascertained,  is  from  ^  to  ?  of  the  tenacity. 

IV.  Crusldng  by  buckling  or  crippling  is  characteristic  of  fibrous 
substances,  such  as  wood,  under  the  action  of  a  thrust  along  the 
fibre&  It  consists  in  a  lateral  bending  and  wrinkling  of  the  fibres, 
sometimes  accompanied  by  a  splitting  of  them  asunder.     The 
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resistance  of  such  substances  to  crushing  is  in  general  considerably 

less  than  their  tenacity,  especially  where  the  lateral  adhesion  of  the 

fibres  to  each  other  is  weak  compared  with  their  tenacity.     The 

resistance  of  most  kinds  of  timber  to  crushing,  when  dry,  is  firom 

1       2 

•^  to  ^  of  the  tenacity.     Moisture  in  the  timber  weakens  the  lateral 

adhesion  of  the  fibres,  and  reduces  the  resistance  to  crushing  to 
about  one-half  of  its  amount  in  the  dry  state. 

443.  Cnuhlng  hj  CroM-BreaklBg. — Long  struts  and  pillars  in 
framework,  and  rods,  bars,  or  links  in  ms^chinery,  which  transmit 
thrust,  give  way  by  bending  sideways  and  breaking  across.  Let  P 
be  the  breaking  load  of  such  a  piece;  S,  its  sectional  area;  I,  its 
length ;  r,  the  Imst  geometrical  radius  of  gyralion  of  its  cross-section ; 
/and  c,  two  co-efficients  depending  on  the  material;  then 

I.  For  a  piece  fixed  in  direction  at  both  ends ; 

P  f 

s  =  rV (^•> 

1  +    > 

c  r^ 

IL  For  a  piece  jointed  at  both  ends  (such  as  a  link  or  connect- 
ing-rod in  machinery) ; 

p  / 

s  =  Y^ ^^^ 

III.  For  a  piece  jointed  at  one  end  and  fixed  in  direction  at  tho 
other  (such  as  a  piston-rod); 

S  "  ,        16J« W 

9  c  r« 
The  square  of  the  radius  of  gyration  referred  to  is  given  by  .the 
expression, 

'^  =  5^ <*) 

where  S  is  the  area  of  cross-section  of  the  piece,  and  I  the  geome- 
trical moment  of  inertia  of  that  cross-section  about  a  neutral  axis 
perpendicular  to  the  direction  in  which  the  piece  is  most  flexible. 
(See  Articles  437,  439,  pages  513,  519.) 

Values  op  the  Constants  for  the  Breaking  Load. 

/  c 

Lbs.  on  the  Sqnaro  Inch. 

Malleable  iron, 36,000  36,000 

Cast  iron, 80,000  6,400 

Dry  timber,  strong  kinds,. 7,200  3,000 
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Table  op  Values  op  r*  for  Dipperent  Forms  of 
Cross-Section. 

Solid  rectangle;  least  dimen- )  72  ^  12 

sion  =  A; J 

Hollow  square  tube;  dimen- )  rA2  +  7'2\  ^  19 

sions,  outside,  A;  inside,  A';  j  ^          * -^  " 

Thin  square  cell;  side  =  A; h^  -i-  6, 

Thinrectangularcell;  breadth, )  7*^    A  +  3  6 

6;  depth,  A; /  12*  A  +  6  * 

Solid  cylinder;  diameter  =  A;...  A^  ~  16. 

Hollow   cylinder;    diameter,)  /,«       ,,„.       -^ 

outside/A;  inside,  A'; }  ('''  +  **)  ^  l^. 

Thin  hollow    cylinder;   dia- )  A2  —  « 

meter  =  A; /  ~ 

Angle    iron  of   equal    ribs; )  iz      oa 

breadth  of  each  =  b; f  0   ^  Z^. 

Angle  iron  of  unequal  ribs; }  ,j  ,0  _,  ,0  ^6^  +  A^^ 

greater,  6;  less.  A; /  ^  '*    '    ^^  ^^    ^ '*  > 

Cross  of  equal  arms; A^  ~-  24. 

H-iron;  breadth  of  flanges,  b;\  h^        A 

their  joint  area,  A;  area  of  J*  — -  • . 

web,  B; j  12  A  +  B 

"Channel  iron;  depth  of  flanges )         c  \                    a  -d        1 

+  A  thickness  of  web.  A;  > A^  •  ^  -w-= + =^-^ \ 

areaof  web,B;  of  flanges.  A;  j         U2  (A  +  B)      4  (A  +  B)2  J  * 

All  the  dimensions  being  in  the  same  units  of  measure. 

444.  CoUapsteg  of  Tabca. — ^When  a  thin  hollow  cylinder,  such 
as  an  internal  boiler  flue,  is  pressed  from  without,  it  gives  way  by 
collapsing,  under  a  pressure  whose  intensity  was  found  by  Mr. 
Fairbaim  {PhUos,  Trans.,  1858)  to  vary  nearly  according  to  the 
following  laws : — 

Inversely  as  the  length ; 

Inversely  as  the  diameter ; 

Directly  as  a  function  of  the  thickness,  which  is  very  nearly 
the  power  whose  index  is  2*  19 ;  but  which  for  ordinary  practical 
purposes  may  be  treated  as  sensibly  equal  to  the  sqttare  of  the 
thickness. 

The  following  formula  gives  approximately  the  collapsing  pressure, 
p,  in  lbs.  on  the  square  inch,  of  a  plate-iron  flue,  whose  length,  I, 
diameter,  d,  and  thickness,  ^,  are  all  expressed  in  the  same  units  of 
measvre: — 

J,  =  9,672,000^^ (1.) 
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For  kilogrammes  on  the  square  millimetre,  the  constant  co- 
efficient be«)mes  6,800, 

Mr.  Fairbaim  having  strengthened  tubes  by  rivetting  round 
them  rings  of  T-iron,  or  angle  iron,  at  equal  distances  apart,  found 
that  their  strength  is  that  corresponding  to  the  length  yroii*  ring  io 
ring. 

He  al^  found  that  the  collapsing  pressure  of  a  tube  of  an  elliptic 
form  of  cross-section  is  found  approximately  by  substituting  for  rf, 
in  the  preceding  formula,  the  diameter  of  the  osculating  circle  at 
the  flattest  part  of  the  ellipse;  that  is,  let  a  be  the  greater,  and  6 
the  lesser  semi-axia  (^  the  ellipse ;  then  we  are  to  make 

«^  =  ^. (2.) 
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CHAPTER  IIL 

OF  SPECIAL  PRINCIPLES  BELJLTnrO  TO  STREI7GTH  AKD  STIFFNESS 
*  IN  MACHINES. 


445.  0aitiMis  ttf  this  ChMw%tT, — In  the  designing  of  machines 
with  a  view  to  sufficient  strength  and  sti&ess,  certain  special 
principles  must  be  kept  in  view  besides  those  general  principles 
which  are  applicable  to  machines  in  common  with  structures.  The 
first  section  of  this  Chapter  gives  a  summary  of  those  principles ; 
the  remaining  sections  relate  to  the  strength  and  stifihess  of  certain 
special  parts  of  machines. 

SEcnoN  L — Summart/ of  Principles. 

446.  l<Mid  ta  Ttffuchif. — In  most  examples  of  machinery  the 
whole  load  must  be  treated  as  a  live  load,  because  of  its  action 
being  accompanied  with  vibration;  and  also  in  many  cases  because 
the  straining  action  of  the  load  operates  upon  diififerent  sets  of 
particles  in  succession,  and  comes  with  more  or  less  suddenness  upon 
such  sets  of  particles.  In  some  of  these  latter  cases  the  straining 
action  of  the  load  upon  a  given  particle  is  periodically  reversed ; 
for  example,  the  bending  moment  exerted  on  a  rotating  shaft*  causes 
alternate  tension  and  thrust  to  be  exerted  upon  the  same  particle, 
as  it  passes  alternately  to  the  stretched  and  to  the  compressed  side 
of  the  axle. 

Hence  the  real  fisu^r  of  safety  in  machinery  is  seldom  less 
than  6. 

There  are  exceptional  cases  in  which,  owing  to  the  smoothness 
of  the  motion  and  the  steadiness  of  the  straining  action,  the  load 
may  be  considered  as  intermediate  between  a  dead  load  and  a  live 
load,  so  that  a  smaller  factor  of  safety  is  sufficient;  such,  for 
example,  as  the  transmission  of  power  through  bands  of  such  length 
as  to  hang  in  a  sensibly  curved  form. 

447.  Smliriag  Acii—  OMHpated  flrmn  Power. — The  straining 
actions  on  moving  pieces  can  be  in  some  cases  wholly,  and  in  others 
partly,  determined  from  the  power  transmitted,  and  from  the  speed, 
by  methods  of  calculation  which  will  be  described  and  exemplified 
further  on.  The  cases  in  which  the  straining  action  can  be  wholly 
determined  from  the  power  transmitted  are  those  which  fulfil  the 
following  conditions :  uniformity  of  effort,  absence  of  lateral  com- 
poneerOa  in  the  straining  forces,  and  smallness  of  the,  straining 

igitized  by  VjOOQIC 


&2S  MATERIALS,  CONSTBUCTIOlly  AND  STRENGTH. 

actions  due  to  the  weight  and  to  the  re-action  of  the  piece  itself 
and  of  pieces  carried  by  it,  so  that  those  parts  of  the  straining 
action  may  be  treated  as  insensible. 

The  roles  for  computing  straining  actions  from  power  trans- 
mitted are  the  following : — 

L  To  compute  the  effort  exerted  along  a  given  line  of  con- 
nection; divide  the  power  transmitted,  in  units  of  work  per  second, 
by  the  common  component  along  the  line  of  connection  of  the 
velocities  of  the  connected  points. 

If  the  power  is  given  in  horses-power,  reduce  it  in  the  first  place 
to  units  of  work  per  second,  by  multiplying  by  550  for  foot-lbs.,  or 
by  75  for  kilogramm^tres. 

II.  To  compute  the  straining  moment  exerted  through  a  given 
rotating  piece ;  divide  the  power  transmitted,  in  units  of  work  in 
a  given  time,  by  the  angular  motion  in  the  same  time :  that  is,  by 
2  v  times  the  number  of  turns  in  that  time. 

In  symbols,  let  U  be  the  power,  in  units  of  work  per  minute ; 
N,  the  number  of  revolutions  per  minute;  M,  the  straining  mo- 
ment; then 

U         0159155  U 
^  =  27N  =  S ' (^•> 

This  formula  gives  the  moment  in  the  same  denomination  with 
the  work.  If  the  work  is  given  in  foot-lbs.  per  minute,  and  the 
moment  is  required  in  inch-lbs.,  the  above  expression  must  be 
multiplied  by  12 ;  that  is, 

12_U^1:91U 
^-2xN-      N    (^> 

Let  H  P  denote  the  number  of  horses-power  transmitted,  so 
that 

XJ  in  foot-lbs.  per  minute  =  33000  H  P ;  and 
U  in  kilogramm^tres  per  minute  =  4500  H  P; 

then  we  have 

•M--    •    i,iw.       63000  H  P  ,^, 

Mmmch-lbs.  = 7r= ; (3.) 

TVT  •    f    *  iu         ^250  HP  , . , 

M  m  foot-lbs.  = =^: ; (4.) 

TIT-    1.I  ^^  716-2  HP 

M  m  kilogrammetres  = =^^ (5.) 

The  formula  for  kilogramm^tres  is  adapted  to  the  French  horse- 
power, which  is  about  one-seventieth  part  less  than  the  British. 
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In  the  cases  in  which  part  only  of  the  straining  action  can  be 
determined  from  the  power  transmitted,  the  causes  of  additional 
straining  action  are  the  following: — Excess  of  maximum  effort 
above  mean  effort;  lateral  components  in  straining  forces;  weight 
of  the  piece  itself  and  of  pieces  carried  by  it ;  re-actions  of  the  piece 
itself  and  of  pieces  carried  by  it,  when  undergoing  acceleration  or 
retardation.  It  has  already  been  stated  in  Article  414,  page  488, 
that  such  additional  stramiug  actions  are  sometimes  calculated 
expressly,  and  sometimes  allowed  for  by  using  an  apparent  fisu^r 
of  safety  greater  than  the  mean  factor  of  safety  in  a  suitable  pro- 
portion. 

There  are  cases  in  which  the  best  method  of  calculating  the 
straining  action  is  to  determine  directly  the  greatest  load,  without 
reference  to  the  power  transmitted. 

448.  Altcnuito  smdiM. — Pieces  are  often  met  with  in  machinery 
which  are  strained  alternately  in  opposite  directions,  such  being 
especially  the  case  when  the  motion  is  reciprocating:  for  example, 
the  piston-rod  and  connecting-rod  of  a  steam  engine,  which  are 
subjected  alternately  to  tension  and  to  thrust;  and  the  beam  of  a 
steam  engine,  which  is  exposed  alternately  to  bending  actions  in 
opposite  directions.  Such  pieces  must  be  adapted  to  resist  effi- 
ciently the  straining  action  in  either  direction,  and  especially  that 
which  is  most  severe.  This  piinciple  is  applicable  to  framing  as 
well  as  to  moving  piecea 

449.  SttaiBiac  Bffects  of  Be-«cii«B. — ^When  the  particles  of  a 
piece  undeigo  changes  of  speed  and  direction,  their  re-actions  pro- 
duce straining  effects  resembling  those  produced  by  their  weights; 
due  regard  being  had  to  the  directions  of  those  re-actions,  and  to 
the  ratios  which  they  bear  to  the  weights  of  the  particles.  For 
example,  if  a  particle  of  the  weight  w  undergoes  the  acceleration 
d  V,  in  the  time  d  t,  the  re-action  of  that  particle  is 

wdv 


gdt' 


.(1.) 


and  is  exerted  in  a  direction  opposite  to  that  of  the  acceleration 
(Article  287,  page  330) ;  and  if  a  particle  of  the  weight  w  revolves 
with  the  angular  velocity  a,  in  a  circle  of  tiie  radius  r,  its  re-action 
(or  centrifu^  force)  is 

-J-> (2.) 

and  is  exerted  in  a  direction  away  from  the  centre  of  the  circle 
(Article  288,  page  330). 

In  many  cases  of  reciprocating  motion  in  machinery,  the  motion 
of  the  reciprocating  mass  is  harmonic  (as  to  the  meaning  of  which, 
see  Article  239,  page  250);  and  then  its  greatest  re-action  is  equal 
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to  whai  its  oentrifagal  force  wovld  be  if  it  revolved  in  a  period 
eqaftl  to  the  time  of  a  donUe  stroke,  in  a  circle  of  a  radius  equal 
to  tke  faalf-strdce.  Let  T  be  the  penod,  or  time  of  a  double  strc^ 
in  seoonds;  x,  the  half-stroke;  tv,  the  weight  of  the  rraproostiog 
aUMs;  then  its  greatest  re-action  is 

4  «2 .  w?  a;  ,.  ^ 

^     f2 ^^-^ 

The  co-efficient is  the  reciprocal  of  j^  which  is,  as  already 

stated  in  Article  319,  page  364,  the  altitude  of  a  revolvin?^ 
pendulum  whose  period  is  one  second;  that  is,  nearly,  0-815  foot^ 
or  9*78  inches,  or  248  millimetres. 

The  moment  of  re-action  of  a  mass  which  undergoes  an  acoelera> 
tion  of  angular  velocity,  d  a,  in  the  interval  of  time  dt,is  given  by 
the  expression 

gdt' ^^^ 

in  which  I  denotes  the  moment  of  inertia  of  the  rotating  ma^ 
(Article  313,  page  358).  If  the  mass  has  a  rocking  or  oscillating 
motion,  foUowiug  the  harmonic  law,  about  its  axis,  the  greateso 
moment  of  inaction  is  as  follows  :-^ 

in  which  T  is  the  periodic  time  of  a  complete  or  double  oscilla- 
tion, and  ^  the  eemi'-cffmplitiuie ;  that  is,  the  angle  in  circular 
measure  through  which  the  stroke,  or  oscillation^  extends  to  each 

side  of  the  middle  position  of  the  rocking  body.     Values  of  j  -  g 

have  already  been  given. 

The  moments  of  re-action  given  by  the  formulse  (4)  and  (5)  may 
constitute  twisting  moments  upon  shafts,  or  bending  moments 
upon  levers. 

450.  Vnunew^ilLi— The  load  which  strains  the  framework  of  a 
machine  consists  partly  of  the  weight  of  that  framework  itself;  but 
principally  of  the  bearing-pressures  exerted  by  the  moving  pieces. 
How  those  bearing-pressures  are  to  be  determined  has  already  been 
shown  in  the  course  of  Part  II.,  Chapter  IV.,  Section  L  The 
framework  ought  to  be  so  designed  as  to  make  the  bearing- 
pressures  at  different  points,  or  the  components  of  those  bearing- 
pressures,  as  &r  as  possible  balance  each  other.  When  this 
principle  is  perfectly  carried  out,  the  pressure  exerted  by  the 
machine  on  its  foundation  will  consist  'simply  of  its  weight;  all 
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the  horizontal  components  of  the  bearing-pressures,  and  all  the 
bearing-pressures  -which  act  in  couples,  being  mutually  balanced. 
This,  however,  is  possible  only  when  the  prime  mover,  the 
working  machinery,  and  the  material  operated  upon,  are  all 
carried  by  one  connected  assemblage  of  framework.  In  other 
cases,  all  that  can  be  attained  is  an  approximation  to  the  balance  of 
horizontal  pressures  and  of  couples.  When  two  bearings  occur 
near  each  other  that  are  exposed  to  opposite  pressures,  or  to 
pressures  containing  opposite  components,  it  is  in  gener^  ad- 
visable, in  designing  the  frame,  to  connect  those  bearings  with 
each  other  as  directly  as  possible,  by  means  of  a  strut  or  of  a  tie. 

451.  HOttuem  sad  Pliability. — In  all  cases  in  which  precision  of 
movement  is  required,  stiffness  is  essential  both  to  the  moving 
pieces  and  to  the  framework  of  a  machine.  It  is  ensured,  first, 
by  causing  the  pieces  expoeed  to  strain  to  resist  it  as  fiBur  as 
practicable  by  direct  tension  and  direct  thnmt,  rather  than  by 
twisting  or  bending  sti'ess  (Article  420,  page  493;  and  Article 
442,  page  522);  and  secondly,  where  indirect  modes  of  exerting 
stress  are  unavoidable,  to  give  the  piece  such  transverse  dimensions 
as  are  necessary  in  order  to  prevent  the  extent  to  which  it  yields 
from  exceeding  a  certain  limit  (Article  430,  page  502;  Article 
439,  page  517).  According  to  the  first  of  those  principles,  the 
framework  and  the  moving  pieces  of  a  machine,  where  rigidity  is 
required,  should  consist,  as  far  as  practicable,  of  struts  and  ties; 
according  to  the  second  principle,  where  beams  have  to  be  used, 
the  depth  and  span,  and  where  shafts  have  to  be  used,  the  diameter 
and  span,  are  to  be  so  proportioned  to  each  other  as  to  prevent 
the  ratio  of  the  deflection  to  the  span  from  exceeding  a  certain 

limit  f  usually  from  -  ^      to  oTiKq)'     The  special  rule  applicable 

to  shafts  will  be  given  further  on.     As  to  beams,  see  page  520. 

On  the  other  hand,  there  are  cases  in  which  absolute  precision 
of  movement  is  unnecessary,  and  in  which  pliability  is  an  advan- 
tage, as  giving  the  power  of  withstanding  shocks  This  advantage' 
is  posse^dd  by  leathern  belts,  and  by  raw  hide  and  hempen  ropes, 
because  of  the  great  extensibility  of  the  materials.  Wire  ropes, 
when  stretched  tight,  possess  it  to  a  less  d^ree ;  but  when  of  a 
span  sufficient  to  hang  visibly  in  curves,  the  power  of  alteration 
of  curvature  constitutes  a  kind  of  pliability,  which  enables  shocks 
to  be  borne;  and  the  same  remark  applies  to  chains  when  hanging 
slack.  Pliability  in  the  shape  of  compressibility,  where  thrust  has 
to  be  resisted,  as  in  connecting-rods,  is  obtained  by  using  timber, 
as  has  already  been  stated  in  Article  409,  page  474.  B^uns,  and 
pieces  acting  as  beams,  are  made  flexible  to  any  extent  required,  by 
making  the  depth  sufficiently  small  in  comparison  with  the  span, 
the  breadth  being  at  the  same  time  made  sufficiently  great  to  giv|(2 
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the  requisite  strength;  or  by  nsing  tough  and  pliable  kinds  of 
timber,  such  as  those  mentioned  in  Article  409,  page  473,  a:i 
possessing  those  qualities. 

452.  c«HipMUi4  ■ireM.  Both  in  moving  pieces  and  in  framewoii^ 
but  especially  in  moving  pieces,  straining  actions  of  different  kinds 
are  sometimes  compounded :  as  direct  tension  or  direct  thrust  with 
bending,  or  bending  with  twisting.  In  such  cases  the  resultant 
stress  arising  from  the  combination  must  be  taken  into  account 
The  rules  applicable  to  the  cases  of  this  sort  which  commonly  occur 
in  practice  will  be  given  in  the  couise  of  the  ensuing  sections  of 
this  Chapter. 

Section  II. — Special  Eules  as  to  Bands,  Rods,  and  Links. 

453.  Belts  Midi  €«vi*  at  livdflnito  Speeds. — ^The  effective  working 
tension  required  at  the  driving  side  of  a  band  is  to  be  found  by  the 
rules  already  given  in  Article  310  a,  pages  351,  352.  When  the 
speed  at  which  the  band  runs  is  such  that  the  centrifugal  tension 
may  be  disregarded,  and  when  the  band  is  a  belt  or  cord  of 
organic  material,  such  as  leather,  raw  hide,  gutta  percha,  or  hemp, 
the  working  tension  is  to  be  divided  by  a  suitable  co-eficient  of 
working  strength,  so  as  to  give,  according  to  the  nature  of  the 
co-eflicient  employed,  either  the  weight  per  unit  of  length,  or  the 
sectional  area ;  or,  in  the  case  of  flat  belts  of  a  given  thickness,  the 
bi*eadth;  or,  in  the  case  of  cords,  the  square  of  the  diameter,  or 
the  square  of  the  girth.  Co-ef&cients  adapted  to  those  different 
methods  of  calculation,  and  to  different  materials,  have  already 
been  given  in  Article  410,  pages  474,  475,  476. 

454.  Allewaace  fer  OeatriAiCAl  Teasieii. — ^When  the  speed  is  SO 
great  that  it  becomes  necessary  to  allow  for  centrifugal  tension, 
the  co-ef&cient  of  working  strength  to  be  used  is  that  which  is 
expressed  in  the  form  of  an  equivalent  length  of  the  band  itself 
Let  that  length  be  denoted  by  h.  Let  v  be  the  velocity  with  which 
the  band  is  to  run;  then  the  centrifugal  tension,  expressed  in 

length  of  band,  is  — ;  and  this  is  exerted  at  every  point  of  the 

band,  in  addition  to  the  effective  tension  required  for  the  trans- 
mission of  power;  so  that  after  deducting  the  centrifugal  tension, 
the  strength  which  remains  available  to  resist  the  effective  tension  is 

6o  =  6-|; (1) 

when  expressed  in  length  of  band.  Therefore,  let  T.  be  the 
effective  working  tension  required  at  the  driving  side  of  tne  band; 
v)  S,  the  weight  of  an  unit  of  length  of  the  band  required;  then 
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m;S  =  -^ (2.) 

0 

9 

The  weight  per  unit  of  length  is  expressed  in  the  form  of  a 
product,  V;  S;  in  which  S  denotes  the  sectional  area,  and  to  the 
heaviness  of  the  material 

455.  win  Ropes  present  a  case  in  which  direct  tension  is 
combined  with  an  additional  stress  produced  by  the  bending  of  the 
wires  round  the  pulleys.  Let  D  be  the  diameter  of  a  pulley;  c?, 
that  of  a  single  wire;  E,  the  modulus  of  elasticity  of  the  wire;  then 
the  bending  produces  a  stress  which  is  tensile  at  one  side  of  the 
wire,  and  compressive  at  the  other,  and  whose  intensity,  in  units 

of  weight  on  the  unit  of  area,  is  -=r- ;  and  in  length  of  the  rope, 

E  d 

— ^ ;  w  being  the  heaviness  of  the  material. 

Let  6,  as  before,  be  the  safe  working  strength  expressed  in  length 
of  rope;  v,  the  velocity  at  which  the  rope  runs;  then  the  strength 
in  length  of  rope,  available  to  resist  the  eiTective  working  tension 
at  the  driving  side,  is 

6.  =  6-^-^^; (1.) 

and  the  weight  per  unit  of  length,  to  S,  of  a  rope  suited  to  bear  the 
effective  working  tension  T^  is  given  by  the  following  equation:— 

"'S  = 1^    Ti^' (3.) 

h  -      -  ^  ^ 
g     wD 

The  most  convenient  way  of  using  this  formula  is  to  fix  a  mini- 
mum value  for  the  ratio  D  -^  c?,  in  which  the  diameter  of  the  pulley 
is  to  exceed  that  of  a  single  wire,  and  thence  to  deduce  the  vidue  ^ 
the  stress  E  (£  -r  t£7  D,  produced  by  bending.  Then,  having  calcu- 
lated the  weight,  w  S,  per  unit  of  length,  the  diameter,  d,  of  a  single 
wire  is  to  be  deduced  from  that  weight,  and  the  least  proper 
diameter  for  a  driving  pulley,  D,  by  multiplying  d  by  the  previously 
fixed  mtio. 

An  ordinary  value  of  D  -r  c^  is  2000. 

A  wire  rope  of  the  ordinary  construction  consists  of  six  strands 
spun  round  a  hempen  core;  and  each  of  the  strands  consists  of  six 
wires  spun  round  a  smaller  hempen  core,  so  that  there  are  thirty- 
six  wires  in  all.  The  diameter  of  a  single  wire  is  given  with  suf- 
ficient accuracy  for  the  present  purpose  by  the  formula, 
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d  (in  fractions  of  an  inch)  =  a/  ( ^K^ )•  (^O 


or 


/ 


d  (in  millimetres)  =  ,^/(4^  u?  S  in  kilogrammes  per  m^tre).  (3  a.) 

The  following  are  valnes  of  the  moduli  of  elasticity  and  atrength 
for  ropes  made  of  the  best  charcoal  iron  wire.  Steel  wire  ropes 
may  he  taken  as  haviDg  about  the  same  modulus  of  elasticity,  and 
as  being  stronger  than  iron  in  the  proportion  of  4  to  3  nearly. 

Feet  of  M^trea  of 

Bope.  Bope. 

E 

Modulus  of  Elasticity,  - , 7,500,000         2, 286,000 

Ultimate  Tenacity, 26,880  8,193 

Proof  Tension, 13,440  4,096 

Working  Tension  with  steady 

action  (factor  of  safety,  3^),*  7,680  2,340 
WorkingTension  with  unsteady 

action  (&ctor  of  safety,  6),...  4,480  1,3^5 

456.  DeflectlAB  uid  i<caciii  ^f  Baads. — ^The  form  in  which  a  band 
hangs  between  two  pulleys  which  it  oonuects,  is  that  of  a  catenary. 
In  cases  which  occur  in  practice,  the  parabola  may  be  used  as 
an  approximation  to  the  catenary,  without  sensible  error.  This 
gives  the  following  approximate  formula  for  the  deflection  of  the 
band  at  the  midSe  ci  its  span,  below  a  straight  line  joining  its 
two  points  of  suspension : — 


c 


2 


^'=23-= (^•> 

in  which  c  is  the  half-span,  measured  along  the  before-mentioned 
straight  line,  whether  horizontal  or  sloping;  b^  is  the  length  of 
rope  equivalent  to  the  available  tendon  (exclusive  of  centrifugal 
tension^  and  y  is  the  deflection. 

Let  %  be  the  angle  of  inclination  of  the  span  of  the  band  to  the 
horizon;  and  8  the  length  of  the  part  of  the  band  which  hangs  in 
a  curve  between  the  two  points  of  suspension;  then 

4  'I/' 

s  nearly  =  2c  +  -^.  -  cos^i. (2.) 

o    c 

When  the  span  is  horizontal,  cos  ^  t  =  1. 

The  driving  and  returning  parts  of  the  band  have  different 

•  This  value  of  the  workiog  tension  is  calculated  from  the  co>efficient  of 
Btress  given  by  Benleanx,  as  applicable  to  Him^s  telodynamic  tnMismission. 
{Construclionalehre/iir  Masdimenbau,  %  329.) 
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tensions  (see  Article  310a,  page  352),  and  therefore  different  de- 
ilection&  Their  lengths  are  to  be  calculated  separately,  and  added 
together,  along  with  the  lengths  of  the  circular  parts  of  the  band 
which  pass  round. the  pulleys. 

457.  ctm^mm^ — Chains  consisting  of  oval  links,  when  the  tendency 
of  each  link  to  collapse  is  resisted  by  means  of  a  cro6843ar  eaUed  a 
stcty  or  sttid,  as  in  fig.  279,  have  a  strength  equal  to 
that  due  to  the  collective  sectional  area  of  the  two 
sides  of  the  link.     The  tenacity  of  the  iron  in  the 
link  is  reduced  by  the  processes  of  forging  and  welding 
so  as  to  be  from  §  to  |  of  that  of  the  cable-iron 
bolt  from  which  it  is  made;   so  that,  taking  the 
ultimate    tenacity  of   cable-iron    bolts   at  60,00Q 
lbs.  on  the  square  inch,  that  of  a  stud  chain  is 
from  52,500  to  45,000  lbs.  on  the  square  inch; 
and  about  7,500  lbs.  on  the  square  inch  may  be 
taken  as  a  safe  working  modulus  of  tension  with  a      Fig.  279. 
live  load :  the  smaller  of  the  preceding  co-efficients 

being  divided  by  6  as  a  factor  of  safety.  The  teat  load  is  about  half 
the  breaking  load,  or  three  times  the  working  load.  An  unstudded 
chain  has  about  tuxhihirds  of  the  strength  of  a  studded  chain  of 
the  same  dimensions. 

The  following  are  the  ordinary  proportions  of  the  links  of  a 
stud-chain,  as  used  for  ships*  cables  and  rigging,  in  terms  of  the 
diameter  of  the  bolts  from  which  they  are  made. 

Length:  outside,  6  diameters;  inside,  4  diameters. 

Breadth:  outside,  3^  diameters;  inside,  1^  diameter. 

Thickness  of  stay :  at  ends,  1  diameter ;  at  middle,  A  diameter. 

The  Vfetghi  of  a  shid-chmn,  of  these  proportions,  in  lbs.  per 
foot,  is  found  by  multiplying  the  square  of  the  diameter  of  the 
cable-iron  in  inches  by  9,  very  nearly;  and  its  weight  in  kilo- 
grammes per  m^tre,  by  multiplying  the  square  of  that  diameter 
in  millimetres  by  0-0208. 

In  designing  chains  made  of  flat  links  connected  by  pins,  regard 
must  be  paid  to  the  principles  of  Article  424,  page  497,  so  as  to 
give  the  dimensions  of  the  pins  their  due  proportions  to  those  of 
the  links. 

458.  wudm  mr  liinks  Ur  Tcastoa. — ^The  following  are  the  rules 
applicable  to  the  ordinary  cases  of  rods  or  links  for  transmitting 
tension ;  such  as  piston-rods  in  single-acting  steam  engines. 

I.  When  the  resultant  tension  acts  along  the  longitudinal  axis 
of  the  rod,  that  is,  along  a  straight  line  traversing  the  centres  of  all 
the  cross-sections,  the  area  of  cross-section  is  to  be  proportioned  to 
the  load  according  to  the  rules  of  Article  420,  page  494;  the 
modulus  of  greatest  working  stress  being  taken  at  9,000  lbs; 
on  the  square  inoh  for  wrought  iron;  2,500  lor  cast  in^  {whid». 
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if  shocks  are  to  be  borne,  is  not  a  suitable  material  for  this  purpose); 
and  1,000  for  timber  of  straight-grained  and  tough  kinds. 

II.  Should  the  resultant  tension  act,  not  along  the  axis  of  the 
rod,  but  at  a  distance  from  it,  whose  greatest  value  may  be  denoted 
by  0^  let  P  denote  the  load;  then  the  tensile  action  is  combined 
with  a  bending  mamenty  P  x. 

Let  S  be  the  area  of  cross-section ;  A,  the  depth  of  the  rod — that  is, 
its  diameter  in  the  plane  of  the  bending  moment;  k^  the  numerical 
factor  in  equation  (5  a)  of  Article  437,  page  514,  and  in  the  Table 
of  page  516 ;  the  greatest  additional  intensity  of  tension  produced 
by  the  bending  moment  is 

Pa; 

and  the  total  intensity  of  the  greatest  tension  is 

and  consequently,  if/ be  the  modulus  of  working  stress,  the  proper 
sectional  area  is  given  by  the  formula. 


S 


=  K-r.) <>■> 


IIL  In  a  tension  rod  which  is  horizontal  or  inclined,  the 
additional  stress  produced  by  the  bending  actum  of  its  awn  toeight 
may  require  to  be  taken  into  consideration.  Let  w  be  the  heayi- 
ness  of  the  material;  c,  the  hcU/span  between  the  points  of 
support  measured  along  the  axis  of  the  rod;  i,  the  angle  of 
incbnation  of  that  axis  to  the  horizon;  then  the  bending  moment  is 

-,      w  S  c^  cos  I 
M=  2 ' 

and  the  greatest  stress  produced  by  that  moment  is 

M    _  tg  c^  cos  t  ,rt\ 

^  =  3fcM  "    2kh  ^^> 

The  easiest  way  to  make  use  of  this  formula  in  practice  is  to 
assume  in  the  first  place  a  convenient  value  for  A;  calculate  p  by 
equation  (2) ;  and  then  make 

S  =  -^, (3.) 

lY.  If  the  rod  has  a  irangc&rm  reciproeaUng  moUony  the  re-act|tti 
due  to  that  motion  will  produce  alternate  bending  actions  m 
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opposite  directions.  Let  z  be  the  semi-amplitude  of  the  transverse 
motion — ^that  is,  half  its  total  extent;  let  n  be  the  number  of 
douUe  eunngs  in  a  second ;  then  make 

•"=-7-' ■ ^*-^ 

(in  which  j^  =  0-815  foot  =  0-248  m^tre  nearly) ;   then  the 

additional  stress  produced  by  this  motion  is  to  be  found  by  putting 
m  to  instead  of  to  cos  t  in  equation  (2),  i^d  is  to  be  provided  for  in 
the  same  way  with  the  stress  p  of  that  equation.  If  one  end  of 
the  rod  has  a  transverse  reciprocating  motion,  while  the  other  has 
no  such  motion,  or  if  the  two  ends  have  motions  of  different 
amplitudes,  make  z  equal  to  the  semi-amplitude  of  the  transverse 
motion  of  the  centre  of  the  rod ;  the  result  will  be  near  enough 
to  the  truth  for  practical  purposes. 

V.  If  weight  and  re-action  both  take  effect  in  the  same  vertical 
plane,  make 

p  =  («»  +  cos  »)  |j^; (5.) 

and  use  this  value  of  p  in  equation  (3). 

VL  In  designing  tne  fastemings  for  transmitting  the  tension  at 
the  ends  of  rods  or  links,  regard  is  to  be  had  to  the  principles  of 
Article  424,  page  497. 

YIL  The  aides  of  an  eye  at  the  end  of  a  tension-rod  are  usually 
made  so  as  to  have  a  oollective  sectional  area  equal  to  (m(»-amd-ar 
Aa(/*that  of  the  rod;  because  the  uneven  distribution  of  the  stress 
in  them  diminishes  their  strength  to  about  two-thirds  of  what  it 
would  be  if  the  stress  were  umform;  and  the  same  rule  is  appli- 
cable to  a  fAn'o/p  answering  the  purpose  of  an  eye. 

459.  R«4s  or  Uidu  for  Beci|irM«tiiig  siroM. — When  a  rod  trans- 
mits alternately  tension  and  thrust  of  equal  amount,  the  most 
severe  straining  action  is  usually  that  produced  by  the  thrust;  and 
the  proper  dimensions  are  to  be  found  by  the  rules  of  Article  443, 
page  524. 

The  piston-rods  and  connecting-rods  of  double-acting  steam 
engines  are  examples  of  thi&  Piston-rods  are  to  be  treated  as 
struts  fixed  at  one  end  and  jointed  at  the  other;  oonnecting-rods 
as  struts  jointed  at  both  ends. 

The  ways  of  using  the  rules  referred  to  are  as  follows : — 

I.  In  ordinary  cases  of  the  piston-rods  and  connecting-rods  of 
steam  engines,  an  approximate  sectional  area  may  be  calculated 
VI  the  fiwt  place,  by  multiplying  the  area  of  the  piston  by  the 
gt^atest  intensity  of  the  effective  pressure  of  the  steam,  so  as  to 
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find  the  greatest  working  load^  and  diridiiig  it  bj  a  modolw  of 
working  stress,  which  may  be  2,500  Iba.  oa  the  square  ineh  for  a 
piston-rod,  and  1,750  lbs.  on  the  square  inch  for  a  oonneotiog*rod 
at  the  middle  of  its  length.  It  is  usual  to  give  the  connecting-rod 
a  swell  in  the  middle;  so  that  at  the  ends  it  is  of  the  same  area 
with  the  piston-rod.  The  ratio  of  the  greatest  to  the  least 
diameter  is  about  that  of  6  to  5. 

This  rule  may  be  considered  as  giving  a  safe  value  for  the  trans- 
verse section,  when  the  length  of  the  rod  does  not  exceed  about 
thirty-six  times  its  diameter.  When  the  proportion  of  length  to 
diameter  is  greater,  the  following  rule  may  be  applied  to  wrougkt- 
iron  rod& 

IL  Let  /  be  the  intensity  of  the  safe  working  thrust  along  a 
short  rod — say  6,000  lbs.  on  the  square  inch,  or  4 '3  kilogrammea 
on  the  square  millimetre,  for  wrought  iron.  Let  S  be  the  sectional 
area  of  the  rod;  I,  its  length;  h^  its  diameter;  P,  the  amount  of 
the  greatest  working  thrust;  then  we  have 

P  =  -^; (1) 

in  which  the  values  of  c^  are  as  follows :  — 

For  a  round  rod,  jointed  at  both  ends, 562 

„            „           fixed  at  one  end, 1,270 

„             „           fixed  at  both  ends,  2,250 

For  a  square  rod,  jointed  at  both  ends, 750 

„            „           fixed  at  one  end,. 1,690 

„            „          fixed  at  both  ends, 3,ooq 

But  in  a  round  rod,  we  have  h^  »  1*273  6  nearly;  and  in  a  square 
rod,  ^  =  S;  consequently  we  aaay  make 

ci  W  =  a  S; ^ (2.) 

in  which  a  has  the  following  values: — 

.a. 

For  a  round  rod,  jointed  at  both  ends...... ,        716 

„  „  fixed  at  one  end, 1,611 

„  „  fixed  at  both  ends^ 2,864 

For  a  square  rod,  jointed  at  both  ends,. ...••••• 750 

,,  „  fixed  at  one  end, » 1,690 

„  „  fixed  at  both  ends, ....»...•.  3,000 

Thus  equation  (1)  may  be  made  to  take  the  following  foim : — 

P(aS  +  P)  =  a/S«; (3.) 

which  quadratic  equation,  being  solved,  gives  the  following  formula 
for  the  sectional  area : — 
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«=27V{^-^^} <*•> 

IIL  Sometimes,  as  has  already  been  stated  in  i)age  474,  a 
connecting-rod  is  made  of  a  square  bar  of  wood  to  transmit  the 
thrust^  bound  with  a  wrought-iron  strap  to  transmit  the  tension. 
In  this  case  the  transverse  area  of  the  strap  is  to  be  determined  by 
the  principles  of  Article  458,  with  a  working  modulus  of  tension 
of  about  6,000  lbs.  on  the  square  inch  (because  the  stress  may  be 
unequally  distributed  near  the  ends  of  the  strap,  where  it  bends 
round  the  bushes  that  hold  the  pins);  and  that  of  the  square 
timber  bar  is  to  be  found  by  equation  (4)  of  the  preceding  rule, 
with  the  following  values  for  the  constants: — 

y  =       720  lbs.  on  the  square  inch; 

=  0*5  kilogramme  on  the  square  millimHre; 

a  =         62-5. 
af  =  45,000  lbs.  on  the  square  inch; 

=         32  kilogrammes  on  the  square  millimetre. 

In  a  compound  rod  of  this  kind  there  is  a  tendency  to  slacken 
the  hold  of  the  pins  which  it  connects,  through  the  shortening  of 
the  compressed  bar;  and  means  must  therefore  be  provided  of 
tightening  it  from  time  to  time  by  wedges  or  screws. 

IV.  "^^en  the  form  of  cross-section  chosen  is  such  that  the 
ratio  Z*  -=-  r*,  which  the  length  of  the  rod  is  to  bear  to  the  radius 
of  gyration  of  its  cross-section,  can  be  approximately  determined 
independently  of  the  sectional  area,  that  area  is  to  be  found  simply 
by  the  following  formula: — 


«=7('"c^) <'•> 


For  values  of  r^  and  of  c,  see  Article  443,  pages  524,  525. 

The  commonest  example  of  the  class  of  figures  to  which  this 
method  is  applicable  is  the '  cross-shaped  section,  which  is  well 
adapted  for  transmitting  thrust;  and  for  which  we  have 
7^  =  A.2  ^  24;  and  consequently 

cr2  =  1500  h\ (G.) 

V.  The  braced  connecting-rod  may  be  looked  upon  as  a  modifi- 
cati(Hi  of  the  compound  rod  mentioned  in  Rule  III.  of  this  Article. 
The  thrust-bar  occupies  the  middle  of  the  combination,  and  may 
be  of  timber  or  of  cast  iron.  From  the  middle  of  its  length  diverge 
four  transverse  arms,  in  the  shape  of  a  cross;  and  four  tie-rods 
extend  from  end  to  end  of  the  bar,  and  at  the  middle  of  their 
length  are  made  to  spread  asunder  by  the  arms  of  the  cross.    The 
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length  of  those  arms  is,  in  a  great  measure,  a  matter  of  practical 
convenience ;  about  one-twelfth  of  the  length  of  the  compound  rod 
is  usuaL  The  effect  on  the  thrust-bar  is  to  increase  its  strength, 
so  as  to  be  equal  to  that  of  a  bar  of  the  same  sectidn  and  half 
the  length ;  that  is  to  say,  in  equations  (4)  and  (5),  for  a  and  c, 
substitute  4  a  and  4  c  The  amount  of  stress  on  the  tension-rods 
is  increased  in  the  same  ratio  with  their  length. 

Section  III. — Special  Rules  relating  to  Axles  and  Sliafts. 

460.  OMcnU  BzpteiMtlMM  mm  !•  Hhafta,  Axles,  mmA  Mmammh§, — 

The  words  asde  and  shaft  are,  to  a  certain  extent,  used  indiscri- 
minately ;  but  it  may  be  held  that  in  most  cases  the  term  shaft 
implies  the  transmission  of  motive  power  along  the  rotating  piece 
denoted  by  that  term,  and  consequently  the  exertion  of  a  twisting 
moment  at  each  cross-section,  to  be  found  by  the  principles  of 
Article  447,  page  528 ;  while  an  aaie  in  general  is  subjected  to  a 
bending  moment  only. 

The  parts  of  a  shaft  which  rest  on  the  bearings  are  called  pivots^ 
collars,  gudgeons^  and  journals. 

Pivots  and  collars  are  for  bearing  end-thrust  (see  Article  311, 
page  353).  Gudgeons  and  journals  are  for  bearing  transverse 
pressure.  It  was  proposed  by  Buchanan,  in  his  Trea>ti8e  on  MUX" 
work,  to  apply  the  word  gudgeon  only  to  the  bearing  part  at  the 
end  of  a  shaft  or  axle,  which  is  exposed  to  bending  action  alone, 
and  not  to  twisting  action;  sjid  journal  to  an  intermediate  bearing 
part  through  which  a  twisting  moment  is  or  may  be  exerted;  but 
the  custom  of  using  the  word  journal  in  both  senses  indiscrimi- 
nately is  so  prevalent,  that  it  is  impracticable  to  carry  out  Buchanan's 
su^estiou.  The  terms  end-jowrrud  and  neck-jottmaly  or  simply 
n^k,  may  serve  to  distinguish  them. 

Cast  iron  may  be  used  for  shafts  where  no  shocks  are  to  be 
borne.  In  other  cases  the  proper  materials  are  wrought  iron  and 
mild  steel.  The  grecUest  proper  values  of  the  real  modulus  of 
working  stress  are  the  following,  or  nearly  so: — 

Lbs.  on  the  KfloB.  on  the 

sqtuire  inch.  ■qoare  mUUmfctre. 

Cast  Iron, 4,5oo  '     3-16 

Wrought  Iron,* 9,000  6-33 

Steel, i3»5oo  95 

As  to  the  use  and  treatment  of  cast  iron  for  this  purpose,  as 
well  as  for  machinery  in  general,  see  Article  390,  pages  453-455. 
In  the  case  of  wrought-iron  shafts,   it  is  important  that  the 

*  The  working  modulus  for  wrought  iron  ia  the  result  of  a  series  cf 
practical  trials  ^  railway  carriage  axles,  extending  over  many  years,  by 
lieutenant  David  Bankine  and  the  Author. 
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continuity  of  the  fibres  at  and  near  the  surface  should  be  as  little 
broken  as  possible,  and  that  where  the  stress  is  severe  there  should 
be  no  re-entering  angles  in  the  outline ;  for  at  places  where  the 
fibres  are  interrupted,  and  at  re-entering  angles,  cracks  are  apt  to 
commence,  which  graduaUy  extend  inwards,  and  at  length  reduce 
the  sound  part  of  the  axle  to  so  small  a  diameter  that  it  snaps  in 
two.  This  process  has  been  known  to  occupy  two  or  three  years, 
and  sometimes  more.  (See  Article  391,  pages  456,  457  j  and  the 
authorities  referred  to  in  the  second  note  to  page  456.)  Hence, 
when  it  is  necessary  that  a  journal  should  be  of  a  diameter 
materially  smaller  than  the  main  body  of  the  axle,  the  parts  of 
different  diameters  should  be  connected  by  a  curved  and  not  by  an 
angular  shoulder;  and  the  reduction  of  diameter  should  as  far  as 
possible  be  produced  by  forging,  rather  than  by  cutting  or  turning; 
the  process  of  turning  being  used  only  to  give  precision  to  the 
shape. 

461.  Oadgeoas  «r  BBd-J^amala. — A  gudgeon,  or  journal  at  the 
end  of  a  shaft,  exposed  to  the  transverse  bending  action  of  the 
bearing  pressure  only,  has  to  fulfil  two  conditions :  to  have  a  trans- 
verse section  sufficient  to  bear  the  bending  moment  safely;  and  to 
have  a  longitudinal  section  sufficient  to  prevent  the  unguent  from 
being  forc^  out  by  the  pressure. 

Let  W  denote  the  greatest  working  load,  or  bearing  pressure;  x, 
the  length  of  the  gudgeon;  A,  its  diameter.  Letp  be  the  proper 
value  of  the  pressure  per  unit  of  area  of  longUudinal  section  (as 
to  which,  see  Article  310,  page  350);  and  let /be  the  modulus  of 
working  stress.  Then  the  condition  as  to  proper  lubrication  is 
expressed  by  the  following  equation : — 

pxh^W; (1.) 

and  the  condition  as  to  strength  by 

J-/A«  =  W«; (2.) 

in  the  latter  of  which  equations  provision  is  made  for  the  con- 
tingency of  the  whole  load  being  concentrated  on  the  outer  end 
of  the  gudgeon.  The  fact  is,  i£at  in  well-made  and  well-fitted 
machinery,  the  resultant  load  acts  through  the  middle  of  the 
length  of  the  gudgeon,  or  very  nearly  so;  and  that  the  bending 

W  X 
moment  at  the  shoulder  is  only  about  — «— ,  instead  of  W  «;  but 

the  error  is  on  the  safe  sida  By  elimination  from  those  two 
equations  are  obtained  the  following  formulse : — 


diameter,  ^=  ^-— ,j^; (3.) 
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0*211 

0-158 

o-io6 

630 

514 

446 

364 

0-443 
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0-314 

0-256 

1-40 

171 

1-98 
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le»gth,a.  =  A-y^(^) ....(4.) 

The  following  is  a  convenient  form  of  equation  (3)  for  practical 
use: — ^Let 

V  (^ = «'  '^^-^  * = V  (?) <'  ^> 

The  following  are  examples  of  the  values  of  the  co-efficient&  In 
each  case,  /  =  9,000  lbs.  on  the  square  inch,  or  6*33  kilogrammes 
on  the  square  millimetre. 

Py  lbs.  on  the  square  1 

inch, 

p,  kilogrammes  on  the  ' 

square  millimetre,... 
a,  lbs.  per  square  inch, 
a,    kilogrammes    per ) 

square  millimetre,...  J 

X 

h' 

In  the  case  of  cast  iron,  for  which  the  working  modulus  of 
stress  is  one-half  of  that  for  wrought  iron,  each  of  the  values 
of  a  and  of  a;  -f-  A  in  the  above  table  is  diminished  in  the  ratio  of 
1  :  ^2  =  0'707:1. 

Another  method  of  calculation  is  to  fix  an  arbitrary  value  for 

X 

the  ratio  of  the  length  to  the  diameter;  say  r  =  wi;  then  we  have, 
by  equation  (2), 

-'^A»  =  Wa:  =  wWA; 

V 

and  consequently 

"=V(^^=V(D^ w 

«•/ 
if  a'  be  taken  to  denote  »^  .  . 
32  m 

The  values  of  the  ratio  of  length  to  diameter,  approved  by 
Pairbaim  in  his  Treatise  on  MiUworky  are,  for  cast  iron,  1*5, 
and  for  wrought  iron,  1*75.  The  following  table  shows  the  corre- 
sponding values  of  a\ 
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Cast  Iron.      Wroo^t  Inxi. 

♦'>! 1-5  1*75 

/,  Iba  on  the  square  inch, 4,500  9,000 

f^  kilogrammes  on  the  square  millimetre,  3 '16  6  33 

a*y  lbs.  on  the  square  iuch, 294  504 

a,  kilogrammes  on  the  square  millimetre,  0*207  0-345 

All  the  rules  for  end-journals  apply  also  to  fynrnk-^nB, 

462.  WiiMiBi  Axles  is  a  term  which  may  be  used  to  distinguish 
those  axles  which  hare  to  bear  a  bending  action,  but  not  a  twisting . 
action. 

An  axle  in  this  condition  is  to  be  treated  as  a  beam;  the 
bending  moments  at  a  series  of  cross-sections  being  calculated  by 
the  rules  of  Articles  434  to  436,  pages  505  to  510.  In  making 
those  calculations,  it  is  usual  to  assume,  as  in  the  preceding  Article, 
that  the  bearing-pressures  act  through  the  extreme  ends  of  the 
gudgeona 

The  cross-section  adopted  must  be  one  adapted  to  resist  bending 
actions  in  all  directions;  such  as  a  circle,  solid  or  hollow,  a  solid 
octagon,  or  a  cross.  In  wrought  iron  and  steel,  the  solid  and 
hollow  circular  sections  are  suitable;  in  cast  iron,  the  hollow 
circular  and  the  cross-shaped  sections;  in  timber,  the  solid 
octagon. 

In  the  case  of  circular  sections,  the  diameter  is  to  be  calculated 
from  the  bending  moment  by  equation  (7  a)  of  Article  437,  page 
514:  l^at  is  to  say,  let  M  be  the  greatest  working  bending 
momeDt;^^  the  modulus  of  working  stress;  m,  the  ratio  of  the 
diameter  of  the  hollow  (if  any)  to  the  outside  duuneter;  then 

^      (       32  M       \1    /         M         \; 

^ "  U  (I  -  «»*)/; "  V  (1  -  w*^)  a^  /  ^ ^'^ 

if  o"  be  taken  to  denote  «•/  -r-  32.  The  following  are  examples  of 
the  co-efficients : — 

Ofcit  Iron.  Wroojfht  Iron.  SteeL 

/,  lbs,  on  the  square  inch, 4j5oo  9,000  13,500 

f^  kilogrammes  on  the  square  millimetre,  316  6  33  9-5 

a',  lbs.  on  the  square  inch, 441  882  1,323 

o",  kilogrammes  on  the  square  millimetre,  0*31  0*62  0*93 

It  is  of  course  to  be  nnderstood  that,  when  British  measures  are 
used,  M  is  to  be  expressed  in  inch-lb& 

The  solid  octagonal  section  may  be  considered  as  practically 
equivalent  to  its  inscribed  circle. 

For  the  cross-shaped  section^  the  outside  diameter,  h,  is  in  the  first 
place  to  be  fixed;  and  then  the  requisite  sectional  area  is  to  bo 
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calculated  by  equation  (7  b)  of  Article  437^  page  514,  makiiig 
^  =  r^  in  that  equation;  that  is  to  say, 

Bearing  shafts  are  frequently  tapered  from  the  place  of  greatest 
bending  moment  towards  the  points  of  support,  so  as  to  give  a 
longitudinal  section  of  equal  etrength  (as  to  which  see  Article  438, 
page  517),  or  as  near  an  approximation  to  such  a  section  as  is  con- 
sistent with  practical  convenience. 

463.  Neck-^MnnMis. — ^A  neck-joumal  (often  called  simply  a  neck, 
and  by  Buchanan,  a  journal)  is  an  intermediate  part  of  a  shaft  or 
axle,  turned  to  a  smooth  and  truly  cylindrical  surface,  so  as  to  fit 
its  bearing  easily,  as  stated  in  Article  371a,  page  424.  If  it  is 
exposed  to  bending  action  only,  its  diameter  is  to  be  determined  by 
the  rules  of  the  preceding  Article ;  if  to  twisting  action,  or  to 
twisting  and  bending  combined,  by  rules  which  will  be  given  in 
the  ensuing  Articles. 

The  lengths  of  neck-journals  are  to  be  calculated  so  as  to  give 
the  requisite  area  for  bearing  the  pressure,  according  to  the  prin- 
ciples of  Article  310,  page  350. 

464.  ShaAs  mmAtat  T^ntoik — A  shaft  which  transmits  motive 
power  is  exposed  to  a  twisting  moment  throughout  its  whole 
length.  The  first  step  towards  determining  the  proper  diameter 
for  the  shaft  is  to  calculate  that  twisting  moment  from  the  power 
to  be  transmitted  and  the  speed  of  rotation,  according  to  the 
principles  of  Article  447,  page  528.  From  the  power  and  speed, 
the  result  obtained  in  the  first  place  is  the  mean  twisting  moment; 
and  the  greatest  twisting  moment  may  cither  be  deduced  from  the 
mean  twisting  moment  directly,  or  may  be  provided  for,  together 
with  various  causes  of  additional  stress,  by  using  a  sufficiently 
large  aqfpareni  factor  of  ea/'ety,  as  already  stated  in  Article  414^ 
page  489. 

The  greatest  values  of  the  real  modulus  of  working  stxess  in 
shafts  under  torsion  correspond  to  about  6,  as  a  real  fEtctor  of 
safety.  The  apparent  modulus  may  be  considerably  less  when  a 
greatly  increased  apparent  factor  of  safety  is  used.  The  apparent 
factor  of  safety  is  sometimes  as  high  as  36. 

The  formulae  to  be  used  in  calculating  the  diameter  of  a  shaft 
from  the  twisting  moment,  or  from  the  power  and  speed,  as  the 
case  may  be,  are  as  follows.  Let  M  be  the  moment;  H  P,  the  real 
horses-power  to  be  transmitted;  N,  the  number  of  revolutions  per 
minuta     Then, 

-^©=>/(5^)^ <•) 
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The  values  of  the  oo-efficients  A  and  B  being  as  follows:—- 

A        ^        •"  /o\ 

^  =  A8  =  16^1^ ^^'' 

where  g^  is  the  modulus  of  working  stress,  real  or  apparent,  ac- 
cording to  the  way  in  which  the  moment  M  is  calculated : — 

^■'HP"2»A"  TT^^' ^""'^ 

where  C  denotes  the  number  of  units  of  work  per  minute  in  a 
horse-power. 

The  following  Table  shows  a  series  of  examples  of  the  constants 
which  occur  ui  these  formula : — 

Factors  of  Safety. 

For  Cast  Iron, 6*         o         I2         i8 

Wrought  Iron, 6'         9         12         i8         24         36 

Steel, 6*         9         I3i       18         27         36 

Modulus  of  Stress. 

LU^  the  squaw)     ,3^^^^    ^,30    6,120    4,590    3,060    2,295    i,53o 

^^S^Si^^tti  ^'       ''^      «       3-2       2.       1^     ..; 

VALxnis  OF  A  =  ,-«. 

Mininoh-Ibs.;  Ain)       ^  ^^    ,  «^ 

inches, I       ^700    1,800 

M  in  foot-lbs. ;  A  in 


inches, (  ^ 

im^tres ;  + 
lim^tres,     i 


M  in  graimn^tres ;  +  ^ 

h  in  millimetres,    {  ^ 


,800 

1,200 

900 

600 

450 

300 

150 

100 

75 

50* 

37-5 

25 

1-26 

0-84 

0-63 

0*42 

0315 

0*21 

35 
570 

855 

70 
1,140 

105 
1,710 

140 
2,280 

210 
3i420 

Values  of  B  =  ^^. 

Ain  inches, 23*3 

Ainoentim^tres, 380 

Apparent  factors  of  safety^  ranging  from  6*6  to  10,  are  found  in 
the  paddle-shafts  and  propeller-shafts  of  steam-ve^els,  the  real 
fiactor  of  safety  being  seldom  above  6.  Apparent  factors  of  safety 
ranging  from  18  to  36  are  met  with  in  the  shafting  of  mills;  and 
they  correspond  to  what  are  called  '*  light  shafting "  and  "  heavy 
shafting"  respectively. 

465.  spcui  btwecM  Bc«riiM(B  •£  ShaAs.— The  ordinary  rules  for 

*  Ileal  factor  of  safety. 

t  A  gramm^tre  is  one-l,000th  part  of  a  kilogramm^tre. 
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fixing  the  greatest  span  between  the  bearings  of  a  line  of  shafUng 
are  based  on  the  principle  that  the  deflection  produced  by 
the  weight  of  the  shaft  itself,  and  by  any  additional  transverse 
load  which  may  be  applied  to  it,  should  not  exceed  a  certain 
fraction  of  the  span.  Different  authors  give  different  values  for 
that  fraction.  In  the  following  formulie  the  value  adopted  is  one- 
2,000th;  and  the  rule  obtained  agrees  with  that  given  by  Mr. 
Molesworth  in  his  Pocket  Book. 

A  general  formula  for  the  deflection  in  such  cases  is  given  in 
Article  439,  page  521,  and  is  as  follows : — 

m  being  the  proportion  which  the  additional  load  bears  to  the 
weight  of  the  shaft;  c,  the  half-span;  to,  the  heaviness  of  the 
material ;  E,  its  modulus  of  elasticity;  nT,  a  numerical  co-efficient; 
and  r,  the  radius  of  gyration  of  the  cross-section  of  the  shaft  In 
most  cases,  the  load  may  be  treated  as  uniformly  distributed;  and 
as  there  may  be  a  coupling  near  each  bearing,  the  shaft  is  to  be 
treated  as  simply  supported,  and  not  fixed,  at  each  bearing;  so  that 

nT  =  jq.    The  values  of  the  square  of  the  radius  of  gyration^  for 

the  figures  of  cross-section  which  occur  in  practice,  are : — 

For  a  solid  circular  section  of  the  diameter  h,  r^  =  -^ ; 

For  a  hollow  circular  section;  diameter  outside, )    o_^^-f  h'^  ^ 
A;  inside,  A';  J  16      ^ 

Cross-shaped  section;  breadth  over  arms,  h; 

r®  =  ST  approximately. 

E 

The  value  of  -  may  be  taken  at  7,500,000  feet,  or  90,000,000 

inches,  or  2,286,000  metres. 

Putting  for  nT  the  value  already  stated,  we  have 

i/  =  (1  +  m)  •  oA-p   a  ;  and  consequently 


24  E         t/r2 


5  (1  +  w)  to     c    '* 
giving  for  the  span  between  the  bearings. 


a) 


_         /  192  E  t/  r«  \i 

\5{l+m)wc) W 
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f/  1  E 

I^  —  «  ,  r.r.rxl  !«*  —  ^^^  ^^  YBlue  statcd  above;  and  let  the 
e       1,000  w 

section  be  a  solid  circle;  theix 

^         /        3EA2        \i     /a&«\i.  ,«v 

^  '  =  Vl,2oO(l  +  m)J   =  VlT^y  ' ^"^'^ 

in  which. 

a  =  216,000  inches  =  5,500  metres  nearly. 

When  the  shaft  is  loaded  with  pulleys  and  with  the  tensions  of 

their  belts,  it  is  usual  to  assume  m  ~  ^* 

The  result  of  equation  (3)  is  a  span  which  is  not  to  be  exceeded 
in  the  construction  of  a  line  of  shafting  of  a  given  diameter. 

466.  MMfte  Mkter   €•—»!■•<    Meadiiig   «m4  TwiMtag  AtliB. — 

When  a  shaft  is  strained  by  bending  and  twisting  actions  com- 
bined, two  cases  may  be  distinguish^ :  first,  where  the  bending 
moment  and  twisting  moment  are  both  given,  and  the  diameter  of 
the  shaft  is  to  be  found;  for  example,  where  the  pressure  exerted 
on  a  crank-pin  produces  combined  bending  and  twisting  actions  on 
a  journal;  and,  secondly,  where  the  bending  moment  is  produced 
by  the  weight  and  re-action  of  the  shaft  itself,  and  therefore 
depends  on  the  diameter. 

L  When  a  given  twisting  moment,  M,  is  combined  with  a 
given  bending  moment,  M^  make 

V(M2  +  M'^)  +  M*  =  M"; (1.) 

and  find  the  diameter  required  in  order  to  bear  safdy  a  MiOing 

moment  equal  to  M",  by  means  of  equation  (1)  of  Article  464,  page 

543.     An  example  of  this  problem,  solved  graphiciUly,  is  (^o<wn  in 

fig.  280,  which  represents  a  shaft  having  a  crank 

at  one  end.    At  the  centre  of  the  crank-pin,  P,  is 

applied  the  pressure  of  the  connecting-rod;  and 

at  the  centre  of  the  bearing,  S,  acts  the  equal  and 

opposite  resistance  of  that  bearing.    Eepresenting 

the  common  magnitude  of  those  forces  by  P, 

they  form  a  couple  whose  moment  is 

PSP. 

Draw  S  Q  bisecting  the  angle  P  S  M.    On  S  Q 

let  &L  the  perpendicular  P  Q.     From  Q  let  fall         Fig.  2S0. 

Q  M  perpendicular  to  S  M. 

Calculate  the  diameter  of  the  shaft,  as  if  to  resist  a  twisting 
moment^  M"  s  2  P  *  S  M,  and  it  will  be  strong  enough  to  resist 
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the  combined  bending  and  twisting  action  of  P  applied  at  the 
point  marked  P. 

The  greatest  longitudinal  stress  on  the  particles  of  a  shaft, 
produced  by  the  bending  action  of  its  own  weight,  and  of  anj 
additional  load  or  re-action  bearing  a  given  proportion,  971,  to  its 
own  weight,  is  found  by  applying  equation  (2)  or  equation  (5)  of 
Article  458,  pages  536  and  537,  to  the  case  of  a  solid  cylindrical 
body ;  that  is  to  say,  when  the  proper  substitutions  are  made,  we 
have  the  following  value  for  the  intensity  of  that  stress: — 

p  =  (cost  +  m)—^; (2.) 

in  which  e  is  the  half-span  between  the  bearings;  h,  the  diameter; 
w,  the  heaviness  of  the  material  (being,  for  iron,  0*278  lbs.  per 
cubic  inch,  or  7,690  kilogrammes  per  cubic  m^tre);  t,  the  inclina- 
tion of  the  shaft  to  the  horizon;  and  m  the  proportion  borne  by 
the  additional  load  and  re-action  to  the  weight  of  the  shaft 

Let  q  be  the  real  intensity  of  the  greatest  stress  due  to  twisting. 
It  is  given  by  the  formula — 

--^^ « 

where  M  is  the  real  value  of  the  greatest  working  twisting 

moment    f —  =  5*1  nearly,  j     That  stress  is  a  shearing  stress; 

and  is  equivalent  to  tension  and  thrust  combined,  and  of  the  same 
intensity,  q^  exerted  in  two  directions  perpendicular  to  each  other, 
tangential  to  the  cylindrical  sur£Etoe  of  the  shaft,  and  making 
angles  of  45^  with  the  axis. 

The  resultant  stress  due  to  the  twisting  stress,  q,  and  the  bending 
stress,  p,  combined,  is  found  by  the  following  formula,  which  has 
been  demonstrated  by  writers  on  the  internal  equilibrium  of 
elastic  solids : — 


-Vi^^?)^i' <*■) 


where  s  denotes  the  intensity  of  the  resultant  stress. 

The  conditions  which  the  diameter  of  a  shaft  ought  to  fulfil  aro 
expressed  by  the  following  equation,  derived  from  equation  (4) : — 

^  -  5^  _  5r2  =  0; (4  A.) 

in  which,  for  «,  is  to  be  put  a  safe  working  value  of  the  resultant 
stress  (say  8,000  lbs.  on  the  square  inch,  or  5*6  kilogrammes  on  the 
square  millimetre),  and  for  p  and  q,  their  values  in  terms  of  M,  c, 
w,  and  h,  as  given  by  equations  (2)  and  (3)  respectively.     The 
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equation  then  becomes  of  the  sixth  order;  and  it  is  to  be  solved  so 
as  to  find  h.  This  can  be  done  by  approximation  only;  and  a 
convenient  method  of  approximation  is  as  follows :— Assume  for  q 
an  approximate  value^  ^,  somewhat  less  than  that  of  a  (say 
^  =  0*9  a).  Then  calculate  an  approximate  value,  h\  of  the 
diameter,  nrom  equation  (3),  viz. : — 

»'-  {^^y : w 

Then  calculate,  for  p,  an  approximate  value,  j/,  from  equation  (2), 
viz.: — 

p'  =  (cos  t  +  m)—^; (6,) 

and  from  the  approximate  value  of  p'  calcolate  a  second  approxi- 
mate value  of  q,  as  follows : — 

?•=  J(«*-»P'). (7.) 

Should  this  agree  with  the  first  approximate  value,  q\  the 
approximate  diameter,  h\  will  answer;  and  should  there  be  a 
difference,  a  second  approximation,  h",  to  the  required  diameter  is 
to  be  computed,  as  foUows : — 

*"  =  *'@*- (8.) 

When,  as  is  usually  the  case,  the  difference,  ^  -9*,  is  small  com- 
pared with  ^,  the  foUowinff  formula  for  the  second  approximation 
is  sufficiently  near  the  trul£ : — 


*"=*{i-^^} <^> 


38' 

A  third  approximation  might  be  found  by  repeating  the  process; 
but  the  second  approximation  will,  in  general,  be  found  accurate 
enough  for  practical  purposes. 

467.  Ccairiitaimi  Wkiriiag  •f  siuUis.* — Any  small  deflection  of  the 
centre  line  of  a  shaft  from  the  straight  axis  of  rotation  ffives  rise,  on 
the  one  hand,  to  centrifugal  force,  tending  to  make  the  deflection 
become  greater;  and,  on  the  other  hand,  to  elastic  stress,  resisting 
the  deflection,  and  tending  to  straighten  the  centre  line  again.  The 
resistance  to  deflection  may  be  shortly  called  the  atiffkeaa.  In 
very  small  deflections,  the  centrifugal  force  and  the  stiffiiess  both 
increase  according  to  the  same  law,  being  both  sensibly  propor- 

*  The  labttanoe  of  this  Ariiole  first  appeared  in  the  Engineer  of  the 
9th  April,  1869. 
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tiosal  to  the  deflection  simply;  hence,  -whichever  of  them  is  the 
greater  for  an  indefinitely  small  deflection,  continues  to  be  the 
greater  until  some  deflection  is  reached  which  causes  a  sufficient 
differ^ioe  between  their  laws  of  variation.  The  consequence  is, 
that  if,  for  an  indefinitely  small  deflection,  the  centrifugal  force  is 
equal  to  or  greater  than  the  stifiness,  the  shafb  must  go  on  per- 
manently wlmrling  round  in  a  bent  form,  to  the  injury  of  itself 
and  the  adjoining  machinery  and  framing :  a  kind  of  motion  which 
may  be  called  centri/tigal  whirling.  On  the  other  hand,  if  for  an 
indefinitely  small  deflection  the  stifiness  is  greater  than  the 
centrifugal  force,  centrifugal  whirling  is  impossible. 

For  a  shaft  of  a  given  length,  diameter,  and  material,  there  is  a 
limit  of  speed;  and  for  a  shaft  of  a  given  diameter  and  material^ 
turning  at  a  given  speed,  there  is  a  limit  of  length,  below  which 
centri^igal  whirling  is  impossiblei 

The  mathematical  expression  of  the  conditions  of  the  |HT>U«m 
leads  to  a  linear  diflerential  equation  of  the  fourth  order,  integrable 
by  means  of  circular  and  exponential  functions.  The  int^rals 
are  (as  might  have  been  expected)  identical  in  form  with  those 
obtained  by  Poisson  in  his  investigation  of  the  transverse  vibrations 
of  elastic  rods  {Traite  de  M^caniquey  YoL  XL,  §  52^) ;  and  some  of 
the  numerical  results  calculated  by  Poisson  are  applicable  to  the 
present  problem.  The  relation  between  the  limits  of  length  and  of 
speed  depends  on  the  way  in  which  the  shaft  is  supported.  The 
only  two  cases  which  will  here  be  given  are  those  respectively  of  a 
shaft  supported  on  two  bearings  at  its  ends,  and  of  an  overhanging 
shaft  with  one  end  fixed  in  direction. 

Let  —  be  the  modulus  of  elasticity  of  the  material,  expressed  in 

units  of  height  of  itself  (say,  for  wrought  iron,  about  7,500,000 
feet,  or  2,286,000  metres);  »^,  the  square  of  the  radius  of  gyration 
of  the  cross-section  of  the  shafb  (=  A*  -r-  16  for  a  cylindrical 
shaft  of  the  diameter  h);  and  a,  the  angular  velocity  of  rotation, 
(  =  2  «•  X  number  of  turns  per  second).  Calculate  a  certain  length, 
0,  as  follows : — 

-(^;)*- •<'■) 

Then  the  limit  of  span,  below  which  centrifugal  whirling  is 
impossible,  bears  a  ratio  to  h  depending  on  the  manner  in  which 
the  shaft  is  supported;  for  example. 

Shaft  supported  at  the  ends;  span,  2  c,  <  ^  31416  h  \  '  ^'^ 

Shaft  overhanging:  direction  of  one  end  /  =  0*595  wh\   ^«  ^ 
fixed ;  length,  c,  I  =  1-87  6       / "  ^^ 
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In  pmetical  calculations  it  may  be  convenient  to  put,  instead 
of  ^y  -2>  ^^^^  ^  ^  ^6  number  of  revolutions  per  seoondy  and 

A  =  T^{^  0*^^  ^OGt,  or  0-248  m^tre,  nearly)  is  the  altitude  of 

a  revolving  pendulum  which  makes  one  revolution  in  a  second. 
This  gives^  for  the  value  of  by 


/EAr«\ 


*   (4-) 


It  is  obvious  that  r  should  be  expressed  in  the  same  imits  of 

E 
measure  with  —  and  A;  for  example,  in  feet,  if  they  are  expressed 

in  feet. 

The  inverse  formula  for  the  limit  of  speed  below  which  centri- 
fugal whirling  is  impossible  in  a  shaft  of  a  given  length,  Z,  are  of 
course  as  follows : — 

Make  5  =  2  c  x  0-3183  for  a  shafl  supported  at  the  two 
ends,  and  of  the  half  span,  c; (5.) 

Or  6  =  0*5347  c  for  an  overhanging  shaft> (6.) 

Then  the  limit  of  speed,  in  revolutions  per  second,  is 


^       r        /EA  ,^. 


to 

"F  A 

The  following  are  approximate  values  of  and  its  square 

and  fourth  roots,  for  British  and  French  measures : — 

to  V      to      \  w  J 

Feet, 6,100,000       2,470  497 

Metres, 566,000        7S2-4  27-4 

An  additional  mass  turning  along  with  the  shaft,  such  as  a 
pulley,  has  little  effect  on  the  centrifugal  force  when  it  is  in  the 
usual  position ;  that  is,  close  to  or  near  to  a  bearing. 

The  effect  of  an  additional  rotating  load  distributed  unifonnly 

.        E 
along  the  shaft  may  be  allowed  for  by  diminishing  the  height  — 
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of  the  modulus  of  elasticity  in  the  same  proportion  in  whidi  the 
weight  of  the  shaft  itself  is  less  than  the  gross  load. 

'Die  effect,  of  an  additional  rotating  IcMid  at  a  point  not  near  a 
bearing  has  not  yet  been  investigated.  The  problem  is  capable  of 
solution  by  means  of  the  general  integrals  alrouly  known ;  but  it  is 
not  of  much  practical  importance;  for  when  a  shaft  is  so  long  and 
so  rapid  in  its  rotation  as  to  require  precautions  against  centri- 
fugal whirling,  the  first  precaution  is  to  avoid  loading  it  with 
rotating  masses  which  are  not  veiy  near  the  bearings. 

468.  DtaiMMtoM  •r  CmmpUugB, — Couplings  have  already  been 
referred  to  in  connection  with  disengaging  and  re-engaging  gear, 
in  Article  260,  page  295.  An  ordmary  shafb-coupluig  may  be 
described  as  consisting  of  two  discs  at  the  ends  of  the  two  lengths 
of  shafting  to  be  coupled,  which  two  discs,  when  put  together,  form 
one  cylinder;  each  of  the  two  discs  beiug  cylindrical,  and  having, 
on  the  side  which  faces  the  other  disc,  alternate  projecting  and 
receding  sectors:  the  projecting  sectors  forming  daws,  which  fit 
into  the  hollows  and  between  the  claws  of  the  opposite  disc.  When 
there  is  only  one  projecting  sector  or  claw  on  each  disc,  of  a  semi- 
cylindrical  figure,  the  coupling  is  the  circular  half-lap  eoupUng^ 
introduced  by  Mr.  Fairbaim.  It  is  described  by  him  in  the  follow- 
ing words  {Treatiee  on  Mills  and  Millworkj  Fixt  IL,  page  81): — 
« It  is  perfectly  round,  and  consists  of  two  laps,  turned  to  a  gauge, 
and,  when  put  together  by  a  cutting  machine,  it  forms  a  complete 

cylinder. A  cylii^rical  box  is  fitted  over  these, 

and  fixed  by  a  key,  grooved  half  into  the  box  and  half  into  the 
shaft  The  whole  is  then  turned  in  the  lathe  to  the  same  centres 
as  the  bearings  of  the  shaft    .     .     .    ." 

The  following  are  the  proportions  given  by  Mr.  Fairbaim  for 
this  coupling : — 

Area  of  the  coupling, =  2  x  area  of  the  shaft 

^'io^UDfr''..T*!!?!^..^^*!!!.!'}  =  1"*2  X  diameter  of  shaft 

Length  of  lap, =»  diameter  of  shaft 

Length  of  box, =  2  x  diameter  of  shaft 

'^^dillSLTbot^'!':."!?''}  =  ^  "  "ii-eter  of  shaft 


469.  Baahcs  aad  Plmbcr-Biocks.— The  following  rules  for  the 
dimensions  of  the  brasses  or  bushes  of  bearings  for  journals,  and  of 
the  plumber-blocks  which  carry  those  bushes,  are  given  on  the 
authority  of  Mr.  Molesworth : — 

Bush:  thickness  of  metal  at  bottom  =  0*15  inch  +  from  0-09  to 
0*12  diameter  of  journal 
„      thickness  of  metal  at  sides  =:  f  thickness  at  bottom. 
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Plxjmbbb-Block:  thickness  of  sole-plate  —  0*3  diameter  of  joumaL 
„  thickness  of  cover  =  0*4  diameter  of  jonmaL 

„  diameter  of  bolts,  if  two  in  number  =  0*25  dia- 

meter of journal 
,y  ,,  if  four  in  number  »  0*18  dia- 

meter of journal 

SBcnoBT  TV.-^Special  Bides  reUUtng  to  PuUeys^  Wheds,  and 
Teeth. 

470.  Tcdh  aMd  BtaM  mf  WlMels,  aad  l^tmeaaimat$  depeadUag  •■ 
tbcBi. — The  teeth  of  wheels  are  made  strong  enough  to  resist  the 
bending  moment  which  may  arise  from  the  whole  force  transmitted 
by  a  pair  of  wheels  happening  to  act  on  one  comer  of  one  toothy 
such  as  D  in  fig.  281. 

In  fig.  281a,  let  the  shaded  part  represent  a  portion  of  a  cross- 
section  of  the  rim  of  the 
wheel  A  of  ^g,  281,  and  let 
E  H  E  P  be  the  &ce  of  a 
tooth,  on  one  comer  of  which, 
P,  acts  the  force  represented 
by  that  letter.  Conceive  \  •—  w/  # 
any  sectional  plane,  B  F,  to      x^  /  ^«-  ^^^  ^ 

intersect  the  tooth  from  the  0^      j^      ^ 

side  E  P  to  the  crest  P  K,  ^ 

and  let  PG  be  perpendicular  p,     ^©i 

to  that  plane.     Let  A  be  the  *' 

thickness  of  the  tooth,  and  let  E  F  =  6,  P  G  =  2L 

Then  the  bending  moment  at  the  section  E  F  is  P  ?,  and  the 
greatest  stress  produced  by  that  moment  at  that  section  is 


iHHjg 


6A2 


which  is  a  maximum  when  .^  P  E  F  =  45^,  and  6  =  2  Z,  having 
then  the  value, 


Consequently,  the  proper  thickness  for  the  tooth  is  given  by  the 
equation 

'9 <■■> 


-V¥ 


This  formula  is  Tredgold*s;  according  to  whom  the  proper  value 
for  the  greatest  working  stress,^  is  4,500  Iba  on  the  square  inch. 
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-when  tbe  teeth  are  of  cast  iron;  and  about  1,125  lbs.  on  the  aqnare 
inch,  when  they  are  wooden  cogs ;  being  equivalent  respectively  to 
3*2  and  to  0*8  kilogrammes  on  the  square  millimetre;  so  that  a 
wooden  cog  has  twice  the  thickness  of  a  cast-iron  tooth  fitted  to  bear 
the  same  pressure. 

The  thickness  having  been  thus  determined,  the  pitch  is  to  be 
deduced  from  it  by  the  following  formula : — 

_..  -       h  +  0-02  inch      h  +  0*5  millimetre 

^*^^  = 017 047 ' (2) 

and  all  the  othar  dimensions  of  the  teeth,  and  of  the  ring  which 
carries  them,  are  to  be  calculated  from  the' pitch,  by  means  of  rules 
which  have  already  been  given  in  Article  125,  page  117. 

It  has  already  been  stated  in  the  rules  r^erred  to,  that  the 
depth  of  the  ring,  when  cast  aloi^  with  the  teeth,  is  equal  to  the 
thickness  of  a  tooth  at  its  root.  In  a  moriiae-vohed^  with  a  cast- 
iron  ring,  and  wooden  cogs  fixed  into  mcntises  in  the  ring,  the  depth 
of  the  ring  is  about  equal  to  the  pitch.  The  thickness  of  metal  in 
the  ring  regulates  the  thickness  of  metal  in  other  parts  of  the 
wheel,  which  should  be  the  same,  or  nearly  the  same. 

The  hoop-ehaped  ring  which  carries  the  teeth  of  a  wheel  is  often 
strengthened  by  means  of  a  rib  or  feather  in  a  plane  normal  to  the 
axis,  and  sometimes  by  means  of  two  such  ribe,  so  as  to  make  the 
cross-section  of  the  rim  T-shaped,  or  trough-shi^ed,  as  the  case  may 
be.  The  sectional  area  of  the  rim  in  such  cases  is  made  nearly 
equal  to  that  of  the  arms,  which  is  determined  by  means  of 
principles  to  be  stated  further  on. 

The  breadth  <^  a  wheel  is  r^ulated  by  that  of  the  teeth,  which 
is  found  by  one  of  the  rules  alresuly  referred  to.  The  breads  of  a 
pulley  is  regulated  by  that  of  the  belt  which  is  to  run  upon  it;  and 
the  swell  (as  already  stated  in  Article  170,  page  184),  is  one-24th 
of  the  breadtL 

471.  B«Mi  Had  Arais  •f  a  Wbcd  er  Pnller.— When  a  wheel  or 
pulley  is  cast  in  one  piece,  the  nave  or  boss  is  usually  about  twice 
the  diameter  of  the  shaft  on  which  it  is  fixed,  and  sometimes  a 
little  less.  When  the  arms  are  cast  separate  from  the  boss,  and 
inserted  into  sockets  in  it,  where  they  are  fixed  by  means  of  bolts 
or  of  wedges,  the  boss  is  from  iJbiree  to  four  times  the  diameter  of 
the  shail. 

A  small  wheel  or  pulley  often  has  instead  of  arms,  a  thin  flat 
disc,  whose  thickness  may  be  made  equal  to  the  thickness  of  metal 
round  the  eye  of  the  boss.  In  rapidly  revolving  pulleys,  the  arms 
are  often  made  of  a  flat  oval  section,  so  as  to  cleave  the  air 
edgewisa  The  arms  of  wheels  are  usually  of  a  T-shaped,  cross- 
shaped,  or  tubular  form  of  section. 
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To  cakulate  the  bending  moment  which  each  of  the  arms  of  a 
wheel  has  to  resist,  let  M  be  the  greatest  moment  of  the  effort 
transmitted  by  the  wheel;  n,  the  number  <^  arms;  r,  the  geomet- 
rical radius  of  the  wheel,  from  the  axis  to  the  pitch-line;  as,  the 
length  of  an  arm,  from  the  boss  to  the  rim;  M',  the  bending 
moment  on  each  arm ;  then  two  cases  may  be  distinguished. 

L  If  the  arms  and  rim  are  made  in  one  piece,  eith^  by  casting 
or  by  wekUng; 

M'-^; (1.) 

and  this  formula  is  applicable  also  to  wheels  like  the  paddle  wheels 
of  a  steamer,  in  which  wrought-iron  arms  are  rigidly  bolted  or 
ri vetted  both  to  the  boss  and  to  the  rim. 

II.  If  the  arms  are  cast  along  with  segments  of  the  rim^  and 
fastened  into  sockets  in  the  boss  j 

M'  =  ^. (2.) 

This  second  formula  is  based  on  the  supposition  that  the  joint 
"where  an  arm  is  inserted  into  the  boss  cannot  safely  be  trusted  to 
bear  any  part  of  the  bending  moment  This  is  not  strictly  correct, 
but  it  is  an  error  on  the  safe  side. 

The  transverse  section  of  the  arms  is  to  be  adapted  to  bear 
safely  the  working  moment  thus  found,  by  the  aid  of  the  rules  of 
Ai-ticle  437,  pages  514  to  516. 

In  Case  I,  the  greatest  bending  moment  is  exerted  on  each  arm 
at  two  points,  dose  to  the  rim  and  close  to  the  boss  respectively; 
in  Case  II,  the  greatest  bending  moment  is  exerted  close  to  the 
rim. 

Another  way  of  adjusting  the  strength  of  the  arms  to  the 
moment  exerted  through  them  is  as  follows : — ^Having  fixed  the 
figure  and  dimensions  of  an  arm  according  to  oonvenience,  calculate 
the  working  moment  to  which  it  is  adapted;  let  this  be  denoted 
by  M';  then  the  number  of  arms  required  is  given  by  the  following 
formulae:-^ 

In  Case  I;  n  =  j^/> a (3.) 

InCasen;n  =  |;?; (4.) 

The  real  working  modulus  of  stress  for  cast  iron  in  these  cal- 
culations should  not  exceed  4,^00  Iba  on  the*  square  inch,  or  3-2 
kilogrammes  on  the  square  millimetre;  and  for  wrought  iron. 
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9,000  Ibe.  on  the  square  inch,  or  6*3  kilogrammes  on  the  sqoaie 
millimetre. 

472.   CeMrifligAl  TcMlMi  la  Whedi  aadi  Piril«7*— -The  rim  of  a 
wheel,  moving  with  the  velocity  v,  is  subjected  to  a  centrifngal 

tension  whose  amount  is  equal  to  the  weight  of  a  length  —  of  that 

rim  (including  teeth,  if  it  is  a  toothed  wheel).  This  is  resisted 
by  the  tenacity  of  the  mm  at  its  smallest  cross-section  (or  by 
the  fiEistenings  of  the  rim,  if  it  is  made  in  s^rmeuts),  partly 
assisted  by  Uie  tenacity  of  the  arms.  Each  of  the  arms  nas  to 
bear  its  own  centrifugal  tension,  which,  at  a  point  close  to  the  boas, 
is  equal  to  the  weight  of  a  length  of  the  arm  itself  expressed 

ijo'y^  being  the  radius  of  the  wheel,  and  f  that  of  the 

boss ;  and  on  the  whole,  it  is  an  error  on  the  safe  side  to  make  the 
rim  strong  enough  to  bear  its  own  centrifugal  tension  without  aid 
from  the  arms.  This  fixes  a  limit  of  safety  as  to  speed,  for  a  rim 
of  a  given  material  and  construction.  Let  m  be  the  ratio  in  which 
the  mean  sectional  area  is  greater  than  the  effective  sectional  area, 
/the  greatest  working  tensile  stress,  and  let  u^  be  the  heaviness  of 
the  material ;  then  the  greatest  proper  velocity,  being  that  which, 
produces  the  stress/)  ia given  by  the  formula : — 


^('-?; 


VdQ- 


.(1.) 


The  modulus,  ^,  for  cast  iron  may  be  taken  at  800  feet^  or  \2ii 

metres ;  so  that  when  m  =  1,  as  in  a  pulley,  or  a  fly-wheel  without 
teeth,  we  have  v  =  160  feet,  or  49  metres,  per  second  nearly.  Let 
a  cast-iron  spur  fly-wheel  be  so  designed  that  m  =  2;  then  t;  =  113 
feet,  or  34  metres,  per  second  nearly. 

The   modulus,  -,  for  wrought-iron  wheel-tyres  that  are  not 

welded,  but  rolled  out  of  perforated  discs,  may  be  taken  at  2,400 
feet,  or  730  metres. 

473.  Tcasi«B-Anns  •f  YerUeal  Wstev^Wliccte. — The  weight  of 
a  great  vertical  water-wheel,  of  the  construction  introduced  by 
Hewes,  is  hung  from  a  cast-iron  boas  by  means  of  wrought-ux>Q 
tension-rods.  The  load  is  distributed  amongst  the  rods  which,  at 
a  given  instant,  point  obliquely  or  vertically  downwards  from  the 
h^;  and  the  amount  of  the  tension  on  each  rod  is  proportional 
nearly  to  the  square  of  the  cosine  of  its  inclination  to  the  vertical 

The  mean  value  of  that  square  is  nearly  -^ ;  and,  at  any  instant, 

half  the  total  number  of  rods  point  downwards.     Hence,  let  /  be 
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the  intensity  of  the  tension  on  the  rods  which  point  verticallj 
downwards;  S,  the  sectional  area  of  a  rod;  n,  the  number  of  rods; 
W,  the  load;  then 


and 


W  =  ^; (1.) 

S  =  i^. (2.) 


For  the  working  value  of/,  we  may  take  from  9,000  to  10,000  lbs. 
on  the  square  inch;  or  from  6*3  to  7  kilogrammes  on  the  square 
millimetre.  (See  A  Manual  of  the  Stewm- Engine  and  other  Prime 
Movers,  Article  155,  pages  181,  182.) 

474.  Braced  Wheels. — Instead  of  transmitting  power  between 
the  boss  and  the  rim  of  a  wheel  by  means  of  the  resistance  of  the 
arms  to  bending,  the  arms  may  be  so  placed  as  to  transmit  power 
by  their  direct  tension  and  thrust;  and  for  that  purpose  they  must 
not  be  radial,  but  must  lie  in  the  direction  of  tangents  to  a  circle  of 
a  radius  somewhat  smaller  than  that  of  the  boss.  Let  r"  denote  the 
radius  of  this  circle;  n,  the  number  of  arms;  M,  the  greatest 
moment  transmitted;  then  the  amount  of  the  greatest  stress  along 
an  arm  is  given  by  the  following  expression : — 

This  is  tension  for  one  half  of  the  arms,  and  thrust  for  the  other 
half;  and  their  dimensions  are  to  be  determined  by  the  rules  of 
Article  459,  pages  537  to  539. 

475.  liCTers,  Bcamat  and  Cniak*  have  usually  ooB  Or  two  arms, 
as  the  case  may  be;  and  each  arm  is  in  the  condition  of  a  bracket; 
the  greatest  bending  moment  being  exerted  at  that  cross-section 
which  traverses  the  fulcrum,  or  axis  of  motion.  In  the  crank  of  a 
steam  engine,  the  greatest  bending  moment  is  identical  with  the 
greatest  twisting  moment  exerted  on  the  shaft  to  which  the  crank 
is  fixed. 

In  ordinary  cases  it  is  unnecessary  to  add  anything  to  the  rules 
which  have  already  been  given  in  Article  434  to  438,  pages  504 
to  517,  for  determining  bending  moments,  and  the  transverse 
dimensions  required  in  order  to  resist  those  moments.  Cranks  are 
usually  rectangular  in  section;  levers  and  walking  beams  are 
sometimes  rectangular  and  sometimes  Z-shaped.  The  bending 
moment  is  in  most  cases  exerted  in  contrary  directions  alternately, 
so  that  the  cross-section  must  be  made  symmetrical  about  the 
neutral  axis;  and  for  the  modulus  of  stress  must  be  taken  a  safe 
working  value  of  that  kind  of  stress  against  which  the  material  is^ 
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weakest;  tension  for  cast  iron^  thrust  for  wrought  iron;    for 
example : — 

OartlroiL      Wrought  Iroa. 

Lbs.  on  the  square  inch, 3000  6000 

Kilogrammes  on  the  square  millimetre;...       2*1  4-2 

Holes  made  in  a  lever  for  the  purpose  of  inserting  pins  should 
be  as  near  as  possible  to  the  neutral  layer;  that  being  the  position 
in  which  the  removal  of  a  given  area  of  material  weakens  the 
lever  least. 

The  following  rules  for  the  proportionate  dimensions  of  a  steam- 
engine  crank,  made  to  be  keyed  on  the  end  of  a  shaft,  are  those 
deduced  by  Mr.  Bourne  from  the  practice  of  Messrs.  Boulton  and 
Watt:— 

Diameter  of 
ShaftrJoomal 
mnltipUedby 

Crank-web;  thickness  produced  to  centre  of  shaft,...  075 

„  breadth  produced  to  centre  of  shaft......  1*50 

Large  Eye;  breadth, 175 

„  thickness, 0*45 

Diameter  of 

Piaton-Bod 

mnltipUed  bj 

Crank-web ;  thickness  produced  to  centre  of  pin, 1*10 

„  breadth  produced  to  centre  of  pin, i  -60 

Small  Eye;  breadth, 1-87 

„  thickness, 0*63 

Crank-pin  Journal;  diameter, 1*40 

„  „        length, i-6o 

As  to  Crank-pins,  see  pages  541  to  543. 

Trugaed  ot framed  levers  are  sometimes  used;  as  in  the  walkii^ 
beams  of  American  river  steameis.  A  beam  of  that  sort  consists 
mainly  of  a  cast-iron  cross,  having  the  ends  of  its  anns  tied 
together  by  four  vnrought-iron  tie-rods,  forming  a  loaenge-shaped 
figure.  The  long  arms  are  from  twice  to  three  times  l^e  length  of 
the  short  arms.  The  long  arms  are  alwa3rs  in  a  state  of  thrust;  tiie 
upper  and  lower  tie-rods  alternately  are  subjected  to  tension;  and 
the  upper  and  lower  short  arms  of  the  cross  alternately  are  sub- 
jected to  a  thrust  equal  to  twice  the  load.  The  load,  the  thrust 
along  a  long  arm,  and  the  tension  on  a  tie-rod,  are  to  eiu^  other 
nearly  in  the  proportions  of  the  length  of  a  short  arm,  the  length 
of  a  long  arm^  and  the  length  of  a  tie-rod. 
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CHAPTER  lY. 

ON  THE  FRIHCIFLBS  OF  THE  ACTIOS  OF  CUTTIKa  TOOLS. 

476.  OdMral  BzptaMUiMis.— In  making  the  bearing  and  work- 
ing surfaces  of  the  parts  of  a  machine,  it  is  only  a  rough  approxi- 
mation to  the  required  figure  that  can  be  obtained  by  casting,  by 
forging;  or  by  pressure.  The  precision  of  form  which  is  essential 
to  smooth  motion  and  efficient  working  is  given  by  means  of 
cutting  toola  The  object  of  the  present  chapter  is  to  give  a  brief 
statement  of  the  piinciples  upon  which  the  action  of  such  tools 
depend&  For  detailed  information  respecting  them,  reference 
may  be  made  to  the  second  volume  of  Holtzapffel's  Treatise  on 
Mechanical  ManipiikUiony  extending  from  page  457  to  page  1025, 
and  to  Mr.  Northcott's  Treatise  on  Lathes  and  Turning;  and  for 
a  very  clear  summary  account  of  their  nature  and  use,  to  an 
Essay  by  Mr.  James  Nasmyth,  published  at  the  end  of  the  later 
editions  of  Buchanan's  Treatise  on  Millrjoorh 

The  appendix  to  HoltzapffeFs  volume  contains  two  essays  of 
much  value  on  the  general  principles  of  cutting  tools— one  by  Mr. 
Babbage,  and  the  other  by  Professor  Willis. 

477.  Chondertotics  •€  CmMm^  T«ols  la  OcnenU.— The  USUal 
material  for  cutting  tools  is  steely  of  a  degree  of  hardness  suited 
to  that  of  the  material  to  be  cut.  Every  cutting  tool  has  at  least 
one  cutting  edge;  and  sometimes  three  or  more  edges  meet  and 
form  a  point,  two  or  more  of  those  edges  being  cutting  edges;  so 
that  the  form  of  the  cutting  part  of  a  tool  is  that  of  a  wedge,  or 
of  a  pyramid,  as  the  case  may  be.  A  cutting  edge  is  formed  by 
the  meeting  of  two  surflEu^s,  generally  plane,  and  sometimes  curved. 
When  a  surface  forming  a  cutting  edge  is  oblique  to  the  original 
surfaces  of  the  bar  out  of  which  the  tool  is  made,  that  surface  is 
called  a  chamfer  or  heed.  The  angle  at  which  those  surfaces 
meet  may  be  called  the  euUing  angle.  It  ranges  from  about 
15"^  to  135^  according  to  the  nature  of  the  material  to  be  out,  and 
the  way  in  which  the  tool  is  to  act  upon  it.  Examples  of  cutting 
angles  of  tools  for  different  purposes  will  be  mentioned  further  on. 
A  narrow  cutting  edge  at  uie  end  of  a  bar-shaped  tool  is  often 
called  the  poirU  of  the  tool ;  the  body  of  the  tool  is  called  the  shaft 
or  the  blade;  the  term  ^fi  being  usually  applied  to  tools  with  a 
cutting  point  or  narrow  edge  at  one  end,  and  blade  to  those  which 
have  a  longitudinal  cutting  edge;  but  Uade  is  often  applied  to 
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both  kinds  of  took.  A  bar-shaped  shaft  is  sometimes  called  a  i 
The  blade  or  shaft  of  a  tool  is  sometimes  made  of  iron,  and  edged 
or  pointed  with  steeL  A  larger  piece,  to  which  the  blade  is  fixed, 
is  allied  the  stock;  and  in  the  case  of  hand-tools,  that  part  of  the 
stock  which  is  grasped  by  the  hand  is  called  the  handle.  The 
stocks  and  handks  of  hand-tools  are  usually  of  wood  of  some  strong 
and  tongh  kind.  Where  steady  pressure  is  to  be  exerted,  stiff 
woods  are  to  be  chosen,  such  as  beech  and  mahogany ;  where  blows 
are  to  be  gi^en,  flexible  woods,  such  as  ash.  Machine-tools  are 
held  in  tool-holders  of  different  sorts,  made  of  cast  and  wrought 
iron.  A  rest  is  a  fixed  or  moveable  support  for  a  cutting  tool,  in 
machine  tools,  the  rest  carries  the  tool-holder. 

The  term  machine-iool  is  often  applied,  not  merely  to  the  cutting 
implement  itself,  but  to  the  whole  machine  of  which  it  forms 
part 

The  piece  of  material  which  is  being  cut  by  a  tool  is  commonly 
called  the  toork,  A  given  relative  motion  of  the  work  and  cutting 
tool  may  be  obtained  either  by  keeping  the  work  fixed  and 
moving  the  tool,  or  by  keeping  the  tool  fixed  and  moving  the  work, 
or  by  a  combination  of  both  those  motions. 

478.  ciiiMiAeaitoa  •f  CattiMc  T««is. — The  following  classification 
is  that  of  HoltzapffeL  Cutting  tools,  according  to  their  mode  of 
action  on  the  bodies  to  which  they  are  applied,  are  divided  into 
Shearing^  Faring,  and  Scraping  tools;  the  following  being  the 
characters  by  which  those  tools  are  distinguished  from  each 
other. 

I.  A  Shearing  Tool  acts  by  dividing  'a  plate  or  bar  of  the 
material  operated  on  into  two  parts  by  shearing ;  that  is  to  say, 
by  making  these  two  parts  separate  from  each  other  by  sliding  at 
the  suiface  of  separation. 

IL  A  Faring  Tool  cuts  a  thin  layer  or  strip,  called  a  shaving^ 
fix>m  the  surface  of  the  work;  thus  producing  a  new  sur&ce. 

IIL  A  Scraping  Tool  scrapes  away  small  particles  from  the 
surface  of  the  work;  thus  correcting  the  small  irregularities 
which  may  have  been  left  by  a  paring  tool 

479.  Sheaviiig  aad  Poachiiig  T««is. — A  pair  of  shears  for 
cutting  iron  usually  consists  of  two  blades;  the  lower  fixed, 
and  the  upper  moveable  in  a  vertical  direction.  The  inner 
faces  of  the  blades  are  plane,  and  are  so  fitted  as  to  slide  past 
each  other  veiy  closely,  but  without  appreciable  friction.  The 
ordinary  angle  for  the  cutting  edges  is  from  75°  to  80°.  In 
shears  for  cutting  plates,  the  edge  of  the  lower  blade  is  horizontal; 
that  of  the  upper  blade  has  an  inclination  of  from  3°  to  6°,  in 
order  that  the  shearing  may  begin  at  one  edge  of  the  plate,  and 
go  on  gradually  towards  the  other  edge.  Kg.  282  represents  a 
cross-section  of  the  blades  of  a  pair  of  shears,  with  their  cutting 
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Fig.  282. 


edges  at  A  and  B,  and  having  between  them  a  plate  or  bar,  0  C, 
which  is  to  be  shorn  through  at  the  plane  whose  trace  is  the 
dotted  line  A  B. 

The  blades  of  shears  for  catting  angle-iron  bars  have  Y-shaped 
edges,  to  suit  the  form  of  cross-section  of  the  bars. 

The  class  of  shearing  tools  comprehends  also  tools  for  pmcMng; 
the  only  difference  being  in  the 
form  of  the  surface  at  which 
shearing  takes  place;  which  form 
determines  that  of  the  cutting 
edges  of  the  tools.  The  general 
principle  of  the  action  of  those 
tools  is  shown  in  fig.  283;  in 
which  C  C  is  a  plate,  lying  upon 
the  die^  represented  in  vertical 
section  by  B  B;  that  is,  a  flat 
disc  or  block  of  hard  steel,  having 
in  it  a  hole  a  little  larger  than 
the  hole  that  is  to  be  punched 
in  the  plate.  A  is  the  punchy 
of  a  cylindrical  figure,  its  base 
being  of  the  size  and  figure  of 
the  hole  to  be  made.  The  descent 
of  the  punch  causes  the  material 
of  the  plate  C  C  to  separate  by 
shearing  at  the  surface  whose 
traces  are  marked  by  dotted  lines, 
and  drives  out  a  piece  called  a 
vxidj  which  drops  through  the 
hole  in  the  die.  The  wad  is 
slightly  conical;  its  upper  end 
being  of  the  size  of  the  punch, 
and  its  lower  end  nearly  of  the 
size  of  the  hole  in  the  die. 

The  ordinary  difference  of  dia- 
meter between  the  punch  and 
the  die  ranges  from  0*1  to  0*3 
of  the  thickness  of  the  plate. 
Sometimes  the  die  is  made  pro- 
portionately larger,  in  order  that 
the  holes  may  be  more  conical. 

The  smaller  end  only  of  a  punched  hole  is  accurate  in  size 
and  figure,  and  smooth.  The  larger  end  is  more  or  less  irregular 
and  ragged.  When  it  is  necessary  that  a  punched  hole  should 
be  made  regular  and  smooth,  that  is  done  by  scraping  with  a 
pyramidal  tool  called  a  rimer  or  broach. 


Fig.  288. 
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The  prenwre  leqnimd  for  lAiearing  or  for  punchiiig  ixmy  be 
adoolated  bj  means  of  the  following  formula : — 

^=jct; (1.) 

in  which  t  is  the  l^idmess  of  the  plate  to  be  shorn  or  punched;  e, 
the  length  of  the  cot;  that  is,  the  breadth  of  the  plate,  for  shearing, 
on  the  circumference  of  the  hole,  for  punching;  so  that  c«  is  the 
area  of  shorn  surfeu^ ;  and  /,  the  co-efficient  of  ultimate  resistance 
to  shearing;  which  may  be  estimated,  for  malleable  iron,  at 

50,000  lbs.  on  the  square  inch,  or 

35  kilogrammes  on  the  square  millimetre. 

The  vx>rk  of  shearing  or  punching  is  estimated  by  Weisbach 
(Ingenieur,  §  129)  as  equal  to  that  of  overcoming  the  resistance  P 
through  onesixth  of  the  thickness  of  Hie  plate;  that  is  to  say^  it  is 
expressed  by 

-y-    6  ^ ^^f 

and  this  is  the  net,  or  useful  work.     The  same  authcar  estimates 
the  counter-efficiency  of  shearing  and  punching  machines  at  from 
1^  to  1^;  so  that  taking  the  lugher  ot  those  estimates,  the  total         I 
work  of  such  a  machine  at  one  stroke  is 

4-4   ' " ^^> 

and  this  formula  is  to  be  used  in  calculating  the  power  required  to 
drive  such  machines,  and  the  dimensions  of  their  fly-wheels  (see 
page  410). 

480.  ^waOm^  wid  ScnpiBg  T««u  te  o^MnO. — The  general  nature 
of  the  modes  of  action  of  paring  and  of  scraping  tools  is  illustrated 
by  figs.  284  and  285;  paring  being  represented  by  fig.  284;  scrafH 
ing  by  i^g.  285.  In  each  figure,  the  tool  is  supposed  to  act  upon  a 
cylindric^  piece  of  work  in  a  turning  lathe.  The  arrow  in  each 
figure  represents  the  direction  of  motion  of  the  work  relatively  to 
the  tooL  The  plane  of  each  figure  is  parallel  to  the  direction  of 
the  cutting  motion,  and  perpendicular  to  the  face  of  the  work. 
The  point  A  is  the  trace  of  the  cutting  edge  of  the  tool  FAB 
is  a  normal  to  the  face  of  the  work,  and  is  also  the  trace  of  a  plane 
normal  to  the  direction  of  the  cutting  motion.  A  C  is  the  trace  of 
a  plane  tangent  to  the  face  of  the  work.  Had  the  process  repre- 
sented been  planing  instead  of  turning,  A  C  would  have  been  the 
trace  of  the  face  of  the  work  itself.  A  B  is  the  trace  of  the 
fcLce-plane  or  frovit-pUme  of  the  cutting  edge.  The  angle  A  0  D 
is  called  by  Babbage  the  angle  of  rdief. 
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A  E  is  the  trace  of  the  v/p^er  plane  of  the  cutting  edge :  so  called 
because  of  its  position  in  Uie  process  of  turnings  when  the  plane 


a)»  ic 


Fig.  284. 

A  C  is  vertical,  and  the  tool  cuts  upwards.     In  other  opera- 
tions, such  as  planing  and  slotting,  the  plane  A  E  may  be  turned 


Fig.  285. 
forwards  or  downwards;  the  fact  being,  that  in  every  case  it  is  the 
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real  front  plane  as  regards  the  cutting  motion ;  but  the  custom  is 
to  call  it  the  upper  pkne. 

D  A  E  is  the  angle  of  the  tool,  or  cutting  angle.  In  paring  tools 
the  cutting  angle  is  always  acute,  as  in  fig.  284 ;  having  values 
depending  on  the  nature  of  the  material  to  be  cut,  of  which  ex- 
amples will  be  given  further  on.  In  scraping  tools,  the  cutting 
angle  may  be  acute,  right,  or  obtuse;  in  ^g,  285,  it  is  nearly  a 
right  angle. 

The  angle  0  A  E,  made  by  the  upper  plane  A  E  with  the  tangent 
plane  A  0,  may,  for  the  sake  of  convenience,  be  called  the  vxm:mg 
angle;  so  that  tiie  working  angle  is  equal  to  the  sum  of  the  cuUing 
angle  and  the  angle  of  relief;  or  in  symbols,  CAE  =  DAE  + 
CAD.» 

It  is  upon  the  working  angle  that  the  distinction  between 
properly  shaped  paring  and  scraping  tools  depends.  That  distinc- 
tion may  be  stated  as  follows : — Every  pairing  tool  has  an  acute 
vxtrking  angle;  every  right  or  obtuse  working  angle  makes  a  scraping 
tool. 

An  acute  working  angle,  if  it  is  too  great  to  suit  the  material  on. 
which  it  acts,  may  give  a  scraping  inst^^l  of  a  paring  tooL 

As  regards  the  effect  of  the  cutting  angle  upon  ^e  action  of  a 
tool,  it  is  obvious,  that  as  the  working  angle  is  greater  than  the 
cutting  angle,  an  obtuse  or  even  a  i-ight  cutting  angle  gives  a 
acraping  tool;  and  that  an  acute  cutting  angle  too  may  give  a 
acraping  tool,  if  the  tool  is  held  so  as  to  make  the  working  angle 
right  or  obtuse ;  but  that  an  acute  cutting  angle  is  essential  to  a 
paring  tooL 

In  well-made  paring  tools,  the  difference  between  the  working 
angle  and  the  cutting  angle,  or  angle  of  relief,  CAD,  is  not  made 
greater  than  experience  has  proved  to  be  necessary  in  order  to 
prevent  excessive  friction  between  the  face-plane  of  the  tool  and 
the  face  of  the  work;  that  is,  about  3^  Any  increase  of  that 
angle  is  to  be  avoided;  because  it  tends  to  make  the  tool  dig  into 
the  work,  and  to  produce  "chattering;"  and  because,  by  diminish- 
ing the  cutting  angle,  it  weakens  the  tooL 

The  position  of  the  shaft  of  the  tool  as  held  by  the  tool-holder 
should  in  all  cases  be  such  that  the  back  and  forward  motion  of 
adjustment  of  the  cutting  edge,  A,  by  which  the  depth  of  the  cut 
is  regulated,  shall  take  place  exactly  in  the  plane  FAB,  perpendi- 
cular to  the  face  of  the  work ;  that  is  to  say,  in  the  case  of  a 
turning  lathe,  in  a  plane  traversing  the  axis  of  rotation. 

The  tools  shown  in  the  figures  have  the  front  ends  of  their  shafts 
bent,  hooked,  or  cranked,  as  it  is  termed,  in  such  a  manner  as  to 

*  Mr.  Babbage  calls  E  A  F  the  angle  of  escape;  so  that  the  angle  of  escape 
is  the  oomplemeDt  of  the  working  angle.  In  carpenters*  hand-plane^  the 
working  angle  is  called  the  pitch. 
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ensure  that  the  cntting  edge,  A,  ehall  not  he  in  advance  of  the  axis 
of  the  straight  part  of  the  shaft  qf  the  tod.  The  object  of  this 
arrangement  is,  that  any  deflection  which  the  tool-shafb  may 
undergo  through  excessive  resistance  to  the  cut,  may  tend  to 
move  the  cutting  edge,  A,  away  from  the  work,  and  not  to  make  it 
dig  into  it. 

In  tools  for  rough  work,  and  having  very  stiff  shafts,  the  cranked 
shape  is  unnecessary ;  and  then  the  upper  side  of  the  shaft  ia  in 
the  plane  B  A  F ;  the  proper  position  of  the  upper  plane  of  the 
cutting  edge  being  given  by  means  of  a  hollow  or  flute  in  the  upper 
side  of  the  tool 

Fig.  286  represents  a  paring  tool  designed  on  the  same  principles 
with  that  shown  in  fig.  284,  but  with  two  cutting  edges,  and 
a  three-sided  pyramidal 
point.  The  upper  part  of 
the  figure,  markea  with 
capital  letters,  is  an  eleva- 
tion ;  the  lower  part,  mark- 
ed with  italic  letters,  is  a 
plan,  or  horizontal  pro- 
jection ;  and  corresponding 
letters  mark  correspond- 
ing points.  The  cutting 
edges  in  the  plan  are 
marked  a  bsjud  ac;abed 
and  a  e  /  d  are  the  pro- 
jections of  the  two  face- 
planes;  ad  IB  the  projec- 
tion of  the  froni  edge; 
and  ah  g  he  that  of  the 
upper  plane.  In  the  ele- 
vation are  shown  one  of  the 
cutting  edges,  A  B;  one 
of  the  face-planes,  A  BED; 
and  the  front  edge,  A  D. 
Sometimes  the  front  edge 
is  rounded,  together  with 
the  angles  e  ah  SLud/d  e;  thus  connecting  the  two  straight  cutting 
edges  by  means  of  a  short  curved  cutting  edge.  Sometimes  the 
whole  cutting  edge  is  a  curve ;  and  then^  instead  of  two  fieuse-planes, 
there  is  a  cylindrical  front  surface. 

The  relations  amongst  the  angles  made  by  the  planes  and  edges 
of  such  a  tool  as  that  shown  in  ^g.  286  may  be  determined  either 
by  spherical  trigonometry,  or  by  the  rules  in  descriptive  geometry 
given  in  this  ^k.  Articles  24  to  30,  pages  9  to  12.  They  are 
treated  of  also  in  an  essay  by  Mr.  "Willis,  already  mentioned  as 
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having  been  pnbliahed  in  the  appendix  to  the  second  Tolnme  of 
Hojtzapffel  On  Mechanical  ManiptUaUoru 

A  tool  with  one  cnrved  or  two  strai^t  catting  edg(»  may  be 
used  to  cut  a  groove,  or  to  pare  a  layer  by  successive  shavings  off 
the  surface  of  a  piece  of  work.  In  die  latter  case  the  shaft  of  the 
tool  is  to  be  so  formed  and  held,  that  one  of  the  straight  cutting 
edgw  (for  example,  a  b\  or  one  side  of  the  curved  edge,  touches  the 
pared  face  of  the  worli^  and  the  other  (for  exam^de,  a  c)  cuts  into 
the  side  of  the  unpared  part  of  the  layer  that  is  being  removed ; 
and  according  as  the  tool  is  shaped  and  placed  so  as  to  lie  to  the 
right  or  to  the  left  of  the  unpared  part  of  the  layer,  it  is  called  a 
right-aide  or  a  left-aide  tool.  Thus,  in  a  ri^t-side  tool,  ab  touches 
the  pared  face;  ac,  the  side  of  the  unpared  layer;  and  in  a  left- 
side tool,  ac  {ouches  the  pared  face,  and  ab  the  mde  of  the 
unpared  layer.  A  tool  with  one  cutting  edge  which  is  parallel  to  the 
face  of  the  work,  as  in  fig.  284,  or  a  tool  with  two  cutting  edges,  as 
in  fig.  286,  making  equal  angles  with  the  fiuse,  is  called  SL/aoe-4ooL 
Fig.  287  shows  how  the  principle  of  having  a  small  angle  of  relief, 

with  a  sufficiently  acute  cutting 
angle,  is  applied  to  drills  or 
boring  Uia,  The  figure  shows 
a  front  view,  lettered  A,  B,  C, 
&c;  an  edge  view,  lettered 
A',  B',  C,  &C.;  and  an  end 
view,  lettered  in  italics.  A  A 
is  the  axis  of  rotation;  B  O, 
B  C,  the  cutting  edges;  and 
the  requisite  acuteness  is  given 
to  the  cutting  angle  (marked 
D'  C  E'  in  the  ed^  view)  by 
means  of  a  JltUe  or  curved 
hollow  parallel  to  each  of  the 
cutting  edges. 

481.  OattliisAivto»«fT««k. 
— The  best  cutting  angles  for 
paring  loola  suited  to  different 
materials  have  been  ascertain- 
ed by  practical  experience. 
The  following  are  the  principal 
results: — 


^2S7. 


Wood, £com  2o°to  45** 

Iron  and  Steely from  Cd'io  70^ 

(The  fiomller  angl^for  the  softer  kinds; 
the  greater  for  the  harder.) 
land  Bronze, 80* and  npwarda 
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In  the  case  of  scrapiDg  tools,  the  size  of  the*  cnttiiig  angle  is  a 
question  mainly  of  convenience  and  strength;  for  the  same  tool 
-which  is  a  paring  tool,  when  the  working  angle  is  only  a  little 
greater  than  the  cutting  angle,  becomes  a  scraping  tool  when  the 
-working  angle  is  sufficiently  increased 

It  may  be  considered,  however,  that  in  order  to  give  sufficient 
strength  to  the  tool,  the  least  cutting  angle  for  a  scraping  tool 
should  not  be  less  than  the  cutting,  angle  of  a  paring  tool  suited 
to  the  same  material 

The  cutting  angle  of  scraping  tools  for  iron  ranges  from  60° 
to  nearly  135°;  the  former  value  being  met  with  in  triangular 
scrapers  for  finishing  plane  surfaces ;  the  latter,  in  octagonal  broaelies 
for  enlarging  and  correcting  conical  holes. 

482.  Sp«cd  •£  CnttiBg  Took. — The  speed  of  the  cutting  motion 
of  tools  is  limited  by  the  heat  produced  by  their  action :  it  must 
not  be  so  great  as  to  cause  that  heat  to  affect  the  temper  of  the 
steel.  Hence  it  is  less,  the  harder  the  material  of  the  work.  The 
following  are  examples 

Speed  of  Oatting  Motion. 
Matbual.  Feet  per  Minnte. 

White  Cast  Iron, about  5 

Steel,  and  Gray  Cast  Iron, from    10  to      20 

Wrought  Iron, from    15  to      25 

Brass  and  Bronze, from    40  to    100 

Wood, from  300  to  2000 

Higher  speeds  may  be  used  for  planing,  and  for  ordinary  turn- 
ing, whero  the  tool  and  the  cut  surface  aro  freely  exposed  to  the 
air,  than  for  drilling  and  boring. 

483.  BoilslaBce  and  Work  of  Pariag  Tools. — The  following  esti- 
mate of  the  resistance  to  the  motion  of  a  tool  paring  iron,  and  of 
the  work  done,  is  based  on  that  given  by  Weisbach : — 

Let  It  denote  the  resistance  to  the  cutting  motion  of  the  tool; 
h  the  breadth,  and  t  the  thickness  of  the}  shaviog  which  it  pares  off; 
so  that  6  ^  is  the  sectional  area  of  the  shaving;  then 

V=/hi; (1.) 

in  which /is  a  co-efficient  depending  on  the  hardness  and  tough" 
ness  of  the  material.  The  value  of/  for  iron  is  estimated  by  Weis- 
bach at  00,000  Ibe.  on  the  squaro  inch,  or  35  kilogrammes  on  the 
square  millimetre.  For  steel,  it  is  probably  from  once-and-half  to 
twice  as  great.  Let  Z  be  a  given  length  of  shaving;  then  the  work 
done  in  paring  that  length  off  is 

Vl^flht (2.) 

Let  to  be  the  heaviness  of  the  material;   then  wl  i  ^  is  the 

Digitized  by  VjOOQIC 


568  XATEBIALS^  OONSTBUGTIOH,  AM)  8TBEHQTH. 

weight  of  material  pored  off;  and  the  work  done  in  that  process  ia 

evidently  equal  to  the  ioork  of  lifting  thai  toeiglU  to  the  heiglU  — ; 

whose  value  for  iron  is 

15,000  feet,  or 
4,570  metres. 

The  counter-^iciency  of  the  machines  in  which  paring  tools  are 
used  may  be  estimated  at  from  1*3  to  1*5;  or  say,  on  an  average, 
1*4;  so  that  the  total  work  of  a  machine  in  paring  away  a  given 
weight  of  iron  may  be  estimated  as  being  equal  to  that  of  iSfbing 
the  same  weight  to  a  height  of 

21,000  feet,  or 
6,400  metres. 

The  work  done  by  cutting  tools  pi-oduces  heat,  which,  unless 
abstracted,  tends  to  injure  the  tools  by  raising  their  temperature. 
In  order  to  abstract  the  heat  and  keep  the  temperature  moderate, 
the  point  of  the  tool,  in  cutting  wrought  iron  and  steel,  is  moistened 
with  a  suitable  liquid,  such  as  oil,  or  a  solution  of  carbonate  of  soda 
in  water.  Pure  water  should  not  be  used,  as  it  causes  iron  and 
steel  to  rust     Cast  iron,  brass,  and  bronze  are  cut  with  dry  tools. 

484.  c«BikiiMUoBa  of  Cattiiii  T««u« — The  boring  bit,  already 
mentioned  in  Article  480,  page  566,  is  in  fact  a  combination  of  two 
cutters  or  paring  tools.  A  combination  of  several  paring  tools, 
working  side  by  side,  is  seen  in  the  tool  sometimes  called  a  comb, 
used  in  screw-cutting  lathes,  for  cutting  several  turns  of  the  thread 
at  the  same  time.  Cutters  following  each  other  in  succession 
occur  in  taps  and  dies,  for  cutting  internal  and  external  screws  by 
hand.  A  circular  cutter,  or  rose-cuttery  used  in  shaping  the 
teeth  of  wheels,  is  itself  a  toothed  wheel,  each  of  its  teeth  being  a 
paring  tool.  The  teeth  of  a  saw  form  a  series  of  small  paring  tools 
or  scraping  tools,  according  to  their  working  angles;  and  by  the 
process  of  setting  them — that  is,  bending  them  alternately  to  the 
right  and  left — they  are  made  alternately  into  left-side  and  right- 
side  tools,  so  as  to  cut  the  two  sides  of  the  saw-kerf. 

485.  M^tloBS  of  MacliiBe-Tools   In   Chsnerak — In  most  examples 

of  machine-tools,  the  relative  motion  of  the  tool  and  the  work  is 
the  resultant  of  three  component  motions,  usually  at  right  angles 
to  each  other,  or  of  two  out  of  those  three :  the  cutting  motion,  the 
traversing  motion,  or  transverse  feed  motion,  and  the  advancing 
feed  motion;  the  first  two  taking  place  parallel  to  the  face  of  the 
work,  and  the  third  in  a  direction  normal  to  it. 

The  cutting  motion  is  the  most  rapid  of  the  three,  being*that  by 
which  the  tool  acts  on  the  face  of  the  work,*  leaving  a  narrow  strip 
or  band  from  which  a  portion  of  the  material  has  been  pared  or 
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scraped  away.  In  many  instances,  the  cutting  motion  ia  effected 
by  a  motion  of  the  work,  the  tool  remaining  fixed,  and  such  is  the 
case  especially  in  turning  and  screw-cutting  lathes,  and  in  almost 
all  planing  machines,  ^ere  are  other  operations  in  which  the 
cut  is  made  by  a  motion  of  the  tool;  such  as  drilling,  boring, 
slotting,  and  shaping.  The  speed  of  the  cutting  motion  has  been 
already  mentioned  in  Article  482,  page  567. 

The  trcmaverse/eed  motion  takes  place  parallel  to  the  face  of  the 
work,  and  at  right  angles  to  the  cutting  motion :  it  is  that  motion 
by  which  the  tool  is  made  to  shift  its  position  relatively  to  the 
work,  so  as  to  make  a  series  of  parallel  cuts  side  by  side,  leaving  a 
series  of  strips  or  bands  which  compose  a  surface  of  any  required 
extent.  It  is  sometimes  continuous,  and  sometimes  intermittent. 
The  general  nature  of  transverse  feed  motions  has  already  been 
described  in  Article  258,  page  293. 

The  rate  at  which  the  traversing  motion  takes  place  in  paring  a 
continuous  surface  depends  on  the  breadth  of  the  cut';  which,  in 
iron,  ranges  from  0*01  to  0-05  inch  (  =  from  0-25  to  1-25  millimetre). 
In  screw-cutting,  the  traverse  at  each  revolution  is  equal  to  the 
pitch  of  the  screw. 

The  (tdvcmcing  feed-motion  is  that  by  which,  after  a  certain  depth 
of  material  has  been  cut  away  from  the  face  of  the  work,  the  tool  is 
advanced  so  as  to  cut  away  an  additional  depth.  This  is  very 
often  an  intermittent  motion;  and  in  turning  and  planing  ma- 
chines it  is  usually  an  adjustment,  made  from  time  to  time  by 
hand.  Its  extent,  at  each  adjustment,  is  equal  to  the  depth  of  the 
cut;  which,  in  iron,  ranges  from  the  smallest  appreciable  quantity 
up  to  075  inch  (=19  millimetres)  in  ordinary  cases. 

486.  JHaklMg  Baled  SarfiicM— PlaaiBg— SlottiBg— ShaplBg. — ^A 
ruled  surface  is  one  in  which  every  point  is  traversed  by  a  straight 
line  lying  wholly  in  the  surface.  Such  a  straight  line  is  called  a 
generating  line  of  the  surface ;  and  the  surface  may  be  regarded  as 
generated  by  the  motion  of  the  straight  line.  A  ruled  suHace  may 
be  cut  to  any  required  degree  of  precision,  by  the  successive  strokes 
of  a  tool,  each  stroke  being  made  along  a  straight  generating  line 
of  the  surface. 

The  class  of  ruled  surfaces  comprehends  the  following  different 
kinds,  amongst  others : — 

L  All  straight  sv/r/acea:  that  is,  surfaces  in  which  the  straight 
generating  lines  are  all  parallel  to  each  other.  Such  surfaces  may 
be  either  plane  or  cylindrical;  the  term  cylindrical  surfaces  em- 
bracing not  only  those  whose  transverse  sections  are  circular,  but 
those  whose  transverse  sections  are  curves  of  any  figure,  sudi  as 
the  acting  tmrfaces  of  the  teeth  of  spur-wheels  (Article  130,  page 
120).  It  has  abready  been  stated,  in  Article  38,  page  17,  that  the 
bearing  sorfJEtces  of  hiding  primary  pieces  must  all  l:^  straight 
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IL  All  caniccd  surfaces:  that  is,  sur&ces  in  which  the  straight 
generating  lines  all  pass  through  one  point  The  transverse 
sections  of  such  a  surface  may  be  circular,  as  in  the  pitch-cone  of  a 
circular  bevel  wheel  (Article  105,  page  86);  or  they  may  be  non- 
circular  curves,  as  in  the  acting  sur&ces  of  the  teeth  of  such  a 
wheel  (Article  144,  page  143). 

III.  Hyperboloidal  or  skew-hevd  surfaces:  in  which  the  straight 
generating  lines,  not  intersecting  in  one  point,  traverse  a  series  of 
similar  transverse  sections  of  the  surfaca  Such  transverse  sections 
may  be  circular,  as  in  the  pitch-surfexse  of  a  circular  skew-bevel 
wheel  (Article  106,  page  87);  or  non-circular,  as  in  the  acting 
surfaces  of  skew-bevel  teeth  (Article  145,  page  146). 

The  Planing  Maohins  cuts  straight  sur^ces  of  all  kinds;  and 
id  used  especially  for  the  cutting  of  plane  sur&oes  to  a  certain 
degree  of  approximation;  that  is  to  say,  the  longitudinal  straight 
ness  of  idle  surfkce  is  perfect;  but  the  transverse  straightness  is 
approximate.  In  a  planing  machine  of  ordinary  construction, 
there  is  a  fixed  horizontal  bwl,  very  strongly  and  stiffly  supported : 
its  essential  parts  being  a  pair  of  most  accurately  made  straight^ 
parallel,  horizontal  guides,  of  a  Y-shape  in  cross-section.  In  those 
guides  there  slides  a  pair  of  straight,  parallel,  horizontal,  triangular 
bars,  forming  the  supports  of  a  stiff  and  strong  horizontal  tablej 
having  in  it  several  slots  or  oblong  openings,  for  the  purpose  of 
enabling  the  toork  to  be  secured  to  it  From  the  two  sides  of  the 
bed  rise  a  pair  of  standards,  carrying  a  straight  horizontal  saddle 
that  bridges  across  the  table.  The  saddle,  by  means  of  straight 
horizontal  guides,  supports  the  tool-holder,  which  has  a  transverse 
traversing  motion.  The  sliding  surfaces  of  the  saddle  and  tool^ 
holder  are  usually  of  a  dove-tail  shape  in  cross-section. 

The  cutting  action  is  effected  by  a  longitudinal  motion  of  the 
table  carrying  the  work:  the  gearing  which  communicates  that 
motion  ought  to  be  extremely  smooth  and  accurate  in  its  action ; 
such  as  the  rack  and  helical  pinion  described  at  page  289 ;  and  the 
pitch-point  of  the  rack  and  pinion  ought  to  be  as  directiy  as  possible 
below  the  cutting  tool    As  to  the  speed,  see  Article  482,  page  567. 

During  the  return  stroke,  the  tool  is  lifted  clear  of  the  vrark, 
and  the  motion  ci  the  rack  and  pinion  is  reversed  by  means  of  self- 
acting  reversing  gear;  such,  for  example,  as  that  mentioned  in 
Article  264,  page  299;  and  the  train  of  wheelwork  which  produces 
the  return  stroke  is  so  proporticmed  as  to  give  an  increased  speed 
of  motion  to  the  table,  usually  about  double  that  of  the  ootting 
stroke. 

The  transverse  traversing  motion  of  the  tool4iokier  is-  inters 
mittent,  being  made  during  the  return  stroke  of  the  table.  The 
combination  which  directly  produces  it  is  usually  a»  tnoisveraer 
horizontal  screw  driving  a  nut  that  is  fixed  to  the  tool-hokiep. 
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The  screw  is  driven  by  a  suitable  train  of  wheelwork,  the  first  wheel 
of  which  is  driven  by  a  click,  usually  of  the  reversible  kind 
(Article  194,  page  207).  The  extent  of  traverse  after  each  cutting 
stroke  can  be  regulated  by  the  help  of  adjustments  of  length  of 
stroke  (Article  273,  page  312),  or  of  change- whedb  (Article  271, 
page  311). 

In  some  large  planing  machines  for  very  heavy  work,  the 
cutting  stroke  is  effected  by  a  longitudinal  motion  of  a  strong 
frame  caiTying  the  saddle  and  the  tool-holder;  the  table  with  the 
work  being  at  rest 

For  cutting  straight  surfaces  of  more  or  less  complex  cross-section, 
and  especially  for  cutting  straight  grooves  and  straight  rectangular 
holes,  such  as  key-ways  and  slots,  the  slotting-machinb  is  used. 
In  this  machine  the  tool-holder  or  cutter-bar  usually  slides  verti- 
cally in  a  guiding  groove  in  the  dide-head,  which  is  carried  by  a 
strong  overhanging  frame.  Below  the  slide-head  is  a  table  to 
which  the  work  is  secured,  capable  of  being  turned  about  a  vertical 
axis,  and  traversed  horizontally  in  two  rectangular  directions,  so 
as  to  bring  the  work  into  any  required  position  relatively  to  the 
cutting-tooL 

A  ffltAHNG  machine  differs  from  a  slotting  machine  mainly  in 
having  a  slide-head  that  is  capable  of  being  turned  into  different 
positions,  so  as  to  cause  the  tool  to  make  strokes  in  difierent  direo- 
tions  when  required.  It  is  used  for  cutting  ruled  surfiaces  of 
various  kinds.  Circular  cutters  (page  568),  driven  by  suitable 
shifting  trains  (Article  228,  page  235),  are  sometimes  used  in 
shaping  machines. 

487.  BejapiBg  FimM  gurihcea. — ^When  the  highest  practicable 
degree  of  accuracy  is  required  in  a  plane  surface,  its  form  may 
in  the  first  place  be  given  approximately  by  the  planing  machine, 
but  it  must  be  finished  by  the  hand-scraper.  Scrapers  for  iron  are 
usually  made  of  very  hard  steel,  with  edges  of  60*. 

When  an  existing  standard  plane  sur&ce  (or  planometer,  as  it 
is  sometimes  called)  is  available,  it  is  smeared  with  a  very  thin 
coating  of  a  mixture  of  red  chalk  and  oiL  The  new  plane,  in  its 
approximate  condition,  is  laid  face  to  face  on  the  standard  plane, 
and  gently  rubbed  on  it  The  prominent  places  on  the  new  plane 
pick  up  the  colouring  matter,  and  are  marked  by  it;  and  thus  the 
workman  is  guided  to  the  parts  that  require  scraping  down.  The 
process  is  repeated  again  and  again  until  the  new  plane  fits  tlie 
standard  plane  with  the  required  degree  of  precision. 

In  the  absence  of  a  standard  plane^  three  approximately  plane  cast- 
iron  plates  are  made,  stiffened  at  the  back  by  ribs.  One  pair  of 
those  are  taken  in  the  first  place;  and  one  of  them  being  smeared- 
with  a  suitable  mixture,  they  are  repeatedly  rubbed  together,  so 
as  to  mask  the  prominent  places^  and  bSth  are  scraped,  imtil 
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they  fit  each  other  with  a  certain  d^ree  of  aocnracj.  At  this 
stage  of  the  process,  they  may  be  both  plane;  or  both  spherical,  and 
of  the  same  radius,  one  being  convex  and  the  other  concave.  Then 
the  two  plates  first  taken  are  compared  in  succession  with  the  third 
plate,  and  the  operations  of  rubbing  and  scraping  repeated,  with 
the  plates  combined  by  pairs  in  every  possible  way,  until  all  three 
plates  accurately  fit  each  other  in  every  combination  and  position; 
when  they  must  necessarily  be  truly  plane.  This  is  the  process  by 
which  standard  planes  are  made;  and  when  a  set  of  three  have  been 
made,  it  is  usual  to  reserve  one  of  them  very  carefully  for  testing 
fix)m  time  to  time  the  accuracy  of  the  other  two,  which  are  em- 
ployed as  standards  of  planeness  and  straightness  for  ordinary  use. 

488.  nakiiis  Swilices  ^f  BevolHtlMi  ^  TnnUiiS,  DrilUi^K,  «b4 
BMriiif. — A  turning-lathe  usually  contains  the  following  principal 
parts.  The  bed,  truly  plane  and  horizontal.  The  head-atoeka,  or 
supports  for  the  axis  of  rotation  of  the  work;  one  fixed,  and 
the  other  capable  of  being  shifted  longitudinally  on  the  bed 
to  a  greater  or  less  distance  from  the  fixed  headstock,  so  as  to 
suit  the  size  of  the  work.  The  saddle,  ^hich  slides  longitudinaUy 
on  the  bed,  carrying  the  rest,  which  carries  the  tool-holder.  The 
rest  has  longitudinal  and  transverse  traversing  motions,  usually 
produced  by  means  of  screws  and  nuts,  acting  on  slides  with  dove- 
tail-shaped straight  bearing  snrfisu^es;  the  position  of  the  tool-holder 
is  adjustable  vertically  and  horizontally. 

The  longitudinal  traversing  motion  of  the  saddle  is  sometimes 
produced  by  a  pinion  driving  a  rack,  like  the  motion  of  the  table 
in  a  planing  machine,  and  sometimes  by  a  strong  and  very 
accurately  made  screw,  extending  the  whole  length  of  the  bed;  the 
latter  method  is  used  in  screw-cutting  lathes.  Many  lathes  are 
provided  both  with  a  guide-screw  and  with  a  rack-and-pinion 
motion  for  traversing,  either  of  which  can  be  used  at  pleasure. 
The  guide-screw  is  commonly  reserved  for  screw-cutting,  and  the 
rack  and  pinion  used  for  ordinary  purposes. 

The  moveable  headstock  carries  the  screw-spindle,  which  does 
not  rotate,  but  can  be  slid  back  and  forward  by  means  of  a  screw, 
in  order  to  adjust  the  position  of  its  point,  which  forms  one  of  the 
supports  of  the  work.  The  fixed  or  fast  headstock  carries  the 
lathe-spindle,  which  is  a  rotating  horizontal  shaft,  driven  at  a 
proper  speed  by  means  of  a  suitable  belt  and  pulleys;  the  speed  is 
capable  of  adjustment  by  means  of  speed-cones,  usually  of  the 
stepped  kind  described  in  Article  171,  page  185. 

The  journals  of  the  lathe-spindle  are  in  most  cases  made  slightly 
conical,  and  are  tightened  in  their  beariugs,  when  required^  by 
means  of  screws  acting  endwise. 

The  ends  of  both  spindles  project  inwards  firom  the  headstocks : 
they  are  capable  of  being  fitted  with  various  contrivances  for 
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snpportmg  and  holding  the  work.  The  screw-spindle  usually,  and 
the  lathe-spindle  sometimes,  is  fitted  with  a  conical  point  of  steel 
called  a  centre,  the  angle  at  the  point  ranging  from  60°  for  wood, 
to  80°  or  90°  for  metal ;  such  points  support  the  work  and  keep  it 
truly  centred  on  the  axis  of  rotation.  The  lathe-spindle  can  also 
be  fitted  with  chucks  of  different  sorts;  being  discs  provided  with 
holes,  pins,  and  other  means  of  holding  the  work,  and  causing 
it  to  rotate  along  with  the  lathe-spindle;  or  with  a  Tnandril  or 
cylindrical  continuation  of  the  spindle,  on  which  wheels  and 
pulleys,  and  other  pieces  of  work  having  eyes  in  their  centres,  can 
be  keyed  for  the  purpose  of  being  turned 

A  chuck  in  the  form  of  a  large  circular  disc  is  called  &  faceplate. 
Some  lathes  have  face-plates  on  both  spindles ;  and  then  the  two 
spindles  are  driven  at  the  same  speed,  by  means  of  two  pinions  on 
one  shaft,  gearing  with  teeth  on  the  rims  of  the  face-plates. 

The  greatest  radius  of  the  work  which  can  be  turned  in  a  given 
lathe  is  limited  by  the  height  of  the  axis  of  rotation  above  the  bed ; 
and  the  lathe  is  described  as  a  "  twelve-inch  lathe,"  a  "  twenty-four- 
inch  lathe,"  <fec.,  according  to  that  height 

The  tool-holder  is  adjusted  so  that  the  point  or  cutting  part  of 
the  tool  is  exactly  in  a  horizontal  plane  traversing  the  axis  of  rotation. 
The  direction  of  rotation  is  such  that  the  surface  of  the  work  moves 
dcumuxxrda  at  the  point  of  the  tool,  which  accordingly  cuts  upwards. 

The  screws  and  nuts,  or  the  pinions  and  racks,  by  which  the 
traversing  motions  of  the  tool-holder  are  produced,  are  driven 
from  the  lathe-spindle  through  trains  containing  change-wheels 
(Article  271,  page  311);  and  by  means  of  these  the  velocity-ratio 
and  directional-relation  of  the  cuttiug  motion  and  of  the  traversing 
motion  can  be  adjusted  so  as  to  produce  the  required  resultant  or 
aggregate  relative  motion.  As  to  the  rate  of  traverse  per  revolu- 
tion, see  Article  485,  page  569. 

When  the  word  traversing  is  used  without  qualification,  it  gener- 
ally means  that  the  tool  traverses  in  a  direction  parallel  to  the  axis 
of  the  lathe,  so  as  to  turn  a  cylindrical  surface.  When  the  tool  is 
made  to  move  in  the  direction  of  a  radius  perpendicular  to  the 
axis,  it  turns  a  plane  surface;  and  the  process  is  called  surfacing. 
This  is  veiy  often  the  means  used  of  making  a  plane  approximately, 
previous  to  correcting  it  by  scraping.  By  combining  those  two 
motions,  so  as  to  make  the  tool  traverse  in  a  straight  line  cutting 
the  axis  obliquely,  a  conical  surface  is  turned.  When  the  point  of 
the  tool  is  made  to  traverse  in  a  circle,  one  diameter  of  which 
coincides  with  the  axis,  a  spherical  surface  is  turned.  A  hyper- 
boloidal  surfEU^  might  be  turned  by  making  the  point  of  the  tool 
traverse  along  one  of  its  straight  generating  lines  (see  Article  84, 
page  70 ;  Article  106*,  page  87). 

All  the  preceding  operations  are  examples  of  circtdafr  turning, 
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in  which  the  point  of  the  tool  deecribes,  relttdvely  to  the  woik,  a 
circle  about  the  axis,  if  the  traveroing  motion  be  negleoted,  or  a 
helix  or  spiial  of  a  pitch  •equal  to  the  traFene  per  leyolution,  if 
this  component  of  the  motion  be  taken  into  aocoont.  lu^otaUrie 
turning,  the  point  is  made  to  describe,  ^relatively  to  the  work, 
paths  of  various  other  kinds,  such  as  ecoenia^ic  circles,  ellipses,  ej»- 
cydoids,  and  arbitrary  curves  of  various  sorts.  3uch  aggregate 
paths  axe  produced,  sometimes  by  epioyclic  trains  carried  by  the 
chuck  wldch  holds  the  work,  as  in  the  eeceniaioi^uok,  dLipAc  ^ibMok^ 
and  geometric  chuck;  sometimes  by  the  action  of  cams  or  shaper- 
plates  on  the  tool-holder.  The  actions  of  auoh  oombdnstions  have 
been  treated  of  in  Part  L,  Chapter  V^  Section  IV.,  pages  261  to 
267;  and  in  the  Addenda,  pages  290,  29L 

Drilling  and  Baring  may  be  locked  upon  as  modifications  cf 
turning,  applied  to  the  making  of  concave  snrfiMies  of  revoiutioo, 
and  especially  of  hollow  cylinders.  The  word  bocii^  is  «iffcen 
applied  to  both  processes;  buturhen  drilling  and  boruig  are  dis- 
tinguished from  each  other,  drilling  means  the  making  of  a 
cylindrical  hole  by  a  tool  which  advances  endways,  -cutting 
shavings  from  the  flat  or  conical  bottom  of  the  hole  (see  £g.  287) ; 
and  boring,  the  enlarging  and  correcting  of  a  hollow  (^lindncal  sur- 
face already  made ;  such  as  that  of  a  oast-iron  steam-engine  oybnder. 

In  drilling,  the  tool  or  drill  usually  rotates  about  a  vertical 
axis;  and  it  is  very  often  driven  by  a  shifting  train,  carried  by  a 
jib  or  train-arm.  (As  to  shifting  trains,  see  Article  228,  pages  235 
to  238.)  This  is  in  order  that  the  position  of  the  drill  may  be 
shifted  to  various  parts  of  the  wcHrk.  The  train-ann  or  jib  projects 
horizontally  from  a  strong  hollow  standard,  oontaining  the  veriacal 
shaft  that  drives  the  sh^ting  iacain.  The  work  is  supported  by  & 
table,  which  is  often  made  so  as  to  be  ciq[kaUe  of  b^ng  turned 
about  a  vertical  axis,  and  shifted  horizontally  on  slides  in  two 
rectangular  directions,  in  order  to  bring  different  points  in  the 
work  below  the  driU. 

The  feed-motion  is  given  sometimes  by  gradually  lowering  tha 
drill,  sometimes  by  gradually  raising  the  table. 

In  a  multiple  drilling  machine  (used  for  making  rows  of  holes  in 
iron  plates)  a  set  of  drills  are  driven  from  one  shaft  by  means  of 
skew>bevel  pinions  or  other  suitable  medianism.  The  fe^  motion  is 
given  by  nosing  the  table.   The  forms  of  drilHng  tools  are  vecy  various. 

In  a  boring  machine,  ihe  inner  surface  of  a  hc^ow  cylinder  is 
pared  by  means  of  one  or  mone  tools  carried  by  a  cttf^ar-^or  or 
cutter-head;  being  a  cylinder  a  little  smaller  ^an  the  hollow 
cylinder  to  be  bored.  When  the  work  is  a  very  large  cylinder,  it 
is  usually  fixed;  and  the  rotation  and  traversing  motion  are  botk 
given  to  the  cutter  head. 

489.  saww-catuns. — ^The  operation  of  outtii^  screws  is  per- 
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formed  in  a  lathe;  the  work  rotates,  and  the  tool-holder  is  made 
to  traverse  longitudinally  by  means  of  the  guide-screw,  abready 
mentioned  at  page  572,  The  nut  by  means  of  which  the  guide- 
screw  diives  the  saddle  is  a  daap^ut  (see  Addenda,  page  576): 
which  can  be  thrown  into  or  out  of  gear  with  the  guide-screw 
when  required.  The  guide-screw  is  made  with  great  care  and 
precision.  An  ordinary  value  of  its  pitch  is  half  an  incL  The 
velocity-ratio  and  directional-relation  of  the  motions  of  the  guide- 
screw  and  of  the  lathe-spindle  are  adjusted  by  means  of  change- 
wheels  to  the  pitch  and  direction  pf  the  screw  to  be  cut,  according 
to  the  following  principles. 

-     Speed  of  Rotation  of  Guide-Screw   _  Pitch  of  Few  Screw 
Speed  of  flotation  of  Lathe-Spindle  "~  Pitch  of  Guide-Screw 

II.  The  direction,  right  or  left-handed,  of  the  new  scif^w,  is 
similar  or  contraiy  to  that  of  the  guide-screw,  according  as  the 
directions  of  rotation  of  the  guide-screw  and  of  the  lathe-spindle 
are  similar  or  contrary. 

490.  Whc«l-€■ttll^^. — A  wheel-cutting  machine,  for  shaping  the 
teeth  of  wheels,  may  be  regarded  as  a  special  form  of  the  shaping 
machine,  in  some  cases  combined  with  the  turning  lathe.  The 
wheel  to  be  cut  is  fixed  on  mandrils  carried  at  the  end  of  a  rotating 
spindle,  mounted  on  a  head-stock.  Sometimes  that  spindle  acts 
as  a  lathe-spindle,  while  the  wheel  is  being  turned.  When  the 
pitching  and  tooth-cutting  are  to  be  b^un,  a  large  worm-wheel, 
permanently  fixed  on  the  spindle,  is  made  to  gear  with  a  tangent 
screw,  by  means  of  which  it  is  successively  turned  through  a  series 
of  angles,  each  equal  to  the  pitch-angle;  first,  for  the  purpose  of 
pitch^  the  wheel,  or  marking  the  pitch-points  of  the  teeth  on  the 
pitch-circle,  and  then  for  the  purpose  of  changing  the  position  of 
the  wheel  after  each  tooth  has  been  out,  preparatory  to  cutting  the 
next  tooth.  The  figures  of  the  teeth  are  given  approximately  by 
casting,  and  finished  by  cutting. 

Each  stroke  of  the  cutter  is  guided  so  aa  to  take  place  along  a 
straight  line.  In  spur-wheels  that  straight  line  is  parallel  to  the 
axis;  in  bevel  wheels,  it  traverses  the  apex  of  the  pitch-cone;  in 
skew-bevel  wheels,  it  is  a  generating  line  of  the  hyperboloidal 
surfiices  of  the  teeth.  When  a  single  cutter  is  used,  the  slide  in 
which  it  works  is  guided  into  the  proper  positions  for  the  suc- 
cessive strokes  by  a  templet  shaped  like  a  tooth  or  like  the  space 
between  two  teeth.  In  cutting  the  teeth  of  spur-wheels,  a  rotating 
circular  cutter  is  used;  and  the  form  of  the  cutting  edges  of  its 
teeth  is  the  counterpart  of  that  of  the  space  between  two  teetL 

The  cutting  of  worm-wheels  by  means  of  a  rotating  cutter  which 
is  a  copy  of  Uie  screw  that  is  to  gear  with  the  wheel,  has  already 
been  mentioned  in  Article  157,  page  166.  r^         i 
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Addendum  to  Article  263,  Page  298. 

€7lMp-lf  at.— lo  oerUin  machine-toolfl,  the  travereinc  motion  of  the  i 
hdder  it  produced  by.  a  screw  which  rotates  about  a  Sxed  axis,  and.  dn 
loDffitadiiially  (as  described  in  Article  152,  page  157)  a  nut  that  fits  it  tn 
wit&oat  piBchmg  it.  That  nut  is  made  in  two  halves,  citable  of  b« 
clasped  rotmd  the  screw  or  ondasped,  according  as  the  combmatioii  is  to 
thrown  into  or  oat  of  gear.  When  the  combination  is  about  to^  be  thra 
into  gear,  either  tiie  nat  or  the  screw  must,  if  required,  be  shifted  Ion 
tudiiudly,  so  as  to  bring  the  threads  of  the  one  opposite  to  the  grooves 
ihe  other. 

Addendum  to  Table  V.,  Page  482. 

8lKi^;th  aad  BiMtlclcr  •fSilk  aad  Ffauc— 

SUken  FUxen  FUxen 

Thread.        Thread.  Yam  in  Canvas. 

Ultimate  tenacity— 

In  lineal  feet  of  material,     120,000      95,000      from  52,000  to  59, 000 

In  metres, 36,600      29,000      from  15,900  to  18,000 

Modulus  of  elasticity — 

In  lineal  feet  of  material,  3,000,000 
In  metres, 914,400 

Addendum  to  Article  465,  Page  547;  and  Aeticle  466, 

Page  549. 

Braecd  Shaft. — ^The  description  given  in  Article  459,  page  539,  of  a 
braced  connecting-rod,  applies  also  to  the  general  construction  of  a  braced 
shaft  The  obje^  of  that  construction  is  to  diminish  the  deflection  and  the 
bending  stress  of  a  shaft  of  long  span,  through  the  support  given  to  the  shaft 
at  the  middle  of  the  span  by  the  bracing.  The  followmg  is  the  easiest  way 
of  computing  the  dimensions : — The  diameter  of  the  shut,  A,  is  to  be  calcu- 
lated so  as  to  bear  safely  the  twisting  moment,  combined  with  a  bending 
moment  due  to  half  the  actual  span.  Let  c  be  that  half-span ;  and  y  the 
length  of  one  of  the  arms  of  the  bracing  cross,  which  is  to  be  fixed  according 

to  convenience.    Let  ~  be  the  safe  working  tension  of  the  bracing  rods,  in 

length  of  themselves ;  say,  3,000  foet,  or  900  metres.  Let  d  be  the  proper 
diameter  for  a  tension-rocL  Then  the  proper  ratio  for  the  diameter  of  each 
of  the  four  tension-rods  to  the  diameter  of  the  shaft  is  given  by  the  following 
formula: — 


The  tension-rods  should  be  tightened  by  means  of  screws  just  sufficiently  to 
prevent  any  perceptible  slackness  of  the  rods  which  successively  come  upper- 
most as  the  shaft  rotates. 
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AcCELEkilTION,  330L 

wof  k  o^  35i. 
Action  and  re-action,  316. 
Addendum  of  a  tooth,  116. 
A^jtistments  in  mechanism,  293L 

A  speed  (see  Speed). 

of  stroke  (see  Stroke). 
Aggregate  combinationB,  235. 

jpatmi  (see  Patiis,  aggregate). 
Air,  friction  o^  in  pipes,  404. 

transmission  of  motiye  power  by 
(see  Pnenmatxc  Connection). 
Alloys,  463. 

Alnmininm  bronze,  463,  477. 
Angles,  cutting,  of  tods,  566. 
Angular  velocity,  24. 
Approach  of  teetii,  118. 
Arcs,  measurement  of,  27. 
Axis,  fixed,  24. 

instantaneous,  46. 
of  a  rolling  body,  51. 

temporaiy,  &. 
Axles  and  shafts,  effidancnr  o^  427. 
431,  433,  449. 

friction   of    (see    Eiktioa;    also 
Efficiency). 

strength  of,  540,  543. 

Babbitt's  metal,  464. 
Back-lash,  116. 
Back  of  a  tooth,  115,  152. 
Balance  of  a  machine;  standings  365, 
368;  mnning,  368. 

of  effort  and  resistanoe,  370,  375. 
Ball-and-socket  joints  102. 
Band-link,  213. 
Bands,  classed,  179. 

connection  by,  180. 

deflection  of,  634 

efficiency  o^  440,  447. 

friction  o^  35L 

len^h  o(  18a 

motion  o(    74   (see   also  Belts, 
Cords,  Chains,  Pnlleyi). 

strength  o^  532. 

with  circular  pullevs,  182. 

with  pohrgonfu  puIIeyB,  182. 
Bartel,  187. 
Beam,  bendins  action  on,  50& 

deflection  o^  517. 


Beam,  fixed  at  the  ends,  52L 

in  linkwork,  192. 

longitudinal  sections  of  unifoim 
strength  for,  517. 

resilience  o^  521. 

strength  o^  513. 

walkmg,  strength  of,  557. 
Bearing-pressure,  intezisity  o^  350. 
Bearings,  dimensions  of  bushes  and 
plumber-blocks  for,  562. 

forms  o^  17,  35a 

friction  o^  353. 

lubrication  o(  350. 

materials  for,  462. 
Bellows,  motion  o^  226. 
Belt,  flat  driving,  184. 

motion  of  (see  Bands). 

strength  o(  474^  582. 

with  mst  and  loose  pulleys,  184. 

with  speed  cones,  185. 
Bending  moments,  calculatioa  o( 
505. 

moment  of  resistance  to,  510,  5ia 

resistance  to,  504. 
Bevel-wheels    (see   Wheels;    also 

Teeth). 
Blocks  and  tackle,  214. 
Boiler  flues,  strength  o(  526. 

shells,  str^igth  ot  494. 
Bolts,  dimensions  anastreiigtliQ(499. 
Boring,  574. 
Bracket  (see  Beam). 
Brakes,  40a 

£ui,406. 

flexible,  402. 

pump  or  hydraulic,  404. 
Brass,  462,  477. 
Brasses  (see  Bearings). 
Broach,  561. 
Bronze,  462,  477. 
Bulkiness,  325. 
Bushes  (see  Bearings). 

Cam  and  pin,  170. 
Cam-motions  in  turnings  291« 
Cams,  170. 

rolHng,  99. 

spiral  and  conddal,  175  (see  also 
Wipers). 
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CapvUn,  190. 

CAstmgi,  iron,  for  machinery,  453. 

Cait-iron,  451. 

maUeable,  45a 

resilience  of^  485. 

■trengUi  of;  453,  477, 479,  481, 48C. 

took  for  cntting  (see  Tools). 
Cataract,  404. 
Catch  (see  Click). 

frictional,  211. 
Centre  of  a  carved  line,  33S. 

of  a  plane  area,  334. 

of  a  ydame,  336. 

of  hnoyancy,  329. 

of  gravity,  328,  345. 

of  magnitude,  334. 

of  percussion,  361. 

of  pressnre,  329. 

of  special  figures,  336. 
Centrifugal  couples,  365. 

force,  330,  364. 

force,  halanoe  of,  368. 

force,  resultant,  365. 

tension,  441,  532. 

whirling  of  shifts,  549. 
Chains,  gearing,  190. 

motion  of  (see  Bands). 

strength  of,  535. 
Change  wheels,  311. 
Changing  sneed  (see  Speed,  adjust- 
ment or). 

stroke  (see  Stroke,  adjustment  of ). 
Chuck  (see  Turning). 
CirclCj  mvolute  of  (see  Involute). 

proiections  o^  15. 
Circular  aggregate  paths,  261. 
Circular  arcs,  measurement  of,  27. 
Claspnut,  676. 
Clearance  of  teeth,  116. 
Clearing  curves  of  teeth,  123. 
Click,  5)6. 

double-acting,  209. 

frictional  (see  Catch). 

silent,  208. 
Dutch,  295. 
Cocks,  306. 
Cog,  hunting,  104. 
Cogs  (see  T€^h). 

strength  of^  554. 

wooden,  473. 
Collapsing,  resistance  to,  525. 
Collar  for  plunger,  221. 

for  shaft,  353. 
Combinations,  aggregate  (see  Aggre- 

,g»te). 

elementaiy  (see  Elementary). 
Comb  for  screw-cutting,  568. 


Comparative  motion,  22. 

in  elementary  combinations,  78. 

in  rotating  pieces,  31,  35. 

of  rigidly  connected  points,  32. 
Component  motions,  18. 

velocities  in  a  rotating  piece,  33. 
Compositicm  of  forces,  319. 

of  motions,  18. 

of  rotation  with  translation,  52. 

of  rotations,  54,  63. 
Compression,      longitudinal       (see 

Thrust). 
Cones,  pitch,  86  (see  also  Wheels, 
bevel). 

rolling,  68,  73. 

speed,  185. 
(]k>nnected  points,  motion  of;  32. 
Connecting-rod,  192  (see  linkwork). 

sti^^  of;  524,  584,  537. 
Connection,  line  o^  32,  77. 
Copper,  461. 
Copv-plate,  291. 
Cords,  motion  of  (see  Bands). 

pulleys  for,  187. 

strength  o^  475. 
CotUurs,  strength  o(  499. 
0)unter-efi[iciency,  376  (see  Efficiency). 
Counter-wheels,  286. 
Coupled  parallel  shafts,  44,  194. 
Couples,  centrifugal,  365. 

statical,  321. 
Coupling,  circular  half -lap,  552. 

dimensions  o^  552. 

double  Hookers,  205. 

drag  link,  194. 

Hooke-and-Oldham,  206. 

Hooke's,  203. 

Oldham's,  166. 

pin  and  slot,  167. 
Oupling-rod,  192  (see  Linkwork). 
Crank  and  )>eam,  motion  o(  196. 

and  piston-rod,  motion  of,  196. 

and  slot,  167. 

in  linkwork,  192. 

strength  of;  557. 

Z.  272. 
Crank -rod,  192,  449  (see  Linkwork). 
Oushing,  direct,  resistance  to^  522. 

by  bending,  524. 
Curved  lines,  measurement  of,  30. 
Cutter,  circular,  568. 
Cutting  tools  (see  Tools). 
Cydoid,  5a 
Cylinder,  flexible,  220. 

hydraulic,  221. 
Cylmders,     hollow;    resistance    to 

bursting,  494;  ipcoUapsing,  525. 
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CylinderB,  pitch,  83,  85. 
roUing,  53,  56,  73. 

Dash-pot,  404. 
Dead-beat,  179. 
Dead  points  in  link  work,  193. 

of  cam,  173. 

of  pin  and  Blot,  168,  169. 
Deflection  of  baiKU,  534. 

of  beams,  517. 

of  shafts,  545. 

of  steel  rorings,  386,  389. 
Density,  325. 
Diametral  pitch,  111. 
Disengagement  by  a  clasp-nut,  576. 

by  a  dutch,  295. 

by  bands,  184,  185,  188,  299. 

by  &st  and  loose  pulleys,  184. 

by    friction-cones,    sectors,     and 
discs,  296. 

by  linkwork,  299. 

by  smooth  wheels,  297,  xyL 

by  teeth,  298. 

1^  valves,  301. 
Disengagements,  294. 
Drag-EiS:,  194. 
Drawings  of  a  machine,  5. 


Drilling,  574. 

Driver,  77. 

Driving  point,  23. 

Dram,  187. 

Dynamics  of  machinery,  315. 

Dynamometer,  382. 

friction,  383. 

integrating,  394. 

rotatory,  386,  446. 

torsion,  387. 

traction,  383. 

Eccentric,  197. 

gearing,  247. 

pnlleys,  188. 

rod,  192, 197. 
Effect  and  power,  378. 
Elfficiency  and  coanter-efficiency,376, 
422. 

of  a  machine,  315,  347. 

of  a  shaft  or  axle,  427. 

of  a  sliding  piece,  426. 

of  modes  of  connection  in  mechan- 
ism, 436. 

of  primary  pieces,  423. 
Effort,  368. 

accelerating,  371. 

when  speed  is  uniform,  balances 
resistances,  370. 


Elasticity,  492. 

Elementary  combinations,  77. 

classed  generally;  80. 

classed  in   detaU,  for   reference, 
229. 

efiSciency  o(  436. 
Ellipses  traced  by  the  trammel,  267. 

by  turning,  266,  290. 
Elliotic  pulleys,  189. 

wheels,  95. 
involute  teeth  for,  292. 
Eneivy,  actual  (or  kinetic),  373. 

anawork,  general  equation  o^  378. 

exerted  and  work  done,  equality 
o^  370,  375. 

potential,  370. 

stored  and  restored,  373,  375,  407. 
Engaging  and  disengaging  gear  (see 

Disengagements). 
EpicycloicC  56  (see  Epitrochoid). 
Epicyclddal  teeth,  130. 
E^itorochoid,  56. 

traced  by  turning,  262,  290. 
Equilibrium  (see  Balance). 
Escapements,  175. 

anchor  recoil,  177. 

dead-beat,  179. 

Face  of  a  tooth,  115. 
Factors  of  safety,  488,  545. 

prime,  of  a  number,  105. 
Falling  bodies,  330. 
Fan-brake,  406. 
Fasteninprs,  strength  oC  497. 
Feed-motions  in  machine  tools,  293, 

569. 
Fhmkofatooth,  115. 

circle  of  teeth,  123. 
Flaxen  fibre,  stren^h  o^  576. 
Fluid  secondary  pieces,  75,  221  (see 

Hydraulic  connection). 
Fly-wheels,  361,  407. 
Follower,  77. 
Force,  absolute  unit  o^  318. 

accelerating  and  retarding,  329. 

and  mass,  measures  of,  318. 

centrifugal  (see  Ontrifugal  force). 

deviating,' 330,  36a 

ordinary  units  o^  317. 

reciprocating,  374. 
Forces,  316. 

composition  and  resolution  of,  319. 

l>araliel,  322. 
Fractions,  continued,  106. 

converging,  107. 
Framework,  straining  actiim^  on,  530. 
Freedom  of  teeth,  115.    )yCjOOgle 
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Friction  coioplingB  and  diaraga^- 
menta,  296. 

heat  prodnoed  by,  354,  390. 

inmachincie,348(aeealaoRffioiepcy). 

meaanrement  oi^  395. 

of  a  band,  351. 

of  air  in  pipes,  404 

of  pistons  and  plungers,  399. 

of  water  in  ppes,  4S4. 

table  of  co-^cients  of,  349. 

work  done  aeainst,  353. 
Frictional  catch,  21 L 

gearing  102. 

Obas,  disengaging  and  re-engaging 
(see  Disengagements). 

reyersing  (see  Reversing  jgear). 
Gearing  chains    (see   Cluuns;   also 
Bands). 

fiictional,  102. 

intermittent  (see  Teeth). 

screw  (see  Screw  rearing). 

slide  valve  (see  Slide  valve  gearing). 

toothed  (see  Teeth). 
Geneva  stop,  286. 

Geometry,  descriptive,  elementary 
rules  in,  3  (see  also  Projection 
and  Trace). 

of  machinery,  3. 

roles  in,  relating  to  straight  lines,  7 ; 
to  planes,  9. 
Gibs  and  cottars,  strength  o(  499. 
Governors  410. 

balanced,  or  spring,  418. 

bellows,  421. 

differential,  420. 

disengagement,  419. 

fjEUi,421. 

fluctuations  o^  418. 

isochronous  gravity,  415. 

loaded,  4ia 

loaded  parabolic^  415. 

parabohc,  414. 

pendulum,  41 L 

pump,  421. 
Gravity,  centre  of  (see  Centre   of 
gravity). 

motion  produced  by,  330,  357. 

specific,  325;  table,  32& 
Grease,  350. 

Gudgeons,  strength  of^  541. 
Gyration,  radius  o^  359;  table,  360 

(see  also  fly-wheels). 

Habmokio  motion,  25a 

straining  effects  o^  529. 
Heaviness,  325;  table,  326. 


Heights  due  to  veladtui,  table,  23L 
Hehcal  motion,  36. 

resolution  o^  68. 
Helix  (see  Screw-lino). 

normal,  41. 
Hide,  raw,  474. 
Horse-power,  339. 
Hunting-cog,  104. 
Hydramic  connection,  221. 

comparative  velocities  in,  223L 

effiaency  of,  444. 

intermittent,  224 
Hydraulic  press,  225,  381. 

str^igth  o^  495. 
HyperlMlolds,  rolling,  70. 

ptch,  87  (see  also  Wheel%  akew- 
bevel). 
Hypooycloid,  or  internal  epioydoid 

(see  i^ydoid). 

Impitlss,  356. 
Inclined  plane,  232. 
Indicated  power,  390. 
Indicator,  390. 

dia^[ram,  392. 
Inertia,  moment  of^  359  (see  aiao 
Fly-wheels). 

reduced,  362. 
Inside  gearing,  85,  117. 
Instantaneous  axis  (see  Axis). 
Intermittent  gearing  139. 
Involute  of  circle,  53,  56. 
Involute  teeth,  120,  296. 
Iron,  bar,  455. 

cast  (see  Cast  iron). 

expansion  o^  326. 

forging  456. 

impurities  o(  451. 

kinds  of^  450. 

malleable,  455. 

plate,  455. 

preservation  of,  460. 

resilience  o^  485. 

steely,  457  (see  Steel). 

strength  of  malleable,  453,  477, 
479,  481,  482. 

tools  for  cutting  (see  Tools). 

welding  od^  456. 

Jaoquabd  hooks,  300. 
Joint,  ball  and  socket,  192. 

double  universal,  205. 

universal,  203. 
Joint-pins  and  fastenings,  atreogUi 

0^497. 
Joints,  streoffth  of  welded,  495i 

strength  of  riv^tted,  494 
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JoniBaly  friction  of,  853. 
strength  and  dimenMons  o(  541, 
544. 

Keys,  strength  o^  499. 

Lathes   (see  Turning  asd  Screw- 

cutting). 
Lead,  (metal)  461. 
Leather,  strength  o(  474. 
^  Lever,  192,232,380. 

strength  o^  557 
Link,  192. 

band,  213. 

drag,  194. 

for  contrary  rotations,  196. 

slotted,  2ia 

strength  of,  534,  537. 
Link-motions  for  elide- valyes,  253. 
Linkwork,  agmgate,  248. 

connection  by,  192. 

doubling  of  oscillatiops  by,  201. 

efficiency  of,  442,  448. 

harmonic  motion  in,  250. 

intermittent,  206  (see  dick,  and 
Catch). 

length  of  stroke  in,  197. 

slow  motion  bj;,  202. 

Ydocity-ratios  in,  190. 

with  reciprocating  motion,  196. 
Lubrication,  350,  395. 

MAOHii<nB,effiaiencyof(ieeEffijoieiLoy). 

frame  of,  17. 

general  equation  of  the  aetion  of, 
37a 

moving  pieces  in,  primaiy  and 
secondary,  17. 

straining  actions  in,  527. 
Machinery,  dynamios  o£,  315. 

geometry  o^  3. 

use  and  parts  o(  1. 
Malleable  cast-iron,  453. 

iron  (see  Iron). 
Mass,  318,  355. 

centre  of  (see  Centre  of  Qnmty). 
Materials  wed  in  maehiBery,  450. 
Measure,  greatest  common,  105. 
Measures,  comparative  taUe  of  Brit- 
ish and  French,  577. 
Mechanical  powers,  ooiEq;Mnitive  mo- 
tion in,  231. 

forces  in,  379. 
Mechanism,  aggregate  eonibiiiations 
in,  235. 

elementary  combinations  in,  77,60. 
classed  in  detail,  229. 


Mechanism,  primary  pieces  in,  17. 

pure    (see  Machinery,    geometry 
of). 

secondary  pieces  in,  43. 
Mensuration  of  areas,  33L 

of  curved  lines,  27,  833. 

of  geometrical  moments,  -384  (see 
Centre  of  Magnitude). 

of  volumes,  333. 
Mitre-wheels  (see  Wheels,  bevel; 

also  Teeth). 
Moment  of  a  plane  area,  223. 

of  inertia,  359. 
Moments,  geometrical,  834. 

statical,  321. 
Momentum,  356. 
Mortise-whecd,  473. 
Motion,  comparative,  22. 
in  rotating  pieces,  31,  35. 

helical,  36. 

of  a  rigid  body,  unrestricted,  51. 

of  connected  points,  32. 

periodic  (see  Periodic  motion). 

relative,  21,  30. 

resolution  and  oompostisA  of,  16L 

Necks  of  shafts,  544. 
Normal  helix,  4L 
pitch  of  gearing-screws,  156, 100^ 
163. 
of  screw-line,  41. 
of  teeth,  122. 
Nut,  clasp,  576. 
Nut,  or  internal  seiow,  36. 
Nuts  for  bolts,  500. 

ODONTOaRAPH,  136. 
OU,  350. 

Pai>dlb-wheblb,  f*frt^«^ng,  270L 
Pallets  (see  Escapements). 
Pandynamometer,  387. 
Parallel  motions,  274^ 

extent  of  deviation  o(  281. 

grasshopper,  275,  292. 

BobOTts\  265. 

rules  for  designing,  277. 

tracing  approximate  cironlair  afot 

Watt's,  275. 
Paring  tools,  562. 
Pasteboard,  474. 
Paths,  aggregate,  289,  26L 
Pendulum,  361. 

revolving,  364  (see  also  OaffenMra% 
Percussioi^  centre  of,  36L 
Periodic  motira,  34, 196,^46,S75k4llf^ 
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PilUn  (lee  Stmts). 

Pin  and  ilot,  connection  by,  167. 

Pinioni,  106  (aee  abo  Wheeb). 

long,  or  broad,  296. 
Pin-rack,  139. 
Pins,  stranffth  oS,  497,  499. 
Pin-idioel,  137. 
Piijton,221. 

friction  of^  399. 

work  of;  341. 
Piston-rod,  223. 

effidoncy  o^  4^. 

strength  of;  524. 
Pitch  of  a  screw,  axial,  37»  42. 

droiim&rential,  42. 

diametral  and  radial.  111. 

divided,  42. 

normal,  41, 158,  160,  163. 

ofteetiL  103  (see  Teeth). 
Pitch-drcies,  82. 
Pitch-lines,  82. 
Pitch-point,  82,  115. 
Pitch-Bor&oes,  81  (see  Wheels). 
Pitching  (see  Teeth). 
Piyot,  friction  o£,  353. 
Plane  sorfiMes,  scraping  ci,  571. 
Planing  machinf^,  5/0. 
Plate-iron  (see  Iron). 
Plate-joints,  495,  498. 
PliabiUty  (see  Stiffiiess). 
Plumber-blocks,  553. 
Plunger,  221. 

firiction  o^  399. 
Pneomatio  connection,  445. 
Pot-metal,  464. 
Power,  339. 

and  effect,  378. 

horse,  339,  37& 

indicated,  390. 
Powers,  mechanical  (see  Mechanical 

powers). 
Press,    hydraulic    (see    Hydraulic 

press). 
Pressure,  centre  of;  329. 

intensity  of;  329,  342. 

on  bearings,   350    (see  Beariug- 
pressure). 
Primuy  moving  pieces,  efficiency  o^ 
42a 

motions  o(  17. 

work  o(  ^4 
Prime  £EM^rs,  105. 
Proiection  of  points  and  lines,  3  (see 

also  Geometry,  descriptive). 
Proof  of  strength,  490. 
PiiUey-blocks  (see  Tackle). 
Pulley  (mechanical  power),  234^  381. 


Pulleys,  179  (see  also  Bands). 

circular,  182. 

differential,  240. 

eccentric,  188w 

elliptic  189. 

&st  and  loose,  184. 

for  chains,  190. 

for  flat  belts,  184. 

for  ropes  and  cords,  187. 

guide,  18a 

non-circular,  188. 

polysonal,  182. 

speed,  185. 

straining,  188. 

suspended,  191. 
Punching  tools,  561. 
Purchase  (see  Tackle;  also  Mechaa« 

ical  Powers). 

Babatmint,  4. 
Back,  circular,  236. 

gearing  with  screw,  289. 
Backs,  teeth  of  (see  Teeth). 

toothless,  81. 
Badial  pit<dL,  111. 
Batchet  and  dick,  206. 
Batio,  approximations  to  a  given, 

107. 
Beaction  and  action,  316. 

of  accelerated  and  retarded  bodies;, 
330,529. 

of  a  revolving  body,  330. 

straining  eff^ts  o(  529. 
Bedprocatmg  force,  374. 
BedupUcation  (see  Tackle). 
Beffuiating  apparatus,  400. 
Belatiye  motion,  21. 

in  a  rotating  piece,  30. 
Bepose,  angle  o^  298,  348. 
Besilience,  485,  492. 
Besistance  due  to  acceleration,  354. 

mean,  347. 

of  friction  (see  Friction). 

reduction  o^  to  the  driving  points 

Besolution  (see  Ck>mpodtion). 
Be8ultantforoo,329(seeOom^odtion). 

motion,  18  (see  Ck>mposition). 
Beversing-gear,  295. 

bybdts,299. 

by  linkwork,  30a 

by  teeth,  299. 

by  valves,  301. 
Revolution,  26. 
Kigidity  (see  Stiffiiess). 
Kimer,  561. 
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Bavetted  joints,  strength  oS,  495. 
Bod  (see  Crank-rod,  €k>apliiig-rod, 

Ck>nnecting  -  rod,    Ecoentric  •  rod, 

link.  Piston-rod,    Tie-rod,    Ten- 
sion-rod). 
Boiled  carves  (pee  Cydoid,  Epicy- 
cloid,   Epitroohoid,     Inyolnte, 
Trochoid,  Spiral). 

to  draw,  58. 

tracing  o(  by  mechanism,  265. 
Boilers,  81. 
Boiling,  51,  56,  68,  70. 

resistance  to,  353. 
Boiling  cams,  99. 
Boiling  contact,  connection  by,  81. 

efficiency  o^  436. 

general  conditions  o^  83. 
Boot-circle  of  teeth,  123. 
Bopee,  strength  ol,  475  (see  Cords ; 
also  Bands). 

wire  (see  Wire-ropes). 
Botation  about  a  fixed  pointy  48. 

composition  and  resolntion  o^  54, 


componnded  with  translation,  52. 
of  a  primary  piece,  24. 
of  a  secondary  piece,  45. 
Bnled  snr&ces,  catting  o^  569. 

Safett,  factors  o(  488. 
Saw,  568. 

Scraping,  562,  571. 
Screw  and  nnt,  1^7,  576. 

comparative  motion  in,  37* 

oompoond,  242. 

differential,  242. 

efficiency  o^  433. 

endless,  163. 

mechanical  power,  234^  381. 

motion  andngare  o^  36. 

pitch  0^  36. 

reciprocating  endless,  246. 

strength  o(  499. 

tangent,  165. 

with  dasp-nat,  576. 
Screw-cottinff  by  li^e,  575. 

by  taps  and  dies^  568. 
Screw-gearing  157. 

efficiency  <$  439. 

figares  of  threads  in,  163. 

^th  rack,  289. 
Screw-line  or  helix,  38. 

axial  pitch  o(  38,  42. 

drcumliBrential  pitch  o(  42. 

corvatare  o^  41. 
.  development  o^  40. 

divided  pitch  o^  42, 


Screw-line,  normal  pitch  of^  41. 
Screws,  right  and  left-handed,  37. 
Secondary  moving  pieces,  43. 

flexible  (see  Bands). 

flaid,  75  (see  Hjrdraolic  and  pneu- 
matic connection). 

rotation  of;  45. 

translation  o^  44. 
Sectors,  logarithmic  spiral,  99. 
Shafting}  ^ciency  oi  long  lines  o^ 

span  between  bearings  o^  545. 
Shafts  and  axles,  bracM,  576. 

centrifugal  whirling  o^  549. 

efficiency  o^  427,  &1,  433,  449. 

resilience  o^  504. 

resistance  oi,  to  twisting,  500. 

stifi&iess  o^  545,  576. 

strength  oi^  540,  544^  547,  576. 
Shaper-plate,  291. 
Shaping  madiine,  571. 
Shearing,  resistance  to,  496. 
Shearing  tools,  560. 
Sheaves,  214. 
Silk,  si^nffth  o(  576. 
Skew-bevel  wheels  (see  Wheels:  also 

Teeth). 
Slide-valves,  305,  314. 

double,  260. 

link  motions  for,  253. 

motion  ot,  306. 

moveable-seated,  260. 
Sliding  contact,  connection  by,  114. 

efficiency  o^  437. 
Sliding   piece,    efficiency   of,    372^ 

449. 
Slot  and  pin,  connection  by,  167. 
Slotting  madiine,  571. 
Soft  metal,  464. 
Solder,  hard,  or  spelter-solder,  463. 

soft  464. 
Specific  gravity,  325 ;  table,  326. 
Speed  (see  Velocity). 
Speed,  a4justsients  o(  80. 

by  bands  and  pulleys,  185,  312. 
by  friction-wheels,  311. 
by  toothed  wheels,  311. 
by  valves,  313. 

cones,  185. 

periodic     fluctuations     of     (see 
Periodic  motion). 

uniform,  condition  o^  369. 
Spirals,  53,  99  (see  also  Helix). 
Spring  spiral,  elasticil^y  o^  389. 

straight  steel,  deflection  of,  386. 
Sprocket-wheel,  191. 
Starting  a  machuje^^^Qogle 
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Stftvet  or  pins  for  wheels,  trundles, 

and  racks,  137. 
Steel,  457. 

annealing,  457. 

kinds  of,  458. 

resilience  of;  485. 

springs,  elasticity  of  (see  Springs). 

strength  o^  459,  477,  4S4. 

tempering,  457. 
Stillness,  moduli  of,  491,  492. 

and  pliability  in  machines,  531. 

of  beams  and  shafts  (see  Defleo- 
tion). 
Stone  bearings  for  shafts,  464. 
Stopping  a  machine,  376. 
Strain,  487. 
Straining  actions  in  machines,  527. 

alternate,  529. 

effects  of  re-addon,  629. 
Straps,  driving  (see  Belts). 
Strong  and  stif&iess,  general  prin- 
ciples and  roles,  4187  to  526. 

and  stiffiiess  in  machines,  special 
principles  and  rales,  527  to  558. 

co-efficients  or  modnli  of,  488, 492. 

of  materials,  tables  o^  477  to  486, 
576. 

testing  of,  490. 

ultimate,  proo(  and  working,  487. 
Stress,  487. 
Stroke,  adjustment  o(  310,  31Z 

length  o^  in  linkwork,  197. 
Struts,  str^ffth  of  lonfi^  524. 

strenffth  of  short,  522. 
Sun-and-planet  motion,  246. 
SurfEUies,  making  of  ruled,  569. 

scraping  of  pluie,  57L 

Tables— 

Alloys  of  copper,  tin,  tad  aixc, 
463. 

British  and  Frenoh  wei^^its  and 
measures,  577. 

Classification  of  woods,  466. 

Data  for  calculating  fly-whe^408. 

Elementary  combinations  in  me- 
chanism, in  classes,  229  to  231. 

Expansion  bv  heat,  326. 

Eactors  for  deflection,  519,  620. 
for  dimensions  of  axles,  543  ;  of 
gudgeons,  542,  543;  of  shafts, 

for  strength  of  strata,  524,  538. 

for    transverse    strensth,    515, 
616. 
Factors  of  safety,  489,  545. 
Friction,  349. 


Tablea- 
HeaviiieiB,deQti^,  naoific  graivity. 

326  to  328. 
Heights  due  to  velocitiet,  33L 
Measures,  British  and  Frenoh,  577. 

of  intensity  of  picsBUte,  M2. 

of  resistanoe  aad  work,  399. 

of  statical  moeieBt,  321. 

of  velocity,  340. 
Squares  of  radii  of  gyration  of 

solids,  360;  of  cross-sectuns,  525. 
Strei^  of  belts,  474. 

of  iTOD  and  steel,  460,  477,  479, 
481to486. 

of  materials  genefally,  477  to 
486. 

of  TopcB,  €75,  476,  634  (wive). 
Uses  of  wood  in  maehineiy,  472. 
Weights,  British  and  Vtm^  ^TI. 
Tackle,  214. 

efficiency  o^  443. 
Tauffent  screw,  165. 
TeeUi,  arc  of  contact  o(  119. 
common  and  relative  veloctty  o^ 

117. 
dimensions  o^  116. 
efficiency^  of,  438. 
epicydoidal,  130. 

approximate,  134. 
figures  o^  115. 

for  a  given  path  of  contact,  128. 
for  inside  gearing,  117. 
for  intermittent  gearing,  139,  286u 
gearing  witii  round  stMS,  137. 
helicaC  156  (see  ak 


involute,  for  dreidar  wkaebi  120l 

for  elliptic  wheels,  802i 

for  racH  125. 

normal  pitch  ti,  1S2. 

peculiar  properties  o(  125. 
machine  for  ontting^  676. 
obli<][uity  of  action  o(  119L 
of  mitre  or  bevel  wheels,  143. 
of  non-drcular  wheels,  141. 
of  skew-bevd  wheel^  M6. 
of  spur-wheelB  and  neks,  IdO. 
parts  o(  115. 
pitch  and  number  o(  108. 
pitching,  or  laying -off  pitoh,  lid, 

575. 
stepped,  156. 
strength  o^  663. 
traced  by  roQing  curves,  Ifi. 
with  slojnng  barcks,  152. 
Telodynamic  transmission,  447. 
Tension,  resistance  tO|.493.    i 
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Tension  rods,  strengUi  o(  635. 

Testing  of  strength,  490. 

Thiead  of  screw,  36  (see  also  Screw- 

gearins;). 
Thmst,  bending  actkm  ai,  524. 

resistance  to,  522. 

rods,  strength  ot  537. 
Tie,  strength,  stiffiiess,  and  resili- 
ence o^  493. 
Tiller-ropes,  219. 
Timber  (see  Wood). 
Tin,  461. 
Tools,  combinations  of,  568. 

connter-efficien(r^  of  machine,  568. 

catting  uigles  o^  566. 

cutting,  in  genextd,  559. 

motions  of  machine,  568. 

paring,  562. 

pnnc£mg,  561. 

resistance  and  work  of,  567. 

scraping,  562. 

shearing,  560. 

speed  of  cutting,  567. 
Torsion,  angle  o^  388,  502. 

dynamometer,  387. 

resistance  to,  500  (see  Shafts). 
Traces  of  lines  and  surfaces,  5  (see 

also  Geometry,  descriptive). 
Train-arm,  236. 
Trains,  epic^clic,  243,  246. 

of  mechamsm,  80,  227. 

of  wheelwork,  108. 

shifting,  235. 
Trammel,  267. 

Translation  of  a  secondary  piece, 
44. 

straight,  18. 
Transverse  strength  (see  Bending, 

resistance  to). 
Traversing,  rate  of,  569. 
Traversing-sear,  293. 
Trochoid,  53. 
Trundle,  137. 
Trunk  for  piston,  223. 
Turning,  aggregate  combinations  of 

mechanism  used  in,  243,  266,  290, 

291. 
Turning  lathes,  action  o^  572. 
Twisting  (see  Torsion). 

Unguents,  350. 
testing  friction  with,  395. 

Valvks,  action  o(  301. 
principal  kinds  of^  302. 
slide  fsee  Slide-valves). 
Qseo^  224. 


Velocities,  virtual,  378. 
Velocity,  339. 
aggregate,  239. 
angular,  24,  341. 
mean  and  extreme  oompazative, 

199. 
measures  of^  340. 

ratio,   22  (see  also   Comparative 
motion). 

Water,  friction  of,  in  pipes,  404 

(see  Hydraulic  connection). 
Wedge    (mechanical    power),    232, 
381. 

(fastening),  strength  o^  499. 
Weights  and  measures,  comparative 

table  of  British  and  French,  577. 
Wheel  and  axle,  232,  380. 

and  rack,  84,  85. 

cutting,  575. 

fly  (see  Fly-wheels). 

lobed,97. 

teeth  of  (see  Teeth;  also  Screw- 
gearing). 

worm,  163. 
Wheels,  bevel,  86. 

circular,  in  general,  85. 

elliptic,  95. 

non-circular,  92. 

pitch-surfiices,  pitch-lines,  pitch- 
points  of,  82. 

skew-bevel,  87,  152. 

spur,  82. 

strength  of  arms  of,  554,  556. 
of  runs  o^  554,  556. 
of  teeth  o^  553. 

toothless,  81. 

with  parallel  axes,  83. 
Windlass,  190. 

differential,  242. 
Wipers,  170,  175. 

Wire-ropes,  deflection  and  length  o^ 
534. 

strength  of;  533. 

transmission  of  power  by,  447. 
Wood,  appearance  of  good,  407. 

dassincation  of,  46^ 

examples  of;  468. 

preservation  of,  471. 

seasoning  of,  470. 

strength  o^  471,  478,  479,  480, 
481,482. 

structure  o^  464. 

use  o(  in  machinery,  472. 
Work  against  an  oblique  force,  343. 

against  varying  resistance,  346. 

a^braical  expressions  for,  34|^ 
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Work  and  energy,  general  eouation 

of;  37a 

done,  and  energy  exerted,  equality 

of,  370,  376. 
done  during  retardation,  373. 
in  terms  ofangolar  motion,  340. 
in  terms  of  pressure  and  volame, 

341. 
measures  o^  339. 
of  acceleration,  536. 
of  machines,  33$. 


Work,  rate  of,  33a 

represented  by  an  area,  345. 

snmmai^  of  various  kinds  oi, 

summation  o(  343. 

useful  and  lost,  347. 
Working  point,  23. 
Worm-wheel,  163. 
Wrenching  (see  Torsion)^ 

Z-Grank,  272. 
Zinc,  461. 
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Smith's  Botany,            .            .           •  .  .  .020 

Twisden's  Trigonometry,          .           •  .  .  .016 

Twisden  on  Logarithms,           .            •  .      *     .  .010 

Young's  Elements  of  Algebra,  .            .  .  .  .010 

Young's  Solutions  of  Questions  in  Algebra,     •  •  .010 

Young's  Navigation  and  Nautical  Astronomy,  •  .026 

Young's  Plane  Geometry,         .           .  .  •  .016 

Young's  Simple  Arithowtio,     .            .  •  .  .010 

Young's  Elementary  Dynamics,           .  .  •  .010 

GOLDEN  LEAVES.  From  the  Works  of  the  Poets  and  Painters. 
Edited  by  Robert  Bell.  Illustrated  by  64  superb  EngntTiuffS  on  Steel, 
after  Paintings  by  David  Roberts,  Stanfield,  Leslie,  Stothara,  Haydon, 
Howard,  Levaint,  Cattermole,  Nasmj^,  Sir  Thomas  Lawrence,  and 
many  others;  and  engraved  in  the  first  style  by  Finden,  G^reatbach, 
Lightfoot,  ftc  In  4to,  elegantly  bound  in  dota  and  gold,  with  f^t 
edges.  One  Guinea;  may  aMo  be  had  in  walnot,  30b.  ;  moioeoo^  35s. 
Second  Edition, 
"  Ook^  Ltwu  is  by  fsr  the  most  Importent  book  of  tte  msso^,    Tbe  moslntioos  acio 


reftlly  works  of  art,  and  the  Yolnme  does  credit  to  the  arts  of  England.  ""^Satwrday  Bteiem. 

*^  The  poems  are  selected  with  taste  and  jadgment"»7Vinef. 

*'  The  engraTlngs  are  from  drawings  by  Stotnard,  Newton,  Banby,  Leslie,  and  Tornflr, 
and  it  is  noedleBB  to  say  how  charming  are  many  of  the  above  hero  giytaL"—AtMmmiim. 

**  Mr.  Bell  has  preserved  a  jadicioos  mean  between  too  wide  a  range  of  poets  and  too 
Imperfeot  a  collection  of  poetry;  altogether  €MdeH  Leava  is  one  of  the  most  attractive  of 
gift-books."— iSSpectotor. 

10  STATIONEBS*  HALL  COURT,   LOinWN. 
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GRIFFIN'S  EMERALD  QEMS. 


GRAY'S  POETICAL  WORKS.  With  Life  by  tbe  Rev.  John 
MrrFORB,  and  Esmj  by  the  Eabl  ot  Carlisle.  Wifcb  Portrait  and 
nimieroixs  Engravings  on  Steel  and  Wood.  Eton  edition,  with  the  LoHm 
Poems,  Elegantly  printed  on  toned  paper,  foolscap  8vo,  richly  bound 
in  cloth  and  gold,  60. ;  malachite,  12&  6a. 

GOLDSMITH'S  POETICAL  WORKS.  With  Memoir  by 
William  Spaldino,  A.M.  Exquisitely  lUiistrated  with  Steel  Engrav- 
ings. New  BdUhtk  Printed  on  superior  toned  paper.  Foolscap  8vo, 
cloth  and  gold,  3s.;  malachite,  10s.  6d. 

BITRNS'S  SONGS  AND  BALLADS.  With  an  Introduction 
on  the  Character  and  Genius  of  Boms,  by  Thomas  Carltle.  Carefully 
printed  in  antique  type,  and  UluBtrated  with  beautifal  Engravinn  on 
steeL  Foolscap  8vo,  elegantly  bound  in  cloth  and  gold,  38. ;  malacnite, 
10s.  6d. 

POE'S  POETICAL  WORKS,  Complete.  Edited  by  J.  Hannay. 
nhutrations  after  Wehnert,  Weir,  ^  Toned  paper.  Foolscap  8vo, 
doth,  elegant,  38.;  malachite,  10s.  6d. 

BYRON'S  CHILDE  HAROLD'S  PILGRIMAGE.  With 
Memoir  by  Professor  Spalpino.  Illustrated  with  Engravin|;8  on  Steel 
by  Oreatbach,  Miller,  lightfoot,  ioc ;  from  Paintings  by  Oattennole, 
8tr  T.  Lawienoe,  H.  Howard,  and  Stothard.  BeautifuUy  printed  on 
toned  paper.    Foolscap  8vo,  doth,  elegant,  3s.;  malachite,  lOs.  6d. 

CHATTERTON'S  POETICAL  WORKS.  With  an  Original 
Memoir  by  Frederick  Martin.  Beautifully  Illustrated,  and  degauUy 
printed.    Foolscap  8vo,  doth  and  gdd,  3s.;  malachite,  10s.  6d. 

HERBERT'S  POETICAL  WORKa  With  Memoir  by  J. 
NiOHOL,  B.  A.,  Oxcm.  Edited  by  Charles  Cowdsn  Clarke.  Beauti- 
ful JUustrationa  to  each  page*  Foolscap  8vo,  cloth  and  gold,  3s. ; 
maladiite,  lOs.  6d. 

CAMPBELL'S  PLEASURES  OF  HOPE.  With  Introdudoiy 
Memoir  by  Bev.  Charles  Booers,  LL.D.  Illustrated  with  splendid 
Sted  Engrayings.    Price  3s.;  malachite,  10s.  6d. 

Other  Vohtmee  wiU  be  addedfiom  time  to  Hme, 


ORAIK'S  MANUAL  OF  ENGLISH  LITERATURE,  for  the 

Use  of  Colleges,  Schools,  and  Civil  Service  Examinations.  Sdeoted 
from  the  larger  work,  by  Professor  Craik.  Fifth  Edition,  Crown  8vo, 
7s.  6d.,  doth. 

**  a  niAniia]  of  English  literatare  from  §0  experienoed  and  well-read  a  scholar  as  Profenor 
OnSk  needa  no  other  recominendation  than  the  mention  of  its  existence.*'— 5/)«c/a/or. 

10  stationers'  hall  COUET,   LONDON.       ^  , 
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4  CHABLES  GRIFFIN   AND  CO.  S  PUBLICATIONS. 

CRAIK'S  ENGLISH  LTTERATIJItE :  a  Compendious  His- 
tory of  English  literature^  and  of  the  English  Lingaage,  from  the 
Norman  Conquest  "With  numerous  snedmens.  By  Gborok  L.  Csaik» 
LL.D.  {late  Prqfessor  of  HiHory  and  JSngUsk  LUeraiwre,  QuteiCs  CoUege^ 
Belfast).  Now  ready,  a  New  EdiUony  in  two  larg^  8 vo  vols. ,  handaomcJy 
bound  in  cloth,  £1,  6e. 

**  Professor  Craik'i  book  going,  u  it  does,  throngh  the  whole  history  of  the  langnaeB, 
probably  takes  a  place  qnlte  by  itself.  The  great  Talae  of  the  book  is  its  thorough  oomptre- 
hensiTeness.  ....  He  is  always  clear  and  straightforward,  and  deals,  not  in  ttieorles, 
bnt  in  facts.*'— iSafirdaif  StvUw. 

MACKETS  FREEMASONRY  :  a  Lexicon  of  Freemasonry ; 
containing  a  Definition  of  all  its  Communicable  Terms,  Notices  of  its 
History,  Traditions,  and  Antiquities,  and  an  Account  of  all  the  Bites 
and  Mysteries  of  the  Ancient  World.  By  Albxbt  O.  Mackst,  M.D., 
Secretiuy -General  of  the  Supreme  Council  of  the  U.&L,  Ac.  HandacmMl  j 
bound  in  doth,  price  5s. 

THE  MAGIC  OF  SCIENCE ;  a  Manual  of  Easy  and  In- 
structive Sdentiiic  Experiments.  By  Jamvs  Wylds,  formerly  Lecturer 
on  Natural  Philosophy  at  the  Polytechnic  With  Steel  Porfaait  of 
Faraday,  and  many  hundred  Engravings.  Crown  8vo,  doth  giU,  5^ 
Third  Edition. 

**  Among  the  many  books  written  to  make  Bdenoe  'pleasant,*  this  Is  one  of  the  veiy  best. 
It  is  simple,  free  from  technical  terms,  as  far  as  powUe,  and  yet  Uie  flsperlOMOta  are 
describe  a  with  sdentiflc  acooracy."~^j)ec<ator. 

CREATION'S  TESTIMONY  TO  ITS  GOD :  the  Accordance 
of  Sdence,  Philosophv,  and  Revdation.  A  Manual  of  the  Evidences  of 
Natural  and  Bevealed  Belidon ;  with  especial  Beference  to  the  Progress 
of  Sdence  and  Advance  of  Knowledge.  By  the  Bev.  Thomas  IUoo. 
Twelfth  Edition,  revised  and  enlarge.  In  hahdscmie  doth,  bevelled 
boards,  5s. 

A  DICTIONARY  OF  DOMESTIC  MEDICINE  AND  HOUSE- 
HOLD  SURGEBY.  By  Spkncer  Thomson,  M.D.,  LB.C.S.,  Edin- 
burgh. Thoroughly  revised  and  brought  down  to  the  present  state 
of  Medical  Science.  With  an  additional  Chapter  on  the  Management 
of  the  Sick-room.  Tenth  Edition.  With  Diustrations.  Large  Svo^ 
750  pages,  cloth,  8s.  6d. 

**The  best  and  safest  book  on  Domestic  Medicine  and  Honsehold  Snrgery  which  has 
yet  appeared.''->£oncI(m  Journal  of  Medicine. 

*'  Dr.  Thomson  has  folly  succeeded  in  conveying  to  the  public  a  vast  amoont  of  nsefd 
professional  knowledge.*"— /HiMin  Journal  of  Medical  Sdmo^ 

"'  Worth  its  weight  in  gold  to  families  and  the  c]ergy.**-*0r/<7rtf  JTierofdL 

BOWDLERS  (THOS.,  RRS.)  FAMILY  SHAKESPEARE 

The  Dramatic  Works  of  Shakespeare.  Edited  and  adapted  for  Family 
Kexiding.  Large  8vo,  cloth  gilt,  with  twelve  beautiful  Illustrations  oa 
Steel.    New  JMitiofi. 

••*  This  unique  Edition  of  the  great  Dramatist  is  admirably  adi4)ted  for  a  Gift  or  Prias- 
Dook  for  young  people. 

10  stationers'   hall  court,   LONDON. 
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